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General Information

Syllabus

Assignments

Examples

Recommended problems
Practice midterms and review
Solutions

General Information

Differential equation is an equation relating an unknown function
and its derivatives. Various scientific laws can be translated into
differential equations. The course is dedicated to standard
techniques for solving ordinary differential equations, including
numerical methods, and their applications in different branches of
science such as physics, biology, chemistry, economics and social
sciences.

Instructor:

Artem Dudko, artem.dudko@stonybrook.edu

Lectures: TuTh 10:00-11:20am, Engineering 143

Office hours: TuTh 12:00-1:00pm, Math Tower 3114, and F 11:00-
12:00pm, Math Learning Center, Math Tower S-240A

Teaching assistants:

Shaosai Huang

RO1, W 10:00-10:53am, Earth&Space 069

R0O2, F 1:00-1:53pm, Library N3063

Office hours: W 9:00-10:00am, Math Tower 3-103, and Tu 2:00-
4:00pm, Math Learning Center, Math Tower S-240A

Oleksandr Tsymbaliuk

R0O3, Tu 5:30-6:23pm, Physics P127

R04, W 7:00-7:53pm, Light Eng. Lab. 152

Office hours: Tu 12:30-1:30pm and W 9:00-10:00am, SCGP 302,
and F 12:00-1:00pm, Math Learning Center, Math Tower S-240A

Textbook: Edwards & Penney, Differential Equations with
Boundary Value Problems: Computing and Modelling, Fourth
Edition, Prentice Hall (Chapters 1-6)

Topics: an introduction to first order differential equations; phase
plane analysis; numerical methods; higher order linear equations
and systems; nonlinear phenomena.

Prerequisite is completion of one of the standard calculus
sequences (either MAT 125-127 or MAT 131-132 or MAT 141-142)
with a grade C or higher in MAT 127, 132 or 142 or AMS 161. Also,



MAT 203/205 (Calculus I1l) and AMS 261/MAT 211 (Linear Algebra)
are recommended. Informally, students should know integration
and differentiation techniques and, desirably, be familiar with
complex numbers and basic aspects of linear algebra.

Tests, quizzes, assignments:

There will be homework assignments amd quizzes alternating
weekly. The first quiz is on Thursday, September 4. Starting the
week of September 23 the quizzes will be written on Tuesdays
during the last 20 minutes of the class. You should hand in your
assignments to the instructor during Tuesday class. The first
homework assignment will be due on Tuesday, September 16. No
late assignments will be accepted.

Midterm Test I: Thursday, Oct 2, in class.

Midterm Test Il: Tuesday, Nov 4, in class.

Final Exam: Friday, Dec. 12, 11:15am-1:45pm, location TBA.
Last day of classes: Thursday, December 4.

Course grade is computed by the following scheme:
Homework and Quizzes: 20%

Midterm Test I: 20%

Midterm Test Il: 20%

Final Exam: 40%

Information for students with disabilities

If you have a physical, psychological, medical, or learning disability
that may impact your course work, please contact Disability Support
Services at (631) 632-6748 or
http://studentaffairs.stonybrook.edu/dss/. They will determine with
you what accommodations are necessary and appropriate. All
information and documentation is confidential.

Students who require assistance during emergency evacuation are
encouraged to discuss their needs with their professors and
Disability Support Services. For procedures and information go to
the following website:
http://lwww.sunysb.edu/ehs/fire/disabilities.shtml
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General Information

Syllabus
Assignments Syllabus

Examples o _
Recommended problems The following is a tentative schedule for MAT 303.

Practice midterms and review
Solutions Week of  Section Notes

1.1 Differential equations and

Aug 26 mathematical models
Sep 2 1.2 Iptegrals as general and particular No class on Tue, Sep 2
solutions
1.3 Slope fields and solution curves
Sep 9 1.4 Separable equations and
applications
1.5 Linear first-order equations
Sep 16 1.6 Substitution methods and exact
equations
Sep 23 2.1 Population models

2.2 Equilibrium solutions and stability

2.3 Acceleration-Velocity models
Sep 30 2.4 Numerical approximation: Euler's Midterm 1 on Th, Oct 2
method

3.1 Introduction: second-order linear
equations

3.2 General solutions of linear
equations

Oct 7

3.3 Homogeneous equations with
Oct 14 constant coefficients
3.4 Mechanical vibrations

3.5 Nonhomogeneous equations

Oct21 3.6 Forced oscillations and resonance

Nov 4 5.1 Matrices and linear systems Midterm 2 on Tue, Nov 4
5.2 The eigenvalue method

Nov 11 5.3 Second-order systems and
applications
5.4 Multiple eigenvalue solutions

Nov 18 5.5 Matrix exponentials and linear
systems

Nov 25 6.1 Stability and the phase plane No class on Th, Nov 27
6.2 Linear and almost linear systems

Dec 2

Review

Copyright 2008 Stony Brook University
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General Information

Syllabus .
Assignments Assignments

Examples _
Recommended problems Assignment 1
Practice midterms and review

Solutions Assignment 2

Assignment 3
Assignment 4

Assignment 5
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HW MAT 303: Calculus IV with

Stony Brook Applications
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General Information

Syllabus

Assignments Examples
Examples

Recommended problems Slope fields (in pdf format)

Practice midterms and review

Solutions Slope fields (in maple format)
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Recommended problems from the course book.

Section 1.1: 5, 7,9, 27, 40, 45.

Section 1.2: 6, 7, 8, 24, 32, 38.

Section 1.3: 15, 16, 17.

Section 1.4: 6,9, 17, 23, 25, 27, 31, 34, 44, 61.
Section 1.5: 7, 13, 16, 20, 36.

Section 1.6: 10, 15, 16, 30, 32, 37, 40.

Section 2.1: 4,9, 17, 26.

Section 2.2: 4, 7.

Section 2.3: 1, 4, 10, 17, 20.

Section 2.4: 2, 4, 10.

Section 3.1: 4, 7, 14, 18, 20, 22, 25, 30, 31, 34, 41, 47, 48.
Section 3.2: 1, 3, 5, 8, 10, 13, 17, 27, 30, 33.
Section 3.3: 4,10, 16, 19, 22, 23, 24, 27, 31, 39, 42.

Nonhomogeneus equations: in each of the following question find
by inspection a particular solution of the given differential equa-
tion, then find the general solution of the associated homogeneous
equation and compose the general solution of the nonhomogeneous
differential equation. Solve the initial value problem, if the initial
conditions are given.

1.y’ — 9y =sin(2x), y(0) =2, ¢'(0) = —2/13.
2.y +4y =3z —1, y(0) = -1/4, '(0) = 3/4.
3.y +3y" 4+ 3y +y = exp(x).

Section 3.4: 1, 2, 15, 17, 20.
Section 3.5: 1, 3,9, 17, 25, 30
Section 3.6: 1, 3, 5.

Section 4.1: 5, 7, 10, 16, 19, 24
Section 4.2: 3, 5, 7,9, 12, 14.
Section 5.1: 1, 2, 5, 12, 20, 22, 26.
Section 5.2: 4, 8, 11, 19, 22, 26.
Section 5.4: 2, 6, 7

Section 6.2: solve the system, determine the type of the critical
point, sketch the phase portrait for the questions 5, 7, 8, 9.
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University

MAT 303: Calculus IV with
Applications
Fall 2014

General Information

Syllabus

Assignments

Examples

Recommended problems
Practice midterms and review
Solutions

Examples
Final exam from Fall 2012 semester
Final exam from Fall 2012 semester, solutions
Practice midterm Il (1)
Practice midterm Il (2)
Practice midterm Il (1) solutions
Practice midterm Il (2) solutions

Midterm Il review
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MAT 303 Assignment 1.
Hand in to the instructor in class on Tuesday, September 16.

Problem 1. In each case verify by substitution that the func-
tion is a solution of the corresponding differential equation

1) y(z) =sin(§) — 2cos(3), 4y" +y =0,
2) y(w) = e, o' = 2uy,

3)y(r)=vVa2+1, (¥) =1- y—12

Problem 2. Find the general solutions of the following differ-
ential equations:

1) % = 3¢* + 2t — cos(2t), 2)y = z”sin(z”).
Problem 3. Solve the initial value problems:

1) %=y, y(0) =5, 2)ay =2 -2, y(-1)=0.

Problem 4. A car starting from rest reached the velocity 30
mi/h (44 ft/s) after traveling the distance of 44 ft. Assuming
that the car had constant acceleration find this acceleration and
the time which took the car to reach 60 mi/h.

Problem 6. Solve the following first order separable differential
equations:

1)y =2%, y(2)=1, 2) sz_f:er%’
Problem 6. Among the following differential equations solve
the one which is first order and separable

d*x

dy
1 _
)ﬁQ

2,42 2 :
=zx°t°, 2) — =1t 4 ysint,

Ny —l=ay+z+y 4) ) ="+

1



Problem 7. Show by substitution that the formula

y(@) = e — L (1)
where C'is a constant, gives a general solution of the differential
equation

2y’ = y* — 1.
Show that formula (1) is not the general solution of the given
equation by finding a solution which is not described by (1).



MAT 303 Assignment 2.
Hand in to the instructor in class on Tuesday, September 30.

Problem 1. A tank contains 800 liters (L) of a solution con-
sisting of 50 kg of salt dissolved in water. Pure water is pumped
into the tank at the rate of 2L /s, and the mixture — kept uni-
form by stirring — is pumped out at the same rate. How long
will it be until only 20 kg of salt remains in the tank?

Problem 2. Solve the differential equation

dx
== (22 — 4t)3 + 2.
= (2x )° +

Problem 3. For each of the following equations determine its
type (separable, linear, substitution applicable, homogeneous,
Bernoulli, reducible second order). If several methods are appli-
cable, list all of them. Don’t solve the equations.

dx
1) y’:x2+xy, 2)a+x2t:tsinx—|—t, 3) x”a:’x:tz—l—l,

d d
4) i + 2ya® = 3x3d—y, 5) (2)? = 2° + (2")?, 6) sin yd—i = cosy + 12,
T

Problem 4. Solve the initial value problem
21 + 2yy' = 3(z* + %), y(0) = 0.

Problem 5. Solve the differential equation

d
x2—y = y2 —yxr + z2,
dx

Problem 6. Solve the initial value problem



Problem 7. A particle is moving on a straight line in such a way
that at each moment of time the product of its coordinate on
the line and its acceleration is equal to the square of its velocity.
Initially the particle positioned at the point with coordinate 1
on the line and has velocity 0.1. Find the position function of
the particle.



MAT 303 Assignment 3.
Hand in to the instructor in class on Tuesday, October 14.

Problem 1. Let P(t) be a rabbit population satisfying the
extinction-explosion equation

4l — qP* — bP.

The threshold population is M = 540 rabbits. In 1975 the pop-
ulation was 360 rabbits. In 1985 the population was 180 rabbits.
Find the size of the population in 1995.

Problem 2. A fish population of a lake was attacked by a
disease and the fishes cannot reproduce. The death rate per
week per fish is proportional to \/%3 . Initially there were 900
fishes. After 6 weeks the number of fishes decreased to 441.

When the population will extinct?

Problem 3. A population of a certain country satisfying to
the logistic equation was equal to 20 mln people and growing
with the rate 0.2 mln per year in 1900. Also, this population
was equal to 30 mln people and growing with the rate 0.15 mln
per year in 1955. Find the limiting population and the predicted
population for the year 2000.

Problem 4. Solve the differential equations:
dz 9

1)y =3y —4y°, 2) Z=v -1 z(0) = 4.

Problem 5. Solve the differential equation
dx
dt

= x(2* —1).

1



Hint: you can either use partial fractions, or simplify the equa-
tion first by using an appropriate substitution.



MAT 303 Assignment 4.
Hand in to the instructor in class on Tuesday, October 28.

Problem 1. Verify that functions y; = e”sin(2z), yo = e* cos(2x)
are solutions of the differential equation
y" — 2y + 5y = 0.

Find the general solution. Solve the initial value problem

y(m) =0, ¢(m) =2.

Problem 2. Show that the functions y; = 22, y, = 27! are
solutions of
2y — 2y = 0.

Find the general solution. Find a solution y of this differential
equation such that

y(=1) =0,y'(-1) =2
Problem 3. Show that the functions y; = 1 and y, = \/x are

solutions of yy” + (y/)? = 0, but that their sum y = y; + 5 is
not a solution.

Problem 4. Find constants b, ¢ such that the quadratic func-
tion y(x) = 2%+bx+c is a solution of the second order differential
equation
Y —y + 2y = 2%
Problem 5. Find the Wronskian of the pairs of functions
1) f(z) = 2*—1, g(x) = 2*+1, 2) f(z) = e"sin(22), g(z) = e cos(2x).

Problem 6. Show that there are no everywhere continuous
functions p(x), g(x) such that the equation

Y +p(x)y +qx)y=0

1



has solutions
a)yp=a>—1, yp=2+1, b)y =sinz, y, = xsinx.
Problem 7. Solve

Dy +y=0, 2)yy" + () =0, y(1) =-1

as reducible second order differential equations.



MAT 303 Assignment 5.
Hand in to the instructor in class on Tuesday, November 18.

Problem 1. Describe the motion of a body of mass m with ini-
tial position x(y and initial velocity vy in a mass-spring-dashpot
system with a spring constant £ and damping constant c if
a)m=3,c=10, k=17, 1y =6, vy = 2;

by m=2 ¢=38, k=10, zo =10, vy = 2.

Problem 2. Solve the initial value problem
2" + 4x = 2cos 3t, £(0) = 2/(0) = 0.
Sketch the graph of the solution.

Problem 3. Transform the differential equation into a system
of first-order differential equations:

eWsint — 22" + 22 = 0.

Problem 4. Transform the system of differential equations into
a system of first-order differential equations:

" + 2%y =siny, v —y =2z + 2.
Problem 5. Solve the initial value problem:
¥ =-=2y, vy =2z, 2(0) =1, y(0) = 2.
Problem 6. Solve the initial value problem:
¥ =y—3x, y =5y— 16z, (1) =2, y(1) =9,

by reducing it to a second order differential equation.



[ > with(DEtools):with(plots):
Example 1
> egnl:=diff(y(t),t)=2*y(t);

d
1:=—vy(t)=2y(t
eqn dty( )=2y(t)

"> DEplot(eqnl, [y(t)].-1-.1,{[0,1],[0,3]1.[0.71,[0,-11,[0,-2],[0,-31,[
1,1],.[-1,-1]},y=-8..8,stepsize=0.03, linecolor=blue);

> dsolve(eqnl);

i y(t)= Cle

Example 2

> eqn2:=diFF(Y(x) ,X)*x-3*y (x)=x" 4*cos(X) ;

eqn2 ;= (i y(x)J X—=3Yy(x)= x4 cos(x)

> DEplot(eqn2, [y(x)],-4..0,{[-1,1],[-1,0.5],[-1,0],[-1,-0.5]},y=-10.
.10,stepsize=0.03, linecolor=blue);



T > dsolve(eqgn2);

3 c1

sin(x) + X

3
X

y(X)

i Example 3

> egn3:

diff(y(t),t)=-3*t*y(t);

9
-—dty()

> DEplot(eqn3, [y(t)1,-2-.2,{[0,1],[0,3]1,[0,7],[0,-1],[0,-21,[0,-31, [

-3 ty(t)

eqgn3

0.03, linecolor=blue);

1,1],.[-1,-1]},y=-8..8,stepsize
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{VERSION 6 0 "IBM INTEL NT" "6.0" }

{USTYLETAB {CSTYLE "Maple Input” -1 0 "Courier" 112255001212

2120001 }CSTYLE "2D Output"-120 "Times" 112002551222

2220001 HPSTYLE "Normal"-101{CSTYLE " -1-1"Times" 112
00012222221111311000020202201}HPSTYLE "Map

le Output" -1 111 {CSTYLE " -1-1"Times"1120001222222
1111331000020202201HPSTYLE "Maple Plot"-1131

{CSTYLE"™ -1-1"Times"112000122222211113}31000

02020220 1}PSTYLE "No Name"-1208 1 {CSTYLE " -1-1"Times
"11400012122221111311000020202201}

{PSTYLE "No Name" -1209 1 {CSTYLE "™ -1-1"Times"114000121
22221111311000020202201}}

{SECT 0 {EXCHG {PARA 0 ">"0"" {MPLTEXT 1 0 26 "with(DEtools):with(p

lots):" }}}HEXCHG {PARA 0" 0" {TEXT -1 0" }}{PARA 208 " 0 ""

{TEXT -1 9 "Example 1" }}{PARA 0 " 0 " {TEXT -1 0 " }}}H{EXCHG

{PARAQ">" 0" {MPLTEXT 1 0 26 "eqnl:=diff(y(t),t)=2*y(t);" }}

{PARA 11" 1™ {XPPMATH 20 "6#>%%eqn1G/-%%diffG63$-%\"yG6#%\"tGF, $*&
\"\"#A\"\"\"F)FOF0" }}HEXCHG {PARA 0 "> " 0" {MPLTEXT 1 0 118 "DEplo
t(egnl,[y(t)],-1..1,\{[0,1],[0,3],[0,7],[0,-1],[0,-2],[0,-3],[1,1],[-1
,-1)\},y=-8..8,stepsize=0.03,linecolor=blue);" }}{PARA 13 ™ 1™

{GLPLOT2D 354 266 266 {PLOTDATA 2 "6/-%'CURVESG6”dIX0%)anythingG6\"6\"
[gl'%\"1#\"$\"#1 1 BFF056C4D3854DEFCO1EA4ECB1EAC845BFEF527658F56423
C020AD89A70A9BDDBFEF698B8608848BC02029FE7190DA0BXOF'F(F)[gl'1%\"11#\"
$\"#!11IBFFOSEA5CI9FC5D70C01B4EF204B147EDBFEF42B46C074520C01DF46C4C2BB9
23BFEF65D8AA5DEC85C01CEEACS5A2988D0OXO0F'F(F)[gl'%o\"I#\"$\"#11 I 'BFF067
CFB5D032BCC017FB8B053DC99CBFEF3060945F9A88C01A8B319C7C3886BFEF61D947AC
DB03C01987C53E838B1AXO0F' F(F)[gl'1%\"1#\"$\"#I11IBFF07279C386 AE45C014
ABCO039AF48D7BFEF1B0OC78F2A377C0171E5AB8C55E45BFEFSDA70076D93DC0161ECAEG
249943 X0F'F(F)[gl'M%\"11#\"$\"#! 11IBFFO7EDOE6607706C011610EC20D3242BF
EF025E333F11F3C013AC6A814475ECBFEF59801EAD38F1C012B31AF96124AAX0F'F(F)
[gl't%\"11#\"$\"#! 11 IBFFO8CD9A068AECACO0C3B1826D85C58BFEEE64CBF2EA26B
C010334B80C27B12BFEF55E6B08F8DFECO0E87DEE2EB7690X0F'F(F)[gl'19%\"I1#\"
$\"#INBFF09C32A1C66A2CC005C7D68EFSES88BFEEC79ABC732BA7C00960953B1E6GF
18BFEF53CEE933A672C007A0F6ACI74F89XO0F'F(F)[gl'%\"1#\"$\"#! 11 IBFFOAB
B1590C0051BFFEDC3DB18340ECBFEEA89D4DE7FF5FC0024109930FB64CBFEF54CCB054
OF48C000B0896E935E74X0F'F(F)[gl'1%0\"1#\"$\"#11 ' BFFOB903DE692DDEBFF2
627CF65C6F05BFEESDF8432DA443BFF6094D2430D263BFEF5AFDIE30E2EDBFF36F6594
4AC57CXOF'F(F)[gl'%\"1#\"$\"#! 11 BFFOCOF47A8A7BF1BFD86892988FE83ABF
EE7E170AEBO81EBFDD7C7ADF752E7EBFEF68386CC2B5D7BFD5D9693D06A3D0OX0F'F(F)
[gl"T%\"1#\"$\"#! N IBFFOCOF47A8A665F3FD8689299892BBEBFEE7E170AEB3342
3FDD7C7AEOA1AC76BFEF7C880DDEC13A3FEOF4587364FEBDXOF'F(F)[gl'19%\" 1 1#\"
$\"#111BFFOB903DE68F4D33FF2627CF69B820EBFEEBDF8432E165A3FF6094D247B2F
BABFEF956 AA10EAD543FF653750E35D569X0F F(F)[gl'1%\" I#\"$\"#! 1 BFFOAB
B1590B685A3FFEDC3DB203AB78BFEEA89D4DEY2F4B400241099358F164BFEFAF2A079E
D1E8400207EC20F12724XO0F F(F)[gl'1%\"11#\"$\"#111IBFFO9C32A1C6BA454005
C7D68ED83C3CBFEEC79ABC728B77400960953AFA6034BFEFC6E6BEB7E6824008D95BF0
017852X0F'F(F)[gl"1%\"11#\"$\"#! 111 BFFO8CD9A069DCD2400C3B182653E737BF
EEE64CBF2C465B4010334B807B4543BFEFDB568BE3A421400FA1922332BDCEXOF'F(F)
[gl'loo\ 1\ $\"#1 1 'BFFO7EDOE65FACF34011610EC23F5F5BBFEF025E3340A61A
4013AC6A81795D19BFEFEC570E7BF56F401331EBDFF540E2X0F F(F)[gl'1%\"11#\"
S\"#!NBFF07279C386AE454014ABC039AF48D7BFEF1BOC78F2A37740171E5AB8C55E
45BFEFFA4DAO3C5E9840169144A9ABA788X0F F(F)[gl't%\"11#\"$\"#! NI BFF067
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Solve the initial value problem
zely —2e¥ = 32°, y(1) = 0.






Show that the following differential equation is exact, then solve it:

(3y —sinx)dy + (1 — ycosx)dz = 0.






6

3.

Suppose that a motorboat is moving at 4m/s when its motor suddenly
quits, and that 10 seconds later the velocity of the boat is 2m/s. As-
sume that the resistance motorboat encounters is proportional to its
velocity. Find the velocity of the boat in 20 seconds after the motor
has quit.






8

4.

In a population P(t) of rabbits both the birth and the death rates are
proportional to P%(t). Initially, there were one thousand of rabbits.
After 9 years only 800 of rabbits left. Find P(t).






10

5.

Solve the non-homogeneous equation

y" — 3y + 2y =sinx.



11



12

Using the elimination method, solve the initial value problem:

X' = [__tg 1] X, X(0) = [_52} .



13



14

7.

Show that the following three functions are linearly independent on
the real line.
1 t t+1
Xi(t)=[2|, Xo(t)= |2 +t|, X3(t)=| O
3 3t 1



15



16

8.

Solve the system of differential equations
3 —1 0
X'=1-2 2 0|X
0 2 -1



17



18

9.

Solve the initial value problem

, 1 =5
Sl (O



19
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10.

Solve the system of homogeneous equations

=[x

Determine the type of the critical point at 0. Sketch the phase portrait.



21



22



MAT 303 FALL 2012 Final Exam

NAME : 1D :

THERE ARE TEN PROBLEMS. EACH PROBLEM HAS THE SAME VALUE 10 POINTS.
SHOW YOUR WORK
DO NOT TEAR-OFF ANY PAGE
NO CALCULATORS NO CELLS ETC.
ON YOUR DESK: ONLY test, pen, pencil, eraser and student ID

|| ©Off Cof| || O] TY| B[] WI| DNO|| —

—_

—_

Tota




2

1.

Solve the initial value problem
zely —2e¥ = 32°, y(1) = 0.

Solution. The term eY appears twice, so it is natural to try the sub-

stitution © = €Y. We have g—g = eyg—z, so the equation can be rewritten
in terms of u as:
e 9y =323, or W — 2y = 327
dx ) dzx x

This is a linear equation in terms of u. We have:
p(x) = exp(— / 2dr) = exp(—2In|z|) = 27>

Multiplying our equation by z~2 we obtain:

a2 — 2y) = L(g7%y) = 3.

It follows that o~ %u = [3dx =3z +C,u= 323 + Cz?. Since u = e,
plugging y(1) = 0 we obtain: 1 =3+ C, C = —2.

Answer: y = In(323 — 22?).



2.

Show that the following differential equation is exact, then solve it:
(3y —sinx)dy + (1 — ycosx)dz = 0.

Solution. Z(3y —sinz) = —cosz = 8%(1 — ycos ), therefore, the
equation is exact. We have:

9F — 1 —ycosu, F:/(1—ycosx)d:c::c—ysinx+0(y),

OF — —sinz + C'(y) =3y —sinz, C'(y) =3y, Cly) =%

. 32
Thus, F(z,y) = v — ysinz + =

. 2 .
Answer: r — ysinx + 3% = C, where C' is any constant.



4

3.

Suppose that a motorboat is moving at 4m/s when its motor suddenly
quits, and that 10 seconds later the velocity of the boat is 2m/s. As-
sume that the resistance motorboat encounters is proportional to its
velocity. Find the velocity of the boat in 20 seconds after the motor
has quit.

See Practice midterm II(2), problem 3.



4.

In a population P(t) of rabbits both the birth and the death rates are
proportional to P%(t). Initially, there were one thousand of rabbits.
After 9 years only 800 of rabbits left. Find P(t).

See Practice midterm II(1), problem 1.



6

5.

Solve the non-homogeneous equation
y" — 3y + 2y =sinx.

Solution. First, let us find a particular solution y, of this equation.
The derivatives of f(z) = sinzx involve only sinz and cosz (with +
sign). Therefore, try y, = asinx 4+ bcosz. We have:

(—asinx — bcosz) — 3(acosx — bsinz) + 2(asinx + beosz) =
(a + 3b)sinx + (b — 3a) cosx = sin .
It follows that a +3b =1, b = 3a, 10a =1, a = 0.1, b = 0.3. Thus,
yp, =0.1sinz + 0.3 cosx.

Next, let us find the general solution y. of the associated homo-
geneous equation: y” — 3y’ 4+ 2y = 0. We have: r? — 3r +2 = 0,
. = 1,79 = 2. Thus, y. = Cie* + Cye*".

The general solution of the initial equation is y = vy, + ..

Answer: y(z) = Ci1e” + Coe* + 0.1sinz + 0.3 cos .



Using the elimination method, solve the initial value problem:
/ . _t 1 . 5
oo [ ] x xo - [5)]

Solution. Let X = {x] . Then the system can be written in coordinate

form as:

r=—tr+y, y = —t2x + ty.
From the first equation we get: y = 2’ + tx. Then ¢ = 2" + ta’ + x.
Plugging this formulas into the second equation we obtain:

ottt = —tx+ (2’ +tr), 2" +x=0 z=Cicost+ Cysint.
Finally, y = 2’ +tx = —Cy sint+Cy cost+t(Cy cost+Cysint). Substi-
tution the initial condition x(0) = 5,4(0) = —2 we get: Cy = 5,Cy =
—2.

bcost — 2sint

Answer: X(t) = —5sint — 2cost + t(hcost — 2sint)|’



8

7.

Show that the following three functions are linearly independent on
the real line.

1 t t+1
Xi(t)=[2|, Xo(t)= |2 +t|, X3(t)=| O
3 3t 1
Solution. One has
1t t+1
W(t)=det |2 2+t 0
3 3t 1

To show that the vector functions X7, Xo, X3 are linearly independent
on the real line it is sufficient to find a point a such that W(a) # 0.
It is easy to see that the first two natural guesses a = 0 and a = 1 do
not work: W (0) = W (1) = 0. However,

1 -1 0 1 1

W(-=1)=det |2 0 0 :det[2 0127&0
3 -3 1

(here we expanded the determinant by the last column). This means

that the vector functions X7, Xy and X3 are linearly independent.



8.

Solve the system of differential equations

3 =1 0
X'=1-2 2 0]|X.
0 2 -1

Solution. First, calculate the characteristic polynomial and find the
eigenvalues.

3—A -1 0
p(A) =det | =2 2—\ 0 =((B3=N2-XN)—-2)(-1-)) =
0 2 —1-=2A

—AF+ DA =5A+4) = - A+ DA —=1)(A—4).

Thus, the eigenvalues are Ay = —1, A9 = 1, \3 = 4. Now, let us find
the corresponding eigenvectors

1) A\ =-—1
4 -1 0 U1
—2 3 0 V2 =0.
0 2 0 (%]
We obtain that v; = v = 0 and w3 can be any. Set v3 = 1. Then
0
Vi=10
1
2) =1

1
We obtain that v9 = 2v; and v3 = v9. Set v1 = 1. Then V5, = |2
2



-1 —1 0 U1
-2 =2 0 vo| = 0.
0 2 =5 (O8]

We obtain that v9 = —v; and v3 = %vg can be any. Set v; = 1. Then
1
Vi= |1
2
5
0 1 1

Answer: X (t) = Cre™ [0 + Coel |2] + Czelt | —1].
1 2 —32
5
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9.

Solve the initial value problem

wo ! ] xo-[)
. 1-\ -5 ) .
Solution. p(\) = det 1 3.0~ A — 4X\ + 8. The eigenvalues

are A\ = 242¢. To find the corresponding solutions of the linear system
it is sufficient to consider only one of the conjugate eigenvalues. For
A=2+421, p=q=2, we have:

—1—-—2¢ =5 V1
1 1—2¢] |vg|
Thus, v; = (2i — 1)vy. Set v9 = 1. Then the eigenvector is
21— 1 —1 |2
V=Pl

So, a = [_11] , b= [g] The corresponding real solutions are:

X; = e’ (acosqt — bsin gt) = e*( _11] cos 2t — [(2) sin 2t),

Xy = e”(bcos gt + asin gt) = e*( sin 2t).

9 _
0} cos 2t + [ 1 |

The general solution is: X = C1 X7 + C5X5. For t = 0 we have:
0 —1 2
o a7 e o]
Thus, —C; 4+ 2Cy = 0,C; = 6,Cy = 3. We obtain: X = 6X; + 3Xs.

Answer: X = e¢*(cos 2t g} + sin 2¢ [_315] ).



12

10.

Solve the system of homogeneous equations

=[x

Determine the type of the critical point at 0. Sketch the phase portrait.

p(A) = (3=X)(=5 = X)) + 12 = A2 +2)\ — 3. The eigenvalues are:
A1 = —3, Ay = 1. Real of opposite sign, therefore, the origin is a saddle

point.
6 —4 U1
3 —2 V2

1) A\ =-3.
Thus, vy = %vl. Set v1 = 1. Then Vj =

2) M\ = 1.
5 o) o)

Thus, v = 2vy. Set v9 = 1. Then V5 =

1
N =
|| o

I
e

1
— DN
1

The general solution is X (t) = Ce™®

1
NI =

| el



13
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MAT 303 FALL 2014 PRACTICE MIDTERM 1I (1)

1.

In a population P(t) of rabbits both the birth and the death rates are
proportional to P%(t). Initially, there were one thousand of rabbits.
After 9 years only 800 of rabbits left. Find P(t).



2

2.

Consider the differential equation

W— (x—2)y% y(2) =1.

Using Euler’s method with step size h = 0.2 find approximate value of
y(2.4).



3.

Verify that the functions y; = 22, y» = % are solutions of the differential
equation
2y — 2y = 0.

Solve the initial value problem
y(1) =5,y'(1) = -3.



4

4.

Using Wronskian show that the functions y; = 22,9, = sinx, y3 = cos
are linearly independent on R.



5.

Find the general solution of the differential equation

y(4) —y = 2x.



6

6.

Solve the initial value problem
y® =3y +3y —y =0, y(0)=1,4/(0)



MAT 303 FALL 2014 PRACTICE MIDTERM 1I (2)

1.

In a population of rabbits the birth rate is 0.0005P (births per month
per rabbit) and the death rate is constant equal to 0.05 (deaths per
month per rabbit). Initially, there are Py rabbits. Write down the
population function P(t). Describe the behavior of the population
with time depending on Fj.



2

2.

Find all critical points of the autonomous differential equation

& — (" —1)%(a® — 4).

Determine their types (stable, unstable, or semistable). Draw the
phase diagram.



3.

Suppose that a motorboat is moving at 4m/s when its motor suddenly
quits, and that 10 seconds later the velocity of the boat is 2m/s. As-
sume that the resistance motorboat encounters is proportional to its
velocity. Find the velocity of the boat in 30 seconds after the motor
has quit.



4

4.

Verify that the functions y; = x,y2 = xIn|z| are solutions of the
differential equation

2%y — xy +y = 0.
Solve the initial value problem

y(—e) = e,y (—e) = =3.



5.

Find the general solution of the differential equation

y(?’) — 2y +9' =sinz.



6

6.

Show directly (without using Wronskian) that the functions 23+2x?, z*—
1 and 23 — 522 — 2 are linearly independent on R.









MAT 303 FALL 2014 PRACTICE MIDTERM 1I (1)

1. In a population P(t) of rabbits both the birth and the death rates
are proportional to P%(t). Initially, there were one thousand of rabbits.
After 9 years only 800 of rabbits left. Find P(t).

Solution. We have: d— = kP%- P = kP3 (a priory, the rates are per
time unit per population unit). Solvmg this separable equation we get:

1
—:kdt, kdt, —s—5; =kt+C, P=——,
3 / P3 / VAt + B
where A = —2k, B = —2C'. For simplicity, for the unit of population
we will use thousand of rabbits. Initially, for ¢ = 0, we have one

thousand of rabbits, therefore,

1
B = =1.
P2(0)
For t = 9 we have:
1 1 25 1 25 1
9A + 1 = = =—, A=—(—-1)=—.
+ P2(9) (0.8)? 16’ 9(16 ) 16
Thus,
1 4

Ple) = Ji6 11 Vit16

Answer: P(t) = thousand of rabbits.

\/t+1
2. Consider the differential equation
W= (r—20 y(2) =1

Using Euler’s method with step size h = 0.2 find approximate value of
y(2.4).

1



2

Solution. We have: v =2, y0 =1, z, = xo+nh =2+0.2n, 2.4 = x,.
The approximations y, of y(z,) are defined by:

Ynt1 = Yn + h(zn — 2):%% = Yn + 0-047199%'
Thus, y1 =90+ 0 =1, yo = y1 + 0.04y} = 1+ 0.04 = 1.04.

Answer: y(2.4) ~ 1.04.

3. Verify that the functions y; = 22,90 = % are solutions of the

differential equation
z*y" — 2y = 0.
Solve the initial value problem

y(1) =5,y'(1) = =3.
Solution. We have: y] = 2, 2%y] — 2y; = 222 — 222 = 0, yj =
2073, w2yl — 2yo = 2271 — 2271 = 0. Thus, 22 and 2! are solutions.
By Principle of Superposition, for any cy, ¢z, y(z) = c12? + coxz ™t is a
solution. We have: y/(z) = 2c1x — cox 2. Substituting z = 1 we get:
14 =5200—c=-3,3=5-3=2,¢1=3, c=5—3=43.

Answer: y(z) = 22% + 4527,

4. Using Wronskian show that the functions y; = 2%, y» = sinz, y3 =
cosx are linearly independent on R.

Solution:
r? sinz  cosw
W(z) =det |2x cosx —sinx
2 —slnx —cosx

To show that the function are linearly independent it is sufficient to
find one point a such that W (a) # 0. Take point 0.

1

0

—1

W(0) = det

N O O
S = O



Expanding by the first row we get

W(0) = 1 det [g (1)] -

Therefore, the functions are linearly independent.

5. Find the general solution of the differential equation
y @b —y =2z

Solution. First, find the general solution of the associated homoge-
neous equation: y* —y = 0. The characteristic equation is r* — 1 = 0.
Equivalently, (r* — 1)(r> + 1) = 0. Thus, the roots are rj» = =1,
r34 = xi. We have: y; = e*,yp = e ¥, y3 = sinz,ys = cosz. The
general solution of the homogeneous equation is y;, = c1e¥ 4+ coe™" +
c3sInx + ¢4 cos x.

Now, find a particular solution of the initial equation y® — y =
0. According to the general theory, we should try to find y, as a
combination of f(x) = 2z and its derivatives. f'(z) = 2, f"(x) = 0.
Thus, we can take y,(z) = a1z + ay. Substituting y, in the equation
we get —ajx — ay = 2x. Therefore, y, = —2x.

The general solution of the initial equation is y(z) = yu(x) + y,(x).

Answer: y(r) = c1e” + cpe”" 4 c3sinx + cqcosx — 2.

6. Solve the initial value problem
v =3y +3y' —y =0, y(0) =1,4/(0) = 1,4"(0) = 2.
Solution. First, find the general solution. The characteristic equation
is 13 — 3r? +3r — 1 = 0. Equivalently, (r — 1) = 0. Thus, r; = 1
is a root repeated 3 times. Therefore, the general solution is y(z) =
(c1 + e + c32?)e®. We have:
y'(z) = (c1 + c2 + (2 + 2c3) + c32%)e”,

y"(x) = (c1 + 2¢9 + 2¢3 + (g + deg)w + cza?)e”.



1
Substituting the initial condition, we obtain a system:

01:1, Cl—|—02:1, Cl—|—262—|—203:2.

1

We get: ¢ =0,¢3 = 5.

Answer: y(x) = (14 % )e”.



MAT 303 FALL 2014 PRACTICE MIDTERM 1I (2)

1. We have: 92 = (0.005P — 0.05)P = 0.0005P(P — 100). This is

an extinction/explosion equation with a = 0.0005 and the threshold
M = 100. The general solution is:

MP, 100P

P(t) = .
=57 (M — By)esMt — Py + (100 — By)e0-05t

When 0 < Py < 100 the population decreases in time and converges to
0 when ¢ goes to co. Fy = 100 is the equilibrium population. When
Py > 100 the population increases in time and converges to oo in finite
time.

2. The critical points are solutions of f(z) =0. (e* —1)*(z* —4) =0
when z = 0 or 2. When z < =2 2’ = (¢ — 1)} (2?2 —4) > 0, @
increases; when —2 < x < 0 2’ < 0, x decreases; when 0 < x < 2
' < 0, x decreases; when x > 2 2/ > 0, = increases. From the phase

diagram we see that —2 is a stable critical point, 0 and 2 are unstable
(0 is semistable).

3. From the second Newton’s law we get

d
d—::a:F/m:k:v,

1



2

where k is some constant. Solution of this differential equation is
v(t) = voet. We have vy = 4 and v(10) = 2. Thus
In 2
10k

=2/4=1/2, k= ———.
= 2/a=1/2 k=
We obtain:

v(30) = 4e3% = 4312 = 4/23 = 0.5,

Answer: 0.5 m/s.

4. We have:

2y —ay = —x+ax=0, 2%yl —zys+ iy =

2?(3) —z(lnjz| + 1) + 2In|z| =0,

thus, x and x1In |z| are solutions. By the Principle of Superposition,
y(x) = c1x + coxIn|z| is a solution for any c1,co. We have: ¢/(x) =
c1 + co(In|z| + 1). Substituting the initial condition, we get:

—cietce =€, c1+2c0 = =3 = c1—cy = —1, 3co = —2,c0 = —%,cl =
5

Answer: y(z) = =2z — 2z1In|z|.
5. First, find the general solution of the associated homogenous equa-
tion y"” — 2y” + 1y’ = 0. The characteristic equation r® — 2r?> +r = 0,
r(r — 1)? has a root 11 = 0 and a repeated root ry = 1 of order 2.
Therefore, y. = ¢1 + (ca + c3x)e”.

Now, find a particular solution of vy — 2y” 4+ 3 = sinz. One has
f'(x) = cosz, f'(x) = —sinx,.... Thus, f(x) and its derivatives in-
volve only sinx and cosz. We can try y,(z) = asinx 4+ bcosz. Sub-
stituting it in the equation, we get:

y, — 2y, +y, = (—acosx + bsinz) — 2(—asinz — beos z)+
(acosx — bsinx) = 2asinx + 2bcosx = sin z,
therefore, a = 1/2,0 = 0. y,(z) = 0.5sinx.
The general solution of the initial equation is of the form y(x) =
Ye(@) + yp().

wlot



Answer: y(x) = ¢ + (c2 + csz)e” + 0.5sin x.

6. Assume that these functions are linearly dependent. Then there
exists constants ¢, ¢, c3 (not all equal to zero) such that

e (2 +222) + co(2? — 1) + c3(2® — 522 —2) =0

for all x. Gather coefficients in front of each power of z together. We
get:

(c1 +c3)2® + (2¢1 + c3 — 5eg)r® + (—cy — 2¢3) = 0.
A polynomial is equal to zero everywhere only if all of its coefficients
are zeros. Thus,

c1+c3=0, 2¢c;1 +co —bcg =0, —co — 2¢3 = 0.

From the first and the last equations we obtain: ¢y = —2¢3,¢1 = —c3.
Substituting these formulas into the second equation we get: —9c3 =
0,c3 =0, and so ¢; = co = 0 as well. Thus, all the coefficients are zeros.
There are no cy, c9, c3 not all equal to zero satisfying the conditions,
therefore, the functions are linearly independent.
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Solve differential equations:

1)%=\/5+x\/3_3.

yoo= §@E e w @) =
2 .z 7&5 +C

T3

2
=X
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Solve the initial value problem

dz

= te, z(—1)= -1

(z* +1)

C(A/')Uwu(:{/\.g A F O |

L = Fdt
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3.

A cup of tea at temperature 80°C was left on a table in the kitchen,
where the temperature is 26°C. After 20 min the tea cooled down to
62°C. What will be the temperature of the tea after another 20 min?

dl L (T-A)
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A tank initially contains 100 Ib of salt dissolved in 200 gal of water.
A brine containing 1 Ib/gal of salt flows into the tank at the rate 2

gal/min and the well stirred mixture flows out of the tank at the rate
1 gal/min. How much salt will be inside the tank after 50 min?
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Solve differential equations by using appropriate substitution:
D2yy' =(@-y")*+1, y(1)=1.

9. U= I“\él
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Show that the following differential equation is exact; then solve it. ik
(€° 4 y)dx -+ (siny 4 z)dy = 0. ‘
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1. Find all solutions of the initial value problem
y = (22 -3y’ +3, y(3) =2
Solution: Let us use a substitution u(x) = 2z — 3y(x). We have:
u/:2—3y':2—3(u3—|—%) = —3u°.

Observe that u = 0 is a solution. It corresponds to y = %x This

function satisfies the initial condition, and so is a solution of the initial

value problem.
Let u # 0. Then we can divide by u?:

du 1 1
o 34y, — = 324C, u=t——e,
usd TTow Tro, V6xr + A
Thus,
1 1 1
y=-2r—u)=-(2z+

3 3 \/6x—i—A)'

Substituting the initial condition y(3) = 2 we obtain:

1
2=24+ —=—.
3V18+ A
This equation does not have any solutions, and so u # 0 does not give
any solutions of the initial value problem.

Answer: y = %az
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2. A tank contains 500 liters (L) of a solution consisting of 100 kg
of salt dissolved in water. Pure water is pumped into the tank at the
rate of 2L /s, and the mixture - kept uniform by stirring - is pumped
out at the same rate. How much salt will there be in the tank after 50
seconds?

Solution: Let x(t) be the amount of salt in the tank at time ¢. Notice
that the amount of solution is 500 L. and does not change with time.

And so at time ¢ the solution contains £5; kg of salt per L. The salt

leaves the tank with the rate 2z55 = 55 kg/s. We obtain:
de _ _ _x_
dt — 250"

—L
250"

x(t) = zo exp(kt) = 100 exp(—3t5).
Thus, at time £ = 50 s, there is
100 exp(—5a5) = 100 exp(—1)

This is an exponential model with k£ = The solution is:

L of salt.
Answer: 100 exp(—:) L of salt.
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3. In a population P(t) of some species the birth rate is constant
equal to 0.1 (births per month per individual) and the death rate is
equal to 0.002P (deaths per month per individual). Initially, there
were Py species. Write down the population function P(t). Describe
the behavior of the population with time depending on F.

Solution: We have:

dP
T P(0.1 —0.002P) = 0.002(50 — P).
This is a logistic equation with £ = 0.002 and M = 50. The solution

1S:

MP, 50P,

- Py+ (M — Py)e ®Mt Py 4 (50 — Py)e 01t

From general theory of the logistic equation, Py = 0 and Fy = 50
give constant (equilibrium) populations P(t) = 0 and P(t) = 50. If
0 < Py < 50, the population is increasing and converges to 50 when
t — oo. If Py > 50, the population is decreasing and converges to 50
when ¢ — oo.

P(t)



4. Solve the non-homogeneous equation =" — 32" + 2z = ¢ + 2.

Solution: The general solution is = x. + x,, where z it the general
solution of the associated homogeneous equation z” — 32’ + 2z = 0 and
x, is a particular solution of the initial equation " — 32’ + 22 =t 4 2.
We have: 72 = 3r4+2=20,7 = 1,79 = 2, so 2. = Cie' + Cye?’. Try
x, = at +b. We have:
x) — 3z, + 2x, = —3a + 2(at +b) =t + 2,
therefore, 2a = 1,a = %, —3a+2b=2,b= ;L.

Answer: © = Cel + Cye? + %t + %.
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5. In a mass-spring-dashpot system a mass m = 1 is attached to
a spring with spring constant £ = 25 and a dashpot with damping
constant ¢ = 6. The initial position of the mass is at the equilibrium
point of the spring and the initial velocity is —4. Find the position
function of the mass.

Solution: We have:
2" 4+ 62" + 2520 =0, 29 = 0,v9 = —4.
Solve the characteristic equation:
r*+6r+25=0, r=21(—6++36—100) = —3 + 4.
Thus, the general solution is:
z(t) = e (C cos 4t + Cysin 4t).
Substituting the initial condition we get:
2(0) =01 =0 = z(t) = Che'sindt = 2/(0) =4Cy = —4, Cy = —1.

Answer: z(t) = —e' sin 4¢.



6. Using the elimination method, solve the system:
tr' =2z +y, ty =({t* -2z —y.
Solution: From the first equation we obtain:
y=tr' —2v = ¢y =ta" +2 — 22" =ta" — 2.
Substituting these identities in the second equation we get:
t(ta" —2') = (t* = 2)x — (ta’ — 22).

Simplifying we obtain t?z” — t?z = 0, 2" — x = 0. Solution of this
equation is # = C1e’ + Cye™". Finally,

y=tr' —2x = Ce'(t —2) — Che ' (t +2).
Answer: x = Ciel + Coe™!, y =t/ — 22 = Cre'(t — 2) — Cre ! (t + 2).
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7. Show that there is no everywhere continuous 2 x 2 matrix function
P(t) such that both vector functions

C[t+1 [t
xw- "3 xw-, L]
are solutions of the system X' = P(¢)X.

Solution: Assume that there exists such P(¢). By theorem on Wron-
skian, either W (t) = 0 for all ¢ or for each ¢t W (t) # 0. We have:
W(t)=(t+1)(t+2) -2t = —t* 43t + 2.
This is a quadratic function. The discriminant is D = (—3)%—4-(—1)-
2 =17 > 0. Therefore, there exist exactly two points
t=-L(=3+£V17)

at which W (t) = 0 and W(t) # 0 for all other points. Thus, neither
one of the two options from Theorem on Wronskian are satisfied. This
contradiction shows that there is no P(t) satisfying the conditions of
the problem.



8. Solve the system of differential equations

0 1 O
X'=|-44 0| X
-7 2 -1

Solution: First, let us find the eigenvalues of the matrix A of the
system.

- 1 0
p(A) =det |—4 4—X 0 = (N2—4A+4) (= A—1) = —(A+1)(A=2)%
-7 2 —1-=A
Thus, the eigenvalues are \; = —1 and A23 = 2. Let us find the
corresponding eigenvectors.
HDA=-1:
1 10 U1
—4 5 0 V| = 0.
-7 2 0 V3
We get v1 = vy =0, v3 is any. Set v3 = 1. Then
0
Vi=10], X1(t) :e_tvl.
1
2) A =2
-2 1 0 U1
—4 2 0 v | = 0.
-7 2 =3 V3
We get v9 = 201, v3 = %(—71}1+2v2). Set vy = 1. Then vy = 2,v3 = —1,
1
Vo = 2 , Xg(t) = €2t‘/2-

—1

We see that there are no 2 linearly independent eigenvectors corre-
sponding to the repeated eigenvalue A = 2, therefore, this eigenvalue
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is defective. We need to find a generalized eigenvector V3 such that
(A= AD)V3 = Va:

-2 1 0
—4 2 0
-7 2 =3
We see that vo = 201 + 1,03 = % —Tvy + 2vy + 1). Set v; = 0. Then
Vg = 1,1)3 = 1,
0
Va= |1, X3(t) = *(tVy + 13).
1
The general solution is X = C1X; 4+ ChXy + C53.X35.

0 1 1 0
Answer: X (t) =Cre ™ |0 +Coe® | 2 | +Cse®(t | 2 | + [1]).
1 —1 —1 1
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9. Solve the initial value problem

;|1 =2 |2
X = [5 _5] X, X(0) = H |
Solution: First, find the eigenvalues: p(A) = (1 = A)(=5—A) — (—=2) -
5=XN+4\+5=0, A = 3(—4+£+—4) = —2+4. In the case of
conjugate complex eigenvalues to find the solutions it is sufficient to

consider only one of the eigenvalues.
A = —2+ . Let us find the complex eigenvector by solving (A —

M)V =0:

3—1 —2 v

) e
We obtain: vy = %(3 —i)vy. Take v; = 3. Then vy = 3 — 4,

2 2 10
R R ]

In this case, the two real solutions corresponding to A and X are:
01 .
J sint)

X, = e(acosqt — bsinqt) = e [g] cost — [

X, = e”(bcosqt + asingt) = e *( [_OJ cost + [g] sint).

The general solution is X () = C1X7 + CoX,. Substituting the initial
condition we obtain:

2 0 2
wo-aff+a[’]-[]
ThUS, 201 = 2, Cl = 1, 301 — 02 = 4, 02 = —1. Finally,

X(t) = e H cost — [_OJ sint) — e~ 2( [_01] cost + E] sint)

Answer: X(f) = e—%(m cost — E] sint).
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10. Solve the system of homogeneous equations

! 0_1
o[

Determine the type of the critical point at 0. Sketch the phase portrait.

Solution: We have: p(A) = —A(4 — A\) +3 = X\ — 4\ + 3. So the
eigenvalues are Ay = 1,y = 3. Distinct real eigenvalue of positive
sign, therefore, the critical point is an improper source.

1) Ay = 1. The corresponding eigenvector:

1 —1] [w] _ B |1
] o= L]

2) A2 = 3. The corresponding eigenvector:

3 1] [w] . 1
[3 1:|[U2]_O7U2__3U17‘/2_|:_3~

The general solution is

1 [ 1
X(t) = CletVl + Cgegt‘/g = C’let [_1:| + C’geSt _3] .
When t — —o0 €' is dominating e, therefore, all non-straight tra-
jectories are tangent to the line in direction of +V) near the origin.
When t — oo €* is dominating ef, therefore, all non-straight trajecto-
ries approach the direction of £V5 at infinity.






