Notes 9/14
MAT 364

A functionf is calledsmooth if is differentiable at every point ar f " exists and is als
differentiable at every point (Milnor p. 2

A functionf is adiffeormorphism if f is a homeomorphism which is also smooth (Milnoi)

M C R™ is asmooth manifold of dimensiom if for eachx & M there exists a neighborho
W C M diffeomorphicto an open subsU R". Generallyn>n.

What this means is that if we zoom in close encat any poink & M, M will eventually look
flat, i.e. linear. The dimension of this linearfsge is the dimension of the manifc

Each of these diffeomorphisms which sU I®" tow C Mis called achart. The union
of these charts coveld. This idea of the union of charts covering theolghmanifold can b
seen in the same light as the video game examglass. Each screen of the video game ce



seen as a different chart. By constructing thon of these screens, or charts, we can se
video game in its entirety.

By analyzing how each of these chaf; changes, we can gain insight as to how our manM
changes.

Here are some exampleShomeomorphisms and diffeomorphis.

arccot(x) | .




In the first example above we have a curve in sp&sewas shown in class, we can break
curve up into sections and eactthese sectionwill be diffeormorphic to somopen interval.
So, by definition, this is a manifold of dimensibi

In the second example we hawath the tangent a the cotangent, shown on the same s
axes. As discussed in class the funcf(x) = tan) is a diffeomorphism from

R - (—g ,g) C R, andg (x) = cot(x) is a diffeomorphism frolR — (0x) IR.
The third example shows the functiox) = x3. This is a homeomorphism frol — [£.,
however it is not a diffiomorphism sincex = 0, the derivative of " (x) = i/x the derivative

doesn'’t exist.

The Derivative

Recall the derivative if &unction tells us the rate of change at each poiits domain. The
definition is as follows:

lim f(x) — f(a) =D (x —a)

WhereD is a linear map fronR" - R™. The definition must take this forsincex, a ( R" ),
f(x), andf(a) ( IR™) are vectors,nd we cannot divide by a vector.

The derivative is denotedfD
The derivative will be am x n matrix withm beingthe dimension of the target space
codomain, ana being the dimension of dome Each entry of the matrix represents how €

function changes with each varial

The derivative is a linear mapping (perhaps thedrization of a nc-linear function)

The image ofR" under thederivative map O atx, is called theangent space of M atx, and is
denoted TM

If M is a smooth manifold then at each pxy &= M we have some chart:
frU-ox & M

and we have the linearizatiorf @hich is a map from one vector space to anc

So, we bringJ R" to a smooth manifolM in two ways:

1) Throughf(x) we bring each element U to some element &,
2) Through the linear mappingf



Notethat the derivative extends to all R" , so that whild; is a map frony into R" Dfis a
n m . . . . .
map froml£™ - €™ (this map is not necessarily onto sincf may besingular)



