
� ���������� ��������	����� �
������ �
��� ��� ��� ���� �� ³¼I
LIFQABAHB P? K?WJV� � WV� QBRBLMQBAASTFVUBEIFHCBL@HT @IHQST LMBPBAH �

�Y�Y Z]\Á� �Y�Y�\À �Á 

!�Q	
�
�

 
 ������
��	�� �
��������� `abcd ¢f kjhbhvo� lj¡jbcljkko� oiujvpo�
r�jbqo� qprlo� bcjgjkr� l

RP

»��j qhwghkjkc� bl�ykhbcr f lih�jkk�j hqpa�khbcr��j ry krns
{hghikjkrj qhchp�n l

RP

» kjbl�ykhs koy�lo�cb� �������� �hlhp�cs �ch hloi � ij�rc ��È¤Õ�� hloio � s jbir � bh{jp�rcb� l hprjkcrpajwhm qhwghkjkcj {hghikjkr� hloio � ��v¾j{rkjkrj Ó
hloihl ��� � � � ��¨ coqrns �ch �� ij�rc lkacpr ��#�s ³ 6

� � Ós koy�lojcb� ���� �� ��È���� Ó�
�loi koy�lojcb� ���Ö���s jbir hk kj ij�rc lkacpr krqoqhuh {pauhuh hloio� hloi koy�lojcb�ËÈ¦¤��s jbir lkacpr kjuh kjc {paurn hloihl� �loi koy�lojcb� ��¤���s jbir hk bh{jp�rcb�
lkacpr �jckhuh �rbio {paurn hloihls r ����¤��� l gphcrlkhw bia�oj� �vhyko�rw �jpjy � r Ê
�rbih �jck�n r kj�jck�n hloihl bhhcljcbcljkkh��prlo� ¢koy�lojcb� ±�Í����Òs jbir hko rwj�jc woqbrwoidkh lhywh�khj �rbih qhwghkjkc bl�ykhbcrs polkhj ±��� } ��− ³���− ¸�Ô¸ � ³��bir ¢ rwjjc ±���− � qhwghkjkc bl�ykhbcrs ch hko koy�lojcb� �± − ���Í����Ò� `abcd

C
¢ f

qhwgijqbr�rqoxr� qprlhm ¢��bir
C
¢ \ ¢kjbl�ykhs ch ¢ f qprlo� ¤�Ë� �� jbir C

¢ \ ¢ bl�ykhsch ¢ f qprlo� ¤�Ë� ���� qprl�n �jckhm bcjgjkr � } ¸e l p�{j bia�ojl poykhbcd � − Ê a{hlijclhp�jc bpolkjkr�w��oqs kogprwjps
{i� ±�qprl�n rwjjc wjbch ¦�������� �È Í���Ñ������� � − Ê ≡ e

»  04 K�
{i� �± − ³��qprl�n f ¦�������� �È Í���Ñ!�������Ñ"�������� � − Ê ≡ e

»
± ³

 04 K�
{i� �± − ¸��qprl�n crgo �� f ¦�������� "��������Ñ#��$�� � − Ê 6≡ e

»
� ½

 04 K�
{i� qprl�n crgo � f ¦�������� %����É � � − Ê ≡ e

»  04 ½�
&cr �hpwairphlqr kj gjpjkhb�cb� ko qprl�j ����¤��� bcjgjkjm� �oqs {i� ±�qprlhm i�vhmkj�jckhm bcjgjkr ¸e� ³b e >

¼ l��jc�−Ê
 04 Kwh�jc gprkrwocd i�v�j yko�jkr�s bpolkrw�j

b e 04 ¸� °ij{a�¡o� cjhpjwo �li�jcb�s kobqhidqh kow ryljbckhs gjpl�w pjyaidcochw coqhuhph{o {i� qprl�n kj�jck�n bcjgjkjm�
¿ÀÁ\ÀÂÃ ÄY 'È¦¤É ¢ Ñ Í����Æ ¦¤�Ë��� � } ¸e � ³ } ½Ó � ³s ���Ç��Æ ½ Ë�Ë������Ë���¦�Í�Ç���¦Æ ���� � ��È���� ÓÎ (�� �!

�¦�� ¢ Ñ $¤� ±�Í����Æ s ¤� � − Ê ≡ −e
 04 K�

�¦�� ¢ Ñ $¤� �± − ³��Í����Æ s ¤� � − Ê ≡ −e± ³
 04 K�

�¦�� ¢ Ñ $¤� �± − ¸��Í����Æ ¤�Ë� ��s ¤� � − Ê 6≡ −e � ½
 04 K�

�¦�� ¢ Ñ $¤� Í����Æ ¤�Ë� �s ¤� � − Ê ≡ −e
 04 ½�

�³�

��jlr{khs bpolkjkrj �³� gpr Ó } ¸ �qlrloijkckh chwas �ch �rbih lkj·krn gabc�n hloihl±�qprlhm bcjgjkr : b ½ukjy{owr {jircb� ko½�&chc�oqc v�ib�hpwairphlok lqo�jbclj urghcjy�
�hp�ourk�w ²³́ ��jhpjwo ³l�lh{rcb� kr�jsl g�½sry cjhpjw��rphf)opiowhlo ²¸´shvhv¡o�¡jm
qiobbr�jbqrj bpolkjkr� ko bia�om hbhv�n qprl�n �jckhm bcjgjkr�
<�H�	��
��� E�����*	�� �
� E�
+� `h{ Í�� ��¤����� Ë��¦¤���¦¤��� w� gh�krwojw cphmqa �)�◦�,�s bhbcolijkka� ry ljqchpkhuh gphbcpokbclo ) ko{ ghijw Z

»s vrirkjm�khm �hpw� ) × ) → Z
»s �~�	� 7→ ~ ◦ 	 s r �akqxrr , ! ) → Z- s qlo{pocr�khm hckhbrcjid�kh ◦ l chw bw�bijs �ch ,�~ � 	� } ,�~� � ,�	� � ¸~ ◦ 	 � �lo{pocr�khj gphbcpokbclh hgpj{j�i�jcb� blhjm ��¤����Ò ����� hckhbrcjidkh qoqhuh�irvh voyrbo .�� � � � �.Ì gphbcpokbclo ) sc�j� wocprxjm 	 } �,�� �s u{j ,�� } ,�.�� r ,�� } .� ◦ .� gpr � 6} � �{rouhkoidk�j �ijwjk�c� hgpj{jijk�  04 ½s hbcoidk�j f  04 ¸� yowjcrws �ch ,�~� ≡ ~ ◦ ~

 04 ¸�� ¬juqh lr{jcds �ch�ijwjkcopk�wr yowjkowr voyrbo wocprxa �powo wh�kh gprljbcr q vih�kh�{rouhkoidkhwa lr{a
4�6/�Ó�� � � � �Ó0�⊕ 	� ⊕ · · · ⊕ 	¯s u{j qo�{�m vihq 	� f �ch irvh `

" �� "´s irvh `
» ��»´� �bir lbjÓ� 6} ¸s va{jw uhlhprcds �ch �hpwo , �������¤����s r l �chw bia�oj hgpj{jirw jj ������Õ��¤ 1��È��Ñ���  �� 1��Æ ��,� }P��Ó�� �P��	��

 04 Ks u{j ��³� } ³s��−³� } −³s��ª� } ªs� ` " �� "´ } ª r � `
» �� »´ } ½�



³¼K � ���������� ��������	����� �
������ �
��� ��� ��� ���� ��

L� L��	�
�

 Q
��*T������	� ��+ ��������� ��
	��� `abcd ¢ f qprlo� l RP

»
bcjgjkr ¸es yo{okko� apolkjkrjw § } ªs r gabcd qo�{o� jj hbhvo� ch�qo jbcd ch�qo cpokbljp�boidkhuh gjpjbj�jkr� {lan uio{qrn lj¡jbcljkk�n ihqoidk�n ljcljm� �hlhp�cs �ch ¢ �li�jcb�
qprlhm ¤�Ë� � �±�Í����Ò�s jbir khpwoiryoxr� i�vhm jj kjgprlh{rwhm qhwghkjkc� �li�jcb�
qprlhm crgo � �rwjjc � � ³lj¡jbcljkk�n qhwghkjkcs u{j � f ph{ �chm khpwoiryoxrr�� �prlo�s kjgprko{ij�o¡o� crga �s hckhbrcb� q crga ���`abcd ~�� � � � � ~¯ f hbhv�j ch�qr r (% f hv¾j{rkjkrjbh{jp�o¡rn rn qhwghkjkc bl�ykhbcr qprlhm ¢� `abcd � } ªs jbir wkh�jbclh

RP

»# } {§ >
ª}bc�urlojwh l

RP

»s r � } �−³�� l gphcrlkhw bia�oj�� bia�oj bl�ykhuh (% hgpj{jirw qlo{pocr�khj gphbcpokbclh �)�◦�,� bij{a�¡rw hvpoyhw�`abcd ��� � � � ��t f hprjkcrpajw�j qhwghkjkc� wkh�jbclo RP

»
\ (%s ko qhchp�n § µ ª lviryrhc (%� `abcd �)" �◦�,"� f qlo{pocr�khj gphbcpokbclh b hpchuhkoidk�w voyrbhw .�� � � � �.¯s ko�ijwjkcon qhchphuh ," polkh −³� `abcd �� } P�∈�� .� s u{j {~�}�∈�� f hbhv�j ch�qrs �jpjyqhchp�j ��� gphnh{rc phlkh h{rk poy� �bir (% irvh bc�urlojwhs irvh bh{jp�rc ljcld �c�j� hv�poy qhwghkjkc� wkh�jbclo lj¡jbcljkk�n ch�jq kjhbhvhm wh{jir qprlhm ¢�s kj uhwhihur�ka�

kai� l
RP

»s ch ) hgpj{ji�jcb� qoq gh{gphbcpokbclh gphbcpokbclo )" s ghph�{jkkhj ljqchpowr
��� � � � ��ts o , } ,"|� �� gphcrlkhw bia�ojs c�j� jbir (% kj bc�urlojwh r kj bh{jp�rc coqhm ljc�lrs ka�kh l�vpocd gphbca� yowqkaca� qprla� � l (%s kj bc�urlojwa� l RP

»s r pob·rprcd )"
{h qlo{pocr�khuh gphbcpokbclo ) ′" s {hvolrl q voyrbk�w ljqchpow .�� � � � �.¯ ljqchp ." s ko qh�chphw qlo{pocr�ko� �hpwo gprkrwojc yko�jkrj �−³�� r qhchp�m hpchuhkoijk coqrw r chidqhcoqrw .� s �ch � gphnh{rc �jpjy ~� s pjoirya� kaid upagg� ���RP

»#�RP

»# \ ~� �Z»�� � �chw bia��oj ) hgpj{ji�jcb� qoq gh{gphbcpokbclh gphbcpokbclo ) ′" s ghph�{jkkhj ljqchpowr ��� � � � ��tsr." �P�∈��
.� s u{j �" } {� | ²�´ 6} ª ∈ ���RP

»
− �RP

»
− \ ~� �Z»�}�� bia�oj kjbl�ykhuh(% qlo{pocr�khj gphbcpokbclh �)�◦�,� hgpj{ji�jcb� qoq hpchuhkoidko�bawwo qlo{pocr�k�n gphbcpokbcls obbhxrrphlokk�n hgrbokk�w l�·j hvpoyhw b qo�{hm qhwgh�kjkchm wkh�jbclo (%�¿ÀÁ\ÀÂÃ 	Y '�� Ë���¥��s �¤�  �Æ Í�¥ �Ò ��¤�� Í����Ò ¢ ��¦�� ¤���Ís � Í�¤�Õ��� ��� Ë���¦�Í��¤ ��
� ������ Ë����� ��¤��Òs ¦������� Ë� �� È�Ç ½ ¦ ªs �¦�� $¤�

��¤�É ����������� �È�Ç �
RP

»s � ¦ �−³��#� � Ë��¤����� ¦�È���Î (�� � �¦�� ¢ �¦¤É±�Í����Æ s ¤� ��
RP

»#� ≡ e» ���,�� � 04 KÎ ���Ç¤ ��¦¤� ¤�Í¥� ¦��¤��¤¦¤�ÈÇ���
������� ¦����È���������� ��Ö� ¦�������Ò �È Í���Ñ!�������Ñ"��������s "������Õ��Ñ#��$�� � %����É �Î
�jhpjwo ¸ �li�jcb� bij{bclrjw cjhpjw� �¼�
� h qprl�n b gphrylhidk�wr hbhvjkkhbc�wr ry

bcocdr )opiowhlo r �rph ²¸´��ko gprlj{jko y{jbds ghbqhidqa l hvba�{jkrr bhhcljcbcla�¡juh�obckhuh bia�o� �½���s �½��� cjhpjw� �¼�
� l ²³́ �hpwo , hgrboko kjgpolridkh�U�W������
����	� �
��
�� !� ��vjpjw i�v�j cpr ghgopkh kjgjpjbjqo�¡rnb� ukjy{o
uiavrk� Ór lkacpr bowhuh lkacpjkkjuh hloio qo�{huh ry krn l�vjpjw gh ch�qj��jhpjwo ³l�cj�qojc ry cjhpjw� ¸s gprwjkjkkhm q hv¾j{rkjkr� qprlhm ¢ r cpjn gp�w�ns bhj{rk��¡rn l�vpok�k�j ch�qr ghgopkh� ­jmbclrcjidkhs hv¾j{rkjkrj �crn gp�w�n r kjbc�urlojwhm ljclr qprlhm ¢
{jirc

RP

» ko ½ cpjauhidkrqo r ¼ �jc�pjnauhidkrqo �qprlhirkjmk�n�� ��vjpjw ykoq wkhuh�ij�ko § coqs�chv� hk v�i ghih�rcjijk ko �jc�pjnauhidkrqon r hcprxocjijk ko cpjauhidkrqon��bj
hloi�skj gprko{ij�o¡rj cpjw l�vpokk�w ukjy{ows ij�ocl �jc�pjnauhidkrqon �rko�j ko·iobd
v�qhkrqosrwj�¡o� bir·qhwwkhuh hv¡rn ch�jq b¢��`h�chwa��

RP

»#� } �`S ��´−�′�Ê′ s u{j�′ r Ê′ f �rbih �jck�n r kj�jck�n hloihls kj gprko{ij�o¡rn cpjw l�vpokk�w ukjy{ow���,� kj�bih�kh l��rbircd bhuiobkh g� ¸�
°`¶°�� ¬¶��º���º 

²!´�#�#�+�����&� -- 2�17�/� �07�� �35678� ³::³�;� ³T¸½�.� ½ªIf½¸W� ²<´�#�#����B(��+�� #!�#�&�+ -- 2�17�/� �07�� �3 5678� ³:KK�;� ³¼½W�.� ¼TIf½ªW�
`�X¶rw����� °cjqihlo º��s °okqc�`jcjpvapus�ggboidbqrm �krljpbrcjcs�ggboios"ljxr��X¶rw����� °cjqihlo º��sXhbqlos�krljpbrcjc rw�`hi� °ovocdjs�aiayosVpokxr�

`prk�ch pj{qhiijurjm
ª³�ªW�¸ªª³


