MAT 303: Calculus IV with Applications
Spring 2014

Final Exam: Monday, May 19, 8:00am-10:45am.

There will be 10 big problems with no more than 15 subproblems. The distribution of problems are (30% means 3 out of 10 big problems)

30%: 1st order equation

20%: higher order linear equation

30%: Linear system

20%: Series

2 or 3 of these problems will be related to models and will be similar to the problems in the homework/practice. So please review the models mentioned in the
Review Sheet .

Check the Syllabus for Review Sheet , Old Exam and Old Practice . Please use the review sheet to guide you go over the materials we studied, and review your homework,
midterms, quizzes. | will give solutions to the calculation problems contained in the review sheet.

The format of our exam will be like the Old Exam but with the above distribution of problems and with only the materials in the review sheet. You should also try to do the
old practice exam and more problems from the textbook if you have energy.

Overall Grades:

1l nd homework

Differential equations are important in different branches of sciences and engineering. It's used to model the evolution process and dynamical systems.

Click here for the content and prerequisite for the course.

Textbook

Instructors
| | [Name ||office ||office hour |[MLC hour ||Email |
|Lecture ||Dr. Chi Li |[3-120  |[T/Th 1-2:30pm | ||chi.li@stonybrook.edu |
[RO1&R02  |[Anant Atyam 2105 |[Friday 1-2 pm | |[W/F 10:30-11:30 am |[anant@math.sunysb.edu |
[R03 [Chengjian Yao  |[s-240C  |[Monday 3-4 pm |[Monday 4-6 pm | lyao@math.sunysb.edu |
Homework

Problem sets will be assigned weekly; check the syllabus webpage for the assignments. For the homework using Mathematica, you are encouraged to submit your work
although it won't be graded. Finally, the lowest two homework grades will be dropped in the calculation of your overall grades.

Each homework is due during your recitation class of the following week (unless otherwises stipulated). No late homework. The recitation instructor will collect the



http://sb.cc.stonybrook.edu/bulletin/current/courses/mat/#303
http://www.prioritytextbook.com/products/Differential-Equations-and-Boundary-Value-Problems%3A-Computing-and-Modeling-(4th-Edition)-Edwards.html?catargetid=1817796885&cadevice=%7Bdevice%7D&gclid=CIj1r4rto7wCFcdQOgodPHMAqA
http://www.math.sunysb.edu/schedules/spr14.html#MAT303
http://www.math.sunysb.edu/~chili
http://www.math.sunysb.edu/~anant

homework and grade three of the problems.

Write the problem up carefully in your own words even if you have consulted the book for the final answer: always show your work. It is OK to discuss homework problems
with other students. However, each student must write up the homework individually in his/her own words, rather than merely copying someone else's.

Quizzes

There are 5 quizzes. Each taking place in the last 15 minutes in Friday class. Usually there will be two problems. No make up quiz. Check the syllabus webpage for the
schedule.

Grading

10% Homework
10% Quizzes

20% Midterm 1
20% Midterm 2
40% Final Exam

Computing Software: Mathematica

Mathematica is a powerful scientific computational and symbolical software. We will occasionally use the Mathematica to numerically solve the differential equation and
visualize the solution. You can get a version from Stonybrook Softweb . Note that you can also use this software in many public computers through the campus.

Midterm exam

There are two midterms which are given in class.

Midterm 2
4 | Range | Grade |
190-199 A
N 180-188 A-
o 171-178 B+
8 152-168 B
s 142-150 B-
y 134-140  C+
120-132 C
’ 102-115 -
. c & o b E 100 D+
70 D
<70 F
MEAN 152.7; MEDIAN 154; High Score 199(2); Low Score 35
Midterm 1

The tentative curve for this midterm is shown in the picture. This is just to give you some idea of the distribution of the grades. The real curve will be made only after the
final exam.


http://www.wolfram.com/mathematica
http://it.stonybrook.edu/software/title/mathematica

“tange | aace|

T 192-200 A
1 180-185 A-
12 172-178 B+
10 150-165 B
" 137-149 B-
. 128-131 C+
i 120-125 C
, 101-106 C-
84-97 D+
S e T e - m T el i ae e e : b 2 i 62-78 D
<b2

MEAN 140.5; MEDIAN 149; High Score 200(6); Low Score 10

Read and Take Notes

Read the relevant materials on the textbook both before and after the lecture. If you really want to master the course, it is wise to attempt or solve as many problems as you
can in the relevant section of the book.

Help

A very useful resource is the Math Learning Center (MLC) located in room S240-A of the mathematics building basement. The Math Learning Center is open every day
and most evenings. Check the schedule on the door.

Another useful resource are your teachers, whose office hours are listed above.

Stony Brook University expects students to maintain standards of personal integrity that are in harmony with the educational goals of the institution; to observe national,
state, and local laws as well as University regulations; and to respect the rights, privileges, and property of other people. Faculty must notify the Office of Judicial Affairs of
any disruptive behavior that interferes with their ability to teach, compromises the safety of the learning environment, or inhibits students' ability to learn.

DSS advisory: If you have a physical, psychiatric, medical, or learning disability that may affect your ability to carry out the assigned course work, please contact the office
of Disabled Student Services (DSS), Humanities Building, room 133, telephone 632-6748/TDD. DSS will review your concerns and determine what accommodations may be
necessary and appropriate. All information regarding any disability will be treated as strictly confidential.

Students who might require special evacuation procedures in the event of an emergency are urged to discuss their needs with both the instructor and DSS. For important
related information, click here.


http://www.stonybrook.edu/ehs/fire/disabilities.shtml

Final Review Sheets

1 Basic concepts

1. n-th order DE, existence and uniqueness, direction fields, general solutions,
particular solutions, initial value problem, autonomous equation, equilibrium
solution, stability of equilibrium solution

2. linear DE, homogeneous linear DE, non-homogeneous linear DE, basic solu-
tions, complementary solutions, structure of general solution.

3. transformation to 1st order system, linear system, eigenvalues/eigenvectors,
generalized eigenvectors, fundamental solution matrix, exponential of matrices

4. series solutions, radius of convergence, recurrence relations

2 1st order equation

Method: (a) Separable equations

dy 145
dr 1+ /z
(b) Exact equation
(% + Iny)dx + (y3 + d dy = 0.
Y

(c) Linear 1st order equation (integrating factor)
(1 -2y +ay = 1.
(d) Substitution

e (Homogeneous)

d
Yok —y = R

dx
e (Bernoulli type)

dy
l+a)—=+y=1y"
(I+az) +y=y
Models: (a) Newton’s Law of cooling: Notes, HW2 (6)

(b) Population model: Notes, HW4 (2.3), Practicel (4), Mid1 (4).
(c) Acceleration-velocity model: HW5 (1), Practicel (5)



3 Linear DE with constant coefficients
Method: (a) Homogeneous linear equations
y/// _ 2y// + y — O

(b) Non-homogeneous equations, particular solutions

i. Undetermined coefficients
y//+4y/+4y — e—QCE'

ii. Variation of parameters

1 1
Yy +y=-—-
SN~

Model: Mechanical vibration HW7 (9-11), HW9 (1-2), Practice2 (3), Midterm 2 (3)-
(4).
(a) Free undamped/damped oscillation

(b) Forced undamped/damped oscillation, Resonance

4 Linear System

Method: (a) Elimination method HW10 (1)-(2), Quiz3 (1), HW11 (3a) (also the fol-
lowing three systems).

(b) Eigenvalue method
x) = 4dxy + 219
xh = —3x; — 29
Th = x1 + Ty + 223

(c) Complex eigenvalue
x) ="Try + 29
xh = —4x1 + 329

(d) Multiple eigenvalues

xhy = 4xy + 9z

{13/1—1’1—41’2

(e) Chain of generalized eigenvectors: Notes, HW11 (3b), HW12 (1).

2



(f) Exponential of matrices and initial value problems: HW12 (2), (3).

(g) Nonhomogeneous linear system

) =2x + 3wy + €
Th =21 + 9 + €%

Model: (2-mass, 3-spring) system: HW9 (4), HW10 (2).

5 Power Series Solutions

Standard Mauclaurin series, Radius of convergence, series solutions, recurrence rela-
tions

1st order: (2z + 1)y =y.

2nd order: 3" — 2xy’ + 6y = 0.



Syllabus

Week Sections Homework Notes
1.1: Mathematical Models Part I:
Week 1. . ; ; 11:4344451.2: 36,42,441.3: 22,28
27131 | -2 General and Particular Solutions Part 11
1.3: Direction Fields HW4 solution
Week 2, |14 Separable Equations Homework 2 Notes on Newton's law of cooling/hesting
2/3-2/7 s f HW?2 solution Mathematica: Numerical calculation and Plot graphs.
e e Quiz 1in Friday class (cancelled)
Week 3: ) . g Homework 3. n
2/10-2/14 1.6: Substitution/exact equations V3 : Notes on population models
. ) Mathematica: [nteractive Manipulation and Piecewise
Week 4, |21 Population models Homework 4 defined function
2/17-2/21 . e : HW4 solution
2.2: Equilibrium solutions Quiz 2in Friday class Quiz 2 .
2.3: Acceleration-velocity models Homework 5
Week 5: ) . ) Mathematica: Numerical Solution of DE_
o402 |24 Numerical Method: Euler method orectice Midterm | el AT T
Review for Midterm | Practice Midterm | Solution
3.1: 2nd order linear equations Solution to midterm 1: Solution 1, Solution 2
Week 6: . . . .
23-3/7 Midterm | (i rk_ 6 Midterm | in class covering up to 2.4.
3.2: General solutions of linear equations HW6 solution (by Anant Atyam
. |3.3: Homogeneous constant coefficient equations
\3{/\/163(3/7i4 Homework 7 ; Mathematica: DSolve, Solve DE using Mathematica
3.4: Mechanical vibrations HW? solution (by Chengjian Yao)
3/17-3/21 |Spring Break
Week 8 |3.5: Nonhomogeneous eguations, undetermined  |Homework 8 Awmwmm
desly ereilas Quiz 3in Friday class covering up to section 3.3
Homework 9
Week 9: |35 Variation of parameters Solution to Homework 9 Derivation of the formulain the variation of parameters
Sl 3.6: Forced oscillations and resonance Midterm 2 Practice - Manipulale ViDrall ons. eals and reona
4.1: First order systems
Week 10: . Lo . . . . . . . .
47411 4.2: Method of Eliminations Solution to midterm 2: Solution 1, Solution 2 [Midterm 11 in class covering up to 4.1.
Midterm 11
. |5.1: Matrices and linear systems Homework 10 A ' ; -
glefk 411118 Solution to Homework 10 (By Chengjian Y ao I\E/IIat;em;t;cT? Marix Operations - Lt e I Ol
5.2: Eigenvalue methods for homogeneous systems|(with correction/appendix)) Eigensysiem
Week 12: 5.2: Eigenvalue methods for homogeneous systems 11 Qu!z S0 Frl_day S R SR U
4/21-4/25 . - ; Solution to Homework 11
e Classify the chains for 2*2 or 3*3 matrices
Week 13: 5.5: Matrix exponentials 12
4/28-5/2 5.6: Nonhomogeneous linear system
Week 14: 8.1: Power series Homework 1. Quiz 4 in Friday class covering up to section 5.5
5/5-5/9 8.2: Series solutions Solution to Homework 13
Week 15: |Review of the course Review sheet , Solutionsto review exercises,
5/5.5/9 ) ) Corrections
Reading period Old Exam , Old Practice exam .
Happy Final exam Monday, May 19, 8:00am-10:45am Solution to the final exam ,

ending



http://reference.wolfram.com/mathematica/ref/N.html
http://reference.wolfram.com/mathematica/ref/Plot.html
http://reference.wolfram.com/mathematica/ref/Manipulate.html
http://reference.wolfram.com/mathematica/ref/Piecewise.html
http://reference.wolfram.com/mathematica/ref/Piecewise.html
http://reference.wolfram.com/mathematica/ref/NDSolve.html
http://reference.wolfram.com/mathematica/ref/DSolve.html
https://reference.wolfram.com/mathematica/tutorial/DSolveOverview.html
http://math.sunysb.edu/~chili/mat303f/particular.pdf
http://math.sunysb.edu/~chili/mat303f/particular.pdf
http://math.sunysb.edu/~chili/mat303f/variation.pdf
http://www.math.sunysb.edu/~chili/mat303f/vibration.nb
https://reference.wolfram.com/mathematica/guide/MatrixOperations.html
https://reference.wolfram.com/mathematica/tutorial/VectorsAndMatrices.html
https://reference.wolfram.com/mathematica/ref/Eigensystem.html
http://math.sunysb.edu/~chili/mat303f/Chain.pdf

Final Exam Name
Math 303 - Differential Equations with Applications
May 15, 2008

e No credit will be given for answers without mathematical or logical justification.
e You may leave answers in implicit form, when appropriate.
e Simplify answers as much as possible.

e No calculators, notes, or books.

Part 1

1) (7 pts) Solve for z: % = ¢tz — L 2(0)=2.

2) (8 pts) Find the general solution: % = iﬁ__Gz.




3) (15 pts) Solution with a concentration of 0.1 1bs of salt per gallon pours into a tank at a
rate of t_%l gallons per minute. Also, well-mixed solution leaves the tank at the same rate.
How much salt is in the tank after 1 minute, if initially the tank contains 1 gallon of water

mixed with 0.9 Ib of salt?



4) The equation for a particle caught in the gravitational field of a body of mass M is

d*r GM

a2 r2 ’

where G = 6.67 x 10" m3kg=1s72 and r is the distance to the center of mass of the body.
A particle of dust is caught in the gravitational field of a small, spherically shaped asteroid
16

of mass g X 10" kg and radius 100m.

a) (10 pts) Use the methods of differential equations to find 4.

b) (10 pts) Initially the dust particle is motionless relative to the asteroid and 300m from
its surface. With what speed will it strike the asteroid’s surface?



Part 11

5) Consider the differential equation
:L_//// + 21./1/ + 2xll — 4 _ ].2t

a) (10 pts) Find the complimentary solution

b) (15 pts) Find the general solution.

¢) (5 pts) Find the solution, given z(0) =0, 2'(0) = 0, 2”(0) = 8, 2" (0) = —6.
(There’s an easy way and a hard way.)



Part 111

6) (5 pts) Compute e*4, where A =

o O O
o O
O =

7) Consider the equation

z ) 0 —1 ) 1
= =+ .
T2 1 0 To t
a) (b pts) If you use the method of undetermined coefficients, what would your ‘guess’ for
Xp be?

b) (15 pts) Find xp.



Part 1V

T1 1 0
8) Consider the system T2 _ |0 -
z3 0 2
Tq 0 0

a) (10 pts) Find the eigenvalues of the matrix.

b) (20 pts) Find the system’s general solution.

0
-2
-1

0

Z1
Z2
zs3
T4

[ R



(continued from previous page)
¢) (10 pts) Write down the fundamental matrix ®(t), and compute ®(0)~*
1

HINT: This particular ®(0) should have some special properties. Before trying to compute ®(0)™",
see what you get when you multiply ®(0) - ®(0)7.

d) (5 pts) Given z(0) = (—1102)7, find z(t).



MAT303 Spring 2009

Practice Final

The actual final will consist of twelve problems with no more then
two subproblems

You will be allowed to use calculators
Problem 1

Some of the given differential equations are separable and some are not. Solve

those that are separable.
i (1+a)yde+axdy=0
i o = y'/?

iy + 2y =3

iv zy —ylnz = zy?

Problem 2

Some of the differential equations are linear and some are not. Determine those

that are linear and give its integrating factor and solve them.
iay +y=3
i xy’ —y =222

iy — %y: (x —1)*

VYt mey Y =0
vay +y=a°
Problem 3

i) Is the equation exact? ii) If it is find the general solution. You may leave

the answer in implicit form.



e 3z —y)der — (x4 3y)dy =0
o (322 — zy)dr — (2® + 3zy)dy =0, 2 # 0
Problem 4

Find the general solutions of differential equations (you may leave the answer

in implicite form)

idy/de = (z+vy)/(2x—y)

i dy/dx = 2y + xy?
Problem 5

e The differential equation dx/dt = 1z(2—x)—h models alogistic population
with harvesting at rate h. In the language of dynamics, one may say we
are perturbing a logistic population by a constant h. So we usually want

h to be small.

i In terms of h, what are the equilibrium solutions?

ii What are the stability of the solutions above? (Hint: Set h = 0, and
then look at the stability there. This should tell you the stability of
the solutions above.)

iii What is the bifurcation point?

iv Describe the stability of the bifurcation point. (Hint: Part [

v For the problems below, set h to be the bifurcation point found in
Part [

a u is a solution with «(2) = 5.5. Compute lim;_, o u(t).
b w is a solution with «(0) = 2. Compute lim;_, o u(t).

¢ w is a solution with u(0) = 1. Using Eulers Method, approximate

u(2), using step size Az = 0.5 to eight decimal places.



e Suppose that —1 < a < 1 is a constant parameter, and y(¢) satisfies the
ODE

/

y =(a—y*)(y—2)

i Find the equilibria, sketch the phase line, and determine the stability

of the equilibria in each of the following cases:

a —1<a<0;
ba=0
cO0<a<l.

ii Suppose that y(t) is the solution of the ODE that satisfies the initial

condition y(0) = 0. What is the behavior of y(t) as t — oo in each

of the cases Falfblid

Problem 6

Compute the general solution of each nonhomogenenous equation by the Method

of Undetermined coefficients

i y// +y =sinx

ii y// — y/ — 2y = 2ze® + 22
iii y” — 5y, +4y =e**cosx + e sinx
Problem 7

Use the method of variation of parameter to solve the following initial value

problem
iy —y —2y=1t%* y(0)=0,y(0)=1
iy +y=—2sint,y(0)=1,4(0) =1

Problem 8



Use the
e Eulers Method
e Improved Eulers Method
with h = 0.2 to solve the initial value problems on 0 < x <1
iy =3x+2yy0)=1
iy =ayy(0)=1
Problem 9
e Solve the second-order linear equation
y 45y +6y=0

i by using characteristic equation,

ii by transforming it into a system of 2 first-order equations.

Problem 10
Find the general solution of the system ‘é—f = Az using the method of ellimina-
tion where
A=(3)
Problem 11

Find the general solution of the system ‘fl—f = Az using the method of eigenvalues

where

w
oo

ow !
L
N————

NOJI

ii A is from Problem [0

Problem 12



The motion of a mass on a spring can be described by the solution of the
initial value problem mu" + cu’ + ku = F(t), u(0) = ug,u (0) = uy. A mass
weighing 8 Ib stretches a spring 6 in. The mass is attached to a viscous damper
with a damping constant of 2 Ib-sec/ft., and it is acted on by an external force

of cos 3t 1b. The mass is displaced 2 in. downward and released.
i Formulate the initial valued problem describing the motion of the mass.

ii Solve the initial valued problem using either the Method of Undetermined

Coefficients or Variation of Parameters.
Problem 13

Find the general solution of the system
(D? 4+ 1)z — D%y = 2¢~*
(D* -~ 1)z +D*y=0

As usual D =d/dt



Newton’s law of cooling/heating

This law says that the rate of cooling/heating is proportional to the difference
of the temperature of the object and cooling/heating source. Suppose the tem-
perature of the cooling/heating source changes according to the function A().
Let T = T'(t) be the temperature of the object under consideration. Then we
can write down the differential equation:

dT
= —k(T — A1),

k is called the cooling/heating constant. This is a 1st order linear differential

equation:

T
— + KT = kA(t).
pr (t)

We can find the integrating factor:
F(t) = e kit _ gkt

So it’s easy to find the solution:

T(t) = e_kt/kektA(t)dt. (1)

Example: Let the cooling/heating constant be k& = 0.3. Assume the initial
temperature T'(0) = —20°C. Assume the temperature of the source oscillates
according to the function:

A(t) = 10sin (%t) .

How does the temperature T'(t) of the object change?
Solution: By the above discussion, we just need to calculate:

T(t) = 6_0'3t/0.360'3tlosin(7rt/12)dt. (2)

To simplify the calculation a little bit, we can use the substitution: u = 7t/12,
the right hand side becomes:

T(u) = 6_3‘6“/”§/e?"ﬁu/Tr sin(u)du (3)
7r

Now we can integrate by parts twice (let a = 3.6/7)
/e““ sin(u)du = /e’“‘d(— cosu) = —e™ cosu + a/cos(u)e““du

= —e™cosu+ta / e™d(sinu) = —e™ cosu + ae™ sinu — a* / e sinu



So we can solve:

qu @8I U — COSU

/6‘“‘ SIH(u)du = e T + C.

Now we can substitute in to (3) to get

36 [asinu — cosu
T _ o= P —au
(u) - ( T +Ce )

When ¢ =0, u =0, so we can use the initial condition T'(0) = —20 to get

36 1 1 T
—20=T(0)="=-——— = ——.
0 (0) ﬁ( 1+a2+0>:>0 T2 9

Substitute v = #t/12 and a = 3.6/7 (au = 0.3t), then finally we get the
particular solution:

3.6 3., 7t i
() - 36( sin Tt — cos 7%

T (1 + (31.6/77)2 B 55) _w)

s

~ 5.68sin(0.26t) — 4.95 cos(0.26t) — 15.05¢ -3¢,

The term —15.05e~-3* in the solution is called the “damped” part. The follow-
ing is the plot of graphs using Mathematica. The blue curve is the temperature
of the source, and the red curve is the temperature of the object. Also the first
command ( T1[t] =...) defines the function T1(t) to be plotted.

In[t16}= T1[£ ] = 36 /Pi (3.6 /Pi+Sin[Pit/12] -Cos[Pit/12]) / (1+ (3.6 /Pi)"2) +36/Pix (L/ (1+ (3.6 /Pi)"2) -5Pi/9) Exp[-0.3 t]

. i mt. mEq
oultigl= -15.046 e ©*% 4 4.95398 | cm;[E , 1.1:;59251:1[E |

In[tzs}= Plot[{108in[Pit/12], T1[t]}, {t, O, 72}, PlotStyle - Thickness [0.01]]

o

livp

Outl125= -5

10k

15

From the graphs, we see that the temperature of the object will also oscillate
in the long term. But the amplitude of oscillation (red curve) is smaller than
the amplitude of the source (blue curve). The oscillation of the temperature of
the object lags behind the oscillation of the source.



We can actually calculate by using Mathematica. For this rewrite equality (2)
such that it satisfies the initial condition:

0

t
T(t) = e~ 03t (/ 0.3¢%3710 sin(mrx/12)dx — 20) .

Then we can use Mathematica to integrate and plot the graphs:

Inft1gl= T2[t_] = Exp[-0.3 t] » (Integrate[3 Exp[0.3 x] »8in[Pi x/12], (x, 0, t}] - 20)

oufrigle e P (22043 ((1.65133 4 0. 1) + €% ((-1.65133 4 0. 1) Cos[0.261799 £) + (1.80228 + 0. 1) 5in[0.261799¢]] )]

In[t1g}= Plot[{108in[Pit/12], T2[t]}, {t, O, 72}, PlotStyle + Thickness[0.01]]

Oull119]= a5




Homework 2

. Solve the following differential equations:

. Solve the following differential equations:

(a Z—Z + 2y = e~ 27,
(b) L& 4 y=1.

x% +2y =sinz, y(r) = 1/7.

)
)
)
)

W Zmy=1+2,y0) =1

dx 1—x2

. Carbon extracted from and ancient skull contained only one-fifth as much
14C as carbon extracted from present-day bone. How old is the skull?

. A spherical tank of radius 4 ft is full of gasoline when a circular bottom
hole with radius 2 in. is opened. How long will all the gasoline drain from
the tank?

. A tank initially contains 60 gal of pure water. Brine containing 1 1b of salt
per gallon enters the tank at 1 gal/min, and the perfectly mixed solution
leaves the tank at 3 gal/min. Thus the tank is empty after exactly 1/2
hour. Find the amount of salt in the tank after ¢ minutes.

. Assume the outdoor temperature changes according to the periodic func-
tion:
A(t) = 10cos (it) .
12

Assume the initial indoor temperature is u(0) = 20°C. Use Newton’s law
of heating/cooling to find the indoor temperature u = u(t). Assume the
cooling constant k = 0.5. Use Mathematica to draw the graph of A(t) and
u(t). What conclusions do you get from the picture of graphs?



Population models

Notation:
e P = P(t) population at time ¢;
e 3= [B(P,t) birth rate;

e § = §(P,t) death rate. The most general form of differential equation

modeling the population is:
dP
= = BB =P 1)P(t),  P(0)=Fo (1)

Model 1: Logistic model In this model, 8 = By — kP, § = dg. Bo, k, dy are
constants. So the equation (1) becomes:

dP
%:(50*kP*5O)P:kP(M*P)a P(0) = Fo. (2)
Here M = (Bo—00)/k. Equation (2) is called a logistic equation. It’s a separable
equation:
1 1 1 dP
M ( * M — P) P(M — P)
So if we integrate on both sides, we get:
1 P P
] — — (MCi kMt _ kMt
MnM—P kt+01SM,p e e Ce

Here C' = M1 is a positive constant. We can determine it using the initial
condition P(0) = Py:
Py

M-Dy

Now we can solve P = P(t) to get a general solution:

C:

MCekM? M MP,

PO = Tream = T5ciemn ~ gy ar-pye e O

From the solution (3), we see that

e For any initial population Py > 0, we always have

lim P(t) = M.

t——+oo
M is called the carrying capacity in this logistic model.

e P(t) = M is a solution. This solution is called a equilibrium solution.
It is a stable equilibrium.



We can use Mathematica to draw solution curves
k=1, M = 2.

. For simplicity, assume

In[1¢4= StreamPlot[{1, F(2-F)}, {t, O, 4}, {F, O, 8}]
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Model 2: Doomsday-Extinction model In this model, 8 = kP, § = dg with
k, 6o constants. So the equation (1) becomes

dP

o = (kP —8)P = k(P = M)P, P(0) = R (4)

Here M = §/k. Again this is a separable equation:

ot 1N_ 4P
M\P-M P) (P-Mmp "

So we integrate both sides to get:

il P -
M &

P—-M
=kt+CL = P

_ CeMkt

Here C' = M1 is a positive constant. Substituting P(0) = Py we can determine
C:

Py—M
C - TO.
So we can solve P = P(t) to get:
M MP,
P(t) = = . 5
() 1—C’eMkt Po—(Po—M)eMkt ( )

From the solution (5) we see that:



e If Py > M, then the population will explode to infinity at time when the

denominator becomes 0:
P

log ———.

1
toom:
d Mk °Py—M

o If Py < M, then the population will decay exponentially to 0.
lim P(t) =0.

t—+oo

e P(t) = M is an (unstable) equilibrium solution.
Again we can use Mathematica to draw some streamlines to visualize the situ-
ation (k=1,M = 2).

In[183)= StreamPlot[{1, P (P-2)}, {t, O, 4}, (P, O, B}]

i

Ouif183]= 4r




Homework 4

. First solve the equation f(z) = 0 to find the critical points of the given
autonomous differential equation. Then determine whether each critical
point is stable or unstable, and construct the corresponding phase diagram
for the differential equation. Next, solve the differential equation explicitly
for z(t). Finally, use either the exact solution or computer generated
solution curves to verify the stability.

(a) 2’ = 2% — 4 + 3.
(b) 2’ = 2% — 42 + 5.
(c) ' = —a% + 22— 1.
(d) 2/ = —2% + 22 + 3.
. The differential equation % = %x(S — ) — h models a logistic population

with harvesting at rate h. Determine the dependence of the number of
critical points on the parameter h, and then construct a bifurcation di-
agram in the hc-plane. Use Manipulate in Mathematica to visualize
the bifurcation process.

. The differential equation Z—’t‘ = %x(x—S) + s models a explosion/extinction
population with stocking at rate s. Determine the dependence of the num-
ber of critical points ¢ on the parameter s and then construct a bifurcation
diagram in the sc-plane. Use Manipulate in Mathematica to visualize

the bifurcation process.

. A woman bails out of an airplane, falls freely for 20 s, then opens her
parachute. Assume the drag coefficient p = 0.15 without parachute and
p = 1.5 with the parachute. Find the velocity v(t) as a function of ¢ and
terminal velocity in the following two situations:

(a) Assume the air resistance is pv ft/s%.

(b) Assume air resistance is pv? ft/s2.

Compare the two velocity functions by plotting their graphs (using Math-
ematica).

. (*) (Taking account of the moon’s gravitational field, re-solve the prob-
lem 1.2.42 in homework 1) A spacecraft is in free fall toward the surface
of the moon at a speed of 1000 mi/h. Its retrorocket, when fired, provide
a constant deceleration of 20,000 mi/h?. At what height above the lunar
surface should the astronauts fire the retrorockets to insure a soft touch-
down? Note that you need to change the units by using the following
data.



G =~ 6.6726x107 "' N-(m/kg)?, Mpmoon = 7.35x10?%(kg), Rmoon = 1740km.

6. (*) To what radius would the moon have to be compressed in order for it
to become a black hole - the escape velocity from its surface equal to the
velocity ¢ = 3 x 108m/s of light?



MIDTERM I PRACTICE PROBLEMS

zy + 2y =x-y'/%

dy  32* +2y°
dr 4oy

V=Vt
(4) (a) A logistic population model with harvesting is given by the differential

equation:

@& _sp_p
dt

Determine how the number of equilibrium solutions changes with h by
drawing the bifurcation diagram on the hc-plane.
(b) Find the equilibrium solutions of the differential equation:

& _sp_p_s

dt
Classify them as stable or unstable equilibrium solutions using the phase
diagram. If the initial population is 1, what limit population will P(t)
approach?

(5) A woman bails out the plane at an altitude of 5000 ft and immediately opens
her parachute. Assume the air resistance is proportional to the velocity and
the drag constant p = 2. What’s her velocity at time t? What’s her height
at time t? The gravitational acceleration is 32ft/s?.

(6) Use Euler’s method to approximate to the solution on the interval [—0.3, 0]
with step size —0.1. What value of y(—0.3) do you get?

y(r) =2 +y%y(0) = 0.
Note that this is not Bernoulli equation.



"
1! WRITE YOUR NAME, STUDENT ID BELOW !!!

ID:
NAME :

1. (30pts) — _
( :c2y'+.’ry?—' 7 s y(ﬂ') 1.

N\%Wi | T}v'rs # & Rermeullh ‘fﬁpe éctm;énm
' ' - P =2 )
YUY +xY = L)) Swbitie v=Y'= u=29J
/ L 2 = 2=2 This 3¢ |st oler lhean:
0. %K fpUksten = U + % -

jd{?rwﬁ WW P(b): e

()GQLL)/: Do = %> W)= 2 S+ ( =X U-:: Dyt

2 g ; N
J)od”o_ o 240 _ \)
7

_2
A 2tz dsmnt C = (=z So oY= 2Smiot T

fr N 2,

0

Methed 2 2 Y4t -+I[x1 Y _tsx)zo > XN oy + (09 o =0

2 y) = 299 = é%—-(xoji&,m) —> Louet €fuakion.

i D,z X T9) = 24 = [ :O:)('—E’J:&m{w[_
%=y o 3= vyl < 3‘»7 fly)=0= 3()
22 —xYLmyo=> Blog)= Y —Smotily).

22 _
So BloY)= Luysg @ Gowal setion. L =swo=C

Szl o | sy Ul 2SWC 2GRt | 2sei

Generated by CamScanner




( //) — —g*—f—/éf% —“/&X) T C
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3. (30pts)
T

CUlsbble  US201Y =7 Y= U= Y= U2

| N
So pld =]+ U > W=ltU
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5
4. A explosion/extinction with stocking model of population is given by the following

differential equation:
fi—}i = p*-3P+2.

dt
4(a) (30pts): Find the equilibrium solutions and classify them as stable or unsta-
ble equilibrium solutions.
o P2

D= PZ—BFJrZ:[F—l)(P’Z) = P=|

; P-| 2 Stable.
2.
! P=> 3 wwshable

;((153 (zgl;tS): Sketch two solution curves for the initial conditions P(0) =19 and
= . - ‘

| Generated by CamScanner



6

4(c) (30pts) For the above popul

¥ _ pr_3P+2.

dt
If P(0) =3, find the doomsday time t4om When the population explodes to infinity.

(Hint: First solve for an explicit solution)

ation model:

P3P+ = 1
/| o
| Plo)=3
S L)dp Py 4 |
(}7"2 F—i) P_|:% e - Lo
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7

i the solution on the interval [0, 0.3]
y hod to appro)umate to : ;
5'-tgs(1§;ss)ii53 ?uﬁfhsa?ih?e of y(0.3) do you get? Don’t round off your answer.
withh 8 -
y(@) =z-yy(0) =0

h=o.| Y.=o0, 20: 0 |
ol Ji= ﬂoﬂ-‘ﬁm,jc) k
=0 +[o-02)~0~)‘: O
)OZZ(Q l/ ja:}jﬁ'j[t“u L\j,) 'l-\ |
- 0+(O‘|_Dl)-p.| - 00|
We= 0 '2)/ 33: ijz_-l"][ébz,je,)"l/\
N 24hs (0-}@.0\)1)&0—\

= 0.0|+002-0.0009 |

—

—0.02999 .
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Homework 5

1. Suppose that a body moves through a resisting medium with resistance
proportional to v¥, so that

dv

— = —kv®, v(0)=wvp.

o (0) = o

(a) If @ =1, find the velocity and position as functions of ¢ with param-
eters k and vg. Does the body travel a finite or infinite distance?

(b) If @ > 1, find the velocity and position as functions of ¢ with param-

eters «, k and vg. Does the body travel a finite or infinite distance?

2. Apply Euler’s method twice to approximate to the actual solution on the
interval [0, 3], first with step size h = 0.25, then with step size h = 0.1.
Compare the three decimal-place values of the two approximations at x =
1/2 with the value y(1/2) of the actual solution.

(a) y' =2y,y(0) =1
(b) y' = ﬁ; y(0) =0.
() ¥ =x+y y(0)=-1

3. Use NDSolve in Mathematica to get numerical solution, find the approx-
imate value at the given point and plot the graphs:

(a) 3 = 2% + 92, y(0) = 1. Find y(0.8). Try to find y(1) and see what
goes wrong.

(b) 3 =23 + 43 y(0) = 1. Find y(0.4). Can you find y(0.5)?



3-8.

9-11.

12

Homework 7

. Are the three functions cos(2x), 2cos?(z), 5sin?(z) linearly independent

or not?

Consider three functions y;(x) = 2> +x+ 1, yo(z) = 2 + 1, y3(z) = 2 — 1.
Are they linearly dependent or not?

Find the general solutions in problems 3 through 8.

3.y —6y" + 10y = 0.

4.y —y =0.

5. yW + 2y +y=0.

6.y —2y" 4y =0.

7. y®) 42y + 2y +y =0.

8. y® —2y —4y =0.

In problems 9 through 11, a mass is attached to both a spring (with given

spring constant k) and a dashpot (with given damping constant ¢). The
mass is set in motion with initial position x¢ and initial velocity vg.

(a) Find the position function z(t) and determine whether the motion is
overdamped, critically damped, or underdamped.

(b) If it is underdamped, write the position function in the form z(t) =
Cre Pt cos(wit — aq).

(c¢) Find the undamped position function u(t) = Cycos(wot — ) that
would result if the mass on the spring were set in motion with the
same initial position and velocity, but with the dashpot disconnected
(s0 ¢=0).

(d) Use Mathematica to plot the graphs that illustrate the effect of damp-
ing by comparing the graphs of x(t) and u(t).

9. m:176:47k:3; 'T0:23 UO:*Q.
10. m=1,c=4,k=4; 2o = 2, vg = —2.
1. m=1,c=4,k =510 =2, vg = —2.
A body weighing 100 is oscillating attached to a spring and a dashpot.
Its first two maximum displacements of 6 and 2 are observed to occur at

times 1 and 2, respectively. Compute the damping constant and spring
constant.



Homework 9

1. Consider a forced mass-spring system with equation maz” +kx = Fj sin(wt)
with m =1, k =25, Fy = 50, g = 0, vg = 0. Solve the system for each w.
Manipulate the system using Mathematica with changing w to visualize
the beats and resonance.

(a) w=4.
(b) w=5.
(¢) w=6.

2. Consider the forced mass-spring-dashpot system with equation mx” +
ct' + kx = Fysin(wt) with m = 1,¢ = 2,k = 50, and Fy = 100, and initial
conditions z(0) = 10, z'(0) = 10.

(a) Find the transient solution (i.e. general solution of the homogeneous
differential equation).

(b) If w =5, what’s the steady periodic solution? Write it in the standard
form involving the amplitude, frequency and phase angle. Then write
down the general solution to the initial value problem.

(¢) Find the amplitude C(w) of steady periodic forced oscillations with
frequency w and find the practical resonance frequency w. Using
Mathematica to plot the graph of C(w) and to manipulate the sys-
tem using Mathematica with changing w to visualize the practical
resonance.

3. Transform the given differential equation or system into an equivalent
system of first-order differential equations. Is the system linear or non-
linear? If linear, is it homogeneous or non-homogeneous? Determine how
many initial conditions are needed to determine a unique solution.

(a) ma” + e’ + kx = f(t). (x==x(t))
(b) " — 62" + 102" = 22. (z = z(t))
()" —z—y=0,y'+x+y=0. (x=2(t),y =y(t))
(d) 2" +2" —z—y=0y" +y +a+y=cos(t). (x=u(t),y=yt)
4. Exercise 24 in Section 4.1. Generalize it to the case of three objects and
four springs.



Midterm II Practice Problems

1. Consider the non-homogeneous linear differential equation with constant coef-
ficients:

'+ 2 +y=e "+ ze”. (1)
(a) Write down the general complementary solution.

(b) Use the method of undetermined coefficients to find a particular solution
to the equation (1).

(c¢) Find the solution of (1) satisfying the initial condition:

2. Use the variation of parameters to find a particular solution to the equation:

y" + 25y = sec(5x).

3. Consider a (forced) spring-mass-dashpot system: x”(t) + ca/(t) + 4x(t) =
Fycos(2t). Suppose the object is released from still when the spring is stretched
by 10 unit length.

(a) If the dashpot is disconnected and Fy = 0, solve the system and classify
the phenomenon.

(b) If the dashpot is disconnected and Fy = 16, solve the system and classify
the phenomenon.

(c) If the damping constant ¢ = 2 and F = 0, solve the system and classify
the phenomenon.

(d) If the damping constant ¢ = 2 and Fj = 16, solve the system and classify
the phenomenon.

4. Assume z = x(t), y = y(t) satisfy the following system of differential equations:
x"+x'+y’+x+y:0,y"+y'+x’+y+x:0.

Transform this into an equivalent system of 1st order differential equations.
Determine how many initial conditions are needed to determine a unique solu-
tion.



1! WRITE YOUR NAME, STUDENT ID BELOW !!!

NAME : ID :
1. (40pts) Consider the non-homogeneous linear differential equation:

y'(z) — 9y(z) = 2¢%. (1)

(a). Find the general complementary solution.
Ascearctel ’wwvgeum DE: Y)Y (v)=0.
Charactorstre o, . \=9= (\=3) (\f2)=0

= ret]3 |-3 N ¥ Y= 030
M{:’I ] I | 93(“-—6 ,:jaé**)—-e

= gc()c’]‘: C“@BN—F Cl'eﬁgﬁ % ‘{7’&,9&%& |
&mw#aueufay selution,

(b). Find a particular solution of the equation (1) using the method of undetermined
coefficients.

Fi)= 20 = Pulb) "5 Pl=d froso), P (k=)
so gykl= XA Yrl= A (o3 o)
= Y= A (3136 que)
= 9¢ [)-9 Yplr)= Cher=2e7 AL

50 Yool Lue ¥
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2. (40pts)

Use the method of variation of parameters to find a particular solution to the fol-
lowing linear equation:

Y +y = sec®(x).

by using the following formula (the notations won't be explained in the exam)

pa()f(z yi () (z)
b(@) =—u 2W() W(2)

Acsecseted ZJWWJ@LLf”M& DE: J i ﬁ_o =5 Characteatc &z
N =
Y e st , Yol S, &= ) O

@vv)ﬁ)\ﬂ) .
Whowsten:  Wik) = W(Y. 90 = ) ;‘ 34,: fara S j — ?

o Caxn | —
(b)) E / Se- 5@6”" f i d[m)

W ) 5"".%)0)3_

e L3l ~
3 U= -5 e "L‘Seczm.
9, 1))

Wio 0{))0 [ L3\0- §e(3)0ﬁ(40 fgec odjo {-a“éq)
Phasty hece o He fore e gup, -

-

gjp[” Sec X-Cezh - Soda.

/ Sec )O + Shio ‘{'CM\

—
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3. (40pts) Consider the free mass-spring-dashpot system
z" +2¢' + 5z =0.

The object is released from still when the spring is compressed by 10 unit length.

Solve the system as an initial value problem and classify the phenomenon. Write the
solution in the standard form: z(t) = A(t) cos(wt — a).

Tutrel vale M&m { W' 4+2W+bExn=0
Y(o)=~10, X}/(O):O
= A3 20+ 65 = = A= ~21}

= NEE o+ Coroy () =
= {““’: ulo)= ¢

0 =xlo)= [-Crete 3
Wlo)= [~Gretantt) - et snp Cee o +Qe‘t2éx/ef)l@

=+ 27
C-e Gos(&H-i“Ca e~ Sm(g_{)

= o Cl +2 Ca
=) { G, “:lzl—_\ L Sl 4
ST =1 ._._‘—‘J)

06)= ~ [0- et (at) ~b et onlat)=-be [ 2-eos(2b)1t Snlat) ]
2= hﬁ"f}-( ']%‘Cas[?i—)‘f' f—j: ~§m(9:b)) *e“%

= - 5ot s (2t —te (1))
= &[E- e’“JC e (2t = freuT(H) +7LT Shie

ok Cm(ﬁ b):—&x
e ___;J}e %(théwq() ) ( +7 P)
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4. (40pts) Consider the undamped forced mass-spring system
z" + z = 4sin(wt).

At time t = 0, the object is at the equilibrium position with zero velocity. What
value of w will trigger the resonance? Solve the system for this value of w.

The asseercted /"/Wj&tet% DE:  X'+x=o0
Chmerbortsire . - \+= Q= )tr)z0 =
= W)= cexlt), Walt)= Snbt)
= The ntual q[’ei&t&wg 2 ot Ther il & e
Wion tle Jw«bwagt *?JL the odtemaf gfmg Comoides with 4o hetwal qéef%g
T when (U= G, 2. f So we heed salve -
Ytz st We)mo, x'(9=0.
T,Cuo);_ 4 saff) = Potye R nlit) = Pulds 4 (mzo). atbizot )22 (k)
So Wplt)=t- (4t t Bsit) 05 0t)= A dst4Bodt HE(-Asit Beat)
= W)~ St f2R st +t-(-Aat-Bsnd).
= Wp= DAt +2R ext =4t = A=-2, B=p
= Wpbt )= £ best- = Wh)=CXt) + G BN E).
Usng tle awitel. covdions, = Codstt Gosnt 2b-Cext
0= Xlo)= (i, 0=X0)= [—Cosut 10t (st tsot) ooy = (o=
= ‘Cjz0,: (=2, So- ]

ot | | =2
et | T

i
{

| W)= - at =2 ‘écfzsq
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5. (40pts) Assume y = y(z). Transform the following equation into a system of
first order differential equations:

ylﬂ+yﬂ+y+I=0.

Is it a linear or non-linear system? Is it homogeneous or non-homogenous? How
many initial conditions are needed to determine a unique solution?

Lec Y.)=yb), Yah= i) Yio)
Yslol = 3%):5 Jlv).

= j;bo] ~ 9/7[&: _9”[,30 gﬂb
- Ug.ﬁb“yno -
= j/[h) Uzéb)
hdls) = Gabo

5[10 ~—-—';1,(>o gs[*’)—x)'

Ths 2 o /éfme,ow, m——lw»»jam Yobom.

3 Gudibions o neededd 4 dotemie O Lnigie

S dlwhon. :
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Homework 10

1. Use elimination method to solve the following systems

(a) o' =r—y,y =—r+y, 2(0) =2,y(0) = 1.
(b) 2’ =z+y, ¢y =-z+y, 2(0)=2y(0) =1

2. Consider the system of two masses and three springs shown in the figure.

(a) Derive the equations of motion.

mix" = —(k; + kp)x + kay,
myy” = kax — (ko + k3)y.

(b) Assume my =2, ms =1, ky = 10, ko = 20, ks = 10. Use the elimina-
tion method to solve the system. Find the natural frequencies of the
mass-and-spring system and describe its natural modes of oscillation.

(¢) Transform the system in part (b) into a system of 1st order differential
equations. Then write the transformed system into the form x'(t) =
Ax.

3. Let

() (L) e () w(0)

(a) Calculate the following expressions:
2A — 3B,ALIB, A2, AB,BA,AC, CA, (AB)C, A(BC), A7,

(b) Answer the following questions: Is Al = A? Is IB=B? Is AB =
BA? Is (AB)C = A(BC)? What’s the relation between A and
C? What’s the relation between A and Z1?7 What properties do you
expect to hold for matrix operations by these calculations and answer
to above questions?

(¢) Find the eigenvalues and eigenvectors of B.



4. Consider the general 2 x 2 matrix

A:(gg).

Verify that the inverse of A is given by:
1 d -=b
Al=_— .
wl %)

5. Using the eigenvalue method to re-solve the questions in Problem 1.
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| f'e2xesy ©
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Homework 11

1. Consider the linear system with constant coefficient matrix A.
d
—
dt
(a) Show that a vector valued function Z(t) = 9(t)e
and only if ¥(t) satisfies the following identity:

d .
—0(t) = (A= AD)3(2). 1)

(t) = AZ(2).

M is a solution to the above system if

(b) Cousider the following vector-valued polynomial function

171tk_1 ﬁgtk_2 Uk_th o N
b — I LY Py, 3
o(t) (k—l)!+(k72)!+ + 51 + Up—1t + Vg
Show that this ¢(t) satisfies the identity (1) if and only if the chain of vectors {vy, - -+ , U}

satisfies the following relations:
(A =MD = V-1, (A—=AD)Uk_1 =02, -+ (A=A)th=19;, (A-A)7 =0.
As a consequence, show that U} is a generalized eigenvector:

(A = AD)F, =0,

2. Apply the eigenvalue method to find the general solution of the following system. Then
find the corresponding particular solution satisfying the initial conditions. Use the command
StreamPlot of Mathematica to plot the direction field and typical solution curves for the
system.

(@) 2’ =z +y, ¥y = -2 +y, z(0) =2, y(0) = 1.
(b) ] = 3x1 + 4xa, xh, = bay + 229, 1(0) = 2, 22(0) = 1.

(c) o) =4x1 + 29, 2y = —4xq, 21(0) = 2, 22(0) = 1.

(d) =) =4x1 + 29, b, = —x1 + 229, 21(0) = 2, 22(0) = 1.

3. Solve the following system:

(a) Use elimination method to find the general solution of the following system.

xh =21 + 29

xh = —x9+ X3
/!

Ty = 2x3.

(b) Use eigenvalue method to find the general solution of the following system.

xy =3z + a9
xh = —4dx) — 9
xh =4y — 8xg — 223



4. Use Mathematica to find the eigenvalues and eigenvectors of the following matrix in order to
find a general solution of the linear system ¥’ = AZ.

15 —-21 24 -6 22
0o -2 8 -12 -4
A=] 10 -19 21 -4 -18
0 —-14 16 -4 -8
20 =30 30 0 =30



Chains of generalized eigenvectors

Principle: For a fixed eigenvalue

e Number of Chains= Number of Eigenvectors=Multiplity-Defect;

e Sum of Length of Chains = Multiplicity of the Eigenvalue.

Caveat: Number of Eigenvectors, denoted by “# EVector” in the following charts, means the
Number of Linearly Independent Eigenvectors.

e For 2 x 2 matrices, there are 3 possible cases:

Case 1. Example (Jordan form): ( )(\)1 ;) >
2

EValue | Mult. | # EVector | Chain | Basic Solution
)\1 1 1 V1 — 0 €A1t1)1
Ao 1 1 vy — 0 e*2lyy

Case 2. Example (Jordan form): < )E)l /\1 >
1

EValue ‘ Mult. ‘ # EVector ‘ Chain ‘

Basic Solution
Y 1

| v1 = v2 = 0 | e (v1 + vat), €

>\1t,U2
Case 3. (Happens only for A = A1)

EValue | Mult. | # EVector | Chain

| Basic Solution
A2 ] 2

‘ vy = 0, v9 =0 ‘ 6)‘1%1,6)‘1%2.

e For 3 x 3 matrices, there are 6 possible cases:

A 000
Case 1. Example (Jordan form): 0 X O
0 0 A3
EValue | Mult. | # EVector | Chain | Basic Solution
A1 1 1 vy — 0 €A1t7)1
A2 1 1 vy — 0 e*2ly,
A3 1 1 v3 —= 0 eratyq
A 0 0
Case 2. Example (Jordan form): 0 X 1
0 0 A
EValue | Mult. | # EVector Chain Basic Solution
A1 1 1 vy — 0 eMuy
Ao 2 1 vo — vz — 0 | e 2t (vg + vst), e 2lug



Case 3. Example (Jordan form): 0 X O

0 0 X
EValue | Mult. | # EVector | Chain | Basic Solution
A 1 1 vy — 0 eMty,
vy — 0 e*2tyy
S 2 (w50 ] R,
A 10
Case 4. Example (Jordan form): 0 M 1
0 0 X\
EValue ‘ Mult. ‘ # EVector ‘ Chain ‘ Basic Solution
A1 ‘ 3 ‘ 1 ‘ vy = vy = v3 =0 ‘ eMt(vy + tug + %’Ug),@klt(vg + tug), eMtus
A 0 0
Case 5. Example (Jordan form): 0 M 1
0 0 X\

EValue ‘ Mult. ‘ # EVector ‘ Chain ‘

Basic Solution
N 3 5 % v — 0

e}qt

U1

e (vy + tug), eMfug

Case 6. (Happens only for A = A1)

EValue ‘ Mult. ‘ # EVector ‘

Chain
A3 3

‘1)1—>07112—>0,v3—>0

‘ Basic Solution
|

ety eMtyy, eMiys.

Lazier (rougher) way to write down basic solutions: For any fixed eigenvalue A of multi-
plicity m. One can calculate the set of basic solutions as follows

1. Calculate (A — AI)™.

2. Find m linearly independent generalized eigenvectors {vy,- -+ ,v;,}. This means that:

(A= A[)"v; =0, foreachi=1,---,m.

3. Write down the m basic solutions for each v;:

2
wilt) = fui HA = A (A= N
tm—2 Ly tm_l -



Homework 12

1. Use the eigenvalue method to solve the system (a)-(d) following the steps:

e Calculate the eigenvalues/eigenvectors.
e Determine the number of chains and the length of each chain.
e Try to find the chains by calculating the generalized eigenvectors.

e Write down basic solutions and the general solutions. (You could use “lazier way” to

do this.)
x) = 4xy + xo x) = 4dxq + x9
(a). ah=—-2x1+ 29 (b).¢ zh=—2x1 4 29
xh =1a1 + 22+ 23 xh = a1 + 22 + 323
) =4z + a9 ) =4dxy + a9
(€).{ xh=—x1 + 229 (d). ¢ zh=—x1+ 229
xé:1'1+1'2+31'3 xé:—$1+.’£2+31’3

2. Calculate the exponentials of following matrices using the definition of exponential.
A1 0
A O Al 0 a
(a).<0 )\2) (b).(O A) (C)'(—a 0) (d). 8 3 i\

3. For each of the following matrix A, calculate e/ using a fundamental solution matrix. Then
use e'4 to calculate the solution to the initial value prolem:

d7(t)
dt

(1) (L) @)

4. Solve the nonhomogeneous system:

(@ t

— AZ(t), #0)= ( 5 )

(b) )






















Part II of Homework 1

1. Verify the following function is a general solution of the differential equa-
tion. Then find the constants C7 and Cs under the initial conditions:

(a)
y=C1e’ + Coe™, o — 9y =0;

Initial conditions:

(b)
y = Cy cos(3z) + Cysin(3z), y” +9y = 0.
Initial conditions:
y(r/6) =1, y'(r/6)=—1.
2. Solve the following differential equations with initial conditions:
y" =z, y(0)=ao,y'(0) = a1,y"(0) = az.
Here ag, a1, as are constants.

3. Does Theorem 1 guarantee local existence and local uniqueness of the
solution to the initial value problem?

(a) vy =z-y*3, y(0)=0.
(b) y =2*3 .y, y(0)=0.

4. Use Mathematica to generate the slope fields of the following differential
equations, and also streamlines passing through (—1, —1), (-2, —2), (=2, 2).
(a) ¥y = —y —sinz.
(b) 3 = —2? + siny.
(c) ¥ =2"—y.



e T S

Z‘B(Q) )00(7):“@- %X)&): (‘.Zz)z i )2)0((’)2

(b) A solufron %sd‘f]"ﬁ Xlo)=0 B X(jé):o. Nete Hat thes
2 wob weluded W He Gonaral. sclubion (2)

44—. (ﬁ) Assune k:( X&) ?_,Tt_’













Selected solutions

Part II: 3 Does Theorem 1 guarantee local existence and local uniqueness of
the solution to the initial value problem?

(a)

y =x-y*3 y(0)=0.
Solution: Let F(z,y) = x - y*/3. F(x,y) is continuous around the point
(0,0). So there exists a solution passing through (0, 0).

Now
_OF 2 s 2
Y oy 3 3yt/3°
F, is not continuous at point (0,0). It’s not even defined at point (0,0).
So the Theorem 1 does not guarantee the solution to be unique.

If we solve the equation using separating variable method, we get:

d 1 1 ’
TZ% = zdr = 3y'/3 = 51524'01 == y= <6~T2+C) :

y(0) =0 = C = 0. So we get a solution y = (22/6)% = %. But this is

only one solution for the differential equation. The other solution is y = 0.
The reason that we miss this solution is that we divided y2/® on both sides
of the original differential equation. So we were assuming y # 0.

y =27y, y(0)=0.

Solution: Let F(z,y) = x?/3-y. Because F(z,y) continuous around
(0,0), there exists a solution passing through (0,0). F, = 2?3 is also
continuous around (0, 0), so the solution passing thourgh (0,0) is unique
by Theorem 1.

If we solve the equation using spearing variable method, we get:

d 3 :
7y = $2/3d$ - hly = 31‘5/3 + Cl — Yy = Ce%x5/3
Y

y(0) =0 = C = 0. So we get the unique solution: y = 0. In this special
example, we don’t miss y = 0.

But you can try to solve

y =y, y(0) =0,

to see that you could miss the y = 0 solution.
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Mathematica 1: Slope fields and stream lines

Example: Use Mathematica to draw the slope field of the following differential

equation:
dy 2
- = - 2 cos(x).
0y = Y T 2cos(@)

We first input the following command and press Shift4+Enter to get a figure
of vector fields 1.

VectorPlot[{1, -y“2+2Cos[x]},{x,-3,3}, {y,-3,3}]

Pay attention to the following input rules of commands: (a): the upper
cases, and (b): the type of brackets.

In[108]:= VectorPlet[{l, -y~ 2 + 2Cos8 [x]}, {x, =3, 3}, {v., =3, 3}]

|I'|I| |I T I| Illli
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R
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et R S T T T T T T O
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R EEREEE.
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|_|3||||_|2|| ||_|J... .6,,| ;""élllnéu

Figure 1: Vector field



The vectors were scaled according to their lengths, to uniformize the lengths
and remove the arrow heads, we can input:

VectorPlot[{1, -y "2+2Cos[x]},{x,-3,3}, {y,-3,3},
VectorScale -> {Tiny, Automatic, None}, VectorStyle ->Arrowheads|[0]]

Press Shift+Enter to get figure 2 (slope fields):

(1o)== VeetorPlot[{1l, -vy"2+2Cos[x]}, (=, -3, 3}, (v, -3, 3},
VectorScale = {Tiny, Automatic, None}, VectorStyle =+ Arrowheads [0] ]
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Figure 2: Slope field



To get specific stream lines, just add the stream points. Here we add three
stream points: (—2,—2), (—2,-0.5), (—2,0):

VectorPlot[{1, -y “2+2Cos[x]},{x,-3,3}, {y,-3,3},
VectorScale->{Tiny, Automatic, None}, VectorStyle->Arrowheads[0],
StreamPoints-> {{-2,-2},{-2,-0.5},{-2,0}}]

In[111:== VectorPlot[{1l, -v"*2+ 2Cos8[x]}, {x, -3, 3}, {v., -3, 3},
VectorScale + {Tiny, Automatic, None}, VectorStyle -+ Arrowheads [0] ,
StreamPoints =+ {{-2, =2}, {=2, =0.5}, {-2, 0}}, StreamStyle -+ Thickness [0.01]]
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Figure 3: Slope field with stream lines

Note that we have added the optional property StreamStyle to specify the
thickness of streamlines.



We could also plot lots of stream lines using the commands:

StreamPlot[{1, -y " 2+2Cos[x] },{x,-3,3}, {y,-3,3}]

inf112]:= StreamPlot[{l, -v*2+2Cos[x]}, {x, =3, 3}, {v, =3, 3}]
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Figure 4: Stream field


















Homework 2

From the above calculation, we get the function of temperature:

) t t 1
u(t) ~ | 2cos T Tan ) 102 5 | e 05t
1+ 73L6 12 3 12 1+ 7:;73

N it .ot _0.5¢
~ 7.85cos 12 + 4.11sin 12 + 12.15¢

~  12.15¢°5 + 8.86 cos (%(t - 1.84)) . (why?)

So we have the following conclusion. The “damped” term 12.15¢~%% decays
exponentially to 0. The indoor temperature will also oscillate in the long term.
But the amplitude of oscillation is approximately 8.86, which is smaller than the
amplitude of the outdoor temperature (10). The oscillation of indoor temper-
ature lags behind the oscillation of the outdoor temperature by approximately
1.84 hours. These can also be seen from the graphs below.

Inf41)= T1[t_] =5/ (14+PLi~2/36) (2Cos[Pit/12) +Pi/38in[Pit/12]) + (20-10/ (1L +Pi"2/36)) Exp[-0.5 t]

s (2cos |t IEJTELH['_—t |
0.5t ’ 1 1zl k) 1z 1

ouatl= e

2
1+
26 26

Inz@)= Plot [{10Cos[Pit /12], T1[t]}, {t, 0, 72}, PlotStyle + Thickness [0.01]]

Out[38]=

We can also integrate using mathematica directly:



Infz8]= T2[t_] = Exp[-0.5t] « (Integrate [5Exp[0.5 x] «Cos [Pi x/12], {x, 0, t}] + 20)

oufesl= e ®*% (2045 {(~1.56967 + 0. 1) + e™*% ((1.56967 + 0. i) Cos[0.261799 ] + (0.821876 + 0. 1) Sin[0.261799 £])])

n40)= Plot[{10Ces[Pit/12], T2[t]}, {t, O, 72}, PlotStyle + Thickness [0.01]]

20y

Ouljdo]= u 5

-5k




Separable equations and applications

1. Solve the following differential equation:

e
e‘*% =(1+y?*)sinz; y(0)=1.

Solution: Step 1: First separate variables:
dy
1492

Step 2: Integrate on both sides, that is, integrate the left (resp. right)
hand side with respect to y (resp. x) variable:

= e” sin xdx.

arctan(y) = /em sin zdz.

Question: How to integrate the right hand side?

Answer: integration by parts twice:

/ez sinzdr = f/ezd(cosx) =—e" cosz+/(cosx)exdx

= - Costr/ezd(sinx)

—e*cosx +e*sinz — /ew sin zdzx.

So we get:

1
e’ sinxdr = iem(sinx —cosz)+ C.
So we get the implicit solutions:
1
arctany = gem(sinx —cosz) + C.
We can solve y = y(z) to get explicit solutions:
eZL’
y(z) = tan {2(sinx —cosz) + C] .
Step 3: Use initial condition to determine the constant C:

1
y(O):tan[—Q—i—C} =l=C=—+

1
5"

N

So finally we get the particular solution:

x

() = tan | (s )+ 143
ylxr) = tan D) ST CoS T 4 D) .



2. Application 1: Radioactive decay and radiocarbon dating

The radioactive isotope decays exponentially:

AN
= = kN
dt

k is some decay constant. Solve this separable equation to get
N(t) = Noe=*, N(0) = Ny.

Question: What is the half life 77

Answer: 2
N(r) = N(0)/2 = 7 = HT

For example, for radioactive isotope C,

k ~ 0.0001216 <= 7 = 5700 years.

Example (Exercise 1.4.36): Carbon taken from a purported relic of
the time of Christ contained 4.6 x 10'° atoms of 4C per gram. Carbon
extracted from a present-day specimen of the same substance contained
5.0 x 10'° atoms of '4C per gram. Compute the approximate age of the
relic. What is your opinion as to its authenticity.

Solution: From above, we know that the amount of *C per gram after
t years is:

N(t) = Noe ¥, with Ny = 5 x 10'°, k = 0.0001216.

We can find inverse function

1 Nt
-1 .
t=—ploe,

So we can calculate the age is approximately:

L 46X 10V
0.0001216 2 5.0 x 1010

(You can use Mathematica to calculate: N[-Log[4.6/5]/0.0001216])

By the time when Christ lived, this relic is not authentic.

t1 =

= 685.7 years.

3. Application 2 (Torricelli’s Law): Notations:
V(¢): the volume of water at time t;
y(t): the height level of water surface at time ¢.
A(y): the area of the slice at height y.
a: area of the hole at bottom;
g: gravitational acceleration ~ 32 ft/s? ~ 9.8 m/s%.

Torricelli’s law says that the velocity of water exiting through the hole
is:

v =/2gYy.



So the volume decreases according to the following differential equation:

d%it) = —ay/2gy.

From geometry, we have:

av
— = A(y).
oy AW
Using the chain rule for the volume function: V(t) = V(y(t)), we get
AV dV dy dy
C )Y
i " aa AWy
We get (let k = av/2g)
d
Aly) ) = —kV. (1)

Equation (1) is a separable equation.

Example (Exercise 1.4.59): A water tank has the shape obtained by
revolving the parabola 2 = by around the y-axis. A circular plug at the
bottom of the tank is removed at 12 noon, when the depth of water is 4
ft. At 1 P.M. the depth of the water is 1 ft.

(a) Find the depth y(t) of water remaining after ¢ hours.
(b) When will the tank be empty?

(¢) If the in initial radius of the top surface of the water is 2 ft, what is
the radius of the circular hole in the bottom?

Solution:

(a) Since the tank is rotationally symmetric, the area A(y) = mx(y)? =
mwby. So the equation (1) becomes:

d
wbydit’ = —kyy, y(0)=4,y(1) = 1.

Solve this equation using separable variable method:

2 k
*y3/2 = _;t + Cl.

k
dy = ——dt —>
Vydy > 3

So we get a general solution:

Use the boundary conditions:

3k \ /3 3k
2/3 — 4 - =1 =38, — = 1.
C ,(C W)) = 0=87—=1

So we get the particular solution:

y(t) = (8 — 7t)*/3.



(b)

The tank is empty when the height level is 0:
y(t) =0=1t=8/7Th=1h+ 8 min+ 34 sec.(why?)

So the tank will be empty at 1:08:34 P.M..

(the change of units is tricky) By assumption, 22 = x(4)? = bx 4. So
b=1. So
L _ lamb _ lam
3 37
Because k = av/2g = mr?y/2g. To calculate we need change the

units:

ft

, ft
(h/(3600))2 h2

g~ 32 ft/s® =32 oz

= 32 x (3600)

So

. ko[ 14 14 i
/29 3v2g 3y/2 x 32 x (3600)2 60V 12

0.0127 ft = 0.153 in.

Q

(You can use Mathematica to calculate: N[Sqrt[7/12]/60*12])



© »®» N @

10.
11.

12.

Homework 3

2zy3dx + 32%y?dy = 0.

. (#* + 1) cosudu + 2t sinudt = 0.

(2r —y)y =2y — =

zy =y + /22 g2

y' =23y — ay.

2%y + 22y = 5y3

Yy = cos(z — y).
(—x+e¥)y =xe ¥+ 1.
zy" + 1y = xcosx + sinz.
vy +y =0.

Suppose that the population P(t) of a country satisfies the differential
equation

dP
T kP(300 — P), (Note that: 300=300 million)

with k£ constant. Its population in 1950 was 200 million and was then
growing at the rate of 1 million per year. Predict this country’s population
for the year 2000. What’s the limiting population?

A population P(t) of small rodents has birth rate 5 = 0.002P (births
per month per rodent) and constant death rate §. If P(0) = 100 and
P’(0) = 4, how long will it take this population to double to 200 rodents?
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3. A explosion/extinction with stocking model of population is given by the following

differential equation: P
i P?—4P+3.

d the equilibrium solutions and classify them as stable or unsta-

4(a) (30pts): Find
ble equilibrium solutions.

0=P=4p+3= (P(P-3)= P o P=3

s P=| & stk
| P=3 % wnstable

4(b) (20pts): Sketch two solution curves for the initial conditions P(0) = 2.9 and
P(0) = 3.1.

i

ey — _

3.‘] =
\
-4 — —
) s o, . .

>
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4(c) (30pts) For the above population model:

i — P2 —4P +3.
dt

If P(0) = 4, find the doomsday time tdoom
(Hint: First solve for an explicit solution)

when the population explodes to infinity.

o] | L ) |
i —ot > LAES=t0= J;_;]: cot

L3 =
! | J Pl)=4
[ L

Pk) Oxplodles 4 ity when  Hx denminator guws to O

Generated by CamScanner




7

5. (30pts) Use Euler’s method to approximate to the solution on the interval [0, 0.3]
with step size 0.1. What value of y(0.3) do you get? Don’t round off your answer.

' (z) = -z + 3, 4(0) =0.

}l:O\I X=0 £ 4=0
0=0.l, Y=Y +fw3:) h
= 0+ (-0+03)-2| =0

%=0.2, Y.=J gk
= 0+(—D_[--1—oa)x0-,:—0,0| |

¥3=0.3, Y o= Yorgior Sk
= ool {~0. 2+ (ea)]x0. 1
= ~0.0| —0.02 Fo.0000 |
=~ (0.6 3-0.00001)
—=0.02999,
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Homework 6

1. Consider the 2nd order linear differential equation:
y' =3y +2y =227 +1. (1)

a) Write down the associated homogeneous equation.
b) Solve for the general solution of the homogeneous equation.

(a)

(b)

c¢) Find a particular solution of (1) the form y(x) = Az? + Bx + C.
)
)

(
(d) What’s the general solution of the equation (1)?

(e) Find the particular solution of (1) satisfying the initial conditions:

2. Consider the 2nd order linear differential equation:

y' +2y +y=2cosx — 2sinz. (2)
(a
(b

) Write down the associated homogeneous equation.
)

(¢) Find a particular solution of (2) of the form y(z) = Acosz+ Bsinzx.
)
)

Solve for the general solution of the homogeneous equation.

(d) What’s the general solution of the equation (2)?

(e) Find the particular solution of (2) satisfying the initial conditions:

3. Consider the Euler’s equation:
2%y’ — 2zy' +y = 0. (3)

(a) Find the solutions of the form z®.
(b) What’s the general solution of (3)?

(c¢) Find the solution satisfying the initial condition:
y(1) =2,9/(1) =3.

(d) Substitute v = Inz. What differential equation for y = y(v) do you
get? Solve it to find the general solution of (3). Do you get the same
answer as (b)?

4. Consider the Euler’s equation:

x2y" — 3xy’ + 4y = 0. (4)



a) Find the solutions of the form z¢.

(a)
(b)
()

)

(d) Find the solution satisfying the initial condition:

Find the solution of the form 2*Inx.
What’s the general solution of (4)?

(e) Substitute v = Inz. What differential equation for y = y(v) do you
get? Solve it to find the general solution of (4). Do you get the same
answer as (b)?

5. Calculate the Wronskian of
(a) yi(x) = e® ya(w) = €27,

(b) yi(x) = €', ya(z) = we™™.
(¢) y1(x) = e** cos(bx), yo(x) = ** sin(bx).
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Homework 8

1. For each of equations (a)-(g), find a particular solution ¥, by setting up the
appropriate form of a particular solution y, and determining the values of
the coefficients. Then write down the general solution to the corresponding
equation.

) ¥ + 4y’ + 3y = €.
) ¥+ 4y + 3y = e* + 473",
(c) y' + 4y’ + 4y = 822 + 8 cos(2z).
(d) v + 4y + 4y = 2722,
) ¥ + 4y = cos(z) + sin(z).
) ¥ + 4y = cos(2x) + sin(2z).
)y’ — 2y + 2y = xe®.
2. For the following equations
(i) Set up the appropriate form of a particular solution y,, but do not
determine the values of the coefficients.

(ii) On the other hand, use variation of parameters to find a particular
solution y,. Note that you have calculated the needed Wronskian in
homework 6.

(a) vy’ + 4y’ + 3y = 8xe ™.
(b) 4" + 4y’ + 4y = 6ze= 2",
y" — 2y + 2y = e cos(x).

—
o
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I WRITE YOUR NAME, STUDENT ID BELOW !!!

NAME : ID :
1. (40pts) Consider the non-homogeneous linear differential equation:

y"(z) — dy(z) = 2¢*. (1)

(a). Find the general complementary solution.

Fesoacted Zuadéj enecws DE: Y4909 0.
Chave st €. e /4 a@\-ré) -[)\-Q);‘_o
— et | -2 | 2

* WMQ-‘ ‘| lT
= k)= e, Jilyz e’

= )= ( ey (- D the Gencal |
a“”f'%%{aa) .Scf[wém\ '

(b). Find a particular solution of the equation (1) using the method of undetermined
coefficients.
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(b = A-[le”%%e”" +4-)o~92’°)
= YoM =4 gob)= dA = 2e%0 = Azl
So Yol )= N.melfo
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2. (40pts)

Use the method of variation of parameters to find a particular solution to the fol-
lowing linear equation:

Y +y = sec®(x).

by using the following formula (the notations won't be explained in the exam)

pa()f(z yi () (z)
b(@) =—u 2W() W(2)

Acsecseted ZJWWJ@LLf”M& DE: J i ﬁ_o =5 Characteatc &z
N =
Y e st , Yol S, &= ) O
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Wio 0{))0 [ L3\0- §e(3)0ﬁ(40 fgec odjo {-a“éq)
Phasty hece o He fore e gup, -
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/ Sec )O + Shio ‘{'CM\

—
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3. (40pts) Consider the free mass-spring-dashpot system
2"+ 22" + 10z = 0.

The object is released from still when the spring is compressed by 10 unit length.
Solve the system as an initial value problem and classify the phenomenon. Write the
solution in the standard form: z(t) = A(t) cos(wt — ).
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0 = Y[o)= [Cle Los(30) 4 € tgg.h(ae) Cse b0 (e *34»;()]
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ot ool 9| g
o :I %QQ"%\% ( 3t- (&=7'(3)-x] )

T —
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AT o g
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4. (40pts) Consider the undamped forced mass-spring system
z" + z = 4sin(wt).

At time t = 0, the object is at the equilibrium position with zero velocity. What
value of w will trigger the resonance? Solve the system for this value of w.

The asseercted /"/Wj&tet% DE:  X'+x=o0
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5. (40pts) Assume y = y(z). Transform the following equation into a system of
first order differential equations:

yv'+y +y+z=0.

Is it a linear or non-linear system? Is it homogeneous or non-homogenous? How
many initial conditions are needed to determine a unique solution?

Lot =4, 9.=Y%W)=Y
Y 00= Y )= Y (%)
= Ji0)= 9 "=-Y-J-%
Z-Y.-9 -x

. gl/()a): g-{[b).
= 94(x) = Js(x)

5 (0) = =Y, 09-Y:be) X0 .
Tlvb O «({k%‘, IW.Y\'-LMJW#Z?&L&M ngz‘e«n.
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In[zZ]= StreamPlot[{x+v, =x+v}, {x, =3, 3}, {v, =3, 3}, StreamPoints <+ {{{{2, 1}, Thickness [0.01]}, Automatic}}]

ouzzi= V[

Figure 1: 3(a)

In[z8]= StreamPlot[{3x+4vy, S5x+2v}, {x, -3, 3}, {v, -3, 3}, StreamPoints + {{{{2, 1}, Thickness [0.01]}, Automatiec}}]

NS
NS

outfzgl= V[

Figure 2: 3(b)



In[28]= StreamPlet[{4x+v, -4x}, {=, -3, 3}, {v, -3, 3}, StreamPoints -+ {{{{2, 1}, Thickness[0.01]}, Autematiec}}]

AN N
owze= Of D \\\\\\\ KQ\Q\\EQ:\: ]

Figure 3: 3(c)

In[z]= StreamPlot[{4x+v, -x+2v)}, {x, -3, 3}, {¥v, -3, 3}, StreamPoints + {{{{2, 1}, Thickness [0.01]}, Automatic}}]

RENANN \\\\

TN

ouppol oOf o T T T N

———

Figure 4: 3(d)



4. Using Mathematica we find the eigenvalues/eigenvectors of A:

nz6l= A= {{15, -21, 24, -6, -22}, {0, -2, 8, -12, -4}, {10, -19, 21, -4, -18}, {0, -14, 16, -4, -8}, {20, -30, 30, 0, -30}}
owizgl= [{15, -21, 24, -6, -221, [0, -2, 8, -12, -4}, {10, -19, 21, -4, -18}, [0, -14, 16, -4, -8}, {20, -30, 30, 0, -301}

Inf43]:= A // MatrixForm
Out[43]AMatrizForm=
15 -21 24 [ 22

a 2 8 12 4
10 -1% 21 4 18
a 14 18 4 8
20 -30 30 0 30

In[40]= Eigensystem[A]
Qutfad]= {{ ]-01 ]-01 5! 5; 0:‘: {{ll ]-J ]'J ll ]-:'J {ll ll ]-J ]-J 2:‘; {]-J 0; ]-r 0! 2:‘; {21 0; ll OJ 2:‘; {OJ 2: 2; ]-J 0:::

So we get \; = —10, Ay = 10, A3 = =5, Ay = 5, A5 = 0. The corresponding eigenvectors are:

1 1 1 2 0

1 -1 0 0 2

v = 1 , Uy = 1 s V3 = 1 , Uyg = 1 , U= 2

1 1 0 0 1

1 2 2 2 0

So the general solution to the system is:

1 1 1 2 0
1 -1 0 0 2
f(t) = Oleilot 1 + OQBlOt 1 + 036757: 1 + C4€5t 1 + Cs 2
1 1 0 0 1
1 2 2 2 0
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Homework 13

. Find a power series solution of the given differential equation. Determine the radius of con-
vergence of the resulting series, and identify the series solution in terms of familiar elementary
functions.

. For equations (a)-(e),
(i) Find general solutions in powers of x of the differential equations. State the recurrence
relation and the guaranteed radius of convergence in each case.

(ii) Use power series to solve the initial value problem y(0) =0, ¢'(0) = 1.

) (=) +y=0.

) (@? = 1)y + 6zy’ + 12y = 0.

(¢) ¥’ — 2xy’ + 6y = 0. (Hermite equation)
) ¥ —2xy’ 4+ 8y = 0. (Hermite equation)
) ¥ = zy. (Airy equation)
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1! WRITE YOUR N,

NAME : Y{

1. (50pts) Solve the following 1st order differential equatlon

l+=z )g—m-}-tixy: 2, y(0)=0.
=L Y e >
pON T
- 2 (txy 3
PW“ "”‘"- oM - e

J= %) j Fexo &w

- Ux”) JU X" lw
Ay LP/H X e, )
J/X*‘%;‘X‘-t-c,

Qxmy®”

Jlorzo = (=0
Y= >/x+3 X3

fen il

I

60
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2. (50pts) Solve the following 1st order differential equation:
(z + 2y)dz + 2z —y)dy =0, y(0)=1.

ol X4 _alx)
o

— :L'
S X

S exact .
[~(X.))

( 3% = ¥
Fexy)
| Ea

- = F/(X.j)‘: 3_,”)(1—1—2,‘9)(__21_91/: C.

Jer=|
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3. (50pts) A free moving body enters a resisting medium with resistance propor-
tional to v!/?2 where v denotes the velocity function, Assume the drag coefficient is
1. Then v satisfies the following differential equation.

dv /2

dt
(a): Suppose the initial velocity is v(0) = 16, find the velocity as a function of t.

%%i“*v"i = “V ,wu

5§yt do-fity ook etec, oo

= V=: Q_(f__‘““ (vz°)
pe

V o) 6 = 'ZF(" lll? = ¥

Bo comr  (Iem : le_ ho
o G(j S‘T-D 1mv(,l[j
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(b): Does the body travel a finite or infinite distance? If it’s a finite distance, how
far does the body travel?

0(“—&’8:,_

-

‘-" Ja —— 1| l i | ""f - g X K
0( d J (‘%‘t) At e G
J) . >< T 5 {6 —¢ €™ 'L—; : Lo
(bt 2t 52w o, £
Sul”’ro\ﬂ— Xbb).‘.‘—o. =) C=o. . B ”
[ 2 c\;‘f —25 1 % ﬁ’yz %
X LYz _'1’35 o
) " ' ' L,
The LooS el o ]%;’1:_ Avsloe ohich s jfbf
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4. (50pts) (a): Find the general solution to the following equation:
yﬂl’ + y 2y - 0-

sol ,7\!',’.7\ —j Bs
> )\3_., + 7\’—_’ = o ~>Q\——[)ng)sﬂ}r0\-()(_7\ﬂ)/o
o D A1) (Nt 2R t2) =
' D ARE | et N A

Wts&fw!ﬂ ((/ "f(,,,e, COSXTC}CjMX

29
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(b): Find a particular solution to the following equation using the method of unde-
termined coefficients:

ym il yn _ 2y - 41:2.
Then write down the general solution to this equation.

Sol. 8] g Cellt+ CLC'X@M t C;@’xslux

Jp= x"e® (A4 C)

Yp = 24xtD5

ﬂ}’//: ZQ’

hp”’= o

O+ 24 2AX 2BxX_ =4x*

2D 2 e A
J‘%X:jL >)JA’_$_2/

26x = o . { C;‘f'ﬂl’

68: Cce”+ CLﬁaxCS&XT (36:)(53.; -0~

9/9
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5. (50pts) (a), Assuming that there is no friction force, derive equations of motion
for the followihg mass-spring system by drawing the free-body diagram:

3

1T IA7T7 pg

O X, M=

mlzr’l’ = —kI]_ + k:!,‘z
mozTy = kx1 — k.

(b). Assume m; = mp = 1 and k = 1. Use the elimination method to solve the
system. Note that you should get a translating mode (linear part) and oscillating
mode (trigonometric part) for the system.

SO S R
[ %"= X, -%  ©&
W2 Xo-= X,’/—rX,
X2 X e, L XX XX 4K, )
2. X ox = o At axt s
D NCATIIZe Ao multer
Ak
_ ]‘\;:—'U—;,{/
X./’—, Cot ®(outr () (npt 1 (4ShBt
X\"22C Bt - 204 Smht
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6. (50pts) Use the eigenvalue method to solve the initial value problem.

T} = 221 — 313 . 0) = 0
g { .'17’2 = g = 2%, .’121(0) = 2,1‘2( ) .

§°L X,’ = 2X, -{ X~ 0(,‘ )(| _ 2L -3 04X

% X),’ X=X~ > 0(1 )‘A(I 'L)(XV)'
het (A-Al)=>= > det 2'"‘2‘5}\)
D TE 2-A) 2Ntz D Az > [

-

—_ 0.

204 ‘ A=t —tuit )
D e ey
> = T A2t t |

6‘; \ ]—)61 +6b, > b
- )

[
— > .
== /‘\,, g l’ !! )VE“,
- - ! [

A= (&,1)(2' I 5s =B ((l "} )(5) A, -34,>p )[ ’7)

\l

( -y &, 3}, 5 I
A= CA+] o e 3 -3
7> ( = >t[e,),«>>”&»_‘)%z:y< |
Xt = Coet (] )t et (] ) -
) X((,).,’ >)Q %(,l’f'Cp" :-/)JCI:_,
\ XYooy = © | == &Li+4(oL=0 (Cox
K(/f) = _e'tc , ) _t_ 6—‘1@:) -/,,,4,,
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7: Find a particular solution to the system

i i". { .'13’1 = 2.’1:1 = 3:122

zh = 11 — 2%3 + 2€

Hint: You can use the result from Problem 6 to form the fundamental matrix ®(t)
and the following formula (notations won’t be explained)

£,(t) = ()] (&) Flt)at.
L O = Qze’t e ) _fu)‘ Ll@ )

6" e
IR o1 €/ _l )
(,f) _61, ot -e't 3&

XFU)’ @(w[ b ey ]LCT)VC’C
6—? a—-b) ff‘(?; -Zt)(%‘t )
le,t :t) (% }

= -‘;t {;* ser |
—tet st >

\)
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; 8. (50pts) Solve the system:
I\. |\ .'13’1 = 2.’L‘1 s 3.’132
'E’z =TI — 2.'172
Ty = T1 + T — T3

(Hint: there is a chain of length 2)

Gol | %/ =, -hx . 5 -3 o
” X
(X},”:X,—Mp '—Z)—%—ﬁ;’%): [ -2 D)L;ﬁ;)

X5:‘X.+X1;X} Lol
22 73R
ohe 1 L - 2-A © ) Zo D &’ )\) (Q'%)L-l-%)“ﬂ) = =

S =) er\)QE,l “R) = ) ?\"',' ::éff’
. b -4
A= @,m ( 5 aa (@meb}ﬁ, Ji?_-zf,-,
4 q' 4’& '4’.;;

|
we _\fohaoz/ V, (E)> fe (-Aﬂ)vl V.». > ;_30

el (ah ()39 | f-a,o)gs),o
,>>&~%£;/0 3
[ 2{L)

Xe= fre%ihae-‘%ilﬁ (3 )
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9. (50pts) .

This problem is to find the series solution to the equation:
(2z-3)y +2y=0.
(a): What’s the recurrence relatlon'? What's the radius of convergence?

Y= zcux"‘ y’ *grckhx"
(2x- s>z(/kmxhl-r>_g Cu X2 0

Nn=eo

D 223 - 32 Gy ) )X u; RS LR

=

T3 (- 30 (e ) XM =

:> " = 3,1--.) ‘2’ Zh-tl- = __2_'_
Cur a2 3 ) (w2 36‘\-

Ye corvene. velstiom A Loy = ._

Yodkins jﬁ Converigma L [m /'___,

h-—)W |

—
—

2
(b): Use geometric series to express the solution as an elementary function.

Cb\‘fl “Ch = Ck QB)”CG_
lﬂ’:Lc\x“S_& -C—%’—

= g&
3-2X

!
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10. (50pts)
This problem is to find the series solution to the following differential equation:

(z® — 1)y" — Tzy’ + 16y = 0.
(a): Find the recurrence relation. What’s the (guaranteed) radius of convergence?

- 1 . g )
ol U= 4=5 68X W S Cun

ity -
)=, On (ke ) X
X510y =7x 47 +16y ==

250 oo it
o G 0X -3 Loty 75 1 yn

=) @ C;\Cb\ﬂi)h—YhCM’Hé&« = ﬁ\fzﬁ_hﬁ—)wﬂ)
6‘«1’2,—"' SQA”“;LJL

Dt Cwer ) C“ 18 W“W&""—V(’.(ﬁhg\
N htv) (htr)

ol I b4 b VMIM:—f Ol G
o )7,

foo
+ 1 ég.cax’a-z:
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(b): Use series method to find the solution y(z) satisfying y(0) = 1 and 3’(0) = 0.

(Hint: the answer is a polynomial)

\\;3(‘3)-.1 = Cb::,
ol 1o

ﬂ/co):_ o D (;=0
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