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Consider the linear parabolic partial differential equation D,,§ = 0 which arises by linearizing the heat flow on
the loop space of a Riemannian manifold M. The solutions are vector fields along infinite cylinders u in M.
For these solutions we establish regularity and apriori estimates. We show that for nondegenerate asymptotic
boundary conditions the solutions decay exponentially in L? in forward and backward time. In this case D,
viewed as linear operator from parabolic Sobolev space W'P to L? is Fredholm whenever p > 1. We close
with an LP estimate for products of first order terms which is a crucial ingredient in the sequel [13] to prove
regularity and the implicit function theorem. The results of the present text are the base to construct in [13] an
algebraic chain complex whose homology represents the homology of the loop space.
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1 Introduction

Let M be a Riemannian manifold. Denote by V the Levi-Civita connection and by R the Riemannian curvature
tensor. The loop space £M by definition is the space C>°(S*, M) of free loops in M. Here and throughout
we identify S = R/Z and think of z € LM as a smooth map = : R — M which satisfies z(t + 1) = z(¢).
Smooth means C*° smooth. Fix a smooth map v : R x S' — M and a smooth function V : LM — R that
satisfies axioms (V0)—(V3) in section 2. It is safe to think of V as being of the form V(z) := fol Vi (x(¢)) dt for
V e C°°(S* x M,R) and V;(q) := V(t,q). In this case gradV(z) = VV;(z) and Hy (z)¢ = VeV Vi(z) for
x e LM.
In this paper we study the linear parabolic PDE

Dy = Vs = Vi€ — R(&, Opu)Opu — Hy(u)§ = 0 ey

for vector fields £ along u were the covariant Hessian #,, of V is given by (9).
Equation (1) arises as follows. Consider the action

1

1
Su(@) =5 [ WO dt=via) @

for smooth loops x : S* — M. Its critical points are those z that solve the ODE
Vi = —gradV(z). 3)

For V = 0 these are the closed geodesics. The negative L? gradient equation for Sy, on LM takes the form of the
heat equation

Osu — Vi Opu — gradV(u) = 0 4)
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2 J. Weber: Heat flow

for smooth cylinders u : R x S1 — M. Here gradV(u) denotes the value of grad) as defined by (8) on the loop
ug : t > u(s,t). If one linearizes (4) at a solution u, then the definition of D,, in (1) becomes an identity; see [9,
app A.2].

More precisely, the covariant Hessian of Sy at a smooth loop  : S' — M is the linear operator A, :
W22(SY x*TM) — L?(S*,2*TM) given by

Al = —ViVi€ — R(&, 2)d — Hy(z)¢. ®)

This operator is self-adjoint with respect to the standard L? inner product and the number of negative eigenvalues
is finite; see e.g. [10]. The latter is denoted by indy (A;) and called the Morse index of A,. If x is a critical
point of Sy, we define its Morse index by

indy(z) := indy(A4,)

and we call x nondegenerate if A, is bijective. In the following W.? denotes parabolic Sobolev space; see (7)
and appendix A. In this notation the linear operator D,, : WP — LP defined by (1) is of the form

Here the spaces £P and W. P are defined as the completions of the space of smooth compactly supported sections
of the pullback tangent bundle v*TM — R x S* with respect to the norms

0o 1 1/p
||5|p=(/_ /O Iflpdtds> 7

1/ @)
e} 1 P
[ (/ /0 |£|p+|Vs£|p+Vtth|pdtds> .

Overview

In appendix A we briefly introduce relevant parabolic Sobolev spaces WP and recall the well-known local
regularity theorem A.1 which is a key tool in this text.

In section 2 we state the axioms for the abstract perturbations 1 used thoughout. They have been introduced
in [8], because this class is rich enough such that transversality works; cf. [13].

Section 3 is the main part of this work. Here we investigate the solutions to the linear heat equation (1).
Theorem 3.1 asserts regularity for weak solutions. In subsection 3.2 on apriori estimates we derive pointwise
bounds of &, Vi&, Vi Vi€, and V€ in terms of the L? norm (theorem 3.3 and theorem 3.4). Section 3.3 then
establishes exponential decay of these L? norms. The combination of these results is used in section 3.4 to prove
theorem 3.13 which asserts that the operator D,, is Fredholm for a rather general class of smooth cylinders u in
M. However, nondegeneracy of the asymptotic limits of u is crucial.

In section 4 we prove an LP estimate which is crucial in the sequel [13] to deal with products of spatial first
order terms. More precisely, lemma 4.1 is the key ingredient to prove [8, thm. A.3] on regularity of strong
solutions to the heat equation (4) and to prove the quadratic estimate in [13] which enters the proof of the implicit
function theorem [8, thm. A.5]. A further consequence, useful in [13], is boundedness of the action along finite
energy solutions of the heat equation (4); see remark 4.2.

Outlook

Based on the results of the present text we construct in [13] an algebraic chain complex whose chain groups are
generated by perturbed closed geodesics and whose boundary operator is defined by counting, modulo time shift,
heat flow trajectories between geodesics of Morse index difference one. To see the connection to [13] observe that
if u solves the (nonlinear) heat equation (4) then £ := J,u solves the linear equation (1), that is 0;u € ker D,,.
In a forthcoming paper we prove that the resulting homology theory is isomorphic to singular homology of the
loop space. Due to the lack of a flow this is nonstandard and involves Conley theory on the loop space.

Notation 1.1 If f = f(s,t) is a map, then f, abbreviates the map f(s,-) : ¢ — f(s,¢). In contrast partial
derivatives are denoted by 0, f and 0, f.
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2 Perturbations

We introduce a class of abstract perturbations for which transversality in [13] works. The abstract perturbations
take the form of smooth maps V : LM — R. For x € LM define the L?-gradient gradV(z) € Q°(SY, 2*T M)
of V by

1
/ (gradV(u), dyu) dt = d%]/(u) (8)
0

for every smooth path R — LM : s +— u(s,-). The covariant Hessian of V at a loop = : S* — M is the
operator Hy(x) on Q°(S, 2*T M) defined by

Hy(u)dsu := VsgradV(u) ©)

for every smooth map R — LM : s +— u(s,-). The axiom (V1) below asserts that this Hessian is a zeroth order
operator. We impose the following conditions on V; here |-| denotes the pointwise absolute value at (s,t) € Rx S!
and [|-|| » denotes the LP-norm over S! at time s. Although condition (V1) and the first part of (V2) are special
cases of (V3) we state the axioms in the form below, because some of our results don’t require all the conditions
to hold.

(V0): V is continuous with respect to the C topology on £M . Moreover, there is a constant C' = C()) such
that

sup [V(@)|+ sup [lgradV(@)]| - (s1) < C:
ceLM reLM

(V1): There is a constant C' = C'(V) such that
[VegradV(u)| < C(|0sul + [|9sull 1),
[VigradV(w)] < C (1 +|0yul)
for every smooth map R — LM : s + u(s,-) and every (s,t) € R x St.
(V2): There is a constant C' = C'(V) such that
[V VogradV(w)] < C(1%dsul + INdsull o + (105l + 10,0l 1)),
% Vagradv(u)| < O(|%d,a] + (1 + D) (90l + D20 1) ).
and
|V VsgradV (u) — Hy (u) VsOsu| < C(|3su| + ||asu||L2)2
for every smooth map R — LM : s — u(s, ) and every (s,t) € R x S*.

(V3): For any two integers k& > 0 and ¢ > 0 there is a constant C' = C'(k, £, V) such that

it <0 3 T1fvivsad | T1 (1wl + 19501,

kj, b J J
iiti -
£;>0 ¢5=0

for every smooth map R — LM : s + u(s, ) and every (s,t) € R x S*; here p; > 1 and Ze,-:o 1/p; =1;
the sum runs over all partitions k1 + --- + k,,, = kand 1 + --- + £,,, < £ such that k; + ¢; > 1 for all j.
For k = 0 the same inequality holds with an additional summand C' on the right.
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4 J. Weber: Heat flow

3 The linearized heat equation

Fix a smooth function V : LM — R that satisfies (V0)—(V3) and a smooth map v : R x S' — M. This section
deals with the linear parabolic PDE (1).

Fix p > 1. In section 3.1 we show that strong solutions, that is, vector fields £ along u being locally of
class WP and satisfying (1) almost everywhere, are automatically smooth. More generally, for ¢ of class Ly
theorem 3.1 (implicitly) defines the notion of weak solution and asserts that even weak solutions are smooth.
In section 3.2 we derive pointwise estimates of ¢ and certain partial derivatives of £ in terms of the L? norm of
¢ over small backward cylinders. In section 3.3 we establish asymptotic exponential decay of the slicewise L?
norm |||/ z2(g1) of a solution £ whenever the covariant Hessian A,,, given by (5) is asymptotically injective.
Still assuming asymptotic injectivity we prove in section 3.4 that the operator D,, : WP — LP defined by (1) is
Fredholm.

3.1 Regularity

Theorem 3.1 (Local regularity of weak solutions) Fix a perturbation V : LM — R that satisfies (V0)—(V3)
and constants ¢ > 1 and a < b. Let u : (a,b] x S* — M be a smooth map with bounded derivatives of all
orders. Then the following is true. If ) is a vector field along u of class L} _ such that

(0, Dpg) =0

loc

for every smooth vector field & along u of compact support in (a, b) x S1, then n is smooth. Here the operator D,
is defined by the left hand side of (1) with Vs replaced by —VN; and (-,-) denotes integration over the pointwise
inner products.

Remark 3.2 Theorem 3.1 remains true if we replace D;; by D,, and define u on [a,b) x S*. This follows by
the variable substitution s — —s.

Proof. It suffices to prove the conclusion in a neighborhood of any point z € (a, b] x S*. Shifting the s and
t variables, if necessary, we may assume that z € Q, = (—r2,0] x (—r,r) for some sufficiently small r > 0.
Now choose local coordinates on the manifold M around the point u(z) and fix > 0 sufficiently small such
that u(£2,.) is contained in the local coordinate patch. In these local coordinates the vector field 7 is represented
by the map (n%,...,7") : Q. — R™ of class L} and the Riemannian metric g by the matrix with components

loc
9i;. Throughout we use Einstein’s sum convention. By induction we will prove that

= Gugm’ GnW{Zcq pw=1...,n.

m=1
But the intersection of spaces equals C*°(€,.); see e.g. [4, app. B.1]. Applying the inverse metric matrix yields
7 = g/*v, € C*°(Q,) proving the theorem.
Step m = 1. Fix p € {1,...,n} and consider vector fields of the form

€9 =(0,...,0,64,0,...,0): Q, — R"

where a function ¢ € C§°(int §2,.) occupies slot 4. Via extension by zero we view & (1:4) as a compactly supported
smooth vector field along u. Now our assumption implies that (n, D;:¢(#)) = 0 for every ¢ € C§°(int €2,.). By
straightforward calculation this is equivalent to

/ (<010~ 0010) = / - / o

for every ¢ € C5°(int ,.), where h,, = —2v, % d,u’ and

i

k

k i GFW k i Kk
f# :vk(l"m asu + our 8tu atu +F &gatu +F 615’& Fj 8tu +R/Mj 815’& &gu] +H )
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Here R}, ; represents the Riemann curvature operator and H, 7~ the Hessian Hy (u) in local coordinates. The
Christoffel symbols associated to the Levi Civita connection V are denoted by I‘fj.
From now on the domain of all spaces will be ©,., unless specified differently. Observe that v, € L] = C L}

loc loc
by smoothness of the metric, compactness of M, and the fact that n* € L} by assumption. It follows that ,, and

fu arein L?OC. Here we used in addition boundedness of the derivatives of v and axiom (V1). Hence d;v,, € L?OC
by theorem A.1 (b) and this implies that d;h,, € L}, .. Now integration by parts shows that

loc*

/ v (~0u6 — 0,000) = /Q (fy + Buy) &

Q. ™

m,q

for every ¢ € C§°(int Q,.) and therefore v, € W,-? by theorem A.1 (a).
Induction step m => m + 1. Assume that v, € W, "?. Then f,,h, € W, ? by compactness of M,
boundedness of the derivatives of u, and axiom (V3). Hence 9;v,, € W,.:? by theorem A.1 (b). But this implies

loc

that 9;h, is in W% and so is f,, + O;h,,. Therefore v, € Wl':fjl’q by theorem A.1 (a). O

3.2 Apriori estimates

Theorem 3.3 Fix a perturbation V : LM — R that satisfies (V0)—(V2) and a constant Cy. Then there is a
constant C' = C(Cy, V) > 0 such that the following is true. Assume u : R x S' — M is a smooth map with
|0su]lce < Co and £ is a smooth vector field along u satisfying the linear heat equation (1). Then

1£(s, )| < C ||§||L2([s—%,s]><5’1)
for every (s, t) € R x S*. Ifin addition ||0sul| s + || ViOst]|oo < Co, then
Vg (s, )] < ClIEl 2 ps—1,61 51

for every (s,t) € R x S,
Theorem 3.4 Fix a perturbation V : LM — R that satisfies (V0)—(V2) and a constant Cy. Then there is a
constant C' = C(Cy, V) > 0 such that the following is true. Assume u : R x S* — M is a smooth map with

[0sulloo 4+ [10sulloo + [[ViOrull oo + [[ViOsulloo + [ViViOpufloc < Co
and £ is a smooth vector field along u solving the linear heat equation (1). Then
Vi€ (s, D) + V& (5. D] < Ol o o—aapmsy

for every (s,t) € R x S,
Remark 3.5 If in theorem 3.3 or theorem 3.4 the vector field £ solves D¢ = 0, then n(s,t) := &(—s,t)
solves (1). The apriori estimates for 7 then translate into apriori estimates for £. For example, it follows that

|§(87t)| <C ||€||L2([s,s+%]><sl)

for every (s,t) € R x S* and similarly for the higher order derivatives.

The proof of theorem 3.3 and theorem 3.4 is based on the following mean value inequality which we recall
from [8], since it is used many times. Consider the parabolic domain defined for » > 0 by P, := (—r2, 0) x
(=7, 7).

Lemma 3.6 ([8, lemma B.1]) There is a constant ¢; > 0 such that the following holds for all r € (0,1]
and a > 0. If w : P. — R, (s,t) — w(s,t), is C! in the s-variable and C? in the t-variable such that
(0¢0¢ — Os)w > —aw and w > 0, then

2

Clear
w(0) < 3 / w.
P,

r
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6 J. Weber: Heat flow

Corollary 3.7 Let ¢y be the constant of lemma 3.6 and fix two constants v € (0,1] and p > 0. Then the
following is true. If F : [—r2,0] — Ris a C* function such that —F' + pF > 0 and F > 0, then

pr® 0
F(0) < 241 ‘/ F(s) ds.

- 72 2

Proof. Lemma 3.6 with w(s,t) := F(s). O

Corollary 3.8 (to [8, le. B.4]) Fix constants r, R > 0 and three nonnegative functions U, F,G : [-(R +
7)2,0] — [0, 00) such that U is C and F, G are continuous. If U’ > G — F, then

0 0 0
R+r / (4 1>/
G(s)ds < F(s)ds+ | = + — U(s)ds | .
/,]p ( ) R < —(R+7)2 ( ) r2 Rr —(R+7)2 ( )

Proof. [8,le. B.4] with u(s,t) = U(s), f(s,t) = F(s), g(s,t) = G(s). O

Proof of theorem 3.3. We prove the theorem in three steps. The idea is to prove in step 1 the desired pointwise
estimate in its integrated form (slicewise estimate). In steps 2 and 3 this is then used to prove the pointwise
estimates. Note that in step 3 we provide an estimate which is not used in the current proof, but later on in the
proof of theorem 3.4. Occasionaly we denote £(s, -) by &s.

Step 1. There is a constant C1 = C1(Cy, V) > 0 such that

1 s 1
|t [7 [ e 0P deds < €l s
$™16

for every s € R.
Define the functions f,g: R x S' -+ Rand F,G : R — R by

o =leP 2= Vel Fioyi= [ sGna 66 [ oo,
and abbreviate L := 9;0; — 0 and L := V'V, — V,. Then

Lf=29+U, U := (,LE). (10)
Assume that U satisfies the pointwise inequality

U1 < wf + 5 6N (11)

for a suitable constant ;1 = u(Cp, V) > 0. Hence Lf 4+ puf + F > 2¢g by (10) and integration over the interval
0 <t < 1shows that —F’ + (u+ 1)F > 2G. Step 1 then follows by Corollary 3.7 with r = 3 and corollary 3.8

with R =7 = 1.

It remains to prove (11). Since & solves the linear heat equation (1), using the assumption ||O;u||», < Cp and
axiom (V1) with constant ¢; we obtain that

|U| = (&, Vi€ — Vi&)
= (¢, R(&, 0pu)Opu + Hy (u))|
<R 0l 1€17 + e €] (€] + N1Es1)

12 1, .2
S(XXHRMm+2q+@f)§K|+§H&M~

Step 2. We prove the estimate for |€| in theorem 3.3.
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Note that Lf > —|U| by (11). Hence the estimate (11) for |U]| and the slicewise estimate for £, provided by
step 1 prove the pointwise inequality

Lf > —uf —2C, ||§||iz([sfi,s]x51)

for all s and ¢. Fix (s, to) and set a = a(sp) := %”ﬂﬁ%[so—%,%]xsl)' Then

L(f+a)=2—p(f+a)

forallt and s € [so — §, o). Hence lemma 3.6 with r =  applies to the function w(s, t) := f(so+s,to+t)+a
and we obtain that

0

1
F(s0,t0) < Sereh/t / / (F(so+ 8.t + ) + a) dtds
0

1

1
1 G 2

< 8cyet/t (2 + 2#) H£||L2([507%,so}><51) :

Since sg € R and tq € S were chosen arbitrarily, this proves step 2.
Step 3. We prove the estimate for |Vi| in theorem 3.3.
Define functions f1, g1 : R x S' — R by

2fi =1Vl 201 1= [NV,
and F1, Gy : R — Rby Fi(s) == [ fi(s,t) dt and G1(s) := [ g1(s,t) dt. Then

Lfi =2g1+ Us, Up == (V& LVGE). (12)
Since ¢ solves the linear heat equation (1), it follows that

LV = Vi (Vi€ = Vi) — [V, Vi€
= Vi (—R(&, 0pu)Opu — Hy(u)§) — R(Dsu, Oyu)§
= — (MR) (&, 0ru)diu — R(VEE, Opu)Oru — R(E, V0ru)Oru
— R(§, 0iu)V,0yu — ViHy (u)€ — R(Osu, Opu)k.

Now take the pointwise inner product of this identity and V,£ and estimate the resulting six terms separately using
the L boundedness assumption of the various derivatives of u. For instance, term five satisfies the estimate

[(Ve€, ViHy (u)€)] < e2 [Veg| (IVe€] + (1 + [0eul) (1€] + [I€s11))

by the second inequality of axiom (V2) with constant cs. It follows that U, satisfies the pointwise inequality
Ul < pufy+ el + il

for a suitable constant ;1 = p(Cp, V) > 0. Hence

2 2
Lfi >2g1 — pfi — pwlé]” — pllésll5

pointwise for all s and ¢. By step 1 and step 2 this implies the pointwise estimate

2
Lfi > —pfr— M||f||L2([s—1 s]x81)

PR

for all s and ¢. Here we have chosen a larger value for the constant p1. Fix (sq,t9) € R x S* and seta = a(sg) :=
Hf”%msoq,so]xsw Then

L(fi+a)>—p(fi+a)
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8 J. Weber: Heat flow

forallt and s € [so— 1, s9]. Hence lemma 3.6 with r = 1 applies to the function w(s, t) := fi(so+S$,t0+t)+a
and proves the desired estimate, namely

0

1
fl(So,tQ) < 8616#/4/ / (fl(So + S,to + t) + a) dtds
- 0

1
1

1 S0 1
- 7/ / Ve (s, )2 dtds + 2
2 5(]*% 0 4
1
< 816" (21€0En ety + 1 I o s

for all sy € R and to € S'. The final inequality uses the estimate of step 1. This concludes the proof of step 3
and theorem 3.3. 0

The proof of theorem 3.4 uses the same techniques. We refer to [12, thm. 3.4] for details.

3.3 Exponential decay

Given a smooth loop = : ST — M the linear operator A, on L?(S1, 2*T' M) with dense domain W22 is defined
by (5). With respect to the L? inner product (-,-) this operator is self-adjoint; see e.g. [10] for the case of
geometric perturbations V; and use [12, le. 3.14] on symmetry of the Hessian Hy, in the general case.

Theorem 3.9 (Backward exponential L? decay) Fix a perturbationV : LM — R that satisfies (VO)~(V2) and
a constant co > 0. Then there exist positive constants 6, p, C such that the following holds. Let x : S* — M be a
smooth loop such that A, given by (5) is injective and ||0yx ||, + ||V Op ||y < co. Assume u : (—o0,0] x ST — M
is a smooth map and Ty > 0 is a constant such that

Us = €XPy Ns, ||778||W2,2 <9, ||5'5us||2 + ||Vs<9tus||2 <4,

whenever s < —Ty. Assume further that £ is a smooth vector field along u such that the function s — ||&;]|2 is
bounded by a constant ¢ = ¢(§) and & solves one of two equations

Then
€2 < T fle_g |2 < cZer(e+To)

and

< LA |2,

2
€22 ((—o0,s)x51) < ([-To—1,~To]x S1)

for every s < —Tj.
Note the weak assumption (L? versus L°°) on the s-derivatives of d;u, and its base component u,. To prove
theorem 3.9 we need two lemmas.

Remark 3.10 (Forward exponential L? decay) If the domain of u is the forward half cylinder [0, o0) x S* and
the vector field £ along u solves £(13), then theorem 3.9 applies to v(o,t) := u(—o,t) and n(o,t) := £(—0, 1),
since 7 solves F(13). The estimates obtained for ) provide estimates for £, for instance

2 C? —o+T, 2
16022 0,005y < ST TN o1y a1y sty
for every o > Tj.

Lemma 3.11 (Stability of injectivity) Fix a perturbationV : LM — R that satisfies (V0)-(V2) and a constant
co > 1. Then there are constants 11,5y > 0 such that the following holds. If x and ~ are smooth loops in M such
that the operator A, is injective and

y=expy(n),  |nllyez <do, 02 + [[Vi0|2 < co,
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then

€11y + Ve€ll5 + IVaVi€lly < pll A€,
forevery £ € QO(SY, v*TM).

Proof. By self-adjointness and injectivity the operator A, is bijective. Hence it admits a bounded inverse
by the open mapping theorem. This proves the estimate in the case v = x for some positive constant, say
1o = po(V, co) > 1. Since bijectivity is preserved under small perturbations (with respect to the operator norm),
the result for general x follows from continuous dependence of the operator family on n with respect to the
W22 topology. More precisely, given a smooth vector field £ along «, define X = ®~1¢ where ® = ®(z,7)
denotes parallel transport along the geodesic [0, 1] 3 7 — exp,,(77n). Recall that @ is pointwise an isometry, then
straightforward calculation shows that

€]l + 1€l + Ve Vel < ecipo || @A,

where the constant ¢ > 1 depends only on the closed Riemannian manifold M and the constant ¢; associated to
the Sobolev embedding W12 — CY. Now

[@A: 27 — Ag], < Clnllwze [€llwrz < 80C (1]l .2

by straightforward calculation, where the constant C' > 1 depends on ||R||s, o, €1, dp, and the constant in

axiom (V2) and where we estimated the term quadratic in V;7 by || Vin||%, < ¢3||n]|?,2... The second inequality

uses the assumption on 7. Now combine both estimates and choose d; > 0 sufficiently small to obtain the

assertion of the lemma with y1 = 2cc . O
The following lemma 3.12 is well-known; see e.g. [12, le. 3.13] for details.

Lemma 3.12 Let f > 0 be a C? function on the interval (—oo, —Tp). If f is bounded by a constant ¢ and
satisfies the differential inequality f" > p>f for some constant p > 0, then f(s) < ePC+T0) f(—Ty) for every
s < 7T0.

To prove theorem 3.9 it is useful to denote exp,, (§) by E(u,§) and define linear maps, for { € T, M and
i,j € {1,2}, by
El-(u, 6) : TuM — TempufMa Eij(u, 5) : TuM X TuM — Terpu§M~

If u: R — M is a smooth curve and &, 7 are smooth vector fields along u, then the maps F; and I;; are
characterized by the identities

L exp, (€) = By (w00 + Fa(u, Vi€
Vs (B (u, €)n) = Bi1(u, €) (n, dsu) + Era(u, €) (1, V) + B (u, €)Vin) (14)

u
Vs (B2 (u, §)n) = E21(u, §) (1, 0su) 4 Eza(u, §) (1, Vs&) + Ea(u, §)Ven.

These maps satisfy the identities
Ell(u70) = E12<u7 0) = E22(ua O) = 07 El(u70> = EQ(ua O) =1 (]5)

Proof of theorem 3.9. Fix ¢g and V and let C be the constant of theorem 3.3 and x4 and §y be the constants of
lemma 3.11 with this choice. Set § := &g and suppose u, x, Tp, € satisfy the assumptions of the theorem. Then
lemma 3.11 for v = ug and vector fields 7 = 1 and & = &; asserts that

sl + IVEsllz + IV Visllz < 1 14w, &5 = 12 Vsl (16)

whenever s < —Tj. The last step uses the consequence Vi{; = FA, & of (5) and (13). From now on we
assume that s < —Tg. Observe that

8tus = El (LU, ns)atm + E2(x7 ns)vtns
ViOrus = Evi(z,ms) (Opz, Op) + 2E12(, ) (Or, Vins) + E1(x,1s) Vi Oy
+ Ega(z,ms) (Vins, Vins) + Ea(x,ns) ViVins.
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10 J. Weber: Heat flow

By the identities (15) we can choose > 0 smaller, if necessary, such that
10uslly < 1B (21| ezl + 1B, n) o [ %emelly < 2co.

and, similarly, that ||V, 0yus|, < 2co.

Claim. Consider the function F(s) := ||§S||§ =1 f01|§(s, t)|? dt. Then there is a sufficiently small constant
6 > 0 such that F"(s) > ;712F(8) whenever s < —Tj.

Before proving the claim we show how it implies the conclusions of theorem 3.9. Set p = p(co, V) := %, then

F" > p2F on (—oo, Tp]. Hence lemma 3.12 proves the first conclusion of theorem 3.9. Use this conclusion, the
fact that ||-||2 < ||*]| s on the domain S, and theorem 3.3 with constant C' = C(cg, V) to obtain that

2 S 2 S 2
€112 < e+ e gy |2, < C2eP+T0 [l Ly st

whenever s < —T;. Fix 0 < —Tj and integrate this estimate over s € (—oo, o]. This proves the final conclusion
of theorem 3.9.

It remains to prove the claim. In the following calculation we drop the subindex s for simplicity and denote the
L?(S') inner product by (-, -). By straightforward computation it follows that F"/(s) = ||Vs£§||§ + (&, Vs Vi€)
and

(6, Vi) = £(&, Vi, (Vi€ + R(€, 0pu)dyu + Hy(u)€))
= (& [Va, BV + ViViVi€ + Vs (R(E, Oyu)Opu + Hy (u)€))
= £(& Ve[V, V€ + [V, ViV + Vi (R(E, Opu)Opu + Hy (w)€))
+ <V Vi€, Vi §>
= +(£Vi€ — R(§, 0u)Opu — Hy (w)E, Vil)
+ <§ ( A )(8su, )€ + R(V,0su, Oyu)€ + R(Dsu, V;0yu)é
+ 2R(8SU7 8,5U)Vt§ + (qu) (5, atu)atu + R(Vgﬁ, 8{&)8{&
+ R(E, VD) yu + R(E, Oyu) Vdyu + Vi My (w)€)
= [Vll3 £ (& Vv ()¢ — Hy(w)%ig)
+ <£7 (VtR) (asua 3tu)§ + 2R(€7 atu)vtasu + R(asu7 Vtatu)g
+ 2R (0su, 0u) Vi€ + (VsR) (€, Opu)Opu).
To obtain the first and the fourth step we replaced ¢ according to (13). The third step is by integration by parts.
In the final step we used twice the first Bianchi identity and [12, le. 3.14] on symmetry of the Hessian. Note that
the term V,0,u forces us to assume W12 and not only L smallness of Ogu,.
Abbreviate ||-||1,2 := ||-||w1.2(51) and assume from now on that s < —Tjp. Recall that ||Osu[|oc < c1|0sus|l12 <
4cgey where ¢ is the Sobolev constant of the embedding W12(St) < C%(S!). Then the former two identities
imply that
F(3) 2 2 |V&ull3 = Cr (105115l + INiButis ) (16412 + €6 L 191
> 2|V 3 — Ca 10suslly o l1Es13

for positive constants C; = Cy(co,c1, V, ||R||c2) and Co = Cs(c1,C). Choose 6 > 0 again smaller, if
necessary, namely such that § < 1/(2u°Ca). Hence [|dsusll, 5 < 6 < ﬁ where the first inequality is by
assumption. Therefore

2 1 2 2
F"(s) > 2||Visslly — 22 [€s117.0 = [IVsEsll3

where the second inequality is by (16). But ||V,&||2 > %HszZ = % F'(s) again by (16) and definition of F.
This proves the claim and theorem 3.9. O
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3.4 The Fredholm operator

Theorem 3.13 (Fredholm) Fix a perturbation V : LM — R that satisfies (VO)—(V3), a constant p > 1, and
two nondegenerate critical points ©& of Sy. Assume u : R x S* — M is a smooth map such that

us = exp,+ (nF), an“wu =0, [[Osus|lyyr2 =0, ass— oo,

that ||V, 0ru| oo + ||[VeOstl oo + [V V20| 0o < 00, and that ||V, Vi Osus||2 is bounded, uniformly in s € R. Then
the operator D,, : WEP — LP is Fredholm and

index D,, = indy(z~) — indy(x™).

Moreover, the formal adjoint operator D}, = —N,+A,, : WP — LP is Fredholm with index D}, = —index D,,.
Boundedness in L*° of the three derivatives is required to apply theorem 3.4 in the proof of proposition 3.15.
For the assumption on V; V0, u see the footnote below. Recall that the linear operator D,, : Wivp — LP is given
by (6). From now on and throughout this section we assume that p > 1 and u and 2% satisfy the assumptions of
theorem 3.13. We set  := 2~ and y := x ™. The goal of this section is to prove theorem 3.13. By definition a
Fredholm operator is a bounded linear operator with closed range and finite dimensional kernel and cokernel.
The difference of these dimensions is called the Fredholm index of D,, denoted by index D,,. Furthermore,
observe that the formal adjoint operator D}, : W) — LF with respect to the L?-inner product has the form

D& = —Vsl = ViVi§ — R(E, Opu)Opu — Hy (w)é. (a7

We proceed as follows. In the case p = 2 we show that our situation matches the assumptions of [6] and this
proves the Fredholm property for p = 2. Then we reduce the case p > 1 to the case p = 2. Here key steps are
to prove closedness of the range and independence of kernel and cokernel of p. The latter argument is based on
exponential L? decay (theorem 3.9) and local regularity (theorem 3.1).

For easy reference we derive some consequences from the assumptions of theorem 3.13. Consider the constant
a := max{Sy(z),Sy(y)} and the constant Cy > 0 in axiom (VO0). Then (2) and (3) imply that

10ex|3 = 2a+2V(x) < 2(a+ Cy), [|Vidral, = |lgrad V()|l, < Co, (18)

and similarly for 3. Hence by the Sobolev embedding W12(S1) — C°(S!) with constant ¢y, the fact that Oyu,
converges asymptotically to d;x* in W12(S'), and smoothness of u there is a constant c; = c2(a, Cp, u) such
that

|0¢ul| o, = sup [|Opus|| o, < c1sup [|Opus|lypre < co. (19)
seR seR

Similarly, since dsus converges asymptotically to zero in W12(S1) it holds that

|0sull o = sup [|0sus| o, < c1sup [|Osts||yyr2 < 3. (20)
seR seR

for some constant c3 = c3(u).

Remark 3.14 (a) The map u in theorem 3.13 satisfies the assumptions of the local regularity theorem 3.1;
since u is smooth on the whole cylinder, all its derivatives are bounded on any given compact subset () D
(a,b] x S*. By (19) and (20) the assumptions of the apriori estimates theorem 3.3 and theorem 3.4 are satisfied.
(b) The map u and z, y in theorem 3.13 satisfy the assumptions of the exponential L? decay results theorem 3.9
and remark 3.10; for x and y use (18) and for u use that d;u, converges asymptotically to zero in W12(S1).

Fredholm property and index for p = 2

To prove that D,, is Fredholm it is useful to represent D,, with respect to an orthonormal frame along «. Since M
is not necessarily orientable, we define

+1, ifuw*TM — R x S is trivial
o =olu):= —1, else
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12 J. Weber: Heat flow

and E, := diag (0, 1,...,1) € R™*". The orthogonal group O(n) has two connected components, one contains
E; = 1 and the other one F_;. Hence there exists a (smooth) orthonormal trivialization ¢ = ¢, : R x [0, 1] x
R"™ — u*T'M such that ¢(s,t) = ¢(s,0)E, forall s € Rand ¢ € [3, 1]. The vector space of smooth sections of
uw*T' M is isomorphic to the space CS° of all maps @ € C*°(R x [0, 1], R™) such that ¥(s,t) = E,¥(s,0) for all
s€Randt € [3,1].

Denote by W the closure of C2° with respect to the Sobolev W22 norm and by H its closure with respect to
the L? norm. Then D,, : W12 — L2 given by (6) is represented by the Atiyah-Patodi-Singer type operator

d
Dayoi=¢"'Dug = -+ A(s) + C(s) 1)

from W2 = L2(R,W) N WL2(R, H) to L?*(R, H). Here A(s) is the family of symmetric second order
operators on H with dense domain W given by

d2
Cde?

where B = (0,P) + 2P9; + P? and Q = ¢ 'R(¢, 0u)0su + ¢~ Hy(u)¢. The families of skew-symmetric
matrices P(s,t) and C(s, ) are determined by

A(s) = — B(s,t) — Q(s,t)

oo =0, +P, ¢ V=0, +C.

Observe that lim, 4., C(s,t) = 0, uniformly in ¢, since dsus converges asymptotically to zero in C%(S')
by assumption of theorem 3.13. Hence C(s) converges asymptotically to zero in £(IR™). Therefore the linear
operator C' : W12 — L? is a compact perturbation of D 4 by [6, lem. 3.18]. But the Fredholm property and
the Fredholm index are invariant under compact perturbations and so it remains to prove that D 4 is a Fredholm
operator and compute its index. By [6, thm. A] it suffices to verify the following properties.

(i) The inclusion of Hilbert spaces W — H is compact with dense image.

(ii) The operator A(s) : H — H with dense domain W is unbounded and self-adjoint for every s.
(iii) The norm of W is equivalent to the graph norm of A(s) for every s.
(iv) The map R — L(W, H) : s — A(s) is of class C'! with respect to the weak operator topology.

(v) There exist invertible operators A* € L£(W, H) which are the limits of A(s) in the norm topology, as s
tends to +oo.

Statements (i) and (ii) follow by the Sobolev embedding theorem, the well-known fact that the 1-dimensional
Laplacian —d?/dt? on [0, 1] with periodic boundary conditions is self-adjoint, and by the Kato-Rellich Theorem
using that the perturbation B + @ is of relative bound zero; see [5]. To prove (iii) one has to establish that the W
norm is bounded above by a constant times the graph norm and vice versa. The first inequality uses the elliptic
estimate for the operator A(s) and the second one follows since ||Oyus||oo and ||V;0zus||2 are bounded by (19)
and since the Hessian Hy (u;) is a bounded linear operator on L?(S*, u,*T M) by axiom (V1). To prove (iv)
we need to show that, given any £ € W and nn € H, the map s — (n, A(s)¢) is in C1(R,R). This follows
by the bounds in (19) and (20), by the final estimate in axiom (V2), and the apparently unnatural' assumption
in theorem 3.13 that V; V,0sus be uniformly L? bounded. Statement (v) is true, since the critical points T are
nondegenerate and u converges in W22(S1) to xF, as s — +o0.

Now (i—v) are precisely the assumptions of theorem A in [6] which therefore asserts that the operator D 4 :
W12 — L2 is Fredholm and its index is given by the spectral flow of the operator family A(s). Since the
spectral flow represents the net change in the number of negative eigenvalues of A(s) as s runs from —oo to oo,
it is equal to the Morse index difference ind(A~) — ind(A™). To see this observe that ind(A™) equals ind(A™)
plus the number of eigenvalues changing from positive to negative minus the number of those changing sign in

U tfin [6, thm.Al], hence in (iv), continuously differentiable could be replaced by continuous, then the assumption on || V; V;:9sus||2 can
be dropped in theorem 3.13.
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the opposite direction. Finally, the Fredholm indices of D4 and D4 ¢ are equal, since {D A+TC}TE[O,1] is an
interpolating family of Fredholm operators. This proves theorem 3.13 for D,, : W12 — £2.

Observe that the formal adjoint operator D} : W2 — £2 is represented by —D_ 4_¢. Since A satisfies (i-v),
so does —A. Thus D_ 4 is a Fredholm operator, again by [6, thm. A], and its index is given by minus the spectral
flow of the operator family A = A(s). Thus —D_ 4 is Fredholm of the same index. But —D_4 and —D_4_¢
are homotopic through the family of Fredholm operators {—D_4_-c}reo,1]- This proves theorem 3.13 for

p=2.

Fredholm property and index for p > 1

Still under the assumptions of theorem 3.13 consider the vector spaces given by
X = {g € C®R x SLu*TM) | D¢ =0,3¢,6 >0Vs € R :
1€sloc + Ve€slloe + VeVl oo + 11 VisEslloe < ce*‘”sl}.
Proposition 3.15 Ler p > 1, then
ker [D, : Wy? — LP] = X, ker [D} : Wi? — LP] = X[

Proof. It suffices to prove the first statement. The other one then follows by reflection s +— —s. The
inclusion D is trivial. To prove the inclusion C assume that £ € W' solves D¢ = 0 almost everywhere. Recall
remark 3.14. Being a local property smoothness of ¢ follows from theorem 3.1 for n = £ using integration by
parts. Exponential decay in L°>°(S!) of ¢ and V¢ follows by combining the apriori estimates theorem 3.3 and
theorem 3.4 with the L? exponential decay results theorem 3.9 and remark 3.10. The final step is to use that by
smoothness of ¢ its L2 norm over any compact subset of R x S' is finite. Note that the exponential decay results
require nondegeneracy of the critical points 2* and boundedness of the map s + ||¢,]|o. Hence it remains to
verify the latter. Consider the constant ¢ = ca(a, Cp, u) in (19) and let C' = C(cz2, V) be the corresponding
constant in theorem 3.3. Then for s € R we obtain that

16l < Néslloe < ClEN L2z Zoi=[s— 3.8] x S

Now there are three cases. The case p = 2 is trivial. If p > 2, define ¢ > 2 by ¢ + . = 5 and apply Holder’s
inequality to [|1 - £|| 2(z,) to conclude that

leslly < C (3)7 1€l oz < C ()™ IIE,

for every s € R. If 1 < p < 2, apply the Sobolev embedding W'P(Z,) — L?(Z,) with Sobolev constant
¢p > 0 to obtain that

1€slly < ClIEl L2 2,y < CllEllwrpz,) < C lIElws
for every s € R. 0

Proposition 3.16 Assume u : R x St — M is a smooth map such that ||0su|| s, |0t s, and ||V, 0| oo are
Sinite and limg_, 1o, u(s, t) exists, uniformly in t. Then, for every p > 1, there is a constant ¢ = ¢(p, u, M) such
that

%€l + 19661, + I Ngll, < e (V€ — %%igll, + gl ) (22)

for every smooth compactly supported vector field & along u. Estimate (22) remains valid for —Vs replacing V.
Estimate (22) also remains valid if u is defined on the backward halfcylinder (—oc, 0] x S*.

Proof. The proof of (22) for R x S* and for (—oo, 0] x S! is based on the parabolic analogue of the Calderon-
Zygmund estimate [8, thm. C.2] for R? and H~, respectively, via a covering argument. Details for R x S are
provided by [8, prop. D.2]. Lemma D.4 in [8] allows to add the term V£ to the left hand side of (22). The
underlying reason is periodicity in the ¢ variable. The statement for —V; follows by reflection s — —s. O
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14 J. Weber: Heat flow

Proposition 3.17 The range of D,,, D} : WP — LP is closed whenever p > 1.

Proof. The structure of proof is standard; see e.g. [7, sec. 2]. We sketch the two key steps for D,,. Step one
is the linear estimate

€lhwen < e (IDull, + Il (23)

for compactly supported smooth vector fields ¢ along w. This follows immediately from proposition 3.16, [8,
lemma D.4], the L*° bound for d;u in (19) and axiom (V1). Step two is to prove bijectivity of D,, in the case of
the constant cylinder u(s, t) = x(t), whenever x is a nondegenerate critical point of Sy,. A proof for p > 2 in the
related case of half cylinders is given in [12, thm. 8.5]. The case 1 < p < 2 follows by duality; cf. [7, exc. 2.5].
Both steps are then combined by a cutoff function argument; see [7, thm 2.2]. O

Proposition 3.17 enables us to define the cokernels of D,, : WP — LP and D} : WP — LP as Banach
space quotients. Namely, for p > 1 set
£y

. b
imD,,

L3

coker D, = D
u

coker D} =

The following result shows that also the cokernels are independent of p.
Proposition 3.18 Ler p > 1, then

coker [Dy, : WP — L] = X, coker [D} : WP — LP] = X.

Proof. We prove the second identity. The other one follows by reflection s — —s. We identify the cokernel
of D;, with the annihilator of the image of D}, given by

(imD;)" == {n e L£L] (n, D) = 0 forall € € WLP)

where % + % = 1, hence £¢ = (££)*. It remains to prove that (imD})" = X,. The inclusion > is trivial.

To prove the inclusion C assume that 7 € (im DZ)J‘. Hence 7 is smooth by theorem 3.1. Integration by parts
shows that D,n = 0. Exponential decay follows by combining theorem 3.3 and theorem 3.4 with theorem 3.9
and remark 3.10 as explained in the proof of proposition 3.15. However, since we do not yet know that n € W4,
we continue the final estimate in the proof of proposition 3.15 using (23) and D, n = 0 together with a cutoff
function argument to obtain that [|7s[|2 < ¢,C|[nll\y1.0(7,) < 3¢qCCylInllq- O

u

Proof of theorem 3.13. The range of D, : W!P — LP is closed by proposition 3.17. Moreover, by propo-
sition 3.15 and proposition 3.18 the kernel and the cokernel of D,, : WP — LP are given by X, and X,
respectively. But these vector spaces do not depend on p > 1. Apply the result for p = 2. O

4 A product estimate

Lemma 4.1 (Product estimate) Let N be a Riemannian manifold with Levi-Civita connection V and Rieman-
nian curvature tensor R. Fix constants p > 2 and ¢ > 0. Then there is a constant C = C(p, ¢y, ||Rl|c0) such
that the following holds. Assume w : (a,b] x S* — N is a smooth map such that ||0sul| _ + ||Opul| . < co, then

bl 1/p
( || awemxpy dtds> < el (19X, + I%%X]],)
a JO

for all smooth compactly supported vector fields £ and X along u.

Remark 4.2 (a) Lemma 4.1 continues to hold for smooth maps u that are defined on the whole cylinder
R x S*. In this case the (compact) supports of £ and X are contained in an interval of the form (a, b].
(b) In the proof step 2 for p = 2 leads to the remarkable fact that along finite energy solutions of (4) the action is
automatically bounded; cf. [13, cor. 2.10].
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Proof of lemma 4.1. The proof has three steps. Step 2 requires p > 2. Abbreviate I = (a,b] and for ¢,r €
[1, oo] consider the norm

1€l g = €Nl acr, 151y -

STEP 1. Fix reals « > 1 and q,r,q', 7" € [a, 00] such that % + % =1 and % +41 = é Then for all functions
f,g € C=(I x SY) it holds that

1fglla < 1Flgriq Ngllpy -

Let f5(t) := f(s,t). Apply Holder’s inequality twice to obtain that

b b o
19050y = [ 10a0el5ecsry d5 < [ (Wfellangsny Noelorcsny) ds <l ol
a a

where u(s) := || fs||La(s1) and v(s) := [|gs|| L (s1). This proves step 1.

STEP 2. Given p, ¢y, and u as in the hypothesis of the lemma, then there is a constant ¢ = c¢(p, co) such that
1%€ e,y < cli€llpn

for every smooth compactly supported vector field € along v : I x S — N.
The proof uses the generalized Young inequality: Given reals a,b,c > 0 and 1 < «,f,7 < oo such that
14 % + % = 1, then abc < % + % + % Abbreviate £(s,t) by &, then integration by parts shows that

d 1
%/0 Vi (s, t)|P dt
1
—) / VP2 (i€, ViV + [V, Vi€
0
1 1
S /O (jtlvta”z) (Vi€, VL€ dt — p /O VP2 (€, Vit dit
1
+p / V€72 (i€, R(Dou, Dru)€) dit
0
1
= p(p-2) / VP (VhE, ViV (Vi€ Vi) di
0

1
_p / N2 (ViVAE, V) — (Vi€ R(Dvu, D)) dt.
0

Take the absolute value of the right hand side, apply the generalized Young inequality in the case” p > 2 with

a =p/(p—2), 8 = p,v = p, and the standard Young inequality with o = p/(p — 1), 8 = p to obtain the
inequality

d [! »
— t dt
M
! 2 1 1
<plp-1) [ P el 18] e+ ped IRl [P el
0 0

Lrip—2 1 1
<p(p-— 1)/ <p V&) + = [ViglP + - |Vs£|p) dt
0 P p P
Lrip—1 1

rod IRl [ (TR e ) ar
0 p p
<Ci (”fs”ip(sl) + Hvsgsnip(sl) + ||Vtvt§sH;zp(Sl)) :

2 The case p = 2 is taken care of by the standard Young inequality.
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16 J. Weber: Heat flow

Here C; > 0 is a constant depending only on p, co, and ||R|| and &(t) := £(s,t). Note that we used [8,
lemma D.4] to estimate the terms involving V. Now fix o € (a, b] and integrate this inequality over s € (a, 0]
to obtain the estimate

||vt§a||11?,p(sl) <c ”f”i\/lm((a,b]xsl) :

Here we used compactness of the support of £ and monotonicity of the integral. Since the right hand side is
independent of o the proof of step 2 is complete.

STEP 3. We prove the lemma.
Consider the functions f(s,t) := |V;{(s,t)] and g(s,t) := |V, X (s,t)|. Then by step 1 with &« = g = r’ equal to
p and with r = ¢/ = oo we obtain that

b 1
/"/<W%@wuwxwxmpﬁw=HMWsnwmgﬂwxwm.
a 0

Now apply step 2 to the first factor. For the second one we exploit the fact that, since the slices s x S* of our
domain are compact, there is the Sobolev embedding W1P(St) < L°°(S') with constant = pu(p) > 0. It
follows that

b b
/ IV Xl (51 ds S/ W I Xellyo sy ds

b
4 [ NGy + [GTXe o,

This concludes the proof of lemma 4.1. O

A Local regularity

By H~ we denote the closed lower half plane, that is, the set of pairs of reals (s,¢) with s < 0. In this section
all maps are real-valued and the domains of the various Banach spaces which appear are understood to be open
subsets 2 of either R% or H~. To deal with the heat equation it is useful to consider the anisotropic Sobolev spaces
W2k We call them parabolic Sobolev spaces and denote them by W*?. For constants p > 1 and integers
k > 0 these spaces are defined as follows. Set WP = LP and denote by WP the set of all u € LP which admit
weak derivatives 9,u, O;u, and 8;0;u in LP. For k > 2 define W*P := {u € WP | ,u, Oyu, 8;0pu € WF=1:P}
where the derivatives are again meant in the weak sense. The norm

1/p

e = // S (0v0tu(s,t)f” dids (24)

2v4+p<2k

gives W*P the structure of a Banach space. Here v and y are nonnegative integers. Note the difference to
(standard) Sobolev space W*? where the norm is given by ||u| by = s u<i |08 Of'ullb. A rectangular
domain is a set of the form / x J where I and J are bounded intervals. For rectangular (more generally,
Lipschitz) domains 2 the parabolic Sobolev spaces W¥P can be identified with the closure of C°°(£2) with
respect to the VWP norm; see e.g. [4, app. B.1].

Theorem A.1 (Local regularity) Fix a constant 1 < q < oo, an integer k > 0, and an open subset Q0 C H™.
Then the following is true.

(@) Ifu e L. _(Q)and f € W"Y(Q) satisfy

loc loc
/ u (=05 — 0,019) = / fo (25)
Q Q

Sorevery ¢ € C§°(int ), then u € WETL4(Q). Here int Q denotes the interior of the set Q.

loc
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(b) Ifue L () and f,h € WE(Q) satisfy

loc loc

[ w00~ ai00) = /Q fo - /Q B (26)

Sorevery ¢ € C§°(int ), then u and Oy are in Wﬁ)g(Q)

Part (b) of the theorem will be used to prove the regularity theorem 3.1. While theorem A.1 is well-known it is
hard to find in the literature in the 1+ 1 dimensional setting at hand. For an elementary, though lengthy, proof via
standard techniques we refer to [11, 12]. That proof is based on parabolic analogues of the Calderon—Zygmund

inequality and the Weyl lemma?®.

Lemma A.2 (Parabolic Weyl lemma) Let Q2 C H~ be an open subset. If u € L} () satisfies

loc

/Q w(=Bsd— 0y0y8) = 0 27)

Sforevery ¢ € C§°(int Q), then u € C*°(Q2) and Osu — 0y0yu = 0 on QL.

Proof. The proofis based on approximating » via convolution by a family of smooth solutions u. converging
to u in L'; see [12] for more details. The point is that convolution is carried out over individual time slices for
almost all times s using mollifiers defined on R. On the other hand, given any integer & > 0, standard local C*
estimates for smooth solutions of the linear homogeneous heat equation in terms of the L' norm apply; see [2,
sec. 2.3 thm. 9]. They provide C* bounds on compact sets in terms of ||u.||;. But ||u|[; < ||u|/; by Young’s
convolution inequality. Hence these C'* bounds are uniform in ¢ and therefore, by Arzela-Ascoli, the family u,
converges in Clkozl (Q) to a map v. It follows that u = v by uniqueness of the limit. As this is true for every k
and, moreover, every point is contained in a compact subset of {2 it follows that u € C°°(2). Integration by parts
then proves the identity

0su — atatu =0 (28)

on the interior of 2. It continues to hold on €2, since u is C°° smooth on 2. O
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The naming Weyl lemma is standard, but also incorrect; see [1].
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