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ROBERT HOUGH

Problem 1. Let k be a positive integer. The sequence panqn is defined by a1 “ 1, and for
n ě 2, an is the nth positive integer greater than an´1 that is congruent to n modulo k.
Find an in closed form.

Problem 2. Find all functions f : Z Ñ Z with the property that
2fpfpxqq ´ 3fpxq ` x “ 0, x P Z.

Problem 3. Prove that there exists no bijection f : N Ñ N such that
fpmnq “ fpmq ` fpnq ` 3fpmqfpnq,

for all m,n ě 1.

Problem 4. Prove that the system of equations
x2 ` 5y2 “ z2,

5x2 ` y2 “ t2

does not admit nontrivial integer solutions.

Problem 5. Show that the equation
x2 ´ y2 “ 2xyz

has no solutions in the set of positive integers.

Problem 6. Prove the identity
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Problem 7. Prove that for any real number x and for any positive integer n,
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Problem 8. Show that for any positive integer n,
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Problem 9. Prove that for a, b ě 1,
GCDpna ´ 1, nb ´ 1q “ nGCDpa,bq ´ 1.

Problem 10. Determine the functions f : t0, 1, 2, ...u Ñ t0, 1, 2, ...u satisfying
a. fp2n ` 1q2 ´ fp2nq2 “ 6fpnq ` 1
b. fp2nq ě fpnq for all n ě 0.

Problem 11. Let p be a prime number. Prove that there are infinitely many multiples of
p whose last ten digits are all distinct.

Problem 12. Find all n such that n! ends in exactly 1000 zeros.
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Problem 13. Prove that GCDpm,nq

n

`

n
m

˘

is an integer for all pairs of integers n ě m ě 1.
Problem 14. Prove that if n is a positive integer that is divisible by at least two primes,
then there is an n-gon with all angles equal and with side lengths the numbers 1, 2, ..., n
in some order.
Problem 15. Let fpx1, x2, ..., xnq be a polynomial with integer coefficients of total degree
less than n. Show that the number of ordered n-tuples px1, x2, ..., xnq with 0 ď xi ď 12
such that fpx1, ..., xnq ” 0 mod 13 is divisible by 13.
Problem 16. Let p be an odd prime and a1, a2, ..., ap an arithmetic progression whose
common difference is not divisible by p. Prove that there exists an index i such that the
number a1a2 ¨ ¨ ¨ ap ` ai is divisible by p2.
Problem 17. Let a, b, c, d be integers with the property that for any two integers m and
n there exist integers x and y satisfying the system

ax ` by “ m,

cx ` dy “ n.

Prove that ad ´ bc “ ˘1.
Problem 18. Given a piece of paper, we can cut it into 8 or 12 pieces. Any of these pieces
can be cut into 8 or 12 pieces, and so on. Show that we can obtain any number of pieces
greater than 60. Can 60 pieces be obtained?
Problem 19. Find a solution to the Diophantine equation

x2 ´ pm2 ` 1qy2 “ 1.

Problem 20. Prove that the equation
x3 ` y3 ` z3 ` t3 “ 1999

has infinitely many integers solutions.
Problem 21. Prove that every pair of positive integers m and n, there exists a positive
integer p satisfying

p
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p ´ 1.


