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Often, the equations make sense even for complex values of

coordinates, and define the corresponding objects in the
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Many objects studied in geometry are defined in real
coordinates by equations.

Often, the equations make sense even for complex values of

coordinates, and define the corresponding objects in the
complex space.

The new complex objects are even nicer.
When possible, mathematicians tend to switch to them.
This is how algebraic geometry became complex.

3/33 "



-1

Introduction

Encomplex

® Encomplex

® Curves
e curves and
complexification

Whitney number

Writhe

Arnold invariants

Encomplexing J _

Many objects studied in geometry are defined in real
coordinates by equations.

Often, the equations make sense even for complex values of

coordinates, and define the corresponding objects in the
complex space.

The new complex objects are even nicer.
When possible, mathematicians tend to switch to them.
Real objects are replaced by their complex counter-parts,
complexifications.

3/33 "



-1

Introduction

Encomplex

® Encomplex

® Curves
e curves and
complexification

Whitney number

Writhe

Arnold invariants

Encomplexing J _

Many objects studied in geometry are defined in real
coordinates by equations.

Often, the equations make sense even for complex values of

coordinates, and define the corresponding objects in the
complex space.

The new complex objects are even nicer.
When possible, mathematicians tend to switch to them.
Real objects are replaced by their complex counter-parts,
complexifications. This is called complexification.

3/33 "



-1

Introduction

Encomplex

® Encomplex

e Curves
® curves and

complexification

Whitney number

Writhe

Arnold invariants

Encomplexing J _

Many objects studied in geometry are defined in real
coordinates by equations.

Often, the equations make sense even for complex values of

coordinates, and define the corresponding objects in the
complex space.

The new complex objects are even nicer.
When possible, mathematicians tend to switch to them.
Real objects are replaced by their complex counter-parts,
complexifications. This is called complexification.

Another option Is to consider the original objects embedded

Into its complexification.

3/33 "



-1

Introduction

Encomplex

® Encomplex

® Curves
e curves and
complexification

Whitney number

Writhe

Arnold invariants

Encomplexing J _

Many objects studied in geometry are defined in real
coordinates by equations.

Often, the equations make sense even for complex values of

coordinates, and define the corresponding objects in the
complex space.

The new complex objects are even nicer.
When possible, mathematicians tend to switch to them.
Real objects are replaced by their complex counter-parts,
complexifications. This is called complexification.

Another option Is to consider the original objects embedded

Into its complexification. More difficult, but nonetheless
rewarding!

3/33 "



-1

Introduction

Encomplex

® Encomplex

® Curves
e curves and
complexification

Whitney number

Writhe

Arnold invariants

Encomplexing J _

Many objects studied in geometry are defined in real
coordinates by equations.

Often, the equations make sense even for complex values of

coordinates, and define the corresponding objects in the
complex space.

The new complex objects are even nicer.
When possible, mathematicians tend to switch to them.
Real objects are replaced by their complex counter-parts,
complexifications. This is called complexification.

Another option Is to consider the original objects embedded

Into its complexification. More difficult, but nonetheless

rewarding!
| will call this to encomplex

3/33 "



-1

Introduction

Encomplex

® Encomplex

® Curves
e curves and
complexification

Whitney number

Writhe

Arnold invariants

Encomplexing J _

Many objects studied in geometry are defined in real
coordinates by equations.

Often, the equations make sense even for complex values of

coordinates, and define the corresponding objects in the
complex space.

The new complex objects are even nicer.
When possible, mathematicians tend to switch to them.
Real objects are replaced by their complex counter-parts,
complexifications. This is called complexification.

Another option Is to consider the original objects embedded

Into its complexification. More difficult, but nonetheless
rewarding!

| will call this to encomplex and try to show its difficulties and

advantages on a simple material of curves.
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A real plane curve is a generically immersed circle,
immersion S! 94— R?, belongs to Differential Geometry,
presumably has no complexification.

There are results on generic plane curves with a global
topological flavor.

One of the most classical of them is the Whitney

classification of curves up to regular homotopy.

The next masterpiece is Arnold’s theory on three first order

Invariants of generic plane curves.
| am going to encomplex them in this talk.
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A generic immersion S' 9 R? is not assumed to have a

complexification.

Require algebraicity, and you get complex points.
What'’s in a complex view?

e Geometry hidden in complexification: genus, modauli,

type (of complex conjugation).

a
N7

Type I: the set of real points divides the set of complex points

Into two connected components.

5/33



-1

Introduction

curves and complexification

® Encomplex

® Curves
e curves and
complexification

Whitney number

Writhe

Arnold invariants

Encomplexing J _

A generic immersion S' 9 R? is not assumed to have a

complexification.

Require algebraicity, and you get complex points.
What'’s in a complex view?

e Geometry hidden in complexification: genus, modauli,

type.

Type ll: the set of real points does not divide the set of
complex points.

5/33



-1

Introduction

curves and complexification

® Encomplex

e Curves
® curves and

complexification

Whitney number

Writhe

Arnold invariants

Encomplexing J _

A generic immersion S' 9 R? is not assumed to have a
complexification.
Require algebraicity, and you get complex points.
What'’s in a complex view?
e Geometry hidden in complexification: genus, modauli,

type.
e Interaction between real and complex.

5/33



-1

Introduction

curves and complexification

® Encomplex

® Curves
e curves and
complexification

Whitney number

Writhe

Arnold invariants

Encomplexing J _

A generic immersion S' 9 R? is not assumed to have a
complexification.
Require algebraicity, and you get complex points.
What'’s in a complex view?
e Geometry hidden in complexification: genus, modauli,

type.
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Whitney number is related to complex asymptotes.

5/33



-1

Introduction

curves and complexification

® Encomplex

e Curves
® curves and

complexification

Whitney number

Writhe

Arnold invariants

Encomplexing J _

A generic immersion S' 9 R? is not assumed to have a
complexification.
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e Geometry hidden in complexification: genus, modauli,

type.
e Interaction between real and complex.

Arnold’s invariant J_ is related to
the number of imaginary intersection points of complex halves.
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A generic immersion St 9- R? is not assumed to have a
complexification.
Require algebraicity, and you get complex points.
What'’s in a complex view?
e Geometry hidden in complexification: genus, modauli,

type.
e Interaction between real and complex.

e Results on real curves inspired by results on curves with
complexification.

Formula for J_:

J (C)=1- /R2 é(inda(w))2 dx(x).
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What'’s in a complex view?
e Geometry hidden in complexification: genus, modauli,
type.
e Interaction between real and complex.
e Results on real curves inspired by results on curves with
complexification.
e A world parallel to Real Geometry.

Arnold’s strangeness of rational real algebraic curves.
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A generic immersion St 9- R? is not assumed to have a
complexification.
Require algebraicity, and you get complex points.

What'’s in a complex view?
e Geometry hidden in complexification: genus, modauli,
type.
e Interaction between real and complex.
e Results on real curves inspired by results on curves with
complexification.
e A world parallel to Real Geometry.

The simplest complexification of curves are rational curves:

genus zero, no moduli, polynomial parametrization.
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Whitney number

For an oriented smooth closed immersed curve C on plane
w(C'), Whitney number

= rotation number of the velocity vector

— degree of the Gauss map C — S*.

Whitney Theorem.
w(C) determines C' : S* & R? up to regular homotopy.
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(In R? rotation around a point at infinity is a translation.)
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proof of Theorem 1

Choose a generic point p on ]RPolO and rotate oriented real line L
around p counting changes of CA, o CL, —CA, o CL_.

We consider only imaginary intersection points.

(Although we start with RL = RP. and RPL. NRA = &,

R L sweeps the whole R A while moving).
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Choose a generic point p on RP. and rotate oriented real line L
around p counting changes of CA, oCL, — CA, o CL_.
CAL oCL, — CA, o CL_ changes, when RL getstangentto RA.

At these moments, evaluate also local degree [deg of Gauss map
RA — St

<

Consider, for example, the following curve:
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CA_oCL, — CA, o CL_ changes, when RL getstangentto RA.

At these moments, evaluate also local degree [deg of Gauss map
RA — St

A(CA, oCLy) =0,
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ldeg = +1
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At each of the moments, A(CA, o CL, — CA, o CL_) = —ldeg.
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Choose a generic point p on RP(}O and rotate oriented real line L
around p counting changes of CA, o CL, —CA, o CL_.
CA_oCL, — CA, o CL_ changes, when RL getstangentto RA.

At these moments, evaluate also local degree [deg of Gauss map
RA — St

A(CA, oCL,) =0,

A(CA; oCL_) = +1,

A(CALoCL, —CA, oCL_)=—1

ldeg = +1

<
At each of the moments, A(CA, o CL, — CA, o CL_) = —ldeg.
The full change of CA, o CL, — CA, o CL_ is —2w(RA),
since we have summed up —Ildeg over the preimages of 2 points.
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Choose a generic point p on RP(}O and rotate oriented real line L
around p counting changes of CA, o CL, —CA, o CL_.
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cannot happen.

The first real algebraic Reidemeister move looks like that:
A crossing turns into a
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nor a point of self-tangency. It has only ordinary double points

of transversal self-intersection.

A triple point of an immersion is ordinary, if the branches at

the point are transversal to each other.
A self-tangency point of an immersion is ordinary, if the
branches have distinct curvatures at the point.

A self-tangency point of an immersion is called direct, if the

velocity vectors are pointing the same direction; otherwise it is

inverse.

All non-generic immersions form a discriminant hypersurface,
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The discriminant is stratified. There are 3 main strata:

e the set ST, of all immersions without triple points, with only

one non-transversal double point, and this is an ordinary direct

self-tangency point.

e the set ST of all immersions without triple points, with only

one non-transversal double point, and this is an ordinary
Inverse self-tangency point.

e the set 1'P of all immersions which have only one triple

point, this point is ordinary, besides this point, there are only

ordinary double points.

A generic path in the space of immersions (i.e. a generic
regular homotopy)
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e the set ST of all immersions without triple points, with only

one non-transversal double point, and this is an ordinary
Inverse self-tangency point.

e the set 1'P of all immersions which have only one triple

point, this point is ordinary, besides this point, there are only

ordinary double points.

A generic path in the space of immersions intersects the
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The discriminant is stratified. There are 3 main strata:

e the set ST, of all immersions without triple points, with only

one non-transversal double point, and this is an ordinary direct

self-tangency point.

e the set ST of all immersions without triple points, with only

one non-transversal double point, and this is an ordinary
Inverse self-tangency point.

e the set 1'P of all immersions which have only one triple

point, this point is ordinary, besides this point, there are only

ordinary double points.

A generic path in the space of immersions intersects the

discriminant in a finite number of points, these points belong

to the main strata.
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one of the strata were called perestrojkas by Arnold.
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For generic C' : S' 9= R?, Arnold introduced numerical
characteristics J*(C'), J~(C) and St(C') defined by the
following properties:
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following properties:
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e invariance under regular homotopy in the class of generic
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Arnold’s invariants

For generic C' : S' 9= R?, Arnold introduced numerical
characteristics J*(C'), J~(C) and St(C') defined by the

following properties:

e invariance under regular homotopy in the class of generic

immersions.

e the following increments under perestojkas:

perestrojka

Sy

J_

St

direct self-tangency

+2

0

0
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Arnold’s invariants

For generic C' : S' 9= R?, Arnold introduced numerical
characteristics J*(C'), J~(C) and St(C') defined by the

following properties:

e invariance under regular homotopy in the class of generic

immersions.

e the following increments under perestojkas:

perestrojka Jo | J_ | St
direct self-tangency | +2 | O 0
inverse self-tangency | 0 | —2 | 0
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For generic C' : S' 9= R?, Arnold introduced numerical
characteristics J*(C'), J~(C) and St(C') defined by the

following properties:

e invariance under regular homotopy in the class of generic

immersions.

e the following increments under perestojkas:

perestrojka Jo | J_ | St
direct self-tangency | +2 | O 0
inverse self-tangency | 0 | =2 | 0
triple point 0 0 | +1
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Arnold’s invariants

For generic C' : S' 9= R?, Arnold introduced numerical
characteristics J*(C'), J~(C) and St(C') defined by the

following properties:

e invariance under regular homotopy in the class of generic

immersions.

e the following increments under perestojkas:

perestrojka Jy | J_ | St
direct self-tangency | +2 | O 0
inverse self-tangency | 0 —2 O
triple point 0

OO O @ @ @

the invariants take the foIIowmg values.
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For generic C' : S' 9= R?, Arnold introduced numerical
characteristics J*(C'), J~(C) and St(C') defined by the

following properties:

e invariance under regular homotopy in the class of generic

immersions.

e the following increments under perestojkas:

perestrojka Jy | J_ | St

direct self-tangency | +2 | O 0

inverse self-tangency | 0 | =2 | 0

triple point 0 0 | +1

JH(Ko) =0, J (Kip1)=-2i (1=0,1
J(Ko) =—1, J (K1) =—-3t (1=0,1,

St(Ko) — O, St( z—|—1) ) (Z — O, 1
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Consider irreducible real plane projective curves of degree d,

genus g and type |, equipped with complex orientations.
A generic curve A of this kind has only non-degenerate

double singular points , they can be of the following 4 types:

e real double points with two real branches ><

e solitary real double point with two imaginary conjugate
branches,
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Consider irreducible real plane projective curves of degree d,

genus g and type |, equipped with complex orientations.
A generic curve A of this kind has only non-degenerate

double singular points , they can be of the following 4 types:

e real double points with two real branches ><
e solitary real double point with two imaginary conjugate
branches,

At a solitary ordinary double point, the choice of CA_
determines a local orientation of R P?

such that R P? equipped with this local orientation intersects

CA. at this point with intersection number +1.
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Consider irreducible real plane projective curves of degree
genus g and type |, equipped with complex orientations.

A generic curve A of this kind has only non-degenerate
double singular points , they can be of the following 4 types
e real double points with two real branches ><
e solitary real double point with two imaginary conjugate
branches,

At a solitary ordinary double point, the choice of CA_
determines a local orientation of R P?.

Another way to get the local orientation:
perturb the curve keeping type | and converting the solitary
point into an oval.
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Consider irreducible real plane projective curves of degree
genus g and type |, equipped with complex orientations.

A generic curve A of this kind has only non-degenerate
double singular points , they can be of the following 4 types
e real double points with two real branches ><
e solitary real double point with two imaginary conjugate
branches,

At a solitary ordinary double point, the choice of CA_
determines a local orientation of R P?.

Another way to get the local orientation:
perturb the curve keeping type | and converting the solitary

d,

point into an oval. The complex orientation of this oval gives

the local orientation of R P2.
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e real double points with two real branches ><
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Consider irreducible real plane projective curves of degree d,

genus g and type |, equipped with complex orientations.
A generic curve A of this kind has only non-degenerate

double singular points , they can be of the following 4 types:

e real double points with two real branches ><

e solitary real double point with two imaginary conjugate
branches,

e imaginary double point of self-intersection of CA_,

e imaginary intersection point of CA, and CA_. Denote the

number of the latter points by o.
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