MATH 141, FALL 2016 PRACTICE MIDTERM 2 SOLUTIONS

NOVEMBER 2

Solve 4 of 6 problems. You may quote any result stated during lecture, so
long as you represent the result accurately.
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Problem 1.

a. (2 points) State carefully the Chain Rule of differential calculus.
b (3 points) For integer n > 1, define the n-times iterated logarithm
by logyz = logz, and, for n > 1, and 2 such that log,(z) > 0,
log(,+1) * = log(log,) x). Derive a formula for % log ) ©

Solution.

a. Let f be differentiable at a and g be differentiable at f(a). Then go f
is differentiable at a, and 4L g o f’x L= g "(f(a))f'(a).

b. The formula is +- log( )T H1<]<n 1Og()

We prove the formula by induction.

Base case (n = 1): This is just the usual derivative formula for the
logarithm, % logx = %
Inductive step: For n > 1, by the chain rule,

d 1 d

dr 10g(n+1) L = log(n) :c% log(n)(x)
1
log 1<11n log

1 1
:EH

1<j<n+1 log ;)
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Problem 2.

a.

(2 points) State carefully the Mean Value Theorem for a function on
an interval [a, b].

b. (3 points) Prove that if f is n-times differentiable on (a,b) and f(x) =0
for n + 1 different z in (a,b), then f™(z) = 0 for some z € (a,b).
Solution.

a. Let @ < b. Let f be continuous on [a,b] and differentiable on (a,b).

b.

There exists ¢ € (a,b) such that f'(c) = W
The proof is by induction.

Base case (n =1): Let f(x1) = f(x2) = 0 for some a < x; < 9 < b.
By the Mean Value Theorem applied to f on [x1, 23], there is a zero of
f(z) with 1 < & < 9.

Inductive step: Suppose the statement of the result holds for some
n > 1 and let f be n + 1-times differentiable on (a,b) with n 4 2 zeros
at {x;}'12 with @ < 71 < 79 < ... < 49 < b. Applying the base
case in each interval [z;, ;1] for 1 < i < n+ 1, find that f’ has zero
y; € (x5, xi11), and hence f’is n times differentiable with n+ 1 distinct
zeros at {y; ?jll, a < Y1 < Y < ... < Yns1 < b. By the inductive

assumption, "1 = (') has a zero in (a,b).
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Problem 3. Use integration by parts to derive the formula for m,n > 1,

sin" 1 g 1 sin"x n sin” 1z
cos™mtl ¢ mcos™x m J cos™lx
Apply the formula to integrate tan® x and tan* x.
Solution. Let du = —38Z _dr and v = sin"x, so that v = +—L
- -1 COoS T ) m cos™ x
dv = nsin" " x cos xdx. Integrating by parts
sin"t! 1 sin"x n sin” 1z
ol = . —1dx
cos™tl g m cos™x m cos™tx

as required.
It follows from the m = n = 1 case that

/taandx:tana:—/dx:tana:—:c+0.

It follows from the m = n = 3 case that

1
/tan4 rdr = 3 tan® z — /tan2 rdx

= gtan?’x—tanqu:U—C.

and
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Problem 4. Evaluate -
772 t2
lim xe?/ e~ zdt.

T—00

Solution. The substitution u = %, du = tdt shows that

J/$ S = [
(& = e —.
1 V2u

22
It was checked in lecture that lim, ., ff e‘“j—% exists. Thus
2

[ee] t2 o t2 X t2
lim e 2dt = lim [/ e 2dt —/ e_2dt] = 0.

Apply 'Hopital’s rule to determine
t2 t2
floo e zdt — ffﬂ e zdt

2
T—00 1 -z

N

T—00

w2 > t2
lim ze? e 2dt = lim
X

x
2
. —e77 1
= lim —~ — = lim =1
T—00 —#6_7 —e T rz—oo ] + =

Note that this version of I’'Hopital’s rule differs from the version proven in
class, since we allow x — oo. The two versions are equivalent by substituting
Yy = % and letting y | 0, since

w6 G E) _rG)
500) oG o)
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Problem 5. Prove the following Integral Cauchy-Schwarz Inequality. Let f
and g be continuous functions on [a b]. Then

([ st ) < [ sera [ gwrar

with equality if and only if f = cg or g = ¢f for some ¢ € R.
Solution. Define D(z,y) on [a,b] X [a,b] by

D(z,y) = = (f(2)g(y) — f¥)g(z))’
(f(@)g(y)? + f()°g(x)*) — f(2)f(y)g(x)g(y) > 0.

For each fixed y, D(x,y) is continuous as a function of =, and hence integrable

N — DN =

Also, as the linear combination of continuous functions, D1 (y f D(x,y)dx

is continuous as a function of y. If there is a point (x y) € [a b] X [a, b] for
which D(z,y) > 0, then D;(y) > 0. Hence

/ab </abD(x,y>dx> dy > 0

with equality if and only if D(z,y) = 0 for all z,y.
Integrate in x first, treating y as a constant, to find

o< [ b ( / bD(as,wdx) =3 | o) ( / bf(x)2d:r) y
L[ e
- [ st ([ st
= [ swpas [ owra— ([ f(x)g(as)dx)2 .

In case equality holds, if f = 0 then the condition is met with f = 0 - g.

Otherwise, pick x with f(x) # 0 to check that g(y) = %f(y) for all y.
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Problem 6. A right triangle with hypotenuse of length a is rotated about
one of its legs to generate a right circular cone. Find the greatest possible
volume of such a cone.

Solution. Let the height of the cone be A and the radius of the base be r,

so that h? + r2 = a2. The volume of the cone is
T

_ T2y T2 42
V(h)—grh 3(a h?)h.

Thus we must maximize V' (h) subject to 0 < h < a. At the endpoints

V(h) = 0. Calculate
V/(h) = g(aQ —3h2).

Thus V(h) has a single critical point on the interval (0,a) at h = . This is

B

the only candidate for the maximum, and its value is

2ra’

‘/max - =
9v3



