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1. Introduction to SUSY I QFT

In
any QFT ,

there is a Hilbert space theft d- H
-

Bosons : fora - carrying particles , integer spy
bosons fermions

Fermions : matter particles ,
half - integer spin , obeys Pauli exclusion

principle
-

SUSY must have (Hermitian ) symmetry operators
Qi

,

i -c l
. -IN uhrh map Ht→Ht

def: GIF will be the operator E- IF Iq± = I Id

Basra conditions of Susy

1 . ④ I
"

Qi t Qi C- 1)
F
-

- O
.

The Qi are odd

2
. If H is the Hamiltonian ,

then

Qi H - H Qi -0

Note: H generates the translations (it gives the
- dynamics)



3
. Q? = H

4. For itj , Qi Q j t Qj Qi
=0

.

-

In relativists selfdrugs, we have Lorentz transformations
ahhh intermingle space 's fine translations . In this case,
we have further andifbms .

Take theshiptest cease : It I spacetime ; has only one
momentum operator P

.

In this situation
,
there are only two symmetry

operators : Q . I Qz '

g they satisfy
-

5 . Q1 -- Htp
,
Q? -

- H - P
,
Q . Que QQ ,

-
-

of
.

Es:*:i.si:::
light come Rmk:itmmgof the Hamiltonian H

.



(5) t Jacobi identity genes

6
. [Qi ,HI -- [Qi , P) = 0

Observe that G) also goes : H -- te lait Qi)
Iroh is p¥¥d (Q. . Oh are Hermitian)
S.ua the Q .

. are odd ,
then H I P are even '

g

LH ,
HE] e LP , HE] -- O .

-

Most Important Question about a SUSY Tenny
Does there exist a state IRS sit. Qi IR) --O for

Ut) each i ?
If I I

.

then H IRS 20 ⇒ it has energy =O.
Thus, I is a vacuum state ; ie . a state of

minimum energy .
Rank i The number of such solutions to it) is not as

important as whether there are any.



Assuming SUSY :
I solution to Gtf ⇒ bosons 's fermions have equal

mass .

In our experiments , bosons 's formosus do not have equal mass.

Thus , if SUSY a true in our eumhrerse, there is no such

solution 3 vacuum States must have positive energy .

In such a world where LM has no solutions we say

Emmetry
B spontaneously broken .

It is very difficult in general to show if ft)
has solutions . It is akin to sharing the Drone
operator on a opt mfd has a Zero ergemahe.

I. Indirect methods may be better.

Note: Q: Irs -0 ⇒ P Irs --O .

So restrict attention

to Moe O - eagerspace of P. A state in Ho
,
if

annihilated by one Qi ⇒ it is annihil by any Qi .
Choose me, call it Q .



We frame this am as an indes problem :

Smee Ho = ftto @HI , decompose Q -

- Q; t Q- -

we have Q+ : N;→H
-

o

'

g Q
.

c- QI ladi.int)
If Ind Q+ I din KerQ+ - din Ker Q- F O

,
then

Q has a zero eigenvalue in No .

Claim I : Ind Qt - Tr Ctl ?
Claim2 : Nae ae Susy theories y

Ind Ot Io 's

% there is no spontaneous symmetry breaking.
-

Further Remarks on SUSY : { so they come in pairs.

The idea is we can interchange
bosons 's fermions. It has

never been observed .

But it gives localization. we have some complicated integral ever
an D -din space of commuting 's anticommentary fields .
SUSY says we're integrating something like an exact differential form
'

g so the integral localizes at the critical pts .

This reduces the integral over a fin -damn moduli space .

cop . instantons , algebraic curves (Donaldson , Gromov-Witten)



Z
.

Morse Theory (simplest SUSY Qm system)

let (M ,g) be a Riom mkt ,
did 't the esters
denature 'g its adf.int

let Q
,
= dtd *

,
die i Ld -d 't) ,

ft. Oz dd*td*d

It's easy to deck : Q? IQ? -- H , Q . Out Qa QE O .

P - even =
b-sons=4p - forms ) ,

p - odd = term""
wave signslet him→R 's lek

.

Define a

de -- e-htdeht.dfteehtdtte.tt
multiplication by
eht operator

If we let Qu -- de tdt , Qu -- olds - dit )

Hee dedi e d
'Edt ,

we have something just as above .



let y be a diff form idk} an ON B of tangent vectors at pen.

all can be veered as an operator on Afp M by interior multiplication

9hL 4) = Lahey . The dual operator
ate * is operation by wedge

(annihilate)
(create)

de d = e- th d Leth d) = Eth teeth dh no tethdoo)
= -Ldh not do

.

I . de -- d t t -2,3¥. a*i finally)

similarly
, dotted 't t t ? Fyi ai ( locally) .

This helps us compute

He -- Ot t.FI?gopCa*iiai?
We'll see later that this term is very important 'g

represents the potential energy .



def
. Bp (f) = Betti # ul df : dm of space of de - closed

p -forms nhrh are not de - exact

claim : Bp Hl = Bp E Bp lo) ← the usual Betti number

El : dt is just d conjugated by eh? ahhh is an invertible

operator . So y ↳ e-hty is an invertible mapping

from closed but not exact p -forms to df closed but not de esact
p-forms . I

Moreover, the number
of harmonic p - terms in the sense of He equals

Rmk : Thos independence of t is useful b/c as t→as
,

Bp .

he spectrum of the simplifies . We will then place

upper bonds on Bp wshgcnif pts of 1h .
-

How does h enter into the ? let { ahelp)} be an ON B of TpM .

Regard it as an operator on A
*

TpM : if↳ La, yr Canter.sn mutt .)

Then ate 't is he adjoint : 4↳ A kn y

Runk : Tn physics literature,
"dual l -form to ante

.

ate* = fermion creation operator b/c it increases degree Y wedge

a
k z fermion annihilation operator 8k it decrease degree



da a Room mfd
,
it makes sense to take a covariant 2nd

derivative in the dual basis to ale . I
.

He add
*
t d
*d t t'll Ohl

'

te?,p÷hap. Laima'TTE T.mu#
Nhk- gii haze ) ( Foil our

stuffst→a, Holl I -14dm
' becomes large array from the

crit pts of h .
when dh co .

Thus
, eigenfunctions of Hq are concentrated nearthe crit pts.

"'

Lifts
. me..

So the eiznfm approach sums of Dirac -delta f
"

.

This alludes to the localization idea from earlier.



Claim .. Asymptote expansion of the eigenvalues in pairs

of Yt can be calculated w/ local data and critpts.
-

let h ,M→ IR be Morse w/ ont pts pa. The Hessian

D
'
h

Dpi;
is nonsingular

let Mp e A cat pts w/ Morse aides p .

Prep . Mpeg Bp (More Inequalities )

Rtpof :
I . Using perturbatom theory ideas , approximate

He hear catpts.

by an genatar HI .

2 . Compute the spectrum of Ttp
'

g conclude that
to every

crit rt of h, tree is only one eigenstate ofHI whose energy
does not dinge w/ t .

3 . Not each eigenstate et te is an eagerstate of the but he

converse is true .

I
. Mp 7 Bp .



In more details :

let lip
'

µ be the nth smallest eigemal of Hy :

Kiit ⇐ TIA:'t
'II r CIIn ) .

Of course, Bp = # { ne IN : light -- O) . Also , for target,
#{NEIN : If Hl - O } f # {now : AF' = 03

1

It suffices to show : The RHS = Mp .

let ¢ , be card at . at c-it pts pa , di -0 .

Then near pa
,

h coli ) = hlo) t t [ dig
,

? t Old
's ) for some ti .

We approx the near pay

the =? tzq.tekio.it -Hila" , a:3)- -
H . 11 .

Laplace
[ Hi ↳ tenia ki tether



The correction terms 0(03) can be ignored if we

only wish to compute Alp" ( again relying on
the eight"

f. concentrate atcritpts as t →as)
s. The -- E (H, * Aiki )
Claims : o Hi

, kg mutually commute 's so can be simultaneously
diagonalized .

o H; is he simple harmonic oscillator whose eigenvalue
well -known : t It! (I t 2N; ) , Ni - O , 42, - . These

appear Y multiplicity I
• Note that he eiznf" et Hi vanish rapidly if

I ki dit b Yfc ⇒ the approx The is valid to

lamest order in Yf .
o Kj has eagerrat ±1

The eigmalef He are :

HH t ? (Hillel tutti ) t ki Ei ) , Nie 944 - u.

.
Ei -- It



Wilton says if we restrict ttefgyp ,
then the * of

possible Ei for the Ki 's must be p .

Notsure why

For It) to vanish we need all the Ni --O
'

g q = t1

II H L O-

:
.
fraud any on

't pt , HTT has ate zero eightn which
is a p - form if the crit pt has Morse index p .

The other cozened are proportional to f w/ positive ↳elf.]
Then Ha) esplicitly gates AT' in the spectrum of the new pa.

Emei.es?.:::tsti::::n..::::::::
crit pt has miles =p .

Now
,
He doesn't annihilate all of these lab , just the

lending A'f
' terms . But He does not annihilate any

other states b/c they have energy proportional to t for

a :# Item energy p - farmsy = Bp Emp . yyq
the t ' ]



Ronk : This shows that there is a l- l correspondence
b/w States Ias at. te lasso } crit pts of h .

Since the E QI = (de t d¥5 , then approx. either

lay E KerQe or Qelas c- Ker Qe .

Thug we've found some approx . solutions
to :

=\
in this simple case Y Z

Q,et as = Qzelb ) Z O ' symmetn.operato.rs
This means that the number of s use vacant B

banded

below by Ip Bp ← a topological invariant of M !



The strong Morse Inequalities . I>,o
E

[Mp -L P - E Bp to = Ht t ) E Qp t
P

Th B eqn B equiv to the assertion that the crit pts model the

old homology of the mfd M .

It's saying that the difference on the LHS has a
"

positive
"

leftover bit . e.g . Mp - Bp = Q p tQp some exact things
shifted up by a

boundary operator 2.
We already hone our Ceo)boundary operator ; it's the de
he saw from before

.

-

Witten
goes on to attempt refining these

Morse inequalities
.

he obtained the inequalities through an approx calculation of

the spectrum of Ht . A more accurate calc . could g.ve better
bounds

.



It's tempting ta Hy computing the higher terms like
Bmp

. dis . -
Honorer , if Amp vanishes , then these higher terms vanish in

Yf . I'm not clear on this explanation . He says
the higherterm,

are computable w/ led
data 's so we don't

know if the

existence of a wit p't is dictated by global topology
or

If it is "removable
.

"

-

de Ka gam new info, we study something sensitive to the

existence of multiple crit pts. A good candidate is

V lol ) = t
' 10h12 has a minimum

for each crit pH
-

Witten interprets the flow lines of Dh t the boundary operator

in terms of tunneling Lor instantons corrections)

Rink . HR reference for instantn corrections is Milner 's
"

lectures on h - cobordism
.

"

Typo ?

Notation .. Xp = R- out space generated by index p crit pts



requires too much

energy

"I
The way bitten assigns orientation to flow lies is interesting.
At a crit pt A , here is a state Ias of E O energy .

Suppose I as is a p-farm .
Then let VA = erect space spanned

by negative eigenvectors
of DV
-.

at A
.

din VA =p . let 17 be a few 1.he
Doli Dop

from B Linde ptl ) to A .

let u be the tangent act of M at B 3 FB -- cut in VB .

Orientation of fog is inherited from VB . I flow lores near P

grebe mapping FB Is VA . Lf n
,
= q.tl, ; fg preserves orient

reverses orient



Of courses u la is ) = Tp np I 81as = InLa.b) . I b)
Instantons calculations show that status net annihilated
by Dg I 88't t 8*8 do not have zero energy.
In fact

, for large t , he energy is roughly

espI-2-4HAI - h CBH) .
let Yp = # {o . eigenstates of Dg acting on Xp}

We see that Bp E Yp . Does Yp =Mp?
One cannot answer this based on histartan considerations

b/c some non zero energy States may be at approx zero

energy 3 is undetected as nom zero using perturbation
theory techniques '

g instantn calculations . The energy

decays more rapidly then esp C-Ztlhltl -hiB) 1) .



Derivation of Stas = Eg nCa,b) ol by
The system described by de , dIt , He can be obtained by
canonical quantization of a Lagrangian KlempHunted)
I wonder if this is some equivalence bfw Hamiltonian

{ Lagrangian formalism ,
the equiv . furnished by a

legends.sn .

L has terms curvature terms I also seems to have

a time coordinate X .

S, we're in a (dim M ) t I spacetime ?

I think Witten discards the fennsmoe terms a L

} assumes the manifold is flat Courntuere terms vanish)

in order
to write a new action ;

I -- ISH;D dgiategiithzi If;) di
T

metre



The art pts of L are the instantons solutions
,
aka the

tunneling paths or flow thee ,

f ( hlost - ht- as))
Voa manipulations : ily

I -- If I d¥. ± egii ftp.fdtttfdha.dk
-

70

⇒ I 7 t / hLd) - h C- as) ) ( take limits)

I tune 's equality iff

date egii Shaq, =o
This

,
if T is a flan lie b/w crit pts B 'sA

,
then

its autism is

I ← ICT) = t IhCBI -HAH .

The instantsn contributors to He one of the order

exp L-2I ) which explains why studying
instantons

cannot anime whether Yp = Mp . Gee two pages back)



Rank . Apparently , when calculating instanter correctDms, the
nest step is usually be the evaluation of the Fredholm
determinant for small fluctuations about the classical
solution . But the nonzero eiger in 1 Hw bosons 's farming

cancel due to SUSY. I . no only have zero eagen-al

of fermions left .

let M be a tragedy bln A 's B .

Tien

Iad# = Iad lay - Ind IB)
- - r

Fredholm holes of those indices

Dion operator hearted
at th-
We went to study the cases where tea Dias operator has
exactly one O - eigenvector (aka zero mode on hmmmm spinor).
In that case din Ker $ = 1 I possibly ,

Indy = I = 2nd LAI - Ind (Bl . In Morse theory ,
we care

about Andres

differing by L .



“The normalization factor associated with the fermion zero mode cancels 
in magnitude against the normalization factor associated with the fact 
that our classical solution is really a 1-parameter family of 
solutions” (because any solution is still a solution under translation).

Rahi Witten gives a physical reason for studying
the case where the Bike operator has exactly one
zero mode : it lets us evaluate the acksmotdf on way
(on energy States ,

'

s if's about that df is them on

fermi fields
, apparently . As a byproduct, we have the

Morse themefor reasons.

Of course, if the trajectories b/w
A 's B Ladies diary §

are
isolated

,
then § has. exactly one zero mode ;

€)

it can be calculated from the classical solution by a SUSY

Witten says : g
the normalHatim may

be the transformation
boson R Zero mode . . .

I'm not sure what he means . The second part seems to be
about questioning the space of solutions by IR to get a moduli

space of trajectories: MLA , B) quot.why is the normalization L?)

perhaps he means : d.hr/fker$pyR)--O--dinNlAiB)



Claim : let la>
,
lbs be eigenstates assorted to crit pts

A 's B 's P is a flare line b/w A 's B
.
Then

,
he

q(b
,
deal of P is exp L -t 1hLBI - HAH!

What is amplitude? I don't quite know on physics terms

but he eigenstates Ias l l by concentrate and A 's B
,

resp . So they decay rapidly away from A l B . resp .

Hoener
,
the decay rate , Kst along trajectories like

P '

g
the decay rate is exp I- thiol ) which looks like

e.Epl- t th 1131 - HAH) .

µ lbs I a)hi. Ake
-

seems 17 is the path of B A
steepest decent so

is the÷÷÷÷i÷÷÷÷÷:÷÷Yt÷ one. ..



Before
,
we discussed how to give signs ta I? The

physical interpretation seems to use P as a propagation
of state lbs to lab 's ghees the sign of np based on the

sign of the amplitude Lb Ideas .

This is the WKB approach .

This discussion suggests that the boundary operator is.

I lay = § e-
t CHIBI -hot) )

n la , b) . lbs
.

I think the amplitude (bid, ay = Tp n, e-
t (h 1B) - HAI)

However
,

we can just undo the conjugation by
eth in de .

he eth don't carry my Iss in defining F.

This g.hes 8- which is just a rescaling of JT.

But then 510⇒ 82=0 . I we knw that

S -- dt for large f . S. Tho
⇒ 82=0
⇐ DE --O



Lbldta) EJMLB ,
deasddvd

= Smbntdea
= fmbnetldattdhna)

The claim is that
atheist -hla) )

( b Ideal - Tp nee as well

'

= ncqb) e-
81%7-6111)

this is a bit

confusing w/s . Blas = -2µL bld.ca) . lbs km
;÷,

tanto is a5. Eta> = ¥,@Ideas -Gide 's)) - to boundary .



Morse - Bolt Neary
suppose the set of ←it pts of him.gl-

R is a

snbmfd N w/ components Ni 's on any rt of Ni
,

the Hessian is nondegenerate on orthogonal directions to Ni .
The Hu of neg eigenvalues of the

Hessian is some pi , the

Morse indes et Ni . we obtain a pi -rink rect bundle

over N; called AlNi ) .

Then Vlol) -- t 't 10h12 vanishes on the Ni but is large

elsewhere . Thu
,
he wovef

" ( StatesI vanish rapidly away
from the Mi .

Pick an Ni , call it No .

Claim : for large -L
,
the Ion energy spectrum of He

acting on States localized near No converge to the

spectrum of D on No -



let M IN
.) be a tubular mghd of N. y it can be

regarded as the normal bundle .

Let at denote the exterior denature on No which
extends to MIND

. E

me find that Is

He= dit t da
-*T t H

'

\ acts in transverse
directions to No

Fa large t , H
'

has a similar form to the

Tty ne sun before (makes sense as the
transverse

directory are nondegenerate 's

bears.hilarity to the Morse

setting
Fix a *No; then H

'

can be restricted to the fiber over n
, Fn .

H 't
en

has a single zero energy state- all other States

Rmk : Compare this to the Them das, *
how energy proportional

a bundle E ohhh can be viewed as he
to t '

amZee cohomology class in Hna LEG which restricts
to the

generator of Hen ( F) on each fiber F



let dad (mints be the zero energy state of H
'
a Ahe

fiber Fa at pt m . It is a p- form Lp and No) .

Claim. Similarto Born - Oppenheimer approx cu molecular

physics , the deg of freedom transverse ta No one

frozen in their grand state IN> b/c of the large energy
associated ta any

excitation .

So we may write a lowenergy
state H> of Het in the

form ly Cain) ) = txcnl) 0 Hlm , n)) . (Kiimeth
A in a formula or

14*1MIND
"

u't lNot
"

Mitten ) Kray -Hirsch)
Ii turn

The caveat is that IX) EHMAH EE NA) n orientable . If not,
then I is a section of the de Rham complex of N Listed
the orientation bundle of A lab) .



Klm,al ) is annihilated by H
' l so for large t ,

the ezenval problem Hey = 44 , y -- X d reduces

to DX -- XX or No .

The O - eigenstates are in H correspondence to generators of the
X

dusted I cohomology
The approx

we're making B fo ignore x's dependence on No .

7hm is valid ta lovest order in
"It .

⇒ nonzero energy States
in the approx home

nonzero energy
in actuality for large f

In fact
,
their energies equal (for large f ) ,

he nonzero eigemal
of the Laplacian on N-

we obtain inequalities for Meru - B. H theory .

The contribution of tf to the Morse polynomial is

QP pilaf )
•rheumy Poincare poly or tested Poincare

Feluda IbnWolek



3
. Killing Vector Fields

let (M ,g) be a opt Ram mfd

def
.
A Kirkuk K on M satisfies

Luged .

It may be
viewed as an

infinitesimal generator of an

isometry et Mi. e . its flow generates a Ipnom family of

isometries .

Fact.. If theg) is apt , K - killing notfield , 7 - harmonic form,

then Lk 7=0
-

we fix such a K .
let N = { vanishing pts of K }

Regard K as an operator on forms by anterior multi.

He



Then
, let s EIR be fired 3

dg E d t s Ck

Note that dog mops a p
- form to a combination of a

@ H )
'

g pl-Il form .

let the term
*

M
,

V
-
Hodde 'M

.

So ds ' the→ VF .

Ibsen : die off t s dont send t s
' ln#°

O

= s Ly Kartar 's mayor formula)

Alsa
,
if dj is the adjoint , using the fact that K

is a killing red
- field

,
we can

show that

-DE -- SIK



Let Hg = dsds
't
e- dids be our

"

Hamiltonian
.

"

Man Thennew. The # of zero eigenvalues fault.plicily )
et

Hg is independent of s (for Sto ) 9 indeep of

any K -invariant Riem meter on M
.

The K& zero edgemont et Hs = ? bae LN)
(skol ' Betti Hee 's

.-
Moreover

, we know that when s= O, Hg =D - Laplacianam
.Then the Hodge fhm says :

K zero egeneral ofO = Fe by IMI .
he eager nd at Hs are smooth th ' of s since the S-dependent
terms are banded operators . Then

,
for very small S, the

¥ of O eizmval is no bigger than for 5=0 .
⇒ The bald) e E balm
This is not true in general , of course .

N is specifically
the fixed pts of flow generated by K

.

.



In determining the # of O - eigenval of Hs ,
for Ss>o

,

he can express the Hirzebruch signature of M in terms of

N
.

we also obtain a version of the Lefschetz fixed point them ,

where the contribution of each corposant of N is an integer
(its signature) .

Klasky , dropping the condition that K is a killing wetfoetal ,
he can obtain from the s→A linkof 1dg a proof of

the Poincare - Hopf them .

These are all variants of the proofs based on the

index theorem .

-



let 's return to our mash goal : Count the zero
eigenvalues at Hs -dsdj tdsds Ls fo)

Nate .
.
If Itsy -- o , then O -- ( Usd,y )

= Ldsd!dit ) t GEdit .
= IDENT t IdsQT

⇒ Is 4=9*4 TO .

"O 70

So Itsy --o iff ds 4=4*4--0 .

Hence
,

if X G Ker Hg , then if e Kerdf -- Ker Lk .

So y is invariant under the isometries generated by K.
S. we restart our attention to TE Ker Ik .
Since df- O in T, view Is like a cobandanyoperator .



Using shear technique as Hedge theory , one Fonds
ke K zero cigarul et Ils = dim Curds(finds ) .

The definition of ds can be made independent of a metric
since it relies only on tu wot field K . S. it is instep of
Kc invariant Riem metrics .
-

To show the # of O
-ezmrnl is tidy of s (so long 5¥01,

I conjugate by et
P ( I don't think P is the momentum

operator) .
This does not change the den of herdstends .

So e-
t Pds ed P = e-

'
dsl , s

'
e sett

. Tuning 4 , we

see have our S - independence when 5€ O .

These arguments work also on country he # of even
or odd o-energy

States
.

Let there be devoted Uf
'

g n-

for Hg acting on Vy 's V
- .

Tren ne
'

s n
-

one ihdep
of s i n+ - h . = XLMI Ruler

characteristic



Next Goal . - let N
,
= sum of even Betti #E. f N

.

N
-

= 4- add ¥.

④me a±7N± .

Clum :
.
we only need to show one of these since

ht - n - =N + - N e
-
-X (M ) .

(ble ht - n. is idea of s)

Assuming this form la ,

at 7 Nt ⇒ N
-

-in * ←Ytl = n - =3 N
-
th
-
.

-

Depending on whether n E din M is oddterm,
we

focus on

sharing n+SrNt or n- z N- i
.

It No he any conn componentof N 3 of a diff form

on No ahhh B cloud but not exact .

let MINo) be a tubular nghd of No ;
it has out Ldk

structure
.

Her
No



Cet § = a
*

y .
The action of K en of is to loft te ta Maf)
then use interim product :

µy! lift k to fibers to get a gun
,

heatfield on M(No) .
H
*

MIND Ees HH luau,

fait @ far

% try :O ..

H * No Ths H
*"

No

Also
, dnt = tidy

-
- O⇒ ds T -- O .

Abe
,
on MINO) , it is inpsssihhe to satisfy y~zdsd . This is b/c ,

on No , K IO so ds = d en N . Then Ialso⇒ y add buty
is not

Horner
,
m 2MIN. ) , dip

'

a dsf are near. .
"act

.

we modify them as follows :

let K
'
= glk ,K) ; it vanishes only on N .

let Me be pts
et M s.t . K2⇐ q for some es O . let E be small so that

me amend . e.am#HttItINtttItttNo



def f.MIND→R best . 01%0=1 ,

flat --o for K'Hye
let IT = g - dual it K. Ble k is a killing v.f.
one can show q d tf = -df k

') ( I can 't )
Amrit

⇐
o-- que 't tf ol

'ltildkttso "( KYdEnde
t Es lo

"'ltildkndkndht--
The series terminates shoe needanM → -

Claim : If n even
, also O

.

If a odd
,
ds 0=0 except
in degn .

In-2 .

then or Kk't tf ol die
.

0
TO

do-- MY due't t Is lo
"ltildlklndkttsdlk')

" " d 'E
- cudte tadhg

=
- 0/4124 cud te .

* deg3 so = o as
-
-weri

Also
, s geo - scaly!KY t § folk' ) indie. sadso:O.

O
b/c dega - I



Based on these patterns , the dash is confined.

let y ÷ If no .

Assume y is evenCedd ) it n is

O
even Cadd ).

Then dgy -old tsck) htro) um

= dntno trend o t scarfno

= ONTndo .

I think this is correct. Hauer,
Witten says dix-07

Also
, X B not ds - exact . If it were, that replies
Y is exact which it is not .

So for every even ler odd ) cohem class of N
,
we

produced an object X which is closed but not exact
in the sense
of ds -

I think if fix] = Ex']
,
then Jeff 'T

.

Then
, depending on n everyadd, relieshun night er n-HK.



Nmfs prone converse inequalities : Ny Z ng I N- 7h
.
.

We compute : tf = dsds't t dfds
,
let Retinal ofK

= ldtsl.nl/d*tsKn)td*tskn7Ldi-scnl
-

hedgeoperator

= old *ad'd t s d@ n ) + sq, dit t securing
lkikkk'

d*q t s Ind ts' Inge .

Fm"

a.tame
what

t.d.in/.::::::::su*n.÷i÷÷÷
Witten says we get

Hse D + 5k
' tsldkh told KY )

a
adjointof Cdk) h

.



The potential energy re VCof) : s't
' (ch. More situation

The proof is s.hr/ar to the Morse case

I 5 IdfT )

-only
Assume k has' isolated zeros . By Poincare - Hopf ,

if the

indies add up to nonzero
, then X(M) K o ⇒ Isn M -- n is

even.

Claim :
when K has only isolated zeros . N- = o g

Nt = He of zeros at K .

14 : Near any zero A of k we can find local curd centered at

A for K 's H
,
can be approx . by a 17g .

Similar to the

Morse selfNy , one car diagonalize Its 1 I ! zero ezraua!
all others are on the order of S

.

The one two e.general is in Vt .

So the one N
+ States

in Vt whose energy does not d.barge w/ s } crane in Va .

So at E Nt ,
n
-

e N
-
= O . By prow begunlily ,

ht-Nt .



If K has non isolated zeros
, he discusson a like the

Morse
- Balt setting .

-

Now
, Hs = @std's' )

'
l dis 't @E)

'
= O .

So

the dsd's td¥ds . let Ds = ds t d}

Softens of Hs } c¥ { zeros of Ds}
Decompose V - ht t V- 3 Ds = Ds + TDs- .

Note : Ds.± : V± → Va .

It can be shown that Ind ( Bst) is irdep of s

I so when 5=0, Ind (A+) = X(Ml .
When s large , Ind (Pst ) = Ng -N- --X(N) .

Se XIMI -XIN)
,
Ms the zero set of

K


