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DUE IN SECTION, OCTOBER 25

Problem 1. (27 pts) Perform the following integrals
1) f %

(2)

(3)

(4) [V1+ 30082338111 2xdx

(5) [ 2?sin® zdx

(6) Jy o' (1 —2)*ds

(7) J xs”}

(8) | e

(9) For natural numbers n, [, z"e “dz (the improper integral [;* means

take fo and let the upper limit 7" — o0).

Problem 2. Show that for z > 0
e’ > 1+ .

, 1= < log(1 4+ z) < x and for all z # 0,

Problem 3. Evaluate lim,, o [(1+2) (1+2)---(1+2 )ﬁ

Problem 4. Prove that if m and n are integers, then

" : 0, m#n
sin mx sin nxdx =

—r T, m=mn,

i 0, m#n
cos mx cos nxdr =

™, m=n,
—T

™
/ sin mx cos nxdxr = 0.
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Problem 5. (Riemann-Lebesgue lemma) Let f be integrable on [a, b]. Prove
that

A—00

b
lim / f(z)sin Axdz = 0.

(Hint: approximate f with a step function.)

Problem 6. Let f : C — R be a continuous function, that is, for each z € C
and each ¢ > 0 there is a 6 > 0 such that if w is a complex number and
|lw — z| < 6, then |f(w) — f(2)] < e. Let R > 0. Prove that f is bounded
below on Br(0) = {z € C: |z| < R}, and achieves its minimum on this set,
by completing the following steps.

(1) For real z, |z| < R, show that f(x + dy) is continuous as a function of
the real variable y, and hence f(z + iy) achieves its minimum on the
set {y: |z +1y| < R}.

(2) Define F(z) = min{f(x + iy) : |z + iy| < R}. Show that F(x) is
continuous on [—R, R], and hence achieves its minimum on this set.
Check that this minimum is the minimum of f on Bg(0).

Bonus Problem. Let f be an increasing function on [0,27]. Prove the
bound, for each n > 1,
2m

_ fem) - $0)

d
() cosnxdzr| < -

0
Bonus Problem. Let p and g be positive real numbers such that

1 1
- +-=1.
P q
Prove the following statements.
(1) If w > 0 and v > 0, then
ul e
u < — + —.
p q

Equality holds if and only if u? = v9.
(2) If f >0 and g > 0 are integrable on [a, b], and

b b
/fpzlzfgq,
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/abfgsl.

(3) Holder’s inequality: If f and g are integrable on [a, b], then

Fal=([) ()

then fg is integrable and




