
POLYNOMIALS
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Over the complex numbers the fundamental theorem of algebra states that a polynomial
factors into linear factors P pxq “ anx

n ` an´1x
n´1 ` ¨ ¨ ¨ ` a0 “ anpx ´ x1q ¨ ¨ ¨ px ´ xnq.

The Viète relations state that the elementary symmetric polynomials in the roots can be
obtained from the coefficients

x1 ` x2 ` ¨ ¨ ¨ ` xn “ ´
an´1

an

x1x2 ` x1x3 ` ¨ ¨ ¨ ` xn´1xn “
an´2

an
...

x1x2 ¨ ¨ ¨ xn “ p´1qn
a0
an

.

Theorem 1 (Gauss-Lucas Theorem). The zeros of the derivative P 1pzq of a complex
polynomial P pzq lie within the convex hull of the roots.

Proof. After rotation and translation, assume all of the roots of P pzq lie above the real
axis. If Repwq ă 0 then

Im
P 1pwq

P pwq
“

n
ÿ

k“1

Im
1

w ´ zk
ą 0.

Thus the roots of P 1pzq are all above the real axis. □
Theorem 2 (Eisenstein’s criterion). Given a polynomial P pxq “ anx

n`an´1x
n´1`¨ ¨ ¨`a0

with integer coefficients, suppose that there exists a prime number p such that an is not
divisible by p, ak is divisible by p for k “ 0, 1, ..., n´1, and a0 is not divisible by p2. Then
P pxq is irreducible over Zrxs.

Proof. Suppose P pxq “ QpxqRpxq, with Qpxq, Rpxq not identically ˘1. Let
Qpxq “ bkx

k ` bk´1x
k´1 ` ¨ ¨ ¨ ` b0,

Rpxq “ cn´kx
n´k ` cn´k´1x

n´k´1 ` ¨ ¨ ¨ ` c0.

Then one of b0, c0 is divisible by p, say b0 is divisible by p but c0 is not. It now follows
that all of the other bk are divisible by p from induction, by reducing the equation

ak “ bkc0 ` bk´1c1 ` ... ` b0ck.

This is a contradiction. □
Problem 1. Find a polynomial with integer coefficients and root

?
2 `

?
3.

Problem 2. Let P pxq “ x4 `ax3 `bx2 `cx`d and Qpxq “ x2 `px`q be two polynomials
with real coefficients. Suppose that there exists an interval pr, sq of length greater than 2
such that both P pxq and Qpxq are negative for x P pr, sq and both are positive for x ă r
or x ą s. Show that there is a real number x0 such that P px0q ă Qpx0q.

Problem 3. Let P pxq be a polynomial of degree n. Given P pkq “ k
k`1

, k “ 0, 1, ..., n, find
P pmq for m ą n.
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Problem 4. Find all polynomials whose coefficients are equal either to 1 or ´1 and whose
zeros are all real.
Problem 5. Let P pxq “ xn ` an´1x

n´1 ` ¨ ¨ ¨ ` a0 be a polynomial of degree n ě 3.
Knowing that an´1 “ ´

`

n
1

˘

, an´2 “
`

n
2

˘

, and that all the roots are real, find the remaining
coefficients.
Problem 6. Let P pzq and Qpzq be polynomials with complex coefficients of degree greater
than or equal to 1 with the property that P pzq “ 0 if and only if Qpzq “ 0 and P pzq “ 1
if and only if Qpzq “ 1. Prove that the polynomials are equal.
Problem 7. Let Pnpxq “ pxn ´ 1qpxn´1 ´ 1q ¨ ¨ ¨ px´ 1q, n ě 1. Prove that for n ě 2, P 1

npxq

is divisible by Ptn
2

upxq in the ring of polynomials with integer coefficients.
Problem 8. Let P pxq be a polynomial of degree n ą 3 whose zeros x1 ă x2 ă ¨ ¨ ¨ ă

xn´1 ă xn are real. Prove that

P 1
´x1 ` x2

2

¯

P 1
´xn´1 ` xn

2

¯

‰ 0.

Problem 9. For a ‰ 0 a real number and n ą 2 an integer, prove that every nonreal root
z of the polynomial equation xn ` ax ` 1 “ 0 satisfies the inequality |z| ě

`

1
n´1

˘
1
n .

Problem 10. Prove that for any distinct integers a1, a2, ..., an the polynomial
P pxq “ px ´ a1q

2px ´ a2q
2 ¨ ¨ ¨ px ´ anq2 ` 1

cannot be written as the product of two non-constant polynomials with integer coeffi-
cients.
Problem 11. Associate to a prime the polynomial whose coefficients are the decimal digits
of the prime (for example, 7043 is associated to P pzq “ 7z3 ` 4z ` 3). Prove that this
polynomial is always irreducible over Zrzs.
Problem 12. Let p be a prime number. Prove that the polynomial

P pxq “ xp´1 ` 2xp´2 ` 3xp´3 ` ¨ ¨ ¨ ` pp ´ 1qx ` p

is irreducible in Zrxs.
Problem 13. Let P pxq be a monic polynomial in Zrxs, irreducible over this ring, and such
that |P p0q| is not the square of an integer. Prove that the polynomial Qpxq defined by
Qpxq “ P px2q is also irreducible over Zrxs.
Problem 14. Find polynomials F pxq and Gpxq such that

px8 ´ 1qF pxq ` px5 ´ 1qGpxq “ x ´ 1.

Problem 15. Show that each polynomial pcos θ ` x sin θqn ´ cosnθ ´ x sinnθ is divisible
by x2 ` 1.
Problem 16.

a. Suppose fpxq is a polynomial over the real numbers and gpxq is a divisor of fpxq

and f 1pxq which is irreducible or square free. Show that pgpxqq2 divides fpxq.
b. Factor x6 ` x4 ` 3x2 ` 2x ` 2 into a product of irreducibles over the complex

numbers.
Problem 17. Let xpnq “ xpx ´ 1q ¨ ¨ ¨ px ´ n ` 1q for n a positive integer, and let xp0q “ 1.
Prove that for all real numbers x and y

px ` yqpnq “

n
ÿ

k“0

ˆ

n

k

˙

xpkqypn´kq.


