MAT 203: Calculus 111 with Applications

Click here for the content and prerequisite for the course.

Textbook

Larson, Edwards, Multivariable Calculus, 10th edition.

Fall 2013

hedule and | ion
Instructors
| HName HOffice HOffice hour HMLC hour ||Emai| |
|Lecture HDr. Chi Li H3-120 HT/Th 1-2:30pm H ||chi.|i@stonybrook.edu |
[RO1 |[Xiaojie Wang |P-136 '|Wed 4-5pm ||Wed 5-7pm | |lwang@math.sunysb.edu |
[R02 |[Shaosai Huang [s-240G  |[Wed 9-10am I |[shaosai.huang@stonybrook.edu |
Syllabus and homework
Homework
Problem sets will be assigned weekly; check the syllabus webpage for the assigments. If you have the 9th edition of the textbook, you can also find the typed or scanned

version of homework on the page. The solution will be be given for each homework.

Each homework is due during your recitation class of the following week (unless otherwises stipulated). No late homework. The recitation instructor will collect the

homework and grade three of the problems.

Write the problem up carefully in your own words even if you have consulted the book for the final answer: always show your work. It is OK to discuss homework problems
with other students. However, each student must write up the homework individually in his/her own words, rather than merely copying someone else's.

Quizzes

There are quizzes from the homework problems every three weeks in the recitation. No make up quiz. Check the syllabus webpage for the schedule.

Grading

15% Homework
10% Quizzes

20% Midterm 1
20% Midterm 2
35% Final Exam

Overall Grades:



http://sb.cc.stonybrook.edu/bulletin/current/courses/mat/#203
http://www.math.sunysb.edu/schedules/fall13.html#MAT203
http://www.math.sunysb.edu/~chili
http://www.math.sunysb.edu/~wang

Midterm exam

There are two midterms which are are given in class.

Midterm 2
240-250 A
227-238 A-
201-223 B+
175-197 B
156-172 B-
138-152 C+
120-133 c
101-106 (e
70-96 D
<70
MEAN 179.3; MEDIAN 188; High Score 250(3); Low Score 55
Midterm 1

The tentative curve for this midterm is shown in the picture. This is just to give you some idea of the distribution of the grades. The real curve will be made only after the
final exam.



18
= 16 Range Grade
8 250 A
14 13
12 248-243 A-
10 9 240-212 B+
8 £ de E 208-181 B
6 a 179-156 B-
a 3
5 2 155-140 C+
0 126-120 C
1
Wp W) wps WB MB. MC+ WC WC- D WF 114-113 ¢
106-105 D
MEAN: 188.294; MEDIAN: 190; High Score: 250; Low Score: 83 94-83
Final exam
Wednesday, December 18, 8:00AM-10:45AM. More details to come.
[ tanee | Grode
14 390-445 A
1 375-385 A-

320-370 B+
295-315 B
248-285 B-

225-240 C+

180-220 C

147-175 €

105-135 D+/D
<100 F

MEAN 266; MEDIAN 280; High Score 445; Low Score 85

Read and Take Notes

Read the relevant materials on the textbook both before and after the lecture. If you really want to master the course, it is wise to attempt or solve as many problems as you
can in the relevant section of the book.

Help

A very useful resource is the Math Learning Center (MLC) located in room S240-A of the mathematics building basement. The Math Learning Center is open every day
and most evenings. Check the schedule on the door.

Another useful resource are your teachers, whose office hours are listed above.

Stony Brook University expects students to maintain standards of personal integrity that are in harmony with the educational goals of the institution; to observe national,
state, and local laws as well as University regulations; and to respect the rights, privileges, and property of other people. Faculty must notify the Office of Judicial Affairs of
any disruptive behavior that interferes with their ability to teach, compromises the safety of the learning environment, or inhibits students' ability to learn.

DSS advisory: If you have a physical, psychiatric, medical, or learning disability that may affect your ability to carry out the assigned course work, please contact the office



of Disabled Student Services (DSS), Humanities Building, room 133, telephone 632-6748/TDD. DSS will review your concerns and determine what accommodations may be
necessary and appropriate. All information regarding any disability will be treated as strictly confidential.

Students who might require special evacuation procedures in the event of an emergency are urged to discuss their needs with both the instructor and DSS. For important
related information, click here.


http://www.stonybrook.edu/ehs/fire/disabilities.shtml

Syllabus

Week Sections Homework Notes
11.1:8,28,36,50, 84 Hint for HW11.2.84: The velocity of the plane isthe sum
11.1: Vectorsin the Plane . of the wind-velocity and the air-velocity. The air-
L BB velocity isthe scalar multiplication of the airspeed with
8/26-8/30 |11.2: Space Coordinate, Vectorsin Space 11.3: 410 the compass direction)
11.3: Dot Product Homework Week 1 (for Sth edition textbook) 9/1 Last day to drop aclass or withdraw without tuition
; lighility.
Solution for homework 1
11.3: 14, 42, 57, 62
In problem 11.3.57, the edge is assumed to be adjacent to
9/2-9/6 11.4: Cross Product 11.4: 1-6, 10, 16, 28, 38 the diagonal.
Homework Week 2 (for 9th edition textbook) 9/2 Labor Day: No class
Solution for homework 2
11.5: 10, 28, 29, 40, 42, 54, 82
11.5: Lines and Planes . Notes on quadric surface
0/9-9/13 11.6: 1-6, 10, 16, 32, 44
11.6: Surfacesin Space Homework Week 3 (for 9th edition textbook) 9/10: Last day to drop or withdraw without a"W*"
Solution for homework 3
12.1: 2,19-22, 24, 52, 68, 72
12.1: Vector-Valued Function
12.2: 4, 26, 42, 46, 52, 58
12.2: Differentiation, Integration of Vector- s -
9/16-9/20 Valued Functions 12.3: 18, 22 Quiz 1in recitation
12.3: Velocity and Acceleration Homework Week 4 (for 9th edition textbook)
Solution for homework 4
12.3: 26, 36
12.4: Tangent vectors, principal normal vectors (205 0, L, 2 et
9/23-9/27 |12.5: Arc Length e Example: principal normal vector for a plane curve
13.1: Functions of Severa Variables (e ey
Homework Week 5 (for 9th edition textbook)
Solution for Homework 5
- -
13.2: Limits and Continuity lution to Practice Midterm 1
10/4: Midterm | in class covering up to 12.5.
9/30-10/4 |Review for Midterm | Solution to midterm: Solution 1 , Solution 2
10/4: Last day to drop-down or move-up.
Midterm | Homework 6: 13.1: 27, 38, 45-48, 52. (for both
10/9th edition textbook ) Solutions to Homework 6
13.2: 24,74, 76
13.3: Partial Derivatives 13.3: 18, 52, €0, €6, 78, 110
10/7-10/11 |13.4: Differentials 134: 14,26, 30
13.5: Chain Rules 13.5: 12, 16, 20, 21
Homework Week 7 (for 9th edition textbook)
Solution to Homework 7
Thenumbersin theround bracket isthe
numbering for 9th edition textbook
13.6: 2,24,36,52,61
13.6: Directional Derivatives, Gradients (9th: 14,28,40,56,66)
ig;ig 13.7: Tangent Planes, Normal Lines 13.7: 10,18,24,42
(9th: 18,28,34,52)
13.8: Extrema of Functions of Two Variables
13.8: 18,27-30,42,46
(9th: 26,31-34,46,50)
Solution to Homework 8
13.8: 6,12 (9th:6, 10)
13.9: Applications of Extrema 13.9: 6, 10, 14, 18 (9th: 6,10,14,16)
10/21- . o
10125 o Quiz 2in recitation
13.10: Lagrange Multipliers 13.10: 6, 24, 34, 46 (9th: 8,26,36,50)
10/25: Last day to drop a course with "W".
Solution to Homework 9
14.1: 28,32,42,56,60
(9th:28,32,43,58,62)

14.1: Iterated Integrals, Areain the plane




10/28-11/1

14.2: Double Integrals, Volume
14.4: Center of Mass

14.2: 8,12,18,24,34,48,54
(9th:10,14,20,28,42,56,62)

14.4: 2,6 (9th:2,6)
Solution to Homework 10

11/4-11/8

14.3: Double integralsin Polar Coordinates
Review for Midterm 1

Midterm |1

- -

: : . :
Solution to midterm 2: Solution 1, Solution 2.
Homework 11:

14.3: 6,18,22,26,30,40,44
(9th:6,18,22,26,30,40,46)
14.4: 20,22 (9th:20,22)

Solution to Homework 11

11/8: Midterm Il in class covering up to 14.2.

14.6: Triple Integrals

14.6: 6,14,21,26,36,38
(9th:6,16,23,28,38,40)

11/11- 11.7: Cylindrical and Spherical Coordinates 11.7: 4,8,26,32,38,44
11/15 (9th:4,8,26,32,38,44)
14.7: Triple Integrasin Cylindrical and
Spherical Coordinates 14.7: 10,12,18,36 (9th:10,12,18,36)
Solution to Homework 12
14.7: 26,34
(9th:26,24)
1118 [15-1: Vetor Fields 15.1: 1-4, 8, 34, 40, 44, 60 Hand in homework 13 and 14 together in the week after
11/22 15.2: Line Integrals (9th:1-6, 9, 40, 46, 50, 66) thanksgiving
15.2: 6,10,16,20,22 (9th:6,10,16,20,22)
Solution to Homework 13
(for both 9/10th edition)
11/25- 15.3: Conservative Vector Fields, Independence |15.2: 30,38,41-44,54,72,78 ' L
129 |of Path 15.3; 2,16,26,36 L i eI E £
Solution to Homework 14
. ) 15.3: 30,34 (9th:30,34) . o .
12121906 15.4: Green's Theorem 15.4: 2.4.10,22,38,44 47 48 Quiz 3 in recitation covering 14.3-14.7
Review for Final (59th: .2'4'10'22’38’442{-1%’44’45'46) 12/6: Last Day of Class
Practice Final " .
12/9-12/13 lUtion to Practice Fin No class: Reading Period
12/18 Final exam December 18, 8:00-10:45 am.




1 1.1

8. Find the vectors whose initial and terminal points are given. Show that
and U are equivalent.

@:(—4,-1),(11,—4); 7:(10,13),(25,10)

28. The vector ¢ and its initial point are given. Find the terminal point.

¥ = (4,—9); Initial point:(5, 3).

36. Find the unit vector in the direction of ¥ and verify that it has length 1.

¥ = (-5,15)

50. Find the component form of ¢’ given its magnitude and the angle it makes

with the positive x-axis.
|7 =5, 6=120°.

84. A plane flies at a constant groundspeed of 400 miles per hour due east and
encounters a 50-miles-per-hour wind from the northwest. Find the airspeed and
compass direction that will allow the plane to maintain its groundspeed and
eastward direction.

(Hint: The velocity of the plane is the sum of the wind-velocity and the
air-velocity. The air-velocity is the scalar multiplication of the airspeed with
the compass direction)

Air velocity

Ground velocity

Wind
2 1.2

6. Find the coordinates of the point. The point is located seven units in front
of the yzplane, two units to the left of the zzplane, and one unit below the
xy-plane.

26. Find the distance between the points.

(27273)a (4375a6)

44. Complete the square to write the equation of the sphere in standard form.
Find the center and radius.



4a? +4y* +42° — 242 — 4y + 82 — 23 = 0.
58. Given @ = (1,2,3), ¥ =(2,2,-1), and @ = (4,0, —4). Find

7 =5uU— 30— -0.

N =

84. Find the vector ¥ with the given magnitude and the same direction as 4

Magnitude: ||¥|| =3;  Direction: 4 = (1,1, 1).
3 1.3
4. Find (a) @ -7, (b) @- 4, (c) ||d]|?, (d) (@-7)v, and (e) @ - (27).
U= (—4,8), ¥=(7,5).

10. Find the € between the vectors (a) in radians and (b) in degrees.

i=(3,1), 7=(2,—1)



1 1.1

8. Find the vectors whose initial and terminal points are given. Show that
and U are equivalent.

i:(—4,-1),(11,-4); ¢
Solution: @ = (15, -3), ¥ = (15, —-3). So @ = ¥.

28. The vector ¢ and its initial point are given. Find the terminal point.
U= (4,—9); Initial point:(5, 3).

Solution: Terminal point is (9, —6).

36. Find the unit vector in the direction of ¥ and verify that it has length 1.
U = (=5,15)

Solution: Unit vector in the direction of ¥ is
i ( 5,15) B < 1 3 >
191 I(=5,15)] V10" V10/
50. Find the component form of ¢’ given its magnitude and the angle it makes

with the positive x-axis.
||| =5, 6=120°.

Solution: ¥ = ||7||{cos 8, sin ) = <f%, ST‘/g>
84. A plane flies at a constant groundspeed of 400 miles per hour due east and
encounters a 50-miles-per-hour wind from the northwest. Find the airspeed and
compass direction that will allow the plane to maintain its groundspeed and
eastward direction. (Hint: The velocity of the plane is the sum of the wind-
velocity and the air-velocity. The air-velocity is the scalar multiplication of the
airspeed with the compass direction)
Air velocity

Ground velocity

Wind
Solution: Ground velocity=(400,0). Wind velocity=(25v/2, —25v/2).
air velocity is
7 = (400 — 25v/2,25V/2) ~ (364.6,35.4).
The airspeed is ||¥/]] = 366.4 miles per hour. The compass direction is

ﬂ

[
Or equivalently, the angle 6 is about arctan(25v/2/(400 — 25v/2)) ~ 5.5° north
of due east.

~ (0.995,0.097).



2 1.2

6. Find the coordinates of the point. The point is located seven units in front
of the yzplane, two units to the left of the zzplane, and one unit below the
xy-plane.

Solution: (7,2,-1).

26. Find the distance between the points.
(2,2,3), (4,-5,6)

Solution: distance=+/(4 —2)2 + (=5 — 2)2 + (6 — 3)2 = V/62.

44. Complete the square to write the equation of the sphere in standard form.
Find the center and radius.

42? + 4y? +42% — 242 — 4y + 82 — 23 = 0.
Solution: Standard form:
(x—3)2+(y—%)2+(z+1)2 = 16.
The center is (3,1/2,—1). Radius is 4.
58. Given @ = (1,2,3), ¥ = (2,2, —1), and & = (4,0, —4). Find

7 =5u— 3V — —.

DO =

Solution: Z = (—3,4, 20).
84. Find the vector ¥ with the given magnitude and the same direction as
Magnitude: ||7]| =3; Direction: % = (1,1, 1).

Solution: ¥ = ||17||ﬁ = (V3,V3,V3).

3 1.3
4. Find (a) @ - 7, (b) @ -, (c) ||i]|?, (d) (@-7)v, and (e) @ - (27).
u=(—4,8), ¥=(7,5).
Solution: (a) 12. (b) 80. (c¢) 80. (d) (84,60). (e) 24.
10. Find the 6 between the vectors (a) in radians and (b) in degrees.
u=(3,1), v=(2,-1)

Solution:

So =T =45°.



1 1.3

14: Find the angle 6 between the vectors (a) in radians and (b) in degrees

42: (a) Find the projection of @ onto ¥, and (b) Find the vector component of
i orthogonal to ¥.

57: Find the angle between the diagonal of a cube and one of its adjacent edges.
Show your work.

62: A toy wagon is pulled by exerting a force of 25 pounds on a handle that

makes a 20° angle with the horizontal. Find the work done in pulling the wagon
50 feet.

2 14

1-6: Find the cross product of unit vectors and sketch your result in pictures:
1: yxi 2tixj7 3:gxk 4 kxj 5bBrixk 6:kxi.

10: Find (a) @ x ¢, (b) ¥ x @ and (c) ¥ X ©.

i=(3,-2,-2), o=/(1,51).

16: Find « x ¢ and show that it is orthogonal to both @ and v.

@=1i+6j, T=-2+]+k.

28: Find the area of the triangle with given vertices.
A(2,-3,4), B(0,1,2), C(-1,2,0).
(Hint: 1||@ x ¥ is the area of the triangle having @ and ¥ as adjacent sides.)

38: Use the triple scalar product to find the volume of the parallelpiped having
adjacent edges i, v and .

u=(1,3,1), ©¥=/(0,6,6), (—4,0,—4).



1 1.3

14: Find the angle 6 between the vectors (a) in radians and (b) in degrees

Solution: cosf = —ZZ_ = (. So § = 3 =90°.

42: (a) Find the projection of @ onto ¥, and (b) Find the vector component of
i orthogonal to v.

Solution: oL 1
U- v -
: Proj;u = v=—(3i+ 2k
(a) 0] ;U ||17H2U 13(z—|— )

(b): Vector component orthogonal to ¥:

- Proid —207 + 305
U — Projzt = ——.
JU 13

57: Find the angle between the diagonal of a cube and one of its adjacent edges.
Show your work.

Solutions: Vector in the direction of diagonal @ = (1,1,1). Vector along
adjacent side ¥ = (1,0,0). So cosf = and 0= Arccos(l/\[) ~2 54.7°.

62: A toy wagon is pulled by exerting a force of 25 pounds on a handle that
makes a 20° angle with the horizontal. Find the work done in pulling the wagon
50 feet.

Solutions: Work=25 x cos(20°) x 50 = 1174.62 ft-lbs.

2 14

1-6: Find the Cross product of unit vectors and sketch your result in pictures:
lsz 2’L><j 3_:7><k 4k><] 5z><k 6k><z
Solution: 1: —k 2: k 3:7 4: —i b5: —j 6: j

10: Find (a) @ x ¢, (b) ¥ x @ and (c) ¥ X ©.
@=(3,-2-2), ¥=(151).
Solution: (a): (8,—5,17), (b): (—8,5,—17), (c): 0.
16: Find « x v and show that it is orthogonal to both @ and v.
@=i46j, T=-2i+]+Fk.

Solution: @ x ¥ = (5,—3,13).



28: Find the area of the triangle with given vertices.
A(27 _374)7 B(O7172)’ C(_172a0)

(Hint: || x @] is the area of the triangle having @ and ¥ as adjacent sides.

Solution: AB = (—2,4,—2), AC = (—3,5, —4).

k
—2 | =(-6,-2,2).
—4

B
ABxAC=| 2

-3

T Sy

Area(AABC) = % ‘ﬁ X Ké’ = \/ﬁ

38: Use the triple scalar product to find the volume of the parallelpiped having
adjacent edges i, v and .

U = <133a ]->7 7= <07676>3 W= <74a0, 74>

Solution:
1 3 1
uxv-w=| 0 6 6 |=-72
—4 0 -4

The volume of the parallelepiped=72.



1 1.5

10: Find sets of (a) parametric equations and (b) symmetric equations of the
line through the two points. (if possible). (For each line, write the direction

numbers as integers.)
(0,4,3), (-1,2,5).

28: Determine whether any of the lines are parallel or identical.

r—3 y—2 z+2

Ly : =
"9 1 2
r—1 y—-1 243
Lo : = = .
2y 2 4
Lszx—|—2:y—1:z—3.
1 0.5 1
r—3 y+1 2z-2
Ly: = = .
D 4 —1

29: Determine whether the lines intersect, and if so, find the point of intersection
and the cosine of the angle of intersection.

r=4+2, y=3, z=-1t+1

r=25s+2, y=25s+3, z=s+1.

40: Find an equation of the plane passing through the point perpendicular to

the given line.
z—1 +2*Z+3
¢ YTET T

(3,2,2);
42: Find an equation of the plane which passes through (3, —1,2), (2,1,5), and
(1,-2,-2).

54: Find an equation of the plane that contains all the points that are equidis-
tant from the given points.

(1,0,2), (2,0,1).

82: Find the distance between the point and the plane

(0,0,0), bx+y—2z=09.



2 1.6

1-6 in text book.
10: Describe and sketch the surface y? + z = 6.
16: Classify and sketch the quadric surface.
—8z% + 18y% + 1822 = 2.
32: Find the equation for the surface of revolution formed by revolving the
curve in the indicated coordinate plane about the given axis Equation of curve:

z = 8y. Coordinate plane: yz-plane. Axis of revolution: y-axis

44: Find an equation of the surface satisfying the conditions and identify the
surface: the set of all points equidistant from the point (0, 0,4) and the zy-plane.



1 1.5

10: Find sets of (a) parametric equations and (b) symmetric equations of the
line through the two points. (if possible). (For each line, write the direction

numbers as integers.)
(0,4,3), (-1,2,5).

Solution: (a) Parametric equation:
r=—-t,y=4-2t,z =3+ 2t

(b) Symmetric equations:

28: Determine whether any of the lines are parallel or identical.

lex—?):y—2:z+2.

2 1 2
L2:x—1:y—1:z—|—3.
4 2 4
LB:erZ:y—l:Zfi%.
1 0.5 1
r—3 y+1 2z2-2
Ly : = = .
Y2 4 —1

Solution: L1, Ly and L3 have the parallel direction vector (2, 1,2). So they
are parallel to each other. Pick points P; = (3,2, —2) € Ly, P> = (1,1, -3) € Lo,
P; = (—2,1,3) € L. By calculation, P; does not lie on the L; if i # j. So they
are parallel but different lines.

29: Determine whether the lines intersect, and if so, find the point of intersection
and the cosine of the angle of intersection.

r=4t+2, y=3, z=-1t+1

r=25+2, y=25s+3, z=s+1.

Solution Solve these equations simultaneously, one gets solution ¢ = 0,
s = 0. So the two lines intersect at a point (2,3,1).

40: Find an equation of the plane passing through the point perpendicular to

the given line.
x—1 +2_z—|—3
VI

Solution: The plane has normal vector (4,1, —3).

(3,2,2);

4(r—3)+(y—2)—3(z—2)=0.

In simpler form: 4x +y — 3z = 8.



42: Find an equation of the plane which passes through (3, —-1,2), (2,1,5), and
(1,-2,-2).

Solution: AB = (-1,2,3). AC = (—2,—1,—4). A normal vector for the
plane is 7 = AB x AC = (—5,—-10,5) = 5(—1,—2,1). So the equation for the
plane is:

—(z—-3)-2w+1)+1(z—2)=0<= a2 +2y —z=—1.
It’s better to check the points are indeed on the plane.

54: Find an equation of the plane that contains all the points that are equidis-
tant from the given points.

(1,0,2), (2,0,1).

Solution: By geometry, the required plane passes through the middle point
C of AB and is perpendicular to the vector AB. The middle point C of AB
satisfies OC = %(@ + O?) = 1(3,0,3). O is the origin. So C = 1(3,0,3).
The vector AB = (1,0,—1). So the plane has equation:

(z—3/2)+0y—0)—(—3/2) =0z —2=0.

82: Find the distance between the point and the plane
(0,0,0), bx+y—2=09.

Solution: Choose a point, e.g. @ = (2,—1,0) on the plane. Let P = (0,0,0) be
the given point. The normal vector for the plane is @ = (5,1, —1). The distance
is equal to

. QP-Al 9
ProjsQP|| = S = 7 = V3

2 1.6

1-6 in text book.

Solution: (a)«> 6: hyperbolic paraboloid;  (b)<« 4: elliptical cone; (c)«>
1: ellipsoid;  (d)<> 5: elliptical paraboloid;  (e)¢+ (2): hyperboloid of two
sheets;  (f)«> (3): hyperboloid of one sheet.



Figure 2: —8x2 + 18y% + 1822 =2

10: Describe and sketch the surface y? + 2z = 6. Solution: This is a cylindrical
surface, parallel to the z-axis.

16: Classify and sketch the quadric surface.
—8x% +18y* +182% = 2.
Solution: This is a hyperboloid of one sheet. The axis variable is x.

32: Find the equation for the surface of revolution formed by revolving the
curve in the indicated coordinate plane about the given axis Equation of curve:
z = 3y. Coordinate plane: yz-plane. Axis of revolution: y-axis

Solution: x? + 22 = 9y2. This is an elliptical cone.



. .
—4 -2

—1b

(a) 22+ 42 —82+16=0 (b) 22 —82+16 =0

Figure 3: 22 +4? —82+4+16=10

44: Find an equation of the surface satisfying the conditions and identify the
surface: the set of all points equidistant from the point (0,0, 4) and the zy-plane.
Solution:

V2 + 2+ (2 —4)2 = |z == 2% + 12 — 82+ 16 = 0.

This is an elliptical paraboloid with vertex (0,0, 2).



Step 0: If three variables have the same sign and all have order 2, then it’s
an ellipsoid. Otherwise do the following.

Step 1: Find the axis variable for the surface. The axis variable is the
variable which has different sign or different degree.

Step 2: Figure out if there are gaps or restrictions on the axis variable.

Step 3: Change the axis variable from 0 to find slices as one changes the
axis variable to cut out the surface.
Step 4: Combine and connect the slices to visualize the surface.

Example:

1: z2—x2—y7‘2:1.

Step 1: This axis variable is z. 22 = 22 + % + 1.

Step 2: There is the gap: |z| > 1, i.e. 2z € (=00, —1] U [1, c0).

Step 3: The slice when |z| = 1 is a point. The slice for |z| > 1 is ellipse.
Step 4: It’s the hyperboloid of 2 sheets

2: 22— 292 — 222 =0.

Step 1: The axis variable is z. 2% = 2% + 222,

Step 2: Gap is zero |z| > 0, i.e. x € (—00,+00).

Step 3: The slice when 2 = 0 is a point. The slices are ellipses when |z| > 0.
Step 4: This is elliptic cone.

3: 22+ 4y —2=0.

Step 1: The axis variable is z. z? + 4y? = 2.

Step 2: There is restriction z > 0.

Step 3: The slice when z = 0 is a point. The slices when z > 0 are ellipses.
Step 4: This is elliptic paraboloid.

4: 3z +1y%2 — 22 =0.

Step 1: The axis variable is . 3z = —y? + 22

Step 2: There is no restriction on z, i.e. © € (—o00, +00).
Step 3: The slices are hyperbola.

Step 4: This is hyperbolic paraboloid.

5: 1622 — 32 + 1622 = 4.

Step 1: The axis variable is y. y? + 4 = 1622 + 1622.

Step 2: There is no gap for y, i.e. y € (—o00,+00).

Step 3: The slice when y = 0 is a small ellipse 1622 + 1622 = 4. The slices
when |y| > 0 are growing ellipses as one increases |y|.

Step 4: This is hyperboloid of one sheet.

6: 1— 22 —y?/4—1622=0.
Step 0: All variables have the same sign and same order. It’s an ellipsoid.



(The numbering for most problems is according to 9-th edition. However,
269 means the problem 26 in edition 10.)

1 12.1

Homework: 2, 21-24, 28, 56, 74, 78

2 12.2

Homework: 6
Homework: 26'°: Find (a) 7'(t), (b) 7" (¢t), (c) 7'(t)-7"(t), (d) 7' (t) x 7" (¢t).

F(t) = 37 + (2t 4+ 3)j + (3t — 5)k.

Homework: 46, 56, 62, 68

3 12.3

Homework: 20, 26



(2'° means problem 2 in 10-th edition textbook, 6° means problem
6 in 9-th edition textbook )

1 12.1
210 = 29 Domain={t; [t| < 2} = [-2,2].

1910 — 2210 — 219 _ 249: One can use the projection of the curve onto zy-
plane to match the curve.

(a)«> 22. The projection of the curve to the xy-plane is the graph of function
y=Inz.

» 19. The projection to the xy-plane is the line y = 2x.
(b)+> 19. The projection to the zy-pl is the line y = 2
¢)<> 20. The projection to the xy-plane is the circle x* + y* = 1.
20. The projection to the xy-pl is the circle 22 + y? =1
(d)<> 21. The projection to the xy-plane is the parabola: y = x2.

2410 = 289: Cancelling the parameter ¢, we get half of the parabola: {(z,y);z =
5 —y?,y > 0}. When ¢ increases, x decreases. The curve with the orientation
are shown below

5210 — 569: 7(t) = 3cost i + 4sint J.

810 749

1- -
The limit = lim e~ % + hm j + hm k=0.
t— 00 oo 12 +1

7210 = 789: 7(t) is continuous in its domain {t € R;¢ > 1}.

2 12.2

410 — 69 7/(t) = 3costi — 4sintj. The curve is an ellipse: % LY -,

F(m/2) = 3i. F(1/2) = —4j.

2610: (a): 7/(t) = 3t27 + 4t] + 3k. (b): 7"(t) = 6ti +45. (c): 7'(t)-7"(t) =
18¢3 4+ 16t. (d): 7/(t) x 7" (t) = —127 + 18] — 12¢2k.

4210 = 46°: (a):

L. #(t) - d(t) = sint + 2. L(F(t) - @(t)) = cost + 2t.



i
/

/ \
/ \
{ \
/

\

\\\ /

2. L7(t) = —sinti + cost] + k. %ﬂ'(t) = k. If we use the product rule:

d d

—(t) - 4(t) + 7(t) - ﬁﬁ(t) = (cost+1t)+1t=cost+ 2t.

So the two ways give the same result. (b):
1. The cross product:
7(t) x @(t) = (tsint — t)i — t costj + costk.

d

%(F(t) X @(t)) = (sint + tcost — 1)i + (— cost 4 tsint)j — sin tk.

2. If we use the product rule

d d - - = - =
@F(t) x U(t) + 7(t) x %ﬁ(t) = [(tcost —1)i+tsintj — sintk} + [Sinti - costj}
= (tcost+sint —1)i+ (tsint — cost)j — sin tk.

The two ways give the same result.

461° = 56°: For the ;component7 use integration by parts

/lntdt:tlnt—/tdlnt:tlnt—t+01.

So
I P - U

/<lnti+tj+k) dt = (tlnt —t)i +1n|t|j + tk + C.
5210 — 629:

1 . 1 1 3 4.1t

/ (ti 4+ 37 + tY3k)dt = ~t%i + —t*5 + StY3]  =o.

. 2 4 4 .
5810 — 689:

Ft) = /Ot 7'(s)ds +7(0) = /Ot(?)tzj' + 6Vtk)dt + (i + 2J)

-

= (3] + 43°K) + [+ 2)) =T+ (1> + 2)] + 4k



3 12.3

1810 = 20°: (a): Velocity: o(t) = 7/(t) = (1/t,—1/t,4t3). Speed: v = ||¥]| =
V16t10 + 12 + 1/t%

Acceleration: a(t) = 7" (t) = (—t72,2t73,12t2).

(b): When t = 2, the velocity ¥(2) = (1/2,—1/4,32), the acceleration
(2) = (—1/4,1/4,48).
2210 = 267:

t
B(t) = / d(s)ds + 5(0) = 37 — 2] + (=32t + 1)F.
0

t
7(t) = / F(s)ds + 7(0) = 3ti + (=2t + 5)] + (—16t> + t + 2)k.
0

So 7(2) = 6i + j — 60k.



(If you have 10th edition textbook, don’t look at this. Use this only
when you have 9-th edition textbook. The numbering is according to
9-th edition.)

1 12.3

Homework: 30, 42

2 124

Homework: 14, 29, 36, 45-48

3 12,5

Homework: 10, 12, 19

4 13.1

Homework: 16, 24



(26'° means problem 26 in 10-th edition textbook, 30° means prob-
lem 30 in 9-th edition textbook )

1 12.3

2610 = 30%: Note the acceleration is @ = —32j. The path of the projectile is
described by the vector-valued function:

7(t) = (450V/2 t,3 4+ 450V/2 t — 16t%).

1. Maximal height: 45002 —-32t; =0 =t = 450\[ So the maximal height

is:

4502

450
hmax = y(tl) =3+ 450\[25\/5 — 16

2. Range: 3 + 4500/2t5 — 1612 = 0 = ty = 39.78. The range is 4502ty =
25315.5 ft.

3610 = 429 Note that 12° = {27 = 7. The corresponding vector-valued
function is

7(t) = (vo (COS 15) t, Vo (sm 1—5) t — 16t%).

The time when the projectile hits the ground is obtained by

vo(sin(m/15))ts — 162 = 0 = t5 = ~ sin(r/15).

16

The range for the projectile is

2 2

2
R = vpte = 11)—06(5111 %)(cos 115) = g—; sin %
So
2
vg . 2w 200 - 32
R =200= 39510 77 = Y0 = @ ~ 125.44 ft/sec.

2 124

1010 =14 7/(t) = (1,1, —t(4 — t*)71/2). #(t;) = (1,1,/3) = t; = 1. So the
tangent vector at P is (1,1, —1/4/3). The unit tangent vector is

Foy D) (1L1,-1/V3) _
T(l) - |7:»/(1)|| - W \/7 \/7 1/\[

The tangent line at point P = (1,1,/3) is given by

3 3 1
=1+ ty=1+4/zt 2= — —=t.
T \/; Y \/; 2 =13 Ne




1910 = 29% 7 /(t) = —6sinti 4+ 6costj. T = —sinti + costj. T '(t) =
—costi — sintj. The principal normal vector is

(F) -5y

o T'(t) = -
N(t) = ——— = —costi—sint j, N = —1——].
) =17 | 1

2210 — 369: 7/(t) = 2ti + 2j. The unit tangent vector is

. T(t) ti+j
Tt = —2 = .
w Ir@®|  vi*+1
. i - = _ 2+ 1) — (ti+ )t
T'(t) = ——+(¢ —1/2)(#* +1)73/2(2t) =
(t) t2+1+(%+])( /2)( +1)7=(2t) CESE
ity
T (@1

So the principal normal vector is
F(t) T'(t)y  i—t]
IT @)  Vi+e

Note that another way to get principal normal vector for a plane curve is to use
the following trick.

7(t) = (2t,2) = ny = (—2,2t),ny = (2, —2t).

ni, ng are normal vectors in opposite directions. From the geometry of the

curve, at t = 1, the turning direction is downward-right, so we need to choose

na(t) i—tj

ne= (22 = N = e = e

The acceleration vector is:
at)=r"(t)=2i.

Lo . tit] 2t
ar=a-T =2i- = .
VIte2 V1442

S e 2
an = yllal® =ar =yJ4= 175 = =7




When t =1, we get

=2 Ny =22 ar=v2 av=V2.

V2 2
2910 — 3210 = 459 — 489:
29: 7/(t) = —awsin(wt)i + aw cos(wt)j. Unit tangent vector:

-

T(t) = —sin(wt)i + cos(wt)].

T'(t) = —w cos(wt)i — wsin(wt)j. The principal normal vector
. T/t - -
N(t) = _,7() = —cos(wt)t — sin(wt)j.
1T @)l
at) = 7" = —aw? cos(wt)i — aw? sin(wt)j.

T =0. ay=/|d]? — a2 = aw®.

30: T'(t) is orthogonal to the position vector 7(t). N(t) = —w?7(t) is in the
opposite direction of 7(t).

&)
S
I
QA
=
~—
N
I

31: The speed of the object at any time ¢ is a constant: |¥(t)
ar = 2||7]| = 0 as seen above.

| = aw. So

32: If w is halved, i.e. w ~ w/2, then ay ~ ay/4.

3 12.5

1010 = 109: 7/(t) = 2t + 3t2k. |7/ (t)| = VA% + 9t* = |t|/4 + 9¢2.

2 2 1 2
L = /||F’(t)||dt:/ t\/4+9t2dtzﬁ/ A+ 92d(4 + 982)
0 0 0
1 40

12 4,790 8
- — ﬁduszu?’/?L = - (1010 - 1).



1210 = 129: 7/(¢) = (2cost, 5, —2sint). ||7/(¢)]| = v/29.

L:/ |7 (t)||dt = v/297.
0

1710 = 199: (a): 7/(t) = (—2sint, 2cost, 1). |7'(t)]| = V/5. So

/|| w)lldu = V.

(b): t = 5/4/5. So the arc length parametrization is:

(s) = <2(Jos\8[ 28111\[ f>

(c): #(v/5) = (2cos1,2sin1,1). The coordinate of the point=(2cos1,2sin1,1)
for the arc length s = /5. Similarly, the coordinate of the point for the arc

length s = 4 is (2cos(4/v/5),2sin(4/v/5),4/V/5).

(@: 2 2 1

7'(s) = <—\/g sin N %cos N \/5>, 7/ (s)|| = 1.
4 13.1
1610 = 169:

g(w,y) = nt[[7 =Tn

So (a): g(4,1) =In(1/4) = —1In4. (b): ¢(6,3) = —1In2. (¢): g(2,5) =In(5/2).
(d): ¢g(1/2,7) =1n14.

2l

2410 = 249: Domain={(z,y) € R?;x # y}. Range=R = (—o0, +0)



Consider the plane curve given by:
F(t) = ti + 3]

The tangent vector is

- - . 7 (t) i+ 3t2]
Pl =i+ 32 — T()= T _ .
() =700 = Vizem

1 Principal normal vector

To find the principal normal vector, we can use two different methods:

1 Standard calculation: Derivative of unit tangent vectors:

6t 1

T'(t) = —2— —(i+3t27)=(1+9t*)73/2. 36>
(t) i on (04 3t77) 5 (1 +9t7)
_ 61+ 9t) — (74 36%))188° _ —18¢%7 + 6tf
(1+ 9t4)3/2 (14 9t4)3/2
6t

= —— = (=3t% + 7).
(1+9t4)3/2( i+J)

It’s norm is
6/t

7)) = — Ol

(9t* + 1)/2.

When ¢ # 0, T(t) # 0. So when ¢ # 0, the principal normal vector is

27, =
=StiE) ¢ >0

M) = T'(t)  t =34y ) VLD
1@ V941 37 4 g
Vori41’ ’

2 Use geometry of plane curves: Since 7 '(t) = (1,3t?), we get two
normal vectors in opposite direction:

i (t) = (=32, 1), fia(t) = (3t%, —1).
When t > 0, by turning direction, choose 7, (t) = (—3t2,1).

N(t) _ ﬁl(t) _ <_3t271>
||731 ] ot +1

, when ¢ > 0.

When ¢ < 0, by turning direction, choose 7i2(t) = (3t2, —1).

- o (t 12, —1
(t):ni():<3 - >,Whent<0.
(| 7i2]| 9t + 1




2  Acceleration in the T and N direction

Acceleration vector:

. 18t3
aTr = Q - Epu——
r V149t
6|
a = 5; 2 _ a2 = —— > 0
v =yl =er = e =



MAT 203 FALL 2013 Practice MIDTERM 1

NAME : 1D :
RECITATION NUMBER:

THERE ARE SIX (6) PROBLEMS. THEY HAVE THE INDICATED VALUE.
SHOW YOUR WORK
DO NOT TEAR-OFF ANY PAGE
NO CALCULATORS NO CELLS ETC.
ON YOUR DESK: ONLY test, pen, pencil, eraser.




2

"' WRITE YOUR NAME, STUDENT ID AND LECTURE N. BELOW !!!

NAME : ID :

LECTURE N.
1. (40pts)

(a): Find the area of parallelogram on the plane with the following vertices
A(0,0), B(7,3),C(9,8), D(2,5).

(b): Calculate the cosines of the angles of the parallelogram.



3

2. (50pts) (a): Classify each of the following surfaces. Sketch the surface if possible.
(1) 22 +y? — 2z + 4y = 0.
(2) y* + 22 =4,
(3) 22 — 22—y =1.

(b): A quadric surface is a revolution surface obtained by rotating the curve z = —y?

around the z-axis. Write down the equation for this surface and classify it.



4

3. (45pts)

Consider a point and a plane given by
P=(1,0,-1); H:—4z+y+z=4.

(a): Find the equation of the line passing through P and perpendicular to the plane
H.

(b): Find the intersection point of L with H.

(c): Find the distance between the point and the plane.



4. (40pts)

Assume we have a vector valued function satisfying
7)) = =327, r(0)=8j+8k, 7'(0) =8 +8j.
(a): Find the expression for 7(t).

(b): Assume the curve C is described by the vector-valued function 7(¢). Find the
intersection points of C with the zz-plane.



6

5. (45pts)

Consider a motion is described by the smooth plane curve

7(t) = (2cost)i + (sint)j.
(a): Sketch this curve. Calulate ¥(t) and d(t) for any ¢.

(b): Find the unit tangent vector for any ¢. Calculate the component of acceleration
in the direction of T: ar =a-T.

(c): Find the principal normal vector N(27/3) when ¢ = .



6. (40pts)

Calculate the length of the curve within the given interval

7(t) = (cos® )] + (sin® )k, 0<t<m/2.



2

1" WRITE YOUR NAME, STUDENT ID AND LECTURE N. BELOW !!!

NAME : ID :

LECTURE N.
1. (40pts)

(a): Find the area of parallelogram on the plane with the following vertices
A(0,0), B(7,3),C(9,8), D(2,5). /

2B= <137 AD=<2,5>

— —~ I3k ot
ABXAD:);igZqu A-
0 Aea(#7)= 29

(b): Calculate the cosines of the angles of the parallelogram.

.._\'_5 g
__As-AD _ 21 __,J. = o= 2t

A T 58 /29

-0

Il

RA=<-1,3> ., BC=<=2,57

BA-BC | _ po3m
@ - w7 F

Co=



3

2. (50pts) (a): Classify each of the following surfaces. Sketch the surface if possible.
(1) 22 +y? -2z +4y = 0.
(2) ¥+ 22 =4
(3) 22 — 22 —9% =1.

0). MI%C te squones : (?Q—DZ"F @—n)zzg On Ve X’Q—PWI i{B 2 G
Civde with Goiter (1,2) and redus [ Ln 3-don. e, this Qpatm
Cl?%m ¢ Circdon Cg[»dﬁcaf waw& Fam/{&{ o He 2—¢uos.

(T wis dgis b Gue wy>20+4y42%0 whek defres o sphece)

B) Ths a o Uderal Sufoce ok T -t il pejecn B
Ye-plue  beas o circle . | '

(b): A quadric surface is a revolution surface obtained by rotating the cu Vel
around the z-axis. Write down the equation for this surface and classify it.

G

A=Y Hows S p;—@ﬁ?)
This 2 on ellptal  pasabiel

@)-3; Y= Wi . 0 2 om veriee |

/2 Yo 2 vesbichon on 02 0|2
- i\\ , The shos o ellpies Y=

Lartde)  hew fnlz).

?“/: € Ths 2 ol o 2 shesks.



4

3. (45pts)

Consider a point and a plane given by
P=(1,0,—-1); H:—4x+y+2=4.

(a): Find the equation of the line passing through P and perpendicular to the plane
H.

Poranchie epabons = | -4t J=+, zo—|+F. O

w @IW« %“’2);_ 2+
— =

(b): Find the intersection point of L with H.

Subshtte () ko %‘Wé"“ %W Hf
— 4 (|-48) 4T H+D=4 > =G5 t=1

Letesedson ?E: 0= (*‘\ 3, —-é)

(c): Find the distance between the point and the plane.

gz,;
Mebed 1 e (p H) = dbot (P.&)= || <o -1 -¢>n_,3@
Or -

Pothads Chonse poink, e R=(,0,0) ot plese -
Use mwém'& W MM
i (o) = | PenB = B & 3E Vs

rl J\ 2 - RP=.0,~1>
=4 b




4. (40pts)

Assume we have a vector valued function satisfying
7(t) =—327, r(0)=8j+8k 7'(0)=8i+8].
(a): Find the expression for 7(t).

P= [F ) ds+ Tl -324)4 8745

= 8% +(-32t+§))
?[;(7): [;E?/(g)of,g..\.?[o): 817? ‘l‘("éfz‘{‘ 8'&)?-}-(83\4-87;)

_ 56 (b see)S + =)k

(b): Assume the curve C is described by the vector-valued function 7(¢). Find the
intersection points of C with the zz-plane.

The dobenedion poits O foz- le} have 5-490,@(2»@&,2‘25%7»@%
bengy ©.
Co we Solve ;

—1b8t+8=0 = Tz -1, |
I
—s =t I> = §{>t+) {t-1)
2 in)('afsec%?mpemg
So we et 2 vterectin. points. A

oot [dep [Bod
t=| ¢« Fl)=<so %> f(s»g@




Note . The Pmlpfw o He M’W[ Qobm B much easier

For the last part, chookt Peenic. Ao (ol ediians

; (45pts) Cl/ifﬂ ‘H’\@t& qu: LQ ot §‘7ch,§ 7£zy~ Wn%%*
Consider a motion is described by the smooth plane curve

F(t) = (2cost)i + (sint)j.
(a): Sketch this curve. Calulate #(t) and @(t) for any t.

Ths wee B an ellipe. F+3=]

V)= /&)—‘29\% ) ‘!‘503'6)
CH)= V) =)=~ 2t i‘—SmS}\

(b): Find the unit tangent vector for any ¢. Calculate the component of acceleration

ok in the direction of T: ay =a- T. - Q
- Dt 4ot |

Pl V2 st

= mwﬂ Veddors R\ =<E 37, Rz f> _EW! .
by sy divebhion, phome W= <4 B> - =

= T&)
N, H%Sm%
Poael vl (%)= .,ﬁm y
Q‘T— M‘B'T‘- Z—}'éﬁr(: St =St C%'b 3 Sk Last [m O it
m T J At ‘/ Fent | T )

(c) Find the principal normal vector N (27/3) when ¢ = 2

&j_f% Zﬁ:+ St L) ([ +2502) = 65*»“’3*]/ - >(‘Z)
-z

_ [ =t ~L) ) = -
aehoy o= o ()Y ot oty |

= T&=( g2 ;Lﬁ)>:[£i<l,~z/§>

@ <'~2f> lj\\f;
?> TRESI VR >}




6. (40pts)

Calculate the length of the curve within the given interval

F(t) = (cos® )] + (sin® )k, 0<t<m/2.

Pz — it swt ] +2sndtsost b
IFOIE Q wit st (trsit)
— ‘f‘*_— ‘ @ 5#76\&2317)2: % S mzla@
5m(2€)3v ;}w f'@E’;&i]
)

L= f = 2sbb)|di = 247 k) d )

0

~ 2 3
— _43__[70 Smfs)cls = Z (‘505 S)]:u: =z .

74



MAT 203 FALL 2013

NAME :

RECITATION DAY (WED OR FRI):

THERE ARE SIX (6) PROBLEMS. THEY HAVE THE INDICATED VALUE.

SHOW YOUR WORK

DO NOT TEAR-OFF ANY PAGE

NO CALCULATORS

NO CELLS ETC.
ON YOUR DESK: ONLY test, pen, pencil, eraser.
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40pts |

40pts

50pts

40pts |

1
2
3
4
5
6
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I
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| 250pts |

MIDTERM 1



1 WRITE YOUR NAME, STUDENT ID BELOW !!!

NAME : v D

1. (40pts)

T=2—2+k, T=1i+].
(a)(20pts): Find the angle between 7 and .

ws@:i! = = =0

(b)(20pts): Find the area of the parallelogram spanned by @ and 7.

e, G5 b FMQLDW 2 o recéwgle

e Grea. 4 |
NZN-IF]l- Sme= a5 ‘§ln§: Bﬁ

Or Lse %& Cross FVD&(W@:

e | E -, s
uxf—/vﬁl:~i+)+4h‘
i 1 0

fhea of He sz(eéof,»am;—_//mm): /@:3/;




2. (40pts)

(a)(20pts): Write down the equation for the surface: sphere with center (0,0, 1)
and radius 1.

x4 Yt (3) = |
@
Y Yr+2-22=0.

(b)(20pts): Write down the equation and classify the surface: the revolution surface
obtained by rotating the curve z? — 32 = 1 on the zy-plane around the z-axis.

Fw X, (/1@;?6 Y b Jyhe:, we jet efvwérm

o Yudt| D 2| S fhee B
ﬁwf qu X vaehle , ubich 75 e dss verally
¢

o e e 2 & Mperbdod of D st




3. (40pts)

Consider the point P and the line L given by
P={0,1,0y L:z=2-ty=2+tz=t.
(a)(20pts): Find the plane H which contains P and is perpendicular to L.

Tl\ﬁ. Vtmw\ﬂ( vedov Ji,,,. H 2 ﬁ,\/@w L g éﬂ‘mé{ﬁ'm Véibulv%
07[ L ﬁ:‘ <~Iz'/ )7

H o gioen by Cluiz-<mi 220
D
—X +@J\'1)+8 =0
(

)O-Q—Z:-—( ‘

(b)(20pts): Find the intersection point Q of H with L.

Substibule  pommametic Sfishon dor L Mo |

H-4)-Qat)E=-| o

I




4. (40pts)

A projectile is fired from the origin over the horizontal ground at an initial speed of
64ft/sec and a launch angle of 45° above the horizontal.

(a)(20pts): Find the vector-valued function describing the path of the projectile. %&, > ‘{m7
Use the value g = 32ft/s? so the acceleration is @(t) = —32;. T =" 4
QD

znxegwfe» “'"Lo)
V)= [F zleds+ve)= Qotonty, Vosb=-GE =<5 2s-228)

F)= [Vt F6) ) = el b St =5t
= 32L %, 3251144

(b){(20pts): What’s the range of the projectile?

Solve t when Tt hits HRLWVA
Dt lbtt=0o=> t=2f t.=

S0 the g of He prcle

>tz 325 2= 26 f’?ﬁ




6

5.
A motion is described by the vector-valued function
7(t) = 3% + 2t°7.
The curve of motion is shown in the figure.
(a)(20pts): Find the velocity 9(t) and the acceleration @(t)

Pl)= 66t

V)=

TH) =7 W= {3 +12¢) .

(b)(20pts): When t = 1, find the unit tangent vector 7(1).

Calculate the component of acceleration in the direction of T

T

PR,

given by ar = @ T when t = 1.

__»/éé)
T Bl T =

J6ey+66)*

Cp= T = LR
4 JE
— 2t)

0

J2

(50pts)

o ()= E=

itt)
JHE

fo T>0,

4.




Problem 5 continued: A motion is described by the vector- |,
valued function ;

7(t) = 3t% 4 26°]. : v >
The curve of motion is shown in the figure.
(c)(10pts): Calculate the principal normal vector N(1) when -
t = 1. (Note that the principal normal vector points to the -
turning direction)

/\/\%Lwou; TH)= m‘g Lol o t20.
= e f\_ +( +‘@)(~ J(+t) =&Y

a...'LL)L "i'{ ﬂ f(ﬂr %70 )
(HE)7

JZ
- =3
)72 fum? direstron . &{\w = zJi
<O V t): o == \?+j
VORI = ==




6.
Consider a helix curve

7(t) = (12sint) + 55 — (12 cost)k.

(a)(20pts): Write down the equation of the circular cylin-
drical surface which contains the helix curve and is parallel
to the y-axis.

X+ 2% )44,

T/v‘r‘s z O G o ég &n@ﬁﬂmg ,%QL&,& e
W\% F&ml/éd t5 - tuers beumise 54’&#624(6% baseag. and

| #X tree v e )O@‘P[&/he % Q& Crcle .

(b)(20pts): Calculate the arc length for part of the curve
from 7(—7) to 7(m).

Pl Rt +E) + 128wt k-
ol J\[ABUCJrsw) +25= /69

So |
L= f [F@lldt= 3 27 =247




I WRITE YOUR NAME, STUDENT ID BELOW !!!

NAME ; ID :
1. (40pts)
G=1—]+k T=1i+]

(a)(20pts): Find the angle between @ and .

&%@w‘_@_’v_‘_;— L 14) | -

(b)(20pts): Find the area of the parallelogram spanned by @ and .

Snie @-—v {;Zz, sz, [E‘T/am = Q /é(;&wgla

The req »



2. (40pts)

(a) (20pts): Write down the equation for the surface: sphere with center (—1,0,0)
and radius 1.

@)™ +y*+ 25

)
X+ Y+ 2% +2x =0

(b)(20pts): Write down the equation and classify the surface: the revolution surface
obtained by rotating the curve y? — 22 = 1 on the yz-plane around the z-axis.

howd 2-tan —> Fn 2, 0{@}76 Y b [ we Get efuakon
wi-= | @ >02+<7"’:2>‘+l |
2 (n be o real mmber 2o ) Mo gapimz
o As & /@Pwﬁa&%&@} | Sheet




3. (40pts)

Consider the point P and the line L given by
P=(0,0,1); L:z=2+ty=2—tz=t.

(a)(20pts): Find the equation of the plane H which contains P and is perpendicular
to L.

The omal Vedor o H 5 Gen by 4he docahon, vedor o] |
K=, 1>
H # gven by |-fo) = [ {9-0) +1.le)=0
1 |
N-5+g:);

(b)(20pts): Find the intersection point @ of H with L.

‘gwéfﬁ%dh F&Mﬂ@iﬁc ‘Q?KQAGK‘JﬂT‘ L_(%&? }4:

@H)-(>-t)+t= | = 1= ’él‘ |
(. \

2%
>0 e M@mﬁ%\PWd‘%

. (2 5
K= s%s)



4. (40pts)

A projectile is fired from the origin over the horizontal ground at an initial speed of
32ft/sec and a launch angle of 60° above the horizontal.

(a)(20pts): Find the vector-valued function describing the path of the projectile.
Use the value g = 32ft/s? so the acceleration is @(t) = —32;. é”%Z_J__

Z’éé?:-eng. )= Veosb s +Ving ) = 16-(3+57). 'p(o):gi_

Jkgrade 3 fJC 5) s+ V6)=Vtrs b, Vosmb-G¢ = <16,
= e ATz st Vosspt-L e
= Jbt, lbfse- 16>,

(b)(20pts): What’s the range of the projectile?
Sebve & whan & bits He Ground
Zé/g btz = 4,=J3. %QCO.

s te  (hoviootd ) rense a} te propdile 3 .
l6t= 163 e



6

5. (50pts)
A motion is described by the vector-valued function
7(t) = 263 + 327, N\ : e
The curve of motion is shown in the figure. \ /ﬁ
(a)(20pts): Find the velocity #(t) and the acceleration a@(t) /
for any t¢. \“\
o ~/f 2 N3
V&)= 1+ = i 1"514_) :
Tl)= V= |2tT +¢)
(b)(20pts): When ¢ = 1, find the unit tangent vector T(1).
Calculate the component of acceleration in the direction of T
given by ar = a-T when t = 1.
- [ = i
— '\\/ \_2\."'_.(_. ,t\~ _) %
S—— / I’V &) B ét v ) & N
[ - ~ 1) I ts0

N s

b= ¢b) Tw= Rtt6 6
J

J [+t

So “?O) — 2t &T(i) J\g W3



Problem 5 continued: A motion is described by the vector-

valued function \\\ 3 4

7(t) = 26% + 3t%7. N T e
The curve of motion is shown in the figure. \ ) Ma
(c)(10pts): Calculate the principal normal vector N(1) when \'\\ /
t = 1. (Note that the principal normal vector points to the \l/
turning direction)

Methd |- T (£) = \L:j\_ £ doy

=)= /?;_ + [H\Hf )-(*—Q[Hﬁ)”g 2t

~ # -1y _ - *T jlw t7o0
(14t~ (Ht27>
Vi P A vl Vedor:

b= L= T8 -2 5
T (%)“ \/{W = ~ *g,. =

Methed 2 ?('):

- B
Y +J
-

S ] — =7 +t) iy bl
= D powal Vedns R,= =iy 0 hy = - )
. J
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6.
Consider a helix curve

7(t) = (10sint)i + 5tj — (10 cost)k.
(a)(20pts): Write down the equation of the circular cylin-

drical surface which contains the helix curve and is parallel
to the y-axis.

W+2%= |oo.
This 33 4 Cirodar égl:wfﬁrd s ac
with rw(ﬂ?/) yamae/( + Y-turs becuse Y- wesdle 2
st G On He \O%“P(‘“’LQ,%@ bee 2 adrde.

Loy w B
5 b oo B
.

<<<<<<<<<<

(b)(20pts): Calculate the arc length for part of the curve
from 7(—m) to 7(x).

2le)= loast T+ 65 Floset b

}F/C‘é) l :J\],;[méus&) :SSZ :JE—; =&/&

0 L= [Tl = 5% 2ms



Figure 2: 22 + 42 =9 — ¢?

1 13.1
27: f(x,y) = arccos(z + y). Domain={(z,y) € R?; |z + y| < 1}. Range=[0, 7].

38: 2z = %\/xQ + 22. The graph of this function is the upper half of a elliptical
cone:

1
22 = 1(1'2 +y?), z>0.
See figure 1.

45-48: (a)— (48); (b)«— (47); (c)+—s (45); (d)+—s (46).

52: The level curves for f(z,y) = /9 — 2?2 —y? are: /9 — 22 —y2 = c. The

level curves form a family of circles: 22 +y? = 9 — ¢? with common center (0,0).
Note that ¢ needs to satisfy |¢| < 3. See figure 2.



(The following problems are numbered according to 9-th edition
textbook, except that 30'° is a question from 10-th edition. If you
have 10-th edition textbook, don’t use this.)

1 13.2

Homework: 24, 84, 86.

2 13.3

Homework: 20, 54, 66, 82, 76, 118.

3 134

Homework: 14, 26.

Homework: 300 : The possible error involved in measuring each dimension of
a right circular cylinder is £0.05 centimeter. The radius is 3 centimeters and
the height is 10 centimeters. Approximate the propagated error and the relative
error in the calculated volume of the cylinder.

4 13.5

Homework: 12, 18, 26, 27.



(24'° means problem 24 in 10-th edition textbook, 24° means prob-
lem 24 in 9-th edition textbook )

1 13.2

2410 — 249,
oy 0 1%(-1) 1

I - -1
e T+ay? 1+ 1(—1)2 2

7410 = 849: (a): Along any line y = az, the limit is:

. z2ax , ax
lim

—_—— = llm ———F =
z—0 x4 + (ax)Q z—0 12 =+ a?

(b): Along the parabola y = 22, the limit is:

x2z? 1 1

lim — = lim - = —.
m%$4+174 1%2 2

(¢): The limit does not exist, because the limits in (a) and (b) do not coincide.
If the limit exist, then the limit should be the same along any path approaching
(0,0).
7610 = 86°:
1 1
lim tan~! | ——-——| = tan! lim -

(z,y,2)—(0,0,0) 2+ y2 + 22 (z,y,2)—(0,0,0) x? + y2 + 22

tan™! (+00)

_’7'('

2 13.3

1810 = 209: z = ye¥/".
2
9z = ye¥/® (_ﬁ) —_Y /e 9z — o¥/® +yey/wl
oy x

Oz 2

5210 = 549: h, = 22. So the slope in the z-direction is h,(—2,1) = —4.
hy = —2y. So the slope in the y-direction is h,(—2,1) = —2.

6010 = 66%: f(z,y,2) = 2%y> + 2zyz — 3yz. [, = 22y + 2yz, f, = 32%y? +
2xz — 3z, f. = 2xy — 3y. So

fI(_Qv 172) = 07 fy(_27 172) = _27 fZ(_Z’ 172) = _7

6610 = 82% f(x,y) =2°—ay+y’—bu+y. fo=20—y-5, fy=—w+2y+1

{ 20 —y—5=0

w2y +1=0 —x=3,y=1



7810 =76 s =In(zx —y). & =L 92 _ __1_

dz — z—y’ Jy -y
P s _ofey_ 1
ox?2  (x—y)2 020y Ox \dy) (x—y)?’
21 o0 (e
o2 (y—=x)2" Oyor Oy \oxr) (z—y)?

11010 = 118%: CO(x,y) = 32\/7y + 1752 + 205y + 1050.
(a): 9C/dx = 162~ /2y1/2 £ 175. OC/dy = 162'/%y~1/% 4 205.

oC aC
—(80,20) =183, ——(80,20) = 237.

o (30,20) 5, (80,20
(b): (0C/0y)(80,20) > (0C/0x)(80, 20), so increasing the production of fireplace-
insert stove (corresponding to variable y) results in the cost increasing at a
higher rate.

3 134

1410 = 149 f(z,y) = y/x.
(a): f(2,1) = 0.5, £(2.1,1.05) = 1.05/2.1 = 0.5, Az = f(2.1,1.05)— f(2,1) = 0.
(b): df = fodx + fydy = —2%dx + Ldy.

1 1

0.1+ = - (0.05) = —0.025 + 0.025 = 0.

if=-% 2

2610 = 26%: V(r,h) = mr2h. dV = 2nrhdr + mr?dh. See figure 3.
3010 V(r,h) = mr?h. V(3,10) = 732 - 10 = 907 ~ 282.74cm?. dV = 27wrhdr +

wr2dh.
|dV| < 273 -10 - 0.05 + 732 - 0.05 ~ 10.84.

The possible error is about 10.84cm3. The relative error is about

v 10.84

VT 2s27q = 0038




(a) V(r+ Ar,h + Ah)

e s IR
2 —
g T

o L\
R
e
" .

L j y
(d) wr2dh (e) AV —dV

Figure 1: Problem 26

4 13.5

1219 = 129: d(¢)? = (21(t) — 22(t)® + (y1(t) — y2(t))?. Take the derivative on
both sides with respect to ¢ and use chain rule, we get

2dd' = 2(x1 () — 22(8)) (1 () — 25(8)) + 2(y2 () — v2()) (1 (£) — w2 (2))-

So we get

2(t) = (@2t =z = 25) + Ga(t) ~ () WH(0) ~ w5(6)

When ¢ = 1,
z1(1) = 48V2, 27 (1) = 48v2;  y1(1) = 48V2 — 16,1, (1) = 48V2 — 32.
29(1) = 48V/3,25(1) = 48V/3;  ya(1) = 32,95(1) = 16.
d(1) = /(1(1) — 22(1)2 + (11 (1) —92(1))% = 48\/(\/_ —V3)2 4+ (V2 - 1)
Substitute the data into (1), we get
487 (V2 — V3)2 + 48%(V2

d1) = — 48\/(\/5 —V3)2+ (V2 -1)2
48/ (V2 — V32 + (V2 - 1)?

= 48\/8 —2V6 —2V2.




1610 = 189: x(3,7/4) = 3cos(n/4) = 3/V/2, y(3,7/4) = 3sin(r/4) = 3/V/2.

aﬂ - @%+a—w@—2x-c08t—2 -sint
ds  Oxds Oy ds Y
2-3/v2-1/V2-2-3/V2-1/vV2=0.

ow  Owdxr Owdy .
yrll %aqta—yanz (—ssint) — 2y - (scost)

= —2-3/v2-3/V2-2-3/V2-3/V2=-18.

2010 = 26%: w = xcos(yz), v = 8%, y =12, z = s — 2t.

ow Oowdxr OJwdy OJwidz

s  0z0s  Oyds  020s
= cos(yz) - 2s — zzsin(yz) - 0 — zysin(yz) - 1
= 2scos(t?(s — 2t)) — s*t* sin(t3(s — 2t)).

ow Oowdx Owdy OJwidz
o T owor oyor ' 9z on
= cos(yz) -0 — zzsin(yz) - 2t — xysin(yz) - (—2)
= —25%(s — 2t)tsin(t?(s — 2t)) + 2s%t* sin(t?(s — 2t)).

2110 = 279: 22 — 2y +y? — 2 +y = 0. This identity defines y = y(z) implicitly.
Differentiate both sides with respect to z:
dy

d
w—y—2r—+2y— -1+ —==0<= 2r—y—1)—(z—2y—1)— =0.
x x dz



(2'° means problem 24 in 10-th edition textbook, 14° means prob-
lem 24 in 9-th edition textbook )

1 13.6

210 =149 f(z,y) =y/(z +vy), P(3,0), 0 = —7 /6.
' (3,0) = — —7 —o, f=—2 | 1
fa(3,0) (z +y)? (3,0)  fy (z +y)? (30 9

So
™ 1 1

5+ ysin (<5) = 3+ (-3 =

2410 = 28%: f(z,y) =32% —y*+4. f, =6z, fy = —2y. Vf(-1,4) = (-6, -8).
PQ = (4,2). The unit vector in the direction of ]@ is

PO (4,2)  (21)

Dzf(3,0) = f, cos (—

’l_j::

IPO| V20 5
The directional derivative is:
20
Daf)(=1,4) =Vf(-1,4) - @ = ——= = —4V/5.
(Daf)(-1.4) = V(-1.4) -7 =~

3610 =40%: f(z,y,2) = xe¥*. P(2,0,—4).
(V£)(2,0,—4) = (e¥?, zze¥*, zye?*)(2,0,—4) = (1, -8, 0).
The maximum value of the directional derivative is:

(D_vs f)(2,0,4) = |V fII(2,0,—4) = [ (L, =8,0)|| = V6.

IV £11

5210 =569 : f(x,y) = v—y%. c=4. P(4,-1). (a): (Vf)(4,-1) = (1,-2y)(4,—1) =
(1,2). (b): Unit normal vector @ = (Vf)/||Vf|| = (1,2)/v/5. (c): Tangent line
equation:

(L,2) (z—4,y+1)=0 <= x+2y=2.

(d): See Figure 1.

6110 = 66° : h(z,y) = 5000 — 0.00122 — 0.004y2. Vh = (—0.002z, —0.008y). At
point (500, 300,4390) the gradient is

(Vh)(500,300) = (—1,—2.4).

The direction to get greatest rate of ascendence is the direction of gradient
vector:

Vh  (—1,-24)
IVh]  6.76

ﬁ:

~ (—0.38,—0.92).



Figure 1: 5210 = 56°
2 13.7

101° = 18%: f(z,y) = y/x. (1,2,2) The graph is also a level surface
g(x,y,z) = £ — 2z =0. So the normal vector is given by the gradient of function

8 <

(Vg)(1,2,2) = <—;12 % —1> (1,2,2) = (~2,1,-1).

So the tangent plane at (1,2,2) is:
(=2,1,-1) {(z—1,y—2,2—2)=0 <= 2zx—y+z=2.

1810 = 289 22 + 222 — y?2 = 0. The gradient gives the normal vector
(2x,—2y,42)(1,3,—2) = (2,—6,—8). So the tangent plane is:

2 —-1)—6(y—3)—8(2+2)=0«<=2—-3y—42=0
2410 = 349: 2 =16 — 2% — y2. (2,2,8). Write this as the level set: 22 + y? +
z — 16 = 0. The normal vector is given by the gradient:

(22, 2y,1)(2,2,8) = (4,4,1).

The tangent plane is:

Az —2)+4(y—2)+(2—8)=0<=4dz+ 4y + z = 24.

The set of symmetric equations for the normal lines at (2,2, 8) is:

4210 = 529: » = 322 + 2y%? — 32 + 4y — 5. The tangent plane is horizontal if
and only if the partial derivatives both vanish.

0z 0z 1
%—633_3—0,%—4y+4—02>(x,y)—(2,—1).



3 13.8

1810 = 26°: f(z,y) = 2zy — (2" + y*) + 1. We set the partial derivatives to
be 0. f, =2y —22® =0, f, = 2z — 2y> = 0. From the 1st equation we get
y = 23. Substitute this into the 2nd equation, we get

0=22—22" =22(1-2%) = 2z(1—a2*)(1+2*) = 22(1—z)(1+2) (1 +2) (1 +z*).

So z = 0,1,—1 and we get 3 critical points: P;(0,0), Py(1,1), P3(—1,—1).
To classify the critical points, we calculate 2nd partial derivatives: f,, =
—622, fry = 2, fyy = =6y d = foufyy — ffy = 3622y? — 4. Using the 2nd
partial test:

1. P1(0,0): d = —4 < 0. This is a saddle point.
2. Py(1,1): d=32>0, fz, = —6 < 0. This is a relative maximum.

3. P3(—=1,-1): d=32>0, fzr = —6 < 0. This is a relative maximum.

27 — 3010 = 31 — 349:
27 d= foafyy — ij =9 x 4 — 62 = 0. Inconclusive.
28: d=20>0, fzr = —3 < 0. This is a relative maximum.
29: d = —154 < 0. Saddle point.
30: d =100 > 0. fy» = 25 > 0. Relative minimum.

4210 = 46 f(r,y) =a® + oy R={(a,y): |e| <2,ly| < 1}.

(a) Regions and candi- (b) Graph of the function
date points

1. Find critical point in the interior:

The 2nd partial test: fyz fyy — f2, =2-0—12 = —1 < 0.. (0,0) is a saddle

Y
point. So it does not obtain either maximum or minimum.

2. Restrict f(x,y) to the boundary. There are four parts of the boundary:



e O ={z =2yl <1}. q1(y) = f(2,y) = 4+ 2y on the interval
[-1,1]. 9g1/0y = 2 # 0. There is no critical point in the interior
of interval. We need to consider the end points: (2,—1), (2,1). The
values at these points are:

f(27_1) :gl(_l) =2, f(2’ 1) :gl(l) = 6.

e Oy = {y = 1,|z|] <2} g2(x) = f(x,1) = 22 + = on the interval
[—2,2]. 0g2/0x = 2x + 1. So there is a critical point for g, at
x = —1/2. So we get two more candidate points: (—1/2,1) and
(—=2,1)(end point). The values at these points are:

1
20 = ga(1/2) = 1. f(-21) = ga(-2) =2
e O3 ={x=-2|yl <1}. g3(y) = f(—2,y) = 4 — 2y on the interval
[-1,1]. Og3/0y = —2 # 0. There is no critical point in the interior
of interval. We need to consider the new end point: (—2,—1). The
value at this point is:

f(=2,-1) = g3(-1) = 6.

o Cy = {y=—1,]z| <2}. ga(z) = f(x,—1) = 2% — z on the interval
[—2,2]. 0g4/0x = 2x—1. So there is a critical point for g4 at 2 = 1/2.
So we get the last candidate point: (1/2,—1). (The end points are
already counted in) The value at this point is:

F/2,-1) = gs(1/2) = .

3. By comparison, we get the 2 absolute maximum points: f(2,1) = f(-2,—1) =
6, and 2 absolute minimum points: f(—1/2,1) = f(1/2,—-1) = —1/4.

460 =507 f(x,y) =2z — 2xy +y*. R={(z,y): 2* <y <1}.

‘‘‘‘‘

(c) Regions and candi- (d) Graph of the function
date points

1. Find critical point in the interior:
fo=2-2y=0,f,=22+2y=0= (z,y) = (1, 1).

This point is on the boundary.



2. Restrict f(z,y) to the boundary. There are 2 parts of the boundary:

o O = {y =2%|z| <1}. g1(2) = f(x,2?) = 22 — 223 + 2* on the
interval [—1,1]. dg;/0x = 2 — 622 + 42® = 2(1 — 322 + 223). We
factorize to find the critical point:

1-322+22° = 1—-2% 222 +22° = (1 —2)(1 +2) — 22%(1 — )
(z—-1)22% —2—1) = (z — 1)(z — 1)(2z + 1).

So we get 2 critical potions for g1 (z): © =1,—1/2. We get 3 candi-
date points: (—1/2,1/4), (1,1), (=1,1). The values at these points
are:

F-1/21/4) = gu(-1/2) = 12, FL) = (1) = L, f(-1,1) = 1.

o Oy ={y=1,|z|] <1}. gao(x) = f(x,1) = 1 on the interval [—1,1].

So f is a constant along Cs. All the points on this line segment are
candidate points.

3. By comparison, we get the absolute minimum: f(—1/2,1/4) = —3}, and

f obtains absolute maximum value 1 at every point on the line segment
Co={y=1]z[ <1}



(6'° means problem 6 in 10-th edition textbook, 6° means problem
6 in 9-th edition textbook )

1 13.8
610 =6% f(z,y)=—2>—y*+ 100+ 12y —64 = —(z —5)?> — (y — 6)> — 3. So
f(5,6) = —3 is a absolute maximum. Use partial derivative to verify:

fo=—204+10=0,f,= 2y+12=0=— 2 =5,y = 6.

= = d = fis — foy =4 >0, foe = —2<0.
( s Fon 0 -9 foafyy = fay [
By 2nd partial test the critical point (5,6) is a relative maximum.
1219 =10%: f(z,y) = 222 + 22y + y° + 22 — 3.
fo=4r4+2y+2=0,f, =20 4+2y =0= (z,y) = (—1,1).
2nd partial test:
fey  fyy

So the critical point (—1,1) is a relative minimum.

2 139

619 = 6% z + y + 2z = 32. Maximize P = xy?z. We can solve z = 32 —x — 3.
So P(z,y) = zy?(32 —  — y). We find critical point by setting:

P, = 32y*—2zy°—y® = y*(32—22—y) = 0, P, = 64zy—22%y—3zy* = 2y(64—22-3y) = 0.
We get the following critical points:
(z,0) for any x; (0,32); (8,16).

The maximum is obtained when (z,y) = (8,16) for which z =32 —z —y = 8.
Proz =8 x 162 x 8 = 16384.

101% = 10%: If the length, width and height of the box are denoted by z, v,
z. Then the cost for constructing the box is: 1.5zy + 2(zz + yz). To find the
maximum volume we can assume 1.5zy+2(zz+yz) = C. Under this constraint,
we want to maximize V = xyz. We can solve z = (C' — 1.5zy)/(2(x +y)). Then
we get

C — 1l.5zy

2@ +y)

We find critical point (maximum) by solving:

V(z,y) =xy-

Vo (Cy — 3zy?)(z +y) — (Cxy — 1.522%y?) 0
¢ 2(x +y)? ’




and ) -
Vo— (Czx = 3z°y)(x 4+ y) — (Coy — 1.52°y*) 0
! 2z +y)? '

We can assume x > 0 and y > 0, then, after some calculations, these equations
simply to

1.5z 4+ 32y = C,1.5y% 4+ 32y = C.

We can solve these two equations to get © = y = /C/4.5 = v/2C/3. The height
is

_ C—15zy Ve
Corty 2V2

1410 = 149: The profit
P(z1,22) = 15(z1 + 22) — (0.0227 + 421 + 500) — (0.0523 + 4z + 275).
We find maximum using vanishing of partial derivatives:

Py, =15—0.04z; —4=0,P,, =15 — 0.1zg — 4 = 0 => (21, 22) = (275,110).

1810 = 169: The area equals
A(z,0) = (30 — 2z + 2 cosf) - xsinf = 30z sin @ — 222 sin § + 2% sin 0 cos 6.
We find the maximum by setting:
Ay = (30—4z+2x cos ) sinf = 0, Ag = x(30 cos —2x cos O+ (cos? f—sin® §)) = 0.

From the first equation, we get cos § = (22—15)/x since we can assume sin 6 # 0.
Substituting cos # into the 2nd equation and using the relation cos? § —sin? =
2cos? 0 — 1, we get the equation for z:

— _ _ 2
215, 2015 <2(2$ 215) - 1> o
X X x

Simplying this equation, we get: 3z(xz — 10) = 0. So x = 10 and cosf = 1/2.
So § = /3 = 60°.

3 13.10

610 = 8% f(z,y) = 3x+y+10. Constraint g(z,y) = 2%y —6 = 0. By Lagrange
Multiplier method, we get three equations:

o 3= A2zy
{ ;f B g\V_gO =< 1=Xa?
Y e 2%y = 6.

Canceling A from the first 2 equations, we get y = 3z/2. Substitute this into
the last equation we get 3z%/2 = 6. So we get = 4'/3. From this we get
y =15 x 4"/3 and A = 47%/3. So the maximum of f(x,y) under the constraint

is equal to
F(4Y3,1.5 x 4/3) = 4.5 x 41/3 4 10.



2410 = 26°: Minimize the squared-distance function f(z,y) = 22 + (y — 10)?
under the constraint g(z,y) = (v —4)? +y? — 4 = 0. Using Lagrange Multiplier
method, we get three equations:

2z = A2(z—4)

2(y — 10) = Ay

(x —4)?2+9y* = 4.
From the 1st equation, we get © = ;‘—3‘1. From then 2nd equation, we get
Yy = —%. Substitute these into the last equation, we get an equation for \:

4\ 2 100
4 =4 A—1)2 =29
(A—l ) +(A—1)2 —( ) 9

So we get two solutions: A =1+ +/29.

e If AN=1++v29, 2 = 4(1 + \/@)/\/@ and y = —10/\/@. The squared-
distance is

; 4(vV29+1) —10
V29 V29

16(v/29 + 1)2 -;9100(@+ ) _ AT+ 1),

e If \=1—-+29 z = 4(\/@— 1)/\/@ and y = 10/\/@. The squared-
distance is:

F 4(v/29—-1) 10
V29 V29

10(v20 = )" + 100020 = * _ 435 1y

The 2nd value is smaller, so the minimal distance is equal to 2(v/29 — 1).

Remark 3.1 Note that one can solve the problem using geometry. The closest
point on the circle to a point (outside of the circle) is the intersection point of
the circle and line segment connecting the point and the center.

3410 = 36%: We want to maximize P(z,y,z) = xy?z under the constraint
g(z,y,2) = z+y+ 2z — 32 = 0. Using Lagrange Multiplier method, we get
equations:

Y2z = A1

VP = \Vg 2xyz = A1
{ g(z,y,2) =0. e x> = A1
r+y+z = 32

To find the maximum value of P, we can assume z, y, z are nonzero. So A # 0
for the solution. Divide the first 2 equations, we get y = 2x. Divide the 2nd
and 3rd equation, we get y = 2z. So x = z = y/2. Substitute this into the last
equation, we get 2y = 32. So y = 16 and z = z = 8. The maximum value of P
is P(8,16,8) = 16384.

4619 = 502 We assume the area is fixed, so lh + 7(1/2)?/2 = A is fixed. In
other words, we have the constraint g(I,h) =1-h+7wl?/8 — A = 0. We want to



minimize the diameter f(I,h) = w-1/2+ 14 2h. Using the Lagrange Multiplier,
we get the equation:

w/2+1 = Ah+wl/4)
2 = A
Ih+ml?/8 = A

From the 2nd equation, we get [ = 2/X. Substitute this into first equation, we
solve h = 1/X. So I = 2h, i.e. the length of the rectangle is twice its height.



Problem 1: Find the absolute extrema of function f(z,y) = 322 +2y? — 4y on
the region bounded by the curves C; = {y = 2%} and Cy = {y = 4}.

(a) Regions and candi- (b) Graph of the function
date points

Solution:

1. Find the critical points in the interior:

{ fe=6x=0

fo=dy—4=0 —z=0,y=1.

There is a unique critical point (0,1) in the interior. Note that f(x,y) =
3224+ 2(y—1)2—=2> -2 and f(0,1) = —2. So we immediately get (0,1
is an absolute minimum point. We can compute the value:

£(0,1) = -2,

2. Restrict f(z,y) to the boundary:

e Restrict f(x,y) to the curve Cy. g1(x) = f(x,2?) = 22* — 22 on the
interval [—2,2].

gy(x) =82 — 2x = 2x(42* — 1) = 0= 2 = 0,£1/2.

We get the following candidate points corresponding the critical points
in the interior of the interval: (0,0),(1/2,1/4),(—1/2,1/4). There
are extra two candidates corresponding to the ends points of the in-
terval [—2,2]: (—2,4),(2,4). We compute the values at candidate
points:

£(0,0) = g1(0) =0;  f(£1/2,1/4) = g1 (£1/2) = _é;

F(£2,4) = gy (£2) = 28.

e Restrict f(x,y) to the curve Cy. We define g2(z) = f(z,4) = 32%+16.
gh(x) = 6x =0 — z = 0. So we get the following candidate points:
(0,4), (—2,4) and (2,4). The latter two coming from end points of
the interval [—2,2] and were already counted.

f(0,4) = g2(0) = 16.



3. Calculate the value of f(x,y) at candidate points and compare to find
absolute extrema. From above, we get altogether 7 candidate points:

(07 1)a (0’ 0)7 (71/23 1/4)7 (1/27 1/4)7 (Oa 4)7 (727 4)7 (27 4)

By the above calculation of the values of f at these candidate points, we
get that the absolute maxima is f(£2,4) = 28. The absolute minimum is

£(0,1) = —2.

Problem 2 (17'° = 1919): The problem is translated to the following opti-
mization problem: Minimize the function

Flzy) =3Va2+4+2/1+ (y—2)2+10—y

on the region {0 < x <y < 10}.

(c) Cost optimizing configuration (d) Regions and candi-
date points

(e) Graph of the function

1. Find the critical point in the interior:

2(z—y) =0

— 3z
fw T Vata? + \/1+(w7y)2 o = \/435:7 =1 = r = L — L+L
fy = 2w-—r) 1y 3y—z)* =1 2,y 2 3

I+(z—y)?
We calculate the value at this critical point:

1 1 1
4+ =) =10+ 4V2 + V3 ~ 17.30.
NV R

2. Restrict f(z,y) to the boundary.

f(



e Restrict f(z,y) to C1 = {x = 0}. g1(y) = f(0,y) =2y/1 +y2—y+16
on [0,10].
2y

gi(y) = \/TW

So we get candidate points: (0,1/4/3), and (0,0
points). Calculate the values:

—1=0=y=

~
Sw‘ =

, (0,10) (two end

£(0,1/V3) = g1(1/v/3) = V3 + 16 ~ 17.73;
£(0,0) = g1(0) = 18;  £(0,10) = g1(10) = 2v/101 + 6 ~ 26.10.

e Restrict f(z,y) to Co = {y = 10}. ga(z) = f(z,10) = 3Va2 +4 +
24/1+ (10 — z)2 on [0, 10]. To find critical point on this interval, we
can differentiate:

3x 2(x — 10)

%(%) = 7 VIt (10— 2)?

It’s not easy to find the solution to this equation. Omne could use
computer to get approximate minimal point:

F(1.76557) ~ 24.50.

Also for the new corner point (10, 10), we calculate
£(10,10) = g2(10) = 3v/104 + 2 ~ 32.50.

e Restrict f(z,y) to C5 = {y = z}. g3(x) = f(z,2) = 3vVa? + 4—z+12
on [0, 10].
, 3z
g3(x) 2214

Sl-

So we get one new candidate point: (1/v/2,1/4/2). Calculate
F/V2,1/V2) = g3(1/V2) = 12 + 4V2 ~ 17.66.

3. By comparison of the above values, we find the absolute minimum:

1 1 1
f<ﬂ,\/§+\/§) — 104+ 4v2+ V3 = 17.39.



(28'° means problem 24 in 10-th edition textbook, 28° means prob-
lem 24 in 9-th edition textbook )

1 14.1

2810 — 289:

w/4 pv/3cosh /4 1 V3 cos 0 3 /4 3 /4
/ / rdrdf = / 7"2] do == / (cos?0 —1)df = —= / sin? 0d
0 V3 0 2 V3 2 Jo 2 Jo

3 ”/41—cos(29)d9 3 (a_sin(ze))]”/“
2 /s 2 4 2 o

_ 3w 1., 3 3rm

I U R T;

3210 — 329:

3 oo 2 3 e 3 m
dydx = / r° |tan” " y|  dx :/ T —dx
/0 /0 1+y? 0 : ]0 o 2

4210 = 439:
1—— a xQ
//dA = / / dydx:/ 2001 — —dx
R —a J—by/1— T —a a
w/2
= / 2b| cos f|a cos db = 2ab/ cos? 0d6
—m/2 —7/2
/2 _ : /2
_ 2ab/ 1 — cos(26) 40 = ab {0 B sm(29)]
—7/2 2 2 —7/2
= mab.
5610 = 589:
Va—z? /2
/ / dydr = / 2vV4 —x dx—/ 8 cos® dh
Vi—z2 — —m/2
/2 (2 /2
- / A4(1 + cos(20))d0 = 4 [1 + Sm(ﬂ
—m/2 2 —m/2

= 4.

Integrate x first:

2 v 4—y?
/ / dedy = 4.
—2J\/a—y?



y=vVx

6010 = 629: Region: 0 <2 <9, Vo <y <3.

9

9 3 9 2
/ / dydx = / (3 — Vx)de = [3x — x3/2} =27-18=09.
0 VT 0 3 0

Integrate z first:
3 py? 3 y3 3
// dedy = /yzdyz[] =9.
o Jo 0 3 1o

2 14.2

810 =107: Region: 0 <y <4, y/2<z< /Y.

x=y/2

1210 — 149

T /2 T
// sinrsiny dA = / / sinzsiny dydx = / sin x[— cos y]g/2dm
R —m JO -7

= / sinzdr = —[cosz]™, = 2.

—T



w/2 /2
// sinzsiny dA = / / sinzsiny dxdy = / siny[— cosz]™ . dy
R -7

/ 2siny dy = —2[cos z|g T2,
0

1819 = 209: (It’s much easier to use polar coordinate for this problem.)

Va—z? xz 1 V4
// 22 4+ 9%)dA = / / (22 +y?) dydr = {x y—|—3y3}
0

/_2(332 4—x2+3(4 x)\/—7x2>dx—/_ﬂ23\/—7x2+ 22\/4 — 22dx

2
3

1 /2 /2
5/ (4'20089+2'4Sin29'26089)20089d0_§/ (2 cos? 0 + 4sin? 6 cos? 0)df
—m/2 /2
m/2 1 /2 /2 1_ 4
§/ (1 + cos(26) + sin® (26))d6 = [9 +1 sin(ze)} + 8 / 1—cos(49) o
3 —7/2 3 2 /2 s 9
8
gﬂ- + g’/T = 4.

Polar coordinate:

2410

T2 T 472
// (m2+y2)dA:/ / 7 rdrd@:/ r] do = 4r.
R 0 0 0 4 0

2892: The volume is calculated by

2 2 2 1 2 1 3
//(4—y2)dydw = / dy — —y3 dx:/ —6—4x+£ dz
0 Jo 0 37 1. 0o \3 3
16

If we first integrate x variable, then we get:

2 Y 2 y4 2
/ / (4-y?) dedy = / (4 - y*)ydy = {Qyz - ] =4
0 0 0 4 0

3410 = 429: First find the set of points of intersection: z2 + y? = 2x. This
defines a circle: (x —1)? + 32 = 1. We can solve y = +v/22 — 22. The volume



of the solid region is over the disk R = {(z — 1)? +y? < 1}.

//R(Qx — 2% —y*)dA

[
[l-on- i

V2r—a?
(22 — 2% — y?) dydx

2x— $2

V2o—z2 2
} dmzf/
—VZi—a? 3 Jo

/ 11(1_z2)mdz

2

/2

3

o
3 —m/2
T

4 7T/2
cos? 0 cos @ cos 0df = = / cos* 0 do

—m/2

Easier to compute in polar coordinate (good exercise).

4810 = 569: Region: 0 <y <3, y/3 <z < 1.

s

5410 = 62°: Area(R) =

/ [ ) a4

So the average value is

x=y/3

dxdy

A

[ e[
dr = —ax
1+ 4 0 1+x4

%. Integral:

/d()_?’/ldu
2o 1+ @22 2 )y 14+

-1 1
§[tan u]o
3m_3_
24 8

1

dydx = In |z + y|]> dx

v = [ el

/Ol(ln(2x) ~In(z))dz = /01 In2dz = In 2.

m/Lf(x,y) dA=2In2.



3 144

210 — 29. The mass is

3 9—a?
/ / zy dydz
0o Jo

3 9—g2 1 3
T 2 _ 22
/0 {Qy}o dx—Q/Ox(9 x%)*dx

81 , 18 , 1 ¢
2:6 4x+6x0

3

I 1
7/ (81x — 1823 + 2°)dx = = [
2 J 2

243
i

610 = 6°: (a): The mass is

a b af k
mass = // p(z,y) dA = / / kxy dydr = / —brdr = - a®b’.
R o Jo 0o 2 4

The integral of = coordinate:

a b a k/’ k
/ / z(kxy) dyde = / ~b?2%dx = —a®b?.
o Jo o 2 6

The integral of y coordinate:

a b af k .
/ / y(kxy) dydx = / —brdr = —ab’.
o Jo o 3 6

So the center of mass is

mzliss (//R zp(@,y) d4, //R vp(e,y) dA) = <§a §b) .

(b): The mass is

a b a 3 3 3
//p(:c,y)dA = //k(x2+y2)dydx:/ k<x2b+b>dxkba+ab
R o Jo 0 3 3
k

= gab(a2 + b%).

The integral of = coordinate:

a b
/ / zk(z® + y?)) dydax
o Jo

The integral of y coordinate:

o o (2% b ab?  ab?
k(z? +92) dydz = k(i 2 )de =k 2+ 2
e = (5 aemn (5 )

T 2
= Eab (2a% + 3b%).

@ b3 ba*  o’b?
E(ba? + = )de=k(— + —
o # (e )oo=e (5+5)

_ k 2 2 2
= 5a°b(3a” +25°).



So the center of mass is

: L (ke g e g
ass (//Rwﬂ(%y) dA,/Aw@w) dA) = @ L3 (12a b(3a® +20%), 75 ab?(2a” + 3%)

_ (“<3a2 +26?) b(2a% + 3b2)))
T\ 4@ +0?) 7 4(a® +?)
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NAME : 1D :
RECITATION NUMBER:

THERE ARE SIX (6) PROBLEMS. THEY HAVE THE INDICATED VALUE.
SHOW YOUR WORK
DO NOT TEAR-OFF ANY PAGE
NO CALCULATORS NO CELLS ETC.
ON YOUR DESK: ONLY test, pen, pencil, eraser.
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"' WRITE YOUR NAME, STUDENT ID AND LECTURE N. BELOW !!!

NAME : ID :

LECTURE N.
1. (40pts)

Find the domain and range of the given function and identify its level curves. Sketch
a typical level curve.
1

f(w,y):m-



2. (50pts)
(a): Let g(z,y) = " + ysin(zy). Find the directional derivative of g(z,y) at point
(1,7) in the direction of ¥ =i + j.

(b): For a right circular cylinder, if there are both errors of measurements of r
and h of 1%, what’s the relative (percentage) error of measurement of the volume
V = 7r?h?



4

3. (45pts)

(a): Find Ow/du and dw/Ov when u = v = 0 if w = Iny/1+ 22 — tan"! 2z and

xr = 2e" cosv.

(b): Find the value of dy/dx at point P.
2zy + e —2=0, P(0,In2).



5

4. (40pts) Find an equation for the tangent plane and normal line of the graph of
following function at the given point:



6

5. (45pts)

(a): Find relative maxima, relative minima and saddle points over the zy-plane.

f(z,y) =22 +y* — 3z — ay.

(b): Find extreme values of f(z,y) = 2* + y* — 3z — xy on the disk 22 + y* < 9.



6. (40pts)

(a): Sketch the region of integration and evaluate the integral.

4 VT 3
/ / ZeVVE dyda.
1 Joo 2

(b): Find the volume of the solid that is bounded above by the cylinder z = z? and
below by the region enclosed by the parabola y = 2 — 22 and the line y = x in the
xy-plane.
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I WRITE YOUR NAME, STUDENT ID AND LECTURE N. BELOW !!!

NAME : o ’ D -

LECTURE N.
1. (40pts)

Find the domain and range of the given function and identify its level curves. Sketch
a typical level curve.

1

= he whe it.,, XY - {“ (ene

Rewge - (0, 1:]

—| N i o '7,1& V,f;L N
”‘vﬁ %S Ig’?é‘ (Glse. ? > }a, T J -{- ? < 0
?
L T = i
X+ )




2. (50pts) ‘ -
(a): Let g(z,y) = € + ysin(zy). Find the directional derivative of g(z,y) at point

(1,7) in the direction of ¥ =1 -I-j
”}5}16 Y g7, n‘»’r/ of 5(

- s > { pre. %’n‘f@fi ’ Jf,{_g i L‘?g
he dichipn of V=a+) % o J J
X = . { {4.
7 Y — = S0 Ue 4‘{::{“{%‘;?‘5’@&( Uen e

) ey it

Depim)= Vi 7= 2 (e-n-70).

(b): For a right circular cylinder, if there are both errors of measurements of r
and h of 1%, what’s the relative (percentage) error of measurement of the volume

V = 7mr?h?
) / } ]
i 63 y 0/ M h
v wt. . . | /) — _“i
A O Ssumy '*Jf‘\} — — b fop — T
4 it ! / r
) 1t . . ) -

— ‘] Ny ¥ ”
| he O{,ﬂ NIA=a% el ¢ ‘ VA

f ; . , e
; S nl

AV= 27 - + TCUE i

P ;«.,11

C 3‘”{_" '«,&‘& ’C’L ?f r%f‘::_;&,- ‘,{




4

: ; - : [/ 2
3. (45pts) "—';:’lfm(*'m )
(a): Find dw/du and 8'w/3v when u = v =0if w = lan + 22 — tan~' z and

T = 2e* coswv.

dw 1 20 _ !,‘ Xl id

S — e =TT os
o™ 2 1t 4 ,\2* |4 /)O\V
20 ~ U w .
%(f\wle sV, S T-2e §MV

e T o, — -
’%’4\61\ u=voao - ie 0= 2.

Ny | X(
GM: i R o - 2 Sv ge,AWO :

Walea=TE 2o

by ;tj;gz-;w + 2= 35‘

3}
A

2w ﬁ&.&-.—L —
SV = e v OF

- (b): Find the value of dy/dx at point P.
2zy+ etV —2=0, P(0,In2).
73

)
Y  defoed ivphetly b3

20 4le) + o wrdle) _>=0
*&Lf\g 0{64’1\’641V€ Wl‘{ Veéfgﬂf'éﬂ \20 we “56‘(
2Y +209 "+ 413y ) =0

\

(20t e"’*ﬁ)ﬂ +4-+e™)




5

4. (40pts) Find an equation for the tangent plane and normal line of the graph of
following function at the given point:

1
P W) (1) 17 1/2)

ﬁu‘i‘ ﬁmg»,;{ é & 5{‘_‘?’@;@% §W—Zm Qf J;Q Jm'té%?!;‘)zi
7

> 3
dz)= (Nt])2—| 'l ovite: E— = |
Valys / ‘ , N +

y /
W/
A4

S \ S 2. 1. ¥ 250 2 9"

794 (0Y.2) = ¢ 22 242 Y’ J (Vg = &- >3 ' ! >
\/ FAL p =3 S ~ > e K g € g ¥ C | a 4 \

v ;ﬁ?’j’ ( JJ 4 \ ‘ \{}ga'% 3;5 7 fk} "é" ijk f

>0 g’j\& Ly ¢ 35‘:{ ane 2 /
"
7 N~ / R
[ (o) +]: () 2L > Wt 22

Ml o BL=Zx (gpmaehic equabos )

% l) Y Pczmwﬁéﬁé gz‘( Uaion .
}4‘ ]-Ft‘ —A < t<L?‘°
) 2o+t




6

5. (45pts)

(a): Find relative maxima, relative minima and saddle points over the zy-plane.
T fy) =4 +y* -3z —ay.

j('»::_ Z)O‘g“}:.o = YW=
‘Jf"}g = lﬁ“‘m:() 3«‘1‘{
¥4 2 - S
( f‘wz %F (5 i. olot=f by T2y = 20
‘ o ne TLF0

y / ) Crit (?" . 2/" 775 A @(ﬁéﬂi‘z hn A e |
the (g ot ( ) F(21)=-3.

(b): Find extreme values of f(z,y) = 2% + y? — 3z — 2y on the disk 2% +9? < 9.

- 1) AN \elofo ) o adsolude exthewal pot
By (), (21) % 0 Condhdste privt fov- adsolute erens f p

We needd to rashried {[:a, 4) o th éowdwg * %MA other camliclate
poinks  This 28 G coutrand problom with covetroint:
g()o,‘g):: }o‘ﬂj}wﬁu 0. |
Jiog) Lecomes Filud)=8-300g (sne f“!@a&"{}-
Lkig Lagrarge Mubeplier et hod , We Gt Equations .

' 2-Y=2p0 O Subsiiute R wo O . We 3@%
- = A ;»g (] Fron ] - 3 & 2N

A
§ ; 3 N ) >
SMLWQ %W f%D @ we 3@{ Cﬁ"ﬂz—%‘{ﬁ*lf; &1(:') I”"f’)\z—’—iﬁt}\%’ﬁ
So we §or GIONI2N'= () | 6232341

3
)1"-:"?? 20 ov ig |
) N=o g@ x=0,4Y-3 ;%Fﬁge‘




fiadk x4y~ 20-2

( Vte that =3 <4 %;Z«j.ﬁ = 3-(4-25) 2

2 N\
-
- }
<. J

. 27[2« Iy e
z é”‘ —f [
fg;g

%) 6 sba-t6




WNgE30 oy
/Vofe When we west % fund #e extema of jff eshreted
E’gz 'er md&g , we. (b df& PW«.@’{"&:?@ ‘éj{g };Wd'a@ Qe

W2+32v ﬁ L” M:?) MQ ’ g:. g Snb. O < 27 .

we  Com ﬁé’-j—in
ﬁ:ﬁé »}{Smo Yomh )= §-Gaat- ﬁﬁh& (sf . on [0,270)

We thm  hiow j’».‘hgi exrhent “\71' ﬁ@ }a 2 | dé‘#ézwwﬁ coben
ﬁ'/[ 0)= C}(Qm@ ~ %9 +cs$9} = C[(Que —(1-536)+5w)
- Cf—é_g,ﬁe Fanb-1)= G (2ms- 1) (59 +1).

jl[gLa = SM@:% o~ Sihb= -]
2. 0 we def 2 Candidate port

N ) el L YS
') b= =2 b= T

aE, &) @8 -2
S0 we et ] Candrdate point

’\;)‘ Snb=—| = @G0,
(0.-3)

/Vz‘rw we Chn fm&?m b L,ejmg, éo Lo} M‘B’w\g} VM\




6. (40pts)

(a): Sketch the region of integration and evaluate the integral.

4 Ve
// §ey/\/5 dydzx.
1 Jo 2
Y=)p

f‘*fﬁ"~ve Ay dro= f% we® | de &m

. 374 RN
— f =P (e~ l) e-)x ] Regiom 25)084, 0< Y<fn
= @) (s)=T(e-1).

>

(b): Find the volume of the solid that is bounded above by the cylinder z = z? and
below by the region enclosed by the parabola g = 2 — z? and the line y = z in the
zy-plane.

SDLVQ /4/ B %7‘5%,

Y3y
Q:)o = X)+>O"2g0 = 03 o |

[9ron)
So A - (*-2/‘2) B;: (J/ /)
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11! WRITE YOUR NAME, STUDENT ID AND LECTURE N. BELOW !!!

NAME : ID :
1. (40pts) Let f(z,y) = In(y — z?).

(a): Find the domain and range of the f(z,y).

) _
J{ _,f ;J ";'Lf:fel y f\i \ ‘ s / i
/

KA @ Ko — |

(b): Sketch the domain of f(x,v), and the level curve C' = {(z,y) : In(y — z*) = 0}.

. 4 >\ YA 21 o~ U, ‘
/) A — LN vVi_\n—| &/ | X7 ~+
/;‘,/ C I/J;M }\J | —C \\_ﬁ\ AN | = o BualAY { [
A (R T : - k

-

v;/ )
C




2. (40pts)

Flz,y) %Lemysinx, P= (%,0).

Find the directions in which the function increases and decreases most rapidly at P.

Then find the directional derivatives of the function in these directions.

/4 T
{\
~

“ . ) g’
)( —_ U S0Y o a 2%\ T
o — V% C J bNNY m-r“ﬁ 2% [;k“' / N:‘r‘\’
., [" { - i 1

./
) [ P \
[ ) x&i ! [ 7o o | —
e X -ﬁ,-,» < ‘ k 4-.%4 ! — b | e—
—+)/ - v XS ] =
L} R ? ) v i (R
—
- Pl ha
< = >
.,.7.-5 ) Z\\)
U .
— = ]
v S e
S S S | — - ) i
- —— = o, | p
= R = S
f"' N ¥i l {‘3: «, /

e [ — o | I 10
;r/jM . : . !} };‘i' ‘j“ ix‘ N ,..\.)N
L(«‘ J jz ¥ N 2.

- T N
Us = — WU < ¢ >
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3. (40pts)

o (a): Let f(z,y) =
/Vlu{;hvd [ when r =2 and 0 = 7/ 3.

Use dxusulefi <>3’- g + 9} QQ
2F T 2% 2V oY er

of ox , 2o 24
aj— 3{: a@+ 29 26

pU—

Al = b 23
0T Y YT Y
2 X _ |
e—aé - %@ ) S5 — —~Sm B

; ot (
%—?_‘~_ Snb ’2_,%: Irces @

So 21 | N
o=z =~ T B
>6 Ue)=(2,5 = (‘Jg)ﬂg

Methoel 2. 7((‘ ) «f{ncze Psing )

St 2 ‘L . = ‘*-} f -~ = i
S (2}?:} V{rs )
= — =2 Sin(26)
4) v r — R — i
%) Z0%) / e =

X= Dtz B

In(y?> — 2?) and = = rcosd, y = rsind. Find 0f/dr and df /90

A
/
r~ 6 ‘%,

| = ﬁ/ =

SeleyT 0 24ME)

- =)
Sl =2 osledTs
2|.5)=8, 2.5
or (2/‘§'>R\§__/ 20 (2/§)~ l

|, J=295=f
E_
5=

[n(‘z(/ﬁnﬁé’ (f_) """ 2{/

/é LLVC?(E&
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(b): y = y(z) is implicitly defined by the following identity. Find the value of dy/dx
at point P.

$y+yf4—i—3x—3=o, P@1,-1).
Yo gi) sebefies
X Yli) +9 )43 %= 3 =0,
0@’%&4@%@%@; with Mf&% Y j@é
Yoy +29 743 =0
)

fory) Y +G3)
So - jji
J'= sy

= ﬁ%/ | -3
oMo [bd)=(14) — ol = 2
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4. (40pts) Find an equation for the tangent plane, and - ﬁuamonéfor
the normal line of the graph of the following function at the glven poin

n2=ensa=y) (0.3.0).
The ﬁm})k 7 obso o (e wqﬁa% .
Gledg )= losle-ly)-2=0.
The wowal  Veders ac Gen by Graciest veckors
V3 = onley), suley), =1 >

Vj)zv,;,u>:<*€'w/‘> sw(-2) ~1>= <L -, -1>

o e ’lLMj]mv% P(ﬁw«e 2%
)= 13-8) oa)os -t =%

Tl\sa wmmﬁ ﬁ‘m D

,N_:Q_- 5 ~-£_ 2-p
v~
= + |
P | < -
/:"z'\f 00 < L <D |

L= —




5. (50pts)

(a): Find relative maxima, relative minima and saddle points over the zy-plane.
f(z,y) = 2° — y*+ 3zy + 15.

Pl gospand poris

j[~glgv_m, N VU T YA

w= SNtsSJ=0 @ =Jd=-x"= X% =0
i

| bzwg Yi39=0 ® W()O%.l)é: X;[W)(k%ﬂ_ﬂ))
© %0 e s iFo |

So thewe e 2 Crital })a%@ [ 0/0) finel ( 1, “),_):
Clossity them by 2l partul fost

fon toy by 3 ‘ 2 .
) o). dz-Geo,  sadlle pumt S

H\) (_I,"’\) A 0{76//@ — 2770/ _:ph}:.: é?@ . Tﬁ(,@’f"h’e YM”MVWM.

L(1,-)=14




8
(b): Use the Lagrange Multiplier method to find the extrema of f(z,y,2) = z—y+2
under the constraint 222 + 2y? + 22 = 8.

? -
P e i , oA 2 ’“*;‘:;1 {‘s('l”‘“" -
YT Lo e — U
/ e < / S AN
r o ) [~ 4

o o ) n , _ o
= VY rlzdhe © = 05 IR
[ \
a5 ) o — i\ U - 1 — L
UNy :/; / ‘é} =0 ! } — = ~ 29 — i
} [ — DAAYS &/ ;;f:) X ’3“_’,‘;‘

g - YD ~ NS . 1 A2
Liide b @ 9 (LR R (s
4] tf:‘)ﬂﬂl; \\Eq\-’hﬂ\ {q— ’ /jl (—77::2’ ' - g‘i‘f\./: T b)\i‘ %
';‘:'r"" ‘.’ [ Sl J

2 | ‘ ] o
Z T N T e . Y ra g .
ié é:" - /,,\\ = t .’,f}{, &A’(i, [g ’C,% \W Lﬂx’i"«a‘}‘!‘i féet{i }) fﬁ}/ﬁw,{z

é y’ i

) A= = edy= (L1, 2)

I QVas v |

!::. j").) o [ ﬂ&‘%ﬁ

(8 ;
e

(-, 1,-2

i nd i 1

| f
/ L} ~ /
'] C b dad o
(AoSoliste




6. (40pts)

Consider the iterated integral:

2 0 +2y
/ / 2 qyde.
0 Ja2—a 4+Y

(a): Sketch the region of integration.

| | ;-
Fom The (lwibs, We get 1he pabicies .
\ /

A
{f\‘

o€ XN<2, WU T

(b): Switch the order of integration and evaluate the integral.

f X/ {\v"“"”” LL j LK/\’\’ — / f K‘“‘“ L;“ o )za\ﬁ CL/L[L?
IR "41% 7 Sy o 444y T




2

I WRITE YOUR NAME, STUDENT ID AND LECTURE N. BELOW !!!

NAME : ID :
1. (40pts) Let f(z,y) =In(z® — y).

(a): Find the domain and range of the f(x,y).

- ) & P >4yl
_,./]
b P -
! = (—ba, 1O

(b): Sketch the domain of f(x,y), and the level curve C = {(z,y) : In(2? — y) = 0}.

) ]
B p Vo < vy X -
s { — ST g ~
(! \J el § \\“ J
) 4
Y
™~ /
- '
\ ) | /
\ - ] /)
\/ \ [ /
x‘i 7 i //4
\\ / 1 o ‘/
X i /
|
B T
1 7 AN




2. (40pts)

f(z,y) = e®¥siny, P= (O, —g) .

Find the directions in which the,function increases and decreases most rapidly at P.
Then find the directional derivatives of the function in these directions.

fo= Yetany,  hl2)= E
fg_ X @x’d g.ny -+ @X)Jéoz g 7%[0 52 )=

TLQ ﬁwuliéwé VJ[/ 0 /‘: = < 2‘ C)>

TLL@, ol Hedion oJL west miyf@i nereosl |

= _Y}; =< o>
Y= T [o,»§)““<’c ?

D f |, 5= 17HI= 2

- — (/(t = <‘~[,c77

DE‘JL }wg) - "“NV][”: '—/}
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3. (40pts)

(a): Let f(z,y) =

In(z? —y)andz—rcosé y =rsin6. Find 0f/0r and 0f/00

when r =2 and § = 7/6.

Use Chonn e 3} QJ‘ ___E + = % 25‘ VAN g/

3F- 29 o 7Y A AN

o _ ol > of oY rér 6

36— >w 26 + 2Y EX)
20T NP, YT T, ) |
~ — T «QE/ T
B e, v BT L kTl
DY 2 ‘ 5 o 2"/ -
«}—{3 = Smb, 3?%': iz & . 3%1(2;%)—— é_’ > (25 *-V/;

Vl/t\lm =2 9:%

] (i}‘&): {“é/;"f/&”"\,/p m,é {1/10 [Zb;é- BHL)}\— / [14 W‘- {ﬂé"SQb
)}’-;\_ = k;«::)““
s& 1) T (o) le=2 — ?Z;Tw — TS
S/ e
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(b): y = y(z) is defined implicitly by the following equation. Find the value of
dy/dz at point P.
zy+1y>—3r—-3=0, P(-1,1).

ow{ém&m/ée with vé’/ﬁ})éc% t Y t 36 L
Y +wY+24yy-3=0
|

I
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4. (40pts) Find an equation for the tangent plane, and a-parametricequation for
the normal line of the graph of the following function at the given point:

3 z=sin(z —y), (0,,0).
T}u?- ‘jw VPL\ X @&,0 O [g/wé %ér%a&: %

g 2)= sul=y)—2 =0
The homad  Veskor 7 ﬁ«‘v@a L] the Gradieat
Vg = nlo-), —esliy), ~1>.
V3 jmy = s (), ~ol0), 17 = LI, H=1>

SO Ao “{fweﬁe,wf ))(W«a 2
~|boo) +](§-7)~| om0 SN 2=

TLt ((Whv»?‘/( l{h;z 2 -

xo _ Yz _ 2o
TRy

or

N =t
é;]: <+ < <0
2= —t.




5. (50pts)

(a): Find relative maxima, relative minima and saddle points over the zy-plane.

f(zy) = 2% + % — 32y + 15.

Frel oritil poists -

Jo=3x390 0 =Y xt-x=o
J:g: B(L)zw SR=0. ©. )Q(’)é ()(\zt M)(zoz+>o+l))

Lo
So x=0, & X= |*=|
So thee we 2 bl pords  (0,0) ad (I)1)
Closity thom by 2wl posticl test
o oy b —3 S 2, z
B (5 5) M:M_wa_ﬁ

i) /0/0') o det ’:*c(<0 , Sedddlle Pm)/vé 7[it é/w

i) (L) det= 2770, Jazbzo.  relekve i

7[( 1) = [
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(b): Use the Lagrange Multiplier method to find the extrema of f(x,v, 2) = z4+y—=2
under the constraint 222 + 3% + 222 = 8.

°

] /7 (A ) .
2 Gl Y o9)Y — N2 U
Lff’“f-’ 100, 17 &) = 22X

A\ ral
‘3 \ — \ v -~ / B -
| —_— N _ / .
i J \:N 7"-—-'. —7 X il o | . k t <
Lt J /
‘;‘( ”;* ;;f ~ ' Ll . A AP Vi 4
I R B R A w Lot i ppiign
i; { — % | I i M :




6. (40pts)

Consider the iterated integral:

2 4—z2 2y
- f / e dyda:.
Finol iiw w,m Gnd 4-

(a): Sketch the region of integration.

i%m‘b(% Z‘W"H’S we JdL
ocx<2, pEYs4X

,\w/ﬁ.&wﬂi% :

4TS |
N\« (Ij:4_ X)Z
O ‘ p) >

(b): Switch the order of integration and evaluate the integral.

ff, BE5dgobs = fﬁr”@*a& Ay

S
— aj 220“7‘-«2;82?}4

bes-)




(6'° means problem 24 in 10-th edition textbook, 6° means problem

24 in 9-th edition textbook )

1 14.3

610 = 6%: In rectangular coordinate, 22 + (y —2)? < 4 «= 22 +y? — 2y < 0.

Substituting x = rcosf, y = rsin 6, we get

r2—2rsinf <0, 0<f<7 <= 0<r<2sinh, 0<6H<m.

1810 — 189

a pVa?—z? w/2 5 [
/ / x dydx / / rcosf rdrdf = [sin ]}/ [ }
o Jo 3 1o

a®
3

2210 = 229: Region: 0 <y <2,y <ax < /8 —y2

Figure 1: Problem 22

2 py/8—y2 /4 p2v2
// Va2 +y? dedy = / / r rdrdf
0 Jy
2

V29972
- 4[3]0 T 13

42
7

2610 = 269:

2 p/A—2x2
/ / siny/x2 + y? dydx
o Jo

/2
/ / sinr rdrdf

T T
= —5(20082)—1—5[51117“](2):2(

5 <—/0 r d(cosr)) = —g ([TCOST]

T (sin2 — 2cos2).

2
0

2
—/ cosT dr)
0



3010 = 309: The region is the right half disk.

s o /2
// e~ @ HV)/2 44 = / / —*/2 1 drdf
R /2
2 7‘2 2
= 71'/ - ﬂd()z—ﬂ'er /28
0 2

= n(1—e 2/,
4010 = 40°:
2m a a
Vol = / / 2va? —r2 rdrdf = —277/ (a® —r?)Y/2 d(a® — r?)
o Jo 0
= —27rg [(a2 - r2)3/2r
3 0
4
= §7Ta3.
4410 = 46°:

27 2-+sin 6 27 1
Area = / / rdrdf = / —(2 +sin0)* do
o Jo o 2

27 2
- / <2+2sin9—|—sm 0) a6
0 2

= [20 —2cos0)? %/ — cos(2) d9
— aril [ sin(2 }
9

2 144

Figure 2: Problem 20



2010 = 20°:

mass

So

(z,

y

) =

L/2 pcos(mz/L)
// x,y) dA = / / ky dy do

/2, E/2 g 2nx/L
/ = cos®(ma/L)da _/ w
o 2 0o 2 ?

. L2
{x + o sm(27rx/L)}

L

8
cos(mxz/L)
/ / kxy dydx
0
_k

/2 p,
/ 3@ cos?(rx/L)dx =3

ke [22]"?

1),

kL? kL2
32 ' 1672
kL? kL2
32 ' 1672
kL? kL2
= + 1672 (
kL? kL2
32 1672
kL?(7? — 4)
B

k
4 0
k

L/z 2z /L
/ pireosCre/L)
0 2

E L

| aeuteosu -

1), 5 u(cosu)o—

/ud(sinu)

0

([usinu]g—/ sinu du)
0

0+ [cosu]f)

du

3 )y 4 sin® u)d(sin(u))

3 SlIl u ~/2
3 [Slnu 3 L
kL2  2kL
313 9

4) 16

1 (kL*(x?—4) 2kLY _ (L(x*—4) 16
kL/8 3272 On dn? )



Figure 3: Problem 22

2210 = 229:
/2 pa 4 krat
mass = / / kr? rdrdg = “p% = 10
0 0 2 4 8
/2 pa /2 o a
// rp(z,y) dA = / / 7 cos Okr? rdrdf = k[sin 0] [—}
R 0 0 5 1o
5
a
= k—.
5
So
T = ffop(xvy)dA _ @
mass 5m
By symmetry, ¥ = Z. So the center of mass has coordinate (g—i, S_Z)



(6'° means problem 6 in 10-th edition textbook, 6° means problem
6 in 9-th edition textbook )

1 14.6

610 = 6°:

4 pe? p1/(x2) 4 pe? 1 4 pe? 1
/ / / Inz dydzdx = / / —lnzdzdx:/ / In zd(In z)—dx
1 J1 Jo 1 J1 Tz 1 J1 z
4 97¢€” 4
1 1 1
= / [( nz) ] —dr = 2/ —dx
1 2 1z 1 x

= 2In4.

1419 = 169:

v 16—22—y?
// dv = // / dsz:// 16 — 22 — y2dA
Q {e?+y?<16} Jo 22 412<16

- /02ﬂ/04mrdrd9w/o4m(d(167"2))

4
= [—712(16—7’2)3/2] :@.

0 3

2110 = 239;

I /0“2 =[] -etan

Ty zy

2 pd—a® 2
= / / (4 — 2®)dydx = / (4 — 2%)?dx
o Jo 0
2

572
= / (16 — 822 + x*)dx = [16x — §:£3 + x]
0

//de

0 3 5
256
15 °

2610 = 289: The solid is defined by



—1<y<1, *<zr<l, 0<z<1-—ux.
The projection to the yz-plane is the region:

0<z<1-y% —-1<y<l.

1 1 pl—z 1 pl—y?® pl—z 8
/ / / dzdzdy = / / / dxdzdy = —.
—1 y2 0 —1J0 y2 ].5

3610 = 389:
1. The projection to the xy-plane is the region:

0<z<3, 0<y<uz

3 rz 9—z? 3 3 p9-—2?
/ / / dzdydz = / / / dzdxdy.
o Jo Jo o Jy Jo

2. The projection to the yz-plane is the region:

So

0<y<3, 0<2<9-—y2

So the corresponding two iterated integrals are

39—y VO9—z 9 r/9—z pvV9—2z
/ / / dxdzdy = / / / dxdydz.
0o Jo y 0 JO y

3. The projection to the xzz-plane is the region:
0<z<3 0<z2<9-—22

So the corresponding two iterated integrals are

3 9—g? T 9 VI—z x
/ / / dydzdx = / / / dydzdz.
o Jo 0 0o Jo 0



3810 = 409: Mass:

(15—32—3y)/5
/// plx,y, z)dV = // / kydzdA
Q Ry JO

5 pb—y E [ 22 5—y
/ / ky(15 — 3z — 3y)/bdzdy = — / 3y(b —y)x — 3y— dy
o Jo 5 Jo 2

0

5 N2 5
= E/O <3y(5—y)(5—y)—3y(5 ) )dy:% ; y(5 —y)’dy

5 2 10
3k 3k 10 , y*1°

= 25y — 10 dy o
0 (y v +y°) 10{ 3y+4]0
3k __,(1 2 1\ 125k

- m<25> (§‘§+z>—T-

The integral of y coordinate is:

(15—32—3y)/5
/// yp(x,yvz)dV:// / ykydzd A

5— y 221°7Y
/ / 2(15 — 3z — 3y) /bdxdy = / {33;2(5 —y)r — 3?42? dx
0

3k
10 v -y)dy = 35 (5y 0y +y*)dy
k[ 5, 1.
= — 2—__ —
10[53 2 TV,
3k . (1 1 1\ 125k
- 5 (ars) =T
So
S quelz.y,z)dV
’y: =
[ p(z.y, z)dv
2 11.7

410 = 49: 3 = rcos = 6cos(—7/4) = 3V/2, y = rsinf = 6sin(—7/4) = —3V/2,
z=2. S0 (z,9,2) = (3v/2, —3V/2,2).



810=8% r = /22442 =4. tanf =y/z = -1& 2 >0=0=—7/4 So
(r,0,2) = (4, —7/4,4).

2610 = 269: z = £2. This is a cylindrical surface parallel to the y-axis.

3210 =329 p? =22 442 + 22 =22+ 22 4 (4v/2)2 =40 = p = 2V/10. tanf =

yler=1&xz>0—0=mn/4 cosqb:%z;T\/l%:2/\/5:>¢=arccos(2/\/5).

So (p,0,8) = (210, 7/4, arccos(2/v/5)).

3810 =389 1z = psingcosf = 9sin(r)cos(n/4) = 0, y = psingsing =
9sin(7) sin(w/4) =0, z = pcos ¢ = 9cos(m) = —9. So (z,y, 2) = (0,0, -9).

4410 = 449: 22492322 = 0 < p?sin? ¢ cos? O+ p? sin® ¢ sin® H—3p? cos? ¢ =
P

0 <= p?(sin® ¢ —3cos’ ) = 0 <= [tang| =V3,0< ¢ < m < ¢ =% or %
Note that this surface is a circular cone.

3 14.7

101° = 10°:

27 \/g 5—r2 \/5
/ / / rdzdrdd = 27r/ r(5 —r?)dr
o Jo Jo 0

9 5 o 7"4\/5 2567
= 27 |-t — —
2 4],

1210 = 129: The solid is between the sphere 22 +y?+22 = 25 and 22 +5y%+ 2% =
4.



—

Figure 1: Problem 14.7.12

2w pm 5
/ / / p*sin ¢ dpdgdd
o Jo J2

21 [ cos [3]5

= 1567.

]

"
o 2 h

~ -2

Figure 2: 14.7.18

1810 — 189:
P

27 o 4 31*
Vol = / / / p*sin¢ dpdpdd = [0]5" [~ cos )7 /4 [g]
0 7/4J0 0

o (1+?> %:MTW(Z—H@).



3610 = 369:

X

2n  pm/4 pb 31°
. 2 . _ 2mr m/4 '0_
Vol = 2/0 /0 /a p” sin ¢ dpdpdf = 2[0]57 [— cos @], {3 L
— 4n <1 - ﬁ) Pod -V

2 3 3



(26'° means problem 26 in 10-th edition textbook, 26° means prob-
lem 26 in 9-th edition textbook )

1 14.7

2610 = 26%: The mass of the cone is given:

[ = Jf [ e [ [ oo 2w

T T,
_ onp | ] ek
T [2 3r0]0

The integral of z coordinate is

h(1—r/ro) 27 To | r 2
/// 2dV = // / zdzdA = / / Zh? (1—) rdrdf
Q To

22 3 23 4 7o
= 7Th2/ T‘—L—‘r% dr = Th? T——L—I—T—Q
0 0 g 2 3ro  4rg ],

SO

By symmetry, £ = § = 0. So the centroid is: (z,y,z) = (0,0, h/4).

3410 = 349%: In spherical coordinate, the equation x? + y? + 22 = z is trans-

Figure 1: cross section

formed to the equation p? = pcos¢ <= p = cos¢. This is a sphere of radius
1/2 centered at (0,0,1/2). The equation z = y/22 + y? is transformed to the



equation ¢ = /4.

27 pm/2  pcos¢
/ / dv = / / / p? sin pdpdpdd
Q 0 w/4 JO

/2 3 ) /2
= 277/ sinqSCOS ¢d¢: i/ cos® ¢pd(— cos ¢)
/4 3 3 /4

_ [ﬂ/(l)
34 ] 6\V2

K
24

The volume can also be calculated as the difference of the volume of the half
ball and the volume of the cone:

14 /1\° 1 [/1\°1 =«
V0l23“(2> 3“(2> 2 o
2 15.1

1 — 4% or 1 — 69: See page 5 for figures.

810 — 99 ||F|| = /22 + % = r. See page 5 figure 3 for visualization of the
vector field.

3410 = 40%: M(z,y) = 32%y?, N(z,y) = 223y. Because

—

F(z,y) is conservative. To find the potential function, we need to solve:
fo = 3229, fy= 223y,

We integrate the first equation to find:

fla,y) = /fm(xu y)da = /3x2y2dw =2y + g(y).
Substitute this into the 2nd equation to get:
fy =22y +g'(y) = 22%.

So we get ¢'(y) = 0 which implies g(y) = constant. So we find a potential
function F(z,y) = V f:
fla,y) =2y

400 = 46°: M(z,y) = z/(2* +y*), N(z,y) = y/(z* + y*). Because
oM 2zy ON

Gy (@2 +y?)? O



—

F(z,y) is conservative. To find a potential function, we need to solve:

z Yy
fx:m2+y2’ fy = 22 + g2

We integrate the first equation to get:

fla) = [ frlodo = [ —de =i 14 + 90

Substitute this into the 2nd equation to get:

Y

fy: 1.2+y2'

/ —

So ¢'(y) = 0 which implies g(y) = constant. So we find a potential function
F=Vf:

flz,y) = %ln(fﬂz + 7).

44'° = 50%:
i ik
o oo 9 9 9
cwlF = VxF=| 39 32
22z —2xz yz

!

= (24 22)i+ 2% — 2zk.

So at point (2,—1,3), the curl of F is equal to

)

curlF = i + 45 — 6k.

6010 = 66°: F = In(22 + 32)i + zyj + In(y? + 22)k. The divergence is

o= -’7& 2 2 2 2 2 2
divF = V.-F= ax(ln(a: +y ))+ay(:cy)+az(ln(y +2%))
2x 2z

———tTt+ s
$2+y2 y2+22

3 15.2

610 =6% z =4cosf, y =3sinf, 0 <0 < 2m.

1010 = 10°: 7/(t) = 12i+55+84k. So |7 (t)| = /122 + 52 + (84)2 = /7225 =
85.
1 1
/ dwyzds = 2 / (12¢)(5¢)(84¢)85dt = 2 - 428400 / Pt
C 0 0

= 4282400 = 214200.




1610 = 16°: C is parametrized by #(y) =yj, 1 <y <9. |7'(y)|| = 1.

9 208

/C(x—i-él\/?j)ds _ /194\/gjdy: [§y3/2}1:3~

2010 = 20%: (a): Piecewise smooth parametrization:
L Cy:m(t)=t],0<t<1;

2. Co:a(t) =j+th,0<t<1;

3. Cs:73(t) = (1—1)j+(1—1)j,0<t <1,
'O =1, 1% '@ =1, I3 ')l = V2. So

1
/ (22 +y* —2)ds = / t2dt = =
Cy 0

/02(2x+y2—Z)d8 = /Ol(l—t)dt: =

S

/03(3x+y2—z)ds = /01((1—15) (1 - t)V2dt = \f/

/0(233+y2—z)ds:/ /02 /03

(u? — u)du

2210 = 229: 7(t) = 2cost i + 2sint j +t k. = —2sint i+ 2cost j+ k.

17" ()] = V5.

4

47 2

mass = /p(ar,y,z)ds:/zdsz/ t-V/bdt = l\/gt]
o} C 0 2 o

= 8V57.
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Figure 3: F =yi+ xj




1 15.2

30: 7(t) = ti + VA 2], -2 <t <2 7/(t) =i — otm]. F = 3wi + 4yj.

2
/ﬁ-d? = /ﬁ-F’(t)dt:/ (3t-1+4\/4—t2-
C C —2

2
/ —tdt = 0.
-2

Note that F' (z,y) = V[ is a conservative vector field with a potential f =

-t
dt
7==)

% +2y%. So by fundamental theorem of line integrals (for conservative vector
fields), we have

/C Fodi = £(7(2)) - F(7(~2)) = £(2,0) — £(~2,0) = 0.

38: Parametrize the curve C by 7(t) = 2cost 7+ 2sint j,0 < t < 7. 7'(t) =
—2sint i 4+ 2cost j' F= fy%'f xj So

/13~d77
C

/Fof’(t)dt:/ (—2sint - (—2sint) — 2cost - (2cost)) dt
c 0

/ (4sin®t — 4 cos? t)dt = 74/ cos(2t)dt = —2 [sin(2t)]; = 0.
0 0

Note that F' = V f is a conservative vector field with a potential f = —zy.
So by fundamental theorem of line integrals, we have

/C Fdr = f(7{(x)) — F(7{(0) = f(~2,0) — £(2,0) = 0.

41 —44: 41: F-7/(t) > 0 = work > 0. 42: F-7'(t) < 0 = work < 0. 43 :
F-7'(t)=0= work=0. 44: F-7'(t) =0 = work = 0.

54: 7(t) = 2t + 10t7, 0 <t < 1.

1 1
/(3y —2)dx +y*dy = / (310t — 2t) - 2dt + (10t)? - 10dt :/ (56t + 1000t%)dt
C 0 0

= {28# +

72: F(e) = a4 233 F () = a2l = 1 %
40 9r 91
Area = / z(z,y(x ))ds-/ (20+ x>1/1+dx_/ (
0

1000 Y1084
3], 37

1) Vs

4 4 [358u3/2 2 8 [179 - 5u/2 + 3u®/?
= — 179 3/2) du, 52| =

81/, ( Vit wdu =g | =g g .81 15

16(—449 + 584 - 911/91)

— ~ 12 ft2,
DG 6670

|



Figure 1: Problem 72: the wall

78: The work along the parabolic path y = ¢(1 — 2?) is:

/ F.df = / 15[(4 — 2?y)dx — zydy]
C1 Cl

15 /_1(4 —22(c(1 — 2?)))dzx — z(c(1 — 2%))(—2cadz)

1 1
15/ (44 (2¢® = ¢)x? + (¢ — 2c¢*)a)dx = 30/ (44 (2¢% — ¢)x? + (c — 2c*)x*)dx
—1 0
= 120+ 10(2¢* — ¢) + 6(c — 2¢®) = 8¢* — 4c + 120.

We want to minimize the quadratic function f(c) = 8¢* — 4c + 120. f'(c) =
16c —4 =0 = ¢ =1/4. So the minimum is f(1/4) = 119.5.

If we move the object along a straight-line x = t,y = 0, —1 < ¢ < 1. Then
the work is

1
/ F.di = / 15 - 4dt = 120 = f(0) > f(1/4) = 119.5.

Ca —1

2 15.3

DF(t) = (224 y?)i— g (@) Pi(t) =t VE, () =i+ 3250 <t < 4

4 4
2 7 1
/de7 = /F~F1 ’(t)dt:/ (B +1) -1+ (—t)- st H/?)dt
C 0 0 2

_ B 1]t 80
3 2 3 |, 37

(b) P (w) = w4+ wj, 7 ' (w) = 2wi+j,0 < w < 2. So

2 2
/ﬁ~df’ = / ﬁ~F’(w)dw=/ (w* +w?) - 2w — w? - 1)dw
c 0 0

2
1 1 1 80
= [311)6 + 5'[1)4 — 3w3:|



16: F = Mi+Nj = (20—3y+1)i—(3z+y—5)j. Test whether F is conservative

or not:
oM _ ,_ 0N

oy T T o

F' is a conservative vector field.

1. (Method 1) For conservative vector field, the line integral does not de-
pend on the path connecting two fixed points. So
(a) We can choose a point path to get [ F.drf=0.

(b) We can choose a different path which is the straight line connecting
(0,—1) to (0,1), parametrized as ¢ =0,y = ¢, —1 < ¢t < 1. So
1
/ 2z —3y+ 1)de — Bz +y —b)dy = / —(t —5)dt = 10.
c

-1

(¢) We can calculate using the given path:

2
/ F.df = / (22 — 3e® + 1)dz — (3z + €” — 5)e“dx
c 0

2
/ (1427 + 2¢” — ** — 3ze®)dx
0

1,17 2
{aj + 2%+ 2e% — 621] — 3[ze”]3 + 3/ e’dx
2 0 0

1
= (6+2¢% - 5e4) —(3/2) —6e® +3(e? — 1)
_ 3 2 1.

2 2

(d) We can choose a point path to get fC F.di=0.

2. (Method 2) Since F' is a conservative vector field, we can try to find a
potential f(x,y) for F by solving:

fe=2r-3y+1,f,=-3z—-y+5.

Integrate the first equation to get f(x,y) = #* —3zy+x+g(y). Substitute
this into the 2nd equation to get:

fy=-3z+g'(y) =3z -y +5=g'(y) = -y +5.

Integrate this to get g(y) = —% + 5y + C for some real constant C. So
we find a potential function

1
f(w7y)=w2—3fcy+w—§y2+5y



/ﬁ~df — (2,62) — f(0,1) = (4— 662 +2 — 1et 4 5e?) — (—% 4 5)
c 2 2

26: F = Mi+ Nj=2(x+y)i+2(x+y)j. Test whether F is conservative or
not:

oM _,_oN
oy = oz’

So F is a conservative vector field. Find a potential:

foe=2(x+y), fy =2(x +y).

Integrate the first equation to get f(z,y) = 22 + 2xy + g(y). Substitute into
then 2nd equation to get

fy=2z+4(y)=220+2y=g'(y) =2y = g(y) =y + C.

So we get a potential for F': fla,y) =22+ 22y +y? = (x +y)2 So

/ F.di = f(3,2) — f(=1,1) = 25 — 0 = 25.
c

36: F = Mi+ Nj = %IZ— Z—;j Test whether F is conservative or not:

oM  2x ON
oy  yr oz
So F is a conservative vector field. Find a potential by solving:

2x T
fac = ?vfy = _y72~

It’s easy to get f(z,y) = 2%/y. So the work from P to Q is

7

/ F-di=f(3,2) — f(-1,1) = 5
C






1 15.3

30: F(z,y) = M(z,y)i+ N(z,y)j = (ﬁﬁ/g)zz—i— (IgiZQ)zj satisfies the test for
conservative vector field:

oM 8y ON

Ay @+ Ox
To find a potential f for F , solve the equations:
fo= s

Integrate the 1st equation to get:

f(x,y):*m

Substitute this into the 2nd equation to get:

2y / 2y ’
fy (fE2 +y2)2 +g (y) (.’EQ +y2)2 g (y) g(y)
So we get a potential for F: f(z,y) = —1/(22 + y?). By the fundamental
theorem of line integral, we get
2 2 . 11 12
d dy= [ F-di=f(1,5)—f(7,5) = ———4— = ——.
/0(12 T2 x+(:c2+y2)2 Yy /C 7= f(1,5)=f(7,5) 26+74 81

34: F = 62i — 42] — (4y — 202)k. First test whether F is conservative or not
by using the curl:

i j k
curl' =V x F = % 6% 6% =0.
6r —4z —4y+4 20z

So F is conservative. We find a potential function for F by solving:
fz = 6z, fy = _4zvfz = _4y + 20z.

Integrate the 1st equation to get f(x,vy,2) = 322 + g(y,2). Substitute into the
2nd equation to get:

fy=9y=—42=9(y,2) = —dyz+ h(z) = f(z,y,2) = 32% — 4yz + h(2).
Substitute into the 3rd equation to get:
fo= —dy + 1/ (2) = —4y + 20z = I/ (2) = 202 = g(z) = 102* + C.

So finally we get
fx,y,2) = 32" — 4yz 4+ 102% + C.

By fundamental theorem of line integrals for conservative vector fields, we get

/ 6xdr — 4zdy — (dy — 20z)dz = f(3,4,0) — £(0,0,0) = 27.
c
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1: Oy A(t) =i+ 25,0 <t <1, Cy : 7a(t) = —ti — tj,—1 < t < 0. (Note that
we need the anti-clockwise orientation). First we calculate the line integral:

1 1
/ yide + 2?dy = /t4dt+t22tdt:/ (t* + 2t3)dt
Ch 0 0
1
5

-1

0 0 2 0
/ yide + 2idy = / t2(—dt) + t*(—dt) = —/ 262 dt = — [31&3]
Cy -1

7 2 1
2 2

ydr+xdy=—— - = —.
/C—C1+CQ 10 3 30

Next we calculate the double integral. Note that N, — M, = 2x — 2y. So

//R (?9];[_%]\;) dA://R(2x—2y)dA

1 1 1
/ / 2(x — y)dydx = / [2zy — yz]; dr = / (2% — 223 + 2t)da
0 Ja? 0 0

_ {w?’_lxmf]ll_ul
302 5], 3 25

1

.

So the two sides are indeed equal to each other.

2: O 7 (t) =ti+15,0 <t <1, —Cq : @(t) = ti + V1,0 < t < 1. We first
use the reverse direction for simplification of calculations. First we calculate the
line integral:

1 1 2 1
/ yide + 2?dy = /tQ(dt)—i—tQ(dt):/ 2t2dt:[t3]
C1 0 0 3 0

W Do



£ / .

1 1
1
/ ylde +2°dy = /tdt+t2d(\/i)=/ <t+t3/2> dt
—C 0 0 2
1
2

So

1
2 2
yodr + 2 dy = / / I .
/c—cl+02 Cs 10 30

Next we calculate the double integral. Note that Nx M, =2z —2y. So

e oo
// dydm—/o [2xy y]fdx—/01(2x3/2—:v—x2)dx

{4 5/2 x? x?’]l 4 1 1
gt v | 2 _ - _Z
5 2 31,
1
30°
So the two sides are indeed equal to each other.

4: We first calculate the line integrals:

Cs

ok Cq c

C

1. Cl Fl(t):tl,0§t§3

3
yide 4+ 2%dy = / 02dt + t2d(0) =
Cq 0

2. Oy : F(t) =3i+15,0 <t <4

4 4
/ yide + 2%dy = /th(3)+32dt:/ 9dt = 36.
Ca 0 0



3. C3:73(t) = (3—t)i+47,0 <t <3
3 3
/ yide + 2%dy = / 42d(3 —t) + (3 —t)%d(4) = —/ 16dt = —48.
Cs3 0 0
4. F(t) = (4—1)],0 <t < 4.
4
/ Vo + 22dy = / 02d(4 — 1) + (4 — £)2d(0) = 0.
Cy 0

So
4
/ yide + 2?dy = Z/ (y?dx + 22dy) = 36 — 48 = —12
¢ i=17Ci

Next we compute the double integral. Note that N, — M, = 2z — 2y. So

(-0
/ / 2x—2y)dydx—/ 2y — y]dx—/OS(Sx—w)d

= [42® - 163:]0 =36 —48 = —12.

So the two sides are indeed equal to each other.

10:
5 -
|
3 // ey N\
4 [ ‘ “ ‘ |

/C(y—x)dwr(?w—y)dy = //R (i@x—y)—%(y—x))dA
//R dA = Area(R)

w25 79
= 5 g T

22: We first transform the equation r = 2 cos @ into the rectangular coordinate
system:
r=2cosf & r? = 2rcosf < x> +y2 = 27.



So C'is a circle: (x —1)%2 + 32 = 1. By Green’s theorem,

/ F.df = / (e” — 3y)dx + (e¥ + 6z)dy
c c

/R (ai(ey +6x) — a%(er - 3y)> dA

= //R 9dA = 9Area(R)

= 9.

38: Note that the curve r = r(#) in polar coordinate is parametrized by:

7(0) = (r(0) cos 0)i + (r(0) sin6)j.

Let’s first derive the following formula of Exercise 32 by using Green’s formula:

Area(R)

Note that

1
= // dA = 7% xzdy —ydx  (by Green’s formula)
R 2Je
1

5 /C(T(H) cos(0)d(r(0) sin0) — r(0) sin(0)d(r(0) cos 0))do

% / [r(0) cos O(r'(0) sin @ + r(0) cos §) — r(0) sin()(r'(0) cos @ — r(0) sin )] df
c

1 rr’(cos @ sin @ — sin @ cos r2(cos? sin?
2/C(( 6 sin @ 6 cos 0) + r?(cos® 0 + sin® 0))do

% /C r(0)2d0.

we get the same formula by using the polar coordinate to calculate
double integral:

02 ’l"(e) 1 92
Area = / / rdrdf = 7/ r(0)2d6.
0. Jo 2 Jo,

For the curve r(0) = a cos(36), we calculate the area of branch of the region:



1 /6 2 w/6 1
Area(Ry) = f/ a’ cos?(360)db = a—/ Md@

2 —m/6 2 —7/6 2
9 . /6

_ a[9+51n(69)}
4 6 —7/6

_ ma?

127

The total area is equal to:

71'@2

Area(R) = 3Area(Ry) = —

44'0: Let R; denote the region enclosed ellipse and R, denote the region en-
closed by the circle.

/(3xy+1)dx+(x +4xdy—//< (x +4x)—§(3my+1))dA
// 4dA =4 dA — 4Area(Ry)

Ry

V1-(2/4)?
— / / dydx — 47(2)*

Vi=(z/4)?

/2

= 24/ V31— (x/4) dx—167r—24/ cos @ - 4cosfdf — 16w

—7/2

m/2

— 96 / 1400s20) 1 16r
—7/2 2

= 48w — 167 = 327.

Note that in general, the area of the region enclosed by the ellipse:

2 2
7+b72:1

is equal to wab.

4710 = 449: (a): Parametrize the line segment (x1,y1)(22,y2) by

C:7(t) = (1 = t)ay + tas)i + (1 — t)ys 4+ ty2),0 < t < 1.



So

/c(—yd@” +ady) = /0 (=(1 =ty — ty2)d((1 — t)zr + tao) + (1 — )1 + ta2)d((1 — t)y1 + ty2)

/0 (=91 + tn — 42)) (@2 — o)t + (21 + Hza — 1)) (2 — y2)dt

= —yi(z2 —21) +21(y2 — y1) = T1Y2 — T2Y1-

(b): By Green’s theorem, the area can be calculated by:

2
1

1
Area(R) = 7/ rdy — ydx =
OR

n
/sz‘,yi

i=17(

) @it1,Yi41)

xdy — ydx, (denote(xni1, ynt1) = (21,51))

= S((z1y2 — 22y1) + (v2ys — x3y2) + - + (Ta—1Yn — TnYn—1) + (TnY1 — T1Yn))-

2

The 2nd identity uses part (a).

4810 = 459 — 469: 4810 (a) = 45%: By the above result, the area of the Pen-

@a @4
©.3
3,2 3,2
11
11
0,0 (2,0 0,0 2,0
tagon is:
1
Area = 5((0-0—2~0)+(2-2—3-0)+(3-4—1-2)+(1~1—(—1)~4)+((—1)~0—O~(1))
19
= — =9.5.
2
4819 (b) = 46°: The area of the Hexagon is:
1
Area = Z((0-0=2-0)+(2:2=3-0)+(3:4—2-2) +(2:3-0-4) + (0-1— (~1)-3)

+(=1:0) = 0-1))

= 21—105
= 5 =105
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"' WRITE YOUR NAME, STUDENT ID AND LECTURE N. BELOW !!!

NAME : ID :

1. (50pts) Let f(z,y,2) = 92% +y* — 2%

(a): Sketch and describe the level surfaces f(z,y,2) =9, f(z,y,z) = 0and f(x,y,2) =
—4.

(b): Find the tangent planes to the level surface f(x,y,z) = 0 at the points (0,5, 5)
and (0,1,1).

(c): Are the two planes in part (2) distinct? Explain how this relates to the geometry
of the level surface.



2. (50pts) Consider the function f(z,y) = sin(z? + y?).
(a): Compute V.

(b): A particle is moving on the path (—t,¢?). Sketch the path for 0 < t < 2. At
t =1, is f increasing or decreasing along the path?

(c): Explain in words and draw the level curve f = 0.



4

3. (50pts) Consider the curve C' defined by the equation:

(x —1)* + 49 = 4.

Find the point(s) on the curve C' which are closest to/furthest from the origin.




5

4. (50pts) Find the center of mass of snail-shaped region bounded by the curve

r =03 0<6<2r. Assume the mass density p = 1.



6

5. (50pts) Consider the solid @) defined by the inequalities

Pyt =1,2< -y, 2>0.

a): Write the triple integral dV into the iterated integral using the order
Q
dzdydzr and dydxdz.

(b): Calculate the volume of Q.



6. (50pts)

(a): Sketch the 3-dimensional region over which the integral

V25—x2 50— 932—y
/ / / zdzdydzx.
x2+y

(b): Convert this integral into cylindrical and spherical coordinates.

(c): Compute the integral.



8
7. (50pts)

(a): Is the following fluid vector field compressible or not?

F = e"sin(y + 2)i + € cos(y + 2)] + (22 + k.

(b): Is the following vector field conservative or not?

—

F=(y+2)i+2]+x+yk



8. (50pts)

Consider the circle C' : 22 +y* = a®. (a): Find the area of lateral surface with height

function z = |x| + |y| over the curve C.



10

(b): Consider the vector field:

. —yitag
F="07TY 0,0).
L ) £ 00)
Sketch the vector field, and calculate the circulation of F around the curve C :
2?2 + y?> = a? in the counter-clockwise direction. What’s the circulation in the

clockwise direction?



9. (50pts)

Let F be the vector field

F=Q2r+y—1z+2y).

(a): Is F' conservative or not?

(b): If yes, find a potential function f(z,y).

11



12

(c): A particle is moving from the point (0, 0) to a point (p, g) in a straight line. For
which values of p, ¢ is the work
(ra)
/ F.dF
(0,0)

minimal?



13

10. (50pts)

—

Use Green’s theorem to calculate the work done by F

F = (422 — 20%)0 + (22° — 4%)].
in moving a particle once counterclockwise around the boundary of a triangle with
vertex: (0,0), (1,0), (0,1)?
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" WRITE YOUR NAME STIﬁDENT ID AND L CTURE N. BELOV%é m

.

NAME : ID :

1. (50pts) Let f(z,v,2).= 922 + 32 —

(a): Sketch and describe the level surfaces f (,9,2) =9, f(x,y,2) =0and f(z,y,2) =
—4,

g
01)01+jz'*‘8%“:5{ \i |

(b): Find the tangent planes to the level surface f(x,y,2) = 0 at the points (0,5,5)
and (0,1,1).
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(c) Are the two planes in part (2) distinct? Explain how this relates to the geometry
of the level surface.
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2. (50pts) Consider the function f(z,y) = sin(z? + y?).
(a): Compute V.

VJ[::. <:[»,C{?I‘7:A<{2>om6b%&lz)a 24 ces[5+y") y

(b): A particle is moving on the path (—t,2). Sketch the path for 0 < ¢ < 2. At
t =1, is f increasing or decreasing along the path?
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(c): Explain in words and draw the level curve f = 0. . 6 . } }
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3. (50pts) Consider the curve C defined by the equation: ‘bLl ﬁ’éa} "“‘E‘ ‘

;‘,, g

(x—1)2 + 4y = 4.
Find the point(s) on the curve C' which are closest to/furthest from the origin.
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4. (50pts) Find the ‘crzenter of mass of snail-shaped region bounded by the curve

o N
y. E)
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|

r=0Y%,0< 6 < 2r. Assume the mass density p = 1.
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5. (50pts) Consider the sohd Qiﬁne(i b %e inequalities
X+2=l & {

r+yP=1,2<—y,2>0.

{a): Write the triple integral [f fQ dV into the iterated integral using the order
dzdydx and dydxdz.
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(b): Calculate the volume of Q.
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(a): Sketch the 3-dimensional region over which the integral

f / v / Ve zdzdydx. ‘9
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(b): Convert this integral into cylindrical and spherical coordinates.
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(¢): Compute the integral.
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7. (50pts)

(2): Ts the following fluid vector field compressible or not?

F = e®sin(y + 2)i + €® cos(y + 2]+ (2 + k.
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{b): Ts the following vector field conservative or not?

F=(y+2)i+2]+@+yk.
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Consider the circle C' : 22 +3* = a%. (a): Find the area of lateral surface with height

function z = [z| + |y| over the curve C.
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(b): Consuier théggectc?;ield i &'3 " (d;}%%waé AMW

= yz+3‘;]
F= w2+y2 ( )7&(07(}}'

Sketch the vector field, and calculate the circulation of F' around the curve C :
z? + 4> = a? in the counter-clockwise direction. What’s the circulation in the
clockwise direction?

I Comden —clockwte diredon j;a;w DO <, |

(f‘f’\ clock e divechic,. - { X< G eoxf

- N 5
FY@):‘: -G Smd ;‘%aﬁxéj : TLD. Cffﬂﬁ[ﬁi‘m&\ ”24 C&[f%gﬁ{é’&[ “t

ﬁ fr = j,m (F m f'us; (ma;9:+a@a)) Lasas Yo, o

7 \
“‘g‘; f[fah}&*f"afg ) do= /:E d& =270

of we we e clochwise diechn, then Ha cireuditon diffcs é}
he SN cloes wet slependd
“ g‘%;“ b ol = jr*}: Wk T Ui,L ﬁirﬁ z:i)

This onample 3 wportont S
the vw@w}v}w& savbisies \
LIS lf)*% ,334&}

*YM aﬂ% —~ 2';)%.
Lt T & t«w e datve. The |
?%Qf«v amse. beeasse dhee 6
hole (0,0) ﬁ.«%gm 3‘:% aed def:\@




/ besr @
’ {@a{ v;fw w«vﬁ@wﬁ%@ or ot <~ Ll

Mesthecl 4a f%{ Pe»-f@u%wi ﬁmﬁ% Nk L@'f 1«,
| 2’”@’&\‘\“ itk 3~ Hﬁ&m Shuori o

9. (50pts)

Let F be the vector field
Fr=(c+y—1,2+2).

(a): Is F' conservative or not?
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(b): If yes, find a potential function f(xz,y).
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(c): A particle is moving from the point (0,0) to a point (p, ¢) in a straight line. For
which values of p, ¢ is the work
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10. (50pts)

Use Green’s theorem to calculate the work done by F
F = (42® — 2®)i + (222 — dy? )7-
in moving a particle once counterclockwise around the boundary of a triangle with

vertex: (0,0), (1,0), (0,1)? R 030, Yz0
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