
Classical Field Theory -Charles Torne



A mechanical system is a dynamical system w/
finitely many degrees of freedom .

A field is also a dynamical system but at

infinitely many degrees of freedom .

Mathematically
,
a field is a section of a fitful

.

-

let y :Rt→ IR be a scalar field
xdftp.yih

The Klein- Gordon Equation is

Ely - mile --O
where I = -24+2! +2! t 27g
a wave operator called the d

'Alembertran



When m --O
,
we get the wave egg c

.

De -- 2.ie
9
Laplacian

The KG egg came about as an attempt to give a

relativistic Schrodinger eqa but this did not
work ; afterall , Suhr:danger is mechanical, i.e . finitely

many day
Bnt KG is sort of a classical limit of

*freedom

a quantum field in relativistic alfhgs

Hm to solve KG ? Suppose y is adl behaved . such as

Yee LYN) htt .

Taking aIg:L ,
y⇒ =

"J
,
pie,etc) eikmdk



he hare 41k = if't since y B real valued
.

If y satisfies A y --only , then

J - a:@tale""d3r
K

+ Jailer. eiknltdykeaeikji-23.keaeik.nl dk
T

= m
' ) die . eikirdlr he -2£ Leiter)

=
-KE ya, eiler

⇒
In the integrands :

f- ie:- t.k.ee/eikor=mqeeik.rA
dot product

⇒ if;etHtm4qE0 . j
&
norm square



This is easy to solve ; it's just a 2nd order OBE of

Fk Hh aaeiwateqe.iq
a simple form .

WEHtml

since I.ie - II , then b.he a,*e .

i. gin Pk),µµeeik" -44 + ai einen -aether
KG field

Note : The solution e ta KG is essentially an infinite
collection of uscoupled harmonic oscillators
for each ke IRS

S, there are infinite dog of freedom

Also
,
the KG field is often called the free or non-interacting
field Head he uncoupled nature of the oscillators



So picture an array
of springs as a visual of a field

Discrete o_O-0-0-0-0
4 satisfying

te te K X IE y ka
picture o_O- O-0-0-0

H X H K K H
O-0-0-0-0-0 ← nudge it here
4 4 14 4 4 19 t. "erase 'The
O- O-O-o-o_O

q 4 4 { E { array . Turn

a crane will

propagate outwards .

This excitation ahhh leads to a crane is
what

we call a particle .

Partners are waves in QM .



let L 2

- feel
'
- until d'* ( Lagrangian)✓

on space=L (Lagrangian density)
I see] -- ¥! It , (action) ,

let R : u . . NR3
include
e#
Variation of S

.

let t e IR be a parameter { q a l- parameter family
440=4.

of fields
.

ss-eddscjd.no .

Also 84 ← dd¥h⇒
.

Then
SS --JI se. -q . Psy -nice set d4* .
R

Note : f. (Py . Sy) = The Sy t Oy . Ose .



Using integration by parts , note :

Ji si ai se - Sii se .

"

ss-fntii.iq -n'else d'a tff i see ]!"
- Jar .@y see ) d"x .
✓

( Divergence= -

get Jn . Resy d
'A

Theorem )
r→as

If y has apt support or → o faster than Ira ,
then the last term ( barely term) vanishes.
Other bondany conditions , such as the endpoints of q
ne fraud will make Seele

,
= Seele
,
20

.



This will force he middle term to vanish
.

I , -1 all these conditions,

55--0 when Jfii the -only ) 8yd 4=0
R

=3 II q - only
-

- O everywhere inR
.

S. S is he a.root action for KG eqn

t.nu#w.L--tLii-l0ui-m2e4
Treating K

, y , 4g as formal variables (s. L B date

(statspace)
deem ECL) --tf - Dd th

q 2b

total derivative



am safe -- ECL) ly . . " , -- one -me .

c- I
' Edict space)

In fact
, if £ a t y ( tf - m2y ) , one car Shar

ELL) -- ECI) '

g I = I t divergence term
sumof aft he Is

" partial

facebook.es/bbnsofKG.der.untnesefsometh.y#
let y -

- the491' - nice
' ) - je

where j ; A4→ IR is the usance
" ( in electro
-

magnetism ,
j

could be electric

charge or currentNen ECL) e@ -m2) y - j .

In QFT
, he presence of a source leads to particle

canton / annihilation via transfer of energy -momentum
yw he foold '

s its source .



The KG egas are Iron 's so he solutions are

non - interacting .
If we modify KG to be n-omlhew.ae introduce

self- interaction . potential
- a

E.g . Lathi
'
-bei -mail - Vlad

El4--47 -my y - V'ly) -- o .

S, long as V isn't quadratic, this Ketones non-linear
.

One potential of interest : Vle) e
-I ate't I, b'y

4
.

If V is quad , then V't 4) e ace . -b

{ s. (II - Lm'ta) e) = b
seems like

, you just increase the mass.- what does this

mean
, physically?



↳ardihate free description : let (Mag) be a Lorentzian
mfd

.

hen L -- -tlgldq ,del + midleg)
\ volume form

rs he tagragdm density . org .

This is called mrhimalhyCap#
let } be a parameter f Rlg) e scalar curvature . Then

I -- -4kg"(dude ) elm't 's Righi ) elglg.us
Lid KG team .

u 4

True theories are not diffeomorphism invariant or
"generally covariant " ; ie . f :MtsuM I §=f*g , then
I = -tlg - ' ldeiteltmylelgl is a new

Lagrangian density in general unless f is a symmetry .



If u allow g
to ray , we get It coupled

non -law field eggs instead of Ilmen field
eqn .

-

Conservatism lanes
are fundamental 3 she info about

captivated dynamics . Also , conservatism Laws are related

to symmetries by Noether 's theorem

Thet jd-jqx.ae ,
2e

,
.
. . ,2ky ) c- Tk be a

nectar field constructed as a local Fh
. Jd is a conserved

current or defines a conservation if the
divergence of Jd = o un e satisfies the field eqn .

"g- Dojo = o when ID -m') 4--0 .



Explicitly
,

if y is a solution
,
take

Mae vk.ecn.FI' . -.EE! ) set
.

A- ja -- O .

Invasion
.
"" In:÷÷±

,>⇒ 2¥ .-10.8=0 .

The point of writing this is :

let QrKk Jvp le , d3× be the total charge in
regan V.

non da Qr th -- -Juri = -Jgpod's
-

net flux



he say Qv B conserved since he can see ha
it

changes over the by purely in terms of hemtflux , a
fixed rule . So true 's n. creator nor destruction
of charge ; it just moves around .

If we place boundary conditions, such as Ve IR
)
;

he field vanishes rapidly enough. at a , then

dat Qu the o
'

s so he total charge a constant

-
Conservatism of Energy

let jo = I lie
' ethel' emYY

ji e - ie Deli

a. joey ii t re . 08tmall.li#2rF-2iji--
-hi . he - y

. he -Noe- nie)
w

sum he Einstein notation



So if y is a solution
to KG

, 2rjd=O .

later ' Hoel't only 'll 't

total
= T t U

energy

IS ok ¥491't maids
Kmetz energy potential energy
-

am too Pettitt ) MEK
feer -- Jae -

-

- Jo - J -
-

-Ha . hi + e' Bel
V ok

= -Jnielqds
.

If § --O or the normal component JV
of Pq to JV vanishes

,

then Idf Ev =D . { Energy B conserved
.



Energy - Momentum Tensor ( p. 49)
( or Stress - Energy tensor) g -- diag -4441)
Gwen 4412,4g)- IR , he energy -momentum tenser
is defined as

Te de Orde - tzlgyde.de/-m44g
(A 's symmetric)
Its components : Top -- Tpx

Top -- %4e-tzgqsgke.ve , s -tin'dgo,
am jdeugy = -7! = -8dB Tep
{ energy density = Ttt
jmmntm -- -T! Z - g Tip , i-42,3

Momentum density in direction i is -Tei



Conservatism of energy { momentum B encoded

in an identity :

of gap - e.d. Lo -mile &
wine Td ye g chap .

S, if 47 -m') y -- O , then

get 2
, Tae - O

ie
. He dhergene of the energy amomentum tensor

vanishes

Nate: Charge of reference frame makes up

energy 1 momentum . So on often says ,
"conservation

of energy-
momentum "

,

not just one of these .



A symmetry f : Htt-51124 B
.

a dike. sit .

if TE e of , then the Eogrugim is preserved
.

S. A
Haie

, sa ) -- 2149,29 )
then the Lagrangian is preserved. here
is a more general natron of symmetry
called drogue symmetry .
Since

.
if I =L tddiu term) , hen

ELI) -Eth)
,

differs whrh changethe

Lagrangian by a d.begun term are also

considered to be symmetries.



we typically study I -paran families of symmetry
,

say f , :D
"
- AM I bet y,

E ceofyy . hen

he cut dd÷7l -- O .

-

Infinitesimal Symmetry ( a nectar field) ps3

space of fields se

f - raffia;D
yo

%

omtinnfmmdms

St d÷l*o .

This se is an

infinitesimal symmetry .
How it as a reef field

in the space of fields



Shee Lagrangian densities ahhh differ by a

divergence term ghees the same Euler-Lagrange eggs,
then we expand our definition of symmetry to also

include f : IRWIN ( f-e y of ) at

L (x,T.at) -- Luxe , 2x e ) t Jaw.

leg . Consider the buns
lotion :

UH ,
x ) i→ alt t d , x)

g-
means partial
derivatives

Nen L -- -{ IgM q q, a nice) -rt d 'le

g ⇐ dragHI , 1.41 )

non 82- - Lg %Ee.pt niece )
= Jeh
= 2x L SEL) .

c- Dimona
term



This means there
is no preferred instantstare

in Kbs theory
-

Noether 's Thon

let L -- L ( x, y , Je) . If Sy is an infinitesimal
variational symmetry,

then 81£20 .

But also
,
at an pt on the space of fakes

SL = ELL) Sy t Daw

i :÷÷÷*÷g÷i÷:



So it 82=0 , hm Dave - ELLI see

This is esacthy the type of identity needed for

defining a conserved current V!: tf y satisfies

the KG eqn , then ELL) IO 's so

D
,
V = O .

-

Or if 81= Dowd ,
hen

Da IV- Wd) = -ELLIS y

} the conserved current is Vr-W?
-



Nathu 's First Ttm :

If 8 celx , 4,24 ,- ) is a divergence

symmetry of L the , dy ) i ie.
8L = Dowd

,

then there espts a conserved current

given by
j eJI
TE

se - w?
-
Application the time translation symmetry
gales cm

"

served current defining conservation of

energy
Recall the time translation is a divergence symmetry :
Se -- I ⇒ SL =D

.
Ls:L)



Recognizing that 8ye ie ,

WE 81 I , I

2h

Tyr
= -ghee ,

we have : jd = - g e.pe,e -SIL -- -TI
Thos j is a conserved current . We did the

calculation Dej = 0 earlier when discussing
conservation of energy .

he sometimes say 'the concurred current for energy is

the Noether current associated to the translation
-

symmetry
This was predictable Shee L

,
in the jetspace ,

has n, dependence on t , only on 4 , 24 .



Space translators 3 Conservatism of Mannturn.

let it be a constrict field on Rs
.

he space

translation is grim by ya , E)↳ 9,1481 I
Relay ,a) 94 ,

Et th)
run

se-idf.fh.i-2.ie#nil.rian.r::::::i::i
.

. a. *¥.
=D . Ty .

7. check it is a symmetry , couple
=
hi - 4

,i

82--8 ( { hi
'
- Kei - m'd)

= ya Sy
.

- Dq .Psy - nice
. Sy

← ieln .Oy. ) - op . Phi .ae/-m2ytn.ry)

Ionia -- oil ii. ai - Oy -de -mhe.ae )



On the other hand :

PL -- y
.

Oy
.

- re . My - onhere

S. SL -- ri . PL -- D LA .L)
= Do lW) be

total
'

w-= lo , niLldenimthe

S. space translation = detergenu symmetry .
Tren

. T -- Ce , ji ) e ftp..se -W
- by
Noether's

So p -- ya see - O e y
. ri . Oy ,

then

Smee Dyke 4? t y! t y} ,
turn

ji a - q, nn.ae - n÷L .



@ = ien . Pee
, ji e -yin . he e t nilNyi - ie' tangy

let's verify ¥ t O.J = 0 .

daff e if ii. thet
once

summed ever
'
i

tha

a. ji . -%. are-ei- iii. iii.is
⇒ V. § e -D

'

y - ri . he -yt m2e. ri . he

Iff t V.J = ii ri .he - D
'

y . A
-he e m2 y na . Og

=
- LD - mile - d - the = O

.

Free y is a KG field .
-
Shee h is arbitrary

,
we actually have 3 indeep conservation laws

f.r 3 linearly shdep chores of it .



Angular momentum .

Q : what symmetries conserve angular momentum?

Its Lorentz symmetries,

def. A Leant symmetry of HR"
B , Ihear

transf

xd→ SY xp
at . the quadrate farm gap x = -

thx'm't'

is invariant .

So Sg Stg go, = ggg Ut)

let SCH be a l-pan funky at Lorentz symm .

at . skid -
- side , de Fft )*

Differentiating
.
.

of gas tug gyp -- OLA wt d
wart



Before warp = gey wtf . Tren Lorentz transf

are generated by w if warp = -Wpr .

% the Lte algebra consists of 4x4 matrices X

at . g Xg = - X
' (g e drag l -I , 4,1 ) ) .
-
am 89 = @gxBl4.r

SL -
- Dr lat KIL)
dm 18 )I ja -

- Wos MJ
conserved currents

assented to

dadnc.nelatnist.eangularmomht.in#
All continuous isometries of flat spacetime are contained in

the Poincare' group = diffeomorphisms generated by Lorentz
transforms f spacetime translations .



Internal Symmetries
here are symmetries on the space

of fields
,
not

on spacetime , Eg . 4-5 - y .

Here
,
unless Mao

,

there are no interesting continuous

internal symmetries .

O
ey m--O

,
4=4 tf u

m see =L h SL -- y
'

Su. - Oy .The
sea . df÷l*o -- Q .

.

So jo =JI Sae - Wh Daw

ace
. r Tarot?

seems e.÷!! ⇒ d# to -i - - Re -- 0
Since mao }
So Dee-- o .



Charged KG Field 4 its internal symmetries .

A charged KG field is a Q - rahad th
-

4 : M→ E gree g a daytime )

he Lagrangian n now I = - g he.net, +myet)
we can write this Lagrangian as the sumof two

R -coated Lagrangianas w/ masses m,=mz=m
} fields 4, if .

Then he changed field can be milton as

yet, he, tick) .
So really , we can work in real E imaginary
ports if we want : q g y



The Euler-Lagrange eggs are now.

Ee LL) -- ID -mile
*
co

Ey*CLI e (D -my 4=0

working on E gives new deg of freedom
which allow us to introduce conserved electric charge.
In QFT , we get anti-particles .

-

he charged lgnng.sn now admits the internal

canthus symmetry q-eeity.ee
,
e e-ite't

.

These are sometimes called pee transformations
ornztransformations.



See p . 66- 7 for the conserved current - he antoners

jd -- - ig 19*4
,p - eggs )

let Vc at a fired the .
-hen he total UN droge

Res Q -

- i Julie*g -y yo 't ) d' ×

Use this f.n modeling electric charge in electrodynamics

Can also use it to model chargewhich interacts w/ neutral

currents in electroweak theory .

-

of canoe, he can do all this for general

gossips M representations on wetspace V.
Consider q : M→

V w/ sintered symmetries given
by re. G→ AnHV)

.

Or even, let V be a vector bud le l y :M→ ✓ a

section



let G - SUGI
,
Vee?

an element U e SU (z) can be written as

U ( O
,
n) z cos# I t isntEl ni o,

n-tnin.nl , ,¥fniT =L 's Pauli

" 4%1
,
oil: -it , o, g)

"""

If UH) is ay l-paan
fmth.im SUKI

, of alotI

{ He UlHe ,
then

See IT @ ,
where t is a Hermitian, traceless

2×2

defined by t = ÷ ¢d¥ ) , , o
matrix

so i e a Sult
.



R
Of course

, I is a teen combo of the O
,

-

Hermitian inner pad on E
'
: le , ie,)

-
-yipe

Of course, it is Ulnl invariant . Same build a Lag .

L -- - kgdele.ie .e) em' laid]
-

Claim , for symmetry 8g = ie8 , he assoc conserved

current is yd eight ee -cette is) .

here are 3 indeep censured currents here b/c of q
.

he 3 conserved charges assoc Y 5h12) hymn are

called isosp.hr



Claim : The converse of what u wrote as

Noether's 1st Tun a truce :

For each conservation law for a system at

Euler-Lagrange eggs , there R a corresponding
symmetry oftu Lagrangian .
For many types of frdd theories

,
we also have

I-l correspondence bfn Conservatism Lana L

symmetries at the Lagrangian .

Including KG field theory )



let m -4129 w) (phase space) -l H '-Rusk
a Hamiltonian

.

let y :[on]→ IR
"
be a classical trap .

Then foray futon F , { F, H3=d*R IHH) .
This is b/c we defme {F, H} I - (VFT Io TH

= FIT 8
= of Kos)

More generally , since { ,} : CMMI a IM) → CALM
,

take another function G g we can think of

G as the infinitesimal generator of a transformation :

SF - { KG}
Then

, if SH - { H , big IO
,
we call G a symmetry

of the Hamiltonian system .

But I -- EG , TB = - { H ,63=0



So G is also a conserved quantity along Mass
. tray .

ie
.
A f " on phase space generates a

symmetry if it is conserved
.


