SEQUENCES AND SERIES

ROBERT HOUGH

Problem 1. Find the formula for the general term of the sequence
1,2,2,3,3,3,4,4,4,4,5,5,5,5,5, ....

Problem 2. Let a = 4k — 1, where k is an integer. Prove that for any positive integer n

the number
n n n
1— 2 _ 34,
(5)ar ()= ()

Problem 3. Let A and E be opposing vertices of a regular octagon. A frog starts jumping
at vertex A. From any vertex of the octagon except F, it may jump to either of the two
adjacent vertices. When it reaches vertex F, the frog stops and stays there. Let a, be
the number of distinct paths of exactly n jumps ending at E. Prove that as, ; = 0 and

1
Aoy = —(xn_l + y”_l), n=123,..,

V2
Wherex=2+\/§andy=2—ﬁ.

Problem 4. Compute lim,, o |sin(mv/n? +n + 1)|.

Problem 5. Let k be a positive integer and p a positive real number. Prove that
k

s (1) (5 (-2 - 2
im = - = = —.
n—oo \ k n n etk!
Problem 6. Let (z,), be a sequence of positive integers such that z,, = n* for alln > 1.
Is it true that lim,,_,o, x, = 07

is divisible by 27!,

Problem 7. Compute

Problem 8. Prove that the sequence (ay),>1 defined by
1+1+1+ +1 In(n + 1) >1
n = a5 a T —— ) = 4
a 513 - n n

is convergent.

Problem 9. Compute

\/1+\/1+\/1+\/ﬁ.

Problem 10. Let P(z) = apx™ + ap12™ ' + -+ ag, a; > 0,7 = 0,1,2, ..., m. Denote
by A, and G,, the arithmetic and geometric means of P(1), P(2),..., P(n). Prove that

lim — = )
n-o G, m+1
1
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Problem 11. Let q range over numbers n™ with n,m > 2. Prove
1

— =1,
qg—1
Problem 12. Evaluate in closed form
Z Z m!n!
== m +n+ 2

Problem 13. Let x be a real number. Define the sequence (x,,),>1 recursively by z; = 1
and z,,1 = 2" + nx, for n > 1. Prove that

) -

n=1

Problem 14. Let ¢ be a root of unity. Prove that
== =) (1=
n=0

with the convention that the zeroth term is 1.




