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Stirling's approximation

Theorem

For integer n > 1, as n — oo

1 1
log n! = (n—i— E) logn—n+ 5 log 27 + O(1/n).

it
D

o & = wa
Bob Hough Math 141: Lecture 15



Stirling's approximation
Proof.

By the additive property of the logarithm, log n! = 27:1 logj. Denote [x]

the integer nearest to x, that'is, [x] = nif x € (n— 3,n+ 3]. Thus

n+%
log n! = / log[x]dx
1

2
n+% n+%
= / log xdx +/1 (log[x] — log x)dx
2 2

1
2

Write log[x] — log x = — log ] = — log (1 - X[ []X]) to obtain

(n+ 1>|og (n—i—%) —%Iog%—n—/énJr; log (1+X&][X])dx.

O]
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Stirling's approximation

Proof.
Recall
log nl = n+1 lo n—i—1 —llo 1—n
S n) B) Aol
n+3 _
—/ 2Iog<1+x [X])dx.
1 [x]
2
Write
jog (n+2) =logn+log (14— ) =1 n+1-|-0(1/n2)
og 5 = log og o = log o .
Thus the first line is (n+ %) logn—n—+ % log 2 + % Ol
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Stirling's approximation
Proof.
Write the integral as

/;+§ e (1 4+ X E(][X]) dx = : /_2 log (1 + Jf) dx

The integral is O ( L ). Hence
J

/n: log (1+XE<][X]) dx = O (/noo %) = 0(1/n).

The integral is thus [i° log (1 + X_[X]> dx + O(1/n).
2

X1
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Stirling's approximation

The previous slides prove log n! = (n+ 3) logn— n+ C + O(1/n) for
some undetermined constant C.

. \/ﬁ(Zn) 1
A\

To deduce the value of C from this theorem, note that

2
log < :) = log(2n)! — 2log n!

Theorem
We have

= <2n+%> log2n — (2n+1)logn— C + O(1/n)

= <2n+%> |og2—%|ogn— C+ 0(1/n)

Letting n — oo obtains C — % log2 = %Iogw.
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Stirling's approximation

Lemma
For each n > 1 we have

n'n! 1 L )
(2n+1)! - (2n—|—1)(2:) :/0 x"(1 — x)"dx.

Proof.

@ Drop 2n+ 1 points in the unit interval [0, 1] uniformly, independently
at random. We claim that both sides of the equation give the
probability of the event that the first n points dropped lie to the left
of the (n+ 1)st point, and the last n points dropped lie to the right
of the (n+ 1)st point.

O]
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Stirling's approximation

Proof.

@ There are (2n+ 1)! orderings with which the points can appear, each
of which is equally likely. There are n! orderings of the first n points,
n! orderings of the last n, so (n!)? orderings which are permissible.
This gives a probability of (.

@ When the (n+ 1)st point is at position x, the chance that the first n
points lie to the left of it is x”, with the last n to the right, (1 — x)".
Thus the ordering has chance x"(1 — x)". Averaging over all possible
x, the probability is

1
/ x"(1 — x)"dx.
0
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Stirling's approximation

Proof sketch of limit.
Make a change of variables to write

=
3
NI

vn

_ ! 2 o (1- ) 4
= 0 /m _@exp nlog - X.
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Stirling's approximation
Proof sketch of limit.

The integral is well approximated by replacing log(1 — ) with —%< and
then extending to (—o0, c0) (this is a little technical) which gives
o0
22"\/_/ (1—x) dx—/ exp(—4x?)dx + o(1)
2
\/_/ 2dx+o(1):g+o(1).
It follows that (n1)? /7
2n n! _ _7T
n||—>r202 \/_(2 + 1)‘ 2
and thus )
m NG im 2D 1
i = lim — =—.
n—oo 220 nsoo\/m2n+1 /m
D)
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Calculating 7

Various methods of calculating the decimal expansion of 7 use the Taylor
series of arctan x at small angles x.

Theorem
If0 < x <1 then for each n > 1,

3 X8 2n—1
arctanx = x — =+ = — ..+ (—1)”_12n — En(x)
with |Ep(x)| < 22’:;
Proof.
Write Tlx2 =1->x2+x*— .4+ (=122 4 (_12# Integrating,
IEn()] = /OX 1fnuzdu < /Ox 2y — ;j:

y
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Calculating 7

Theorem (John Machin (1680-1751))

_ 1 1
7 = 16 arctan 5 4 arctan 539 -

Proof.

Let a = arctan % and 8 =4a — 7. Thus m = 16a — 443, so it suffices to
check that tan 5 = % The trig |dent|ty

tanA+tan B
tan(A+ B —_—
(A E) = 1 —tanAtanB
gives tan2a = % tanda = ﬁg and tan (4a — Z) = ﬁ- U

v

Calculating 7 using this expansion gives at least a factor 25 improvement
with each additional term in the Taylor expansion. One obtains a number
of bits linear in the number of terms in the Taylor expansion.
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Newton's method

Newton's method gives a method of numerically approximating a root of a

differentiable curve.

root

|

y = flx) ——

/
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Newton's method

e Newton's method approximates a root f(r) = 0 of a differentiable
function f by making a series of guesses.

@ Given an initial point xp, each successive point x,41 after x, is found
by making a linear approximation to f(x) through the point
(Xn, f(xn)),
Uo(x) = F(xn) + (x — xn) ' (Xn)-
o If f'(xy) #0, Xpt1 = Xp — ;,(();’;)) is the root of the linear
approximation to f through x,.

Bob Hough Math 141: Lecture 15 October 26, 2016 14 /23



Newton's method

Theorem

Let f be twice continuously differentiable on an interval [a, b] and assume
f(c) =0 for some a < ¢ < b. Suppose that f'(c) # 0. Then there exists
0 > 0 with 6 < min(c —a,b— c) and M > 0 such that, for any
X0 € (¢ — 6, c+ 0) the sequence {x,}7°, defined recursively by

f(xn)
f'(xn)

Xni1 — | < Mlx, — c|?.

Xn+1 = Xn —

satisfies, for all n > 0,
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Newton's method

@ We say that the rate of convergence in Newton's method is quadratic,
which means that the number of significant figures in an
approximation essentially doubles on each iteration. In particular, the
number of determined bits is exponential in the number of iterations.
This makes Newton's method preferrable to Taylor expansion.

@ The extremely fast convergence of Newton's method makes it a
favorite algorithm in numerical analysis.
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Newton's method

Proof.
@ Let & > 0 be such that |x — c| < ¢ implies |f'(x)| > VI(TCN
o Let m = maxycjc_s,c44) |f"(X)|-
@ Suppose x, € (¢ —d,c +9). Write

f (xn)
f’(x,,)'

Xptl — C = Xp— C —
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Newton's method

Proof.
Recall x,11 —c=x, — c — :/((’;))'
o Taylor expand f(x,) = 0+ f'(c)(x, — ¢) + ["(xn — t)f"(t)dt. Hence
f'(c)
Xpt1 — € = (Xp — €) (1 — f’(x,,)) 4

where €1 = ﬁ J2(xn — t)F"(t)dt satisfies |e;| < |f/’\(ﬂc)|(x,, - c)°.

@ By the Mean Value Theorem

’1 : ;/((xcn))

f'(xn) — f'(c)
f'(xn)

m|x, — c| _ 2m|x, — c|

()l = [F(c)]
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Newton's method

Proof.
o It follows that, under the assumption that x, € (¢ — d, ¢ + 9),
3m
—c| < M|x, — ¢ M=——.
|Xn+1 C| = |XI7 Cl ) |f/(C)|

o Decrease 0 sufficiently so that M§% < 6, or M < %. Then
Xp € (¢ —6,c+9) implies x,41 € (¢ — J,c +0) so
{Xn}(,),ozo C (C — (5, c + (5)

o Thus, for all n, |x,41 — c| < M|x, — c|? holds.
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Newton's method example

We approximate v/2 by applying Newton's method to the equation

f(x) = x?> — 2 = 0 with initial guess xp = 1.
o Note that f/(x) = 2x and hence x,11 = x, — Xg;nz =+ Xln

@ Hence x; = 1.5, xp = 1.416, x3 = 1.4142156862(7),

x4 = 1.4142135623(7).
o We have /2 = 1.41421356237... so 4 iterations give this precision.
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Newton's method divergence

Suppose one attempts to find the root x = 0 of f(x) = x3 by Newton's
method. Note that f is not differentiable at 0.
2

o For x #0, f/(x) = 2x75.
@ Hence, given a guess xg #= 0

O wim

X
= —2xp.

wIin

X1 = X0 —
1,
3%0

@ Thus the sequence of guesses diverges exponentially away from the

root.
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Newton's method oscillation

@ The polynomial P(x) = (x — 1)?(x + 1) + x?(2 — x) + x*(x — 1)3
satisfies P(0) = P(1) =1 and P’(0) = -1, P/(1) = 1.

@ Hence, started from an initial guess of either 0 or 1, the guesses
oscillate between 0 and 1.
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Polynomial equations on C

Newton’s method may be applied to find the roots of complex functions

also. The following figure is colored according to the root of x> — 1 which
an initial guess converges.
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