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Definition of field

Definition. A field is a set F'
which contains at least two distinct elements called 0 and 1
and is equipped with operations of addition and multiplication such that:
addition is associative and commutative:

a+(b+c)=(a+b)+c and a+b=b+a for ¥V a,b,ce F,
multiplication is associative and commutative:

a-(b-¢)=(a-b)-cand a-b="b-a for Ya,b,c € F,
multiplication is distributive over addition: a(b+ ¢) = ab + ac for Va,b,c € F,
0 is an additive identity: 04 a =a for Va € F,
1 is a multiplicative identity: 1-a =a for Va € F,
each element has an additive inverse: VYa e F 3beF a+b=0,
each non-zero element has a multiplicative inverse:
YVoeF a#0 = 3beF a-b=1.

These properties of addition and multiplication are called field axioms.

Examples. Q, the field of rational numbers,
R, the field of real numbers,
C, the field of complex numbers.

We have to check if Q,R,C satisfy all the field axioms. This an easy exercise,
because you are familiar with these properties of rational, real and complex numbers.
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Uniqueness of the inverses
In any field, additive and multiplicative inverses are unique.
Indeed, if b,b" are additive inverses to a, then b=b+ (a+b)=b+a+b =(b+a)+b =V. O
Similarly, if b,b" are multiplicative inverses to a, then b="5-1=b(ab’) = bab' = (ba)t/ =1-0 =1V'. O
Due to uniqueness, the inverses deserve special notation.
The additive inverse to a is denoted by —a;
the multiplicative inverse to a is denoted by a=! or %
Two extra operations are defined:
subtraction a — b :=a + (—b)
and division a/b:=a- (b™%) for b#0.
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Definition of field. Reformulation
Uniqueness of the additive and multiplicative inverses allows to reformulate the definition of field as a set
equipped with several operations related to each other.

A set F' equipped with distinguished elements 0,1 € F' and operations of
addition (a,b) — a+1b, multiplication (a,b) — a-b,
additive inversion @ — —a, and multiplicative inversion a +— a~! for a #0
is a field if
the addition and multiplication are associative, commutative and distributive,
forany a€e F a+0=a, a-1=a, a+(—a)=0,
for any non-zero a € F a-a ' =1.

Exercise. Prove that this definition is equivalent to the definition given earlier.

Let F' be afield and K C F'. If K is invariant under the four field operations of F', then K equipped with

the restriction of these operations is a field.

Invariance of K under the field operations of F' means that if
any of these operations is applied to elements of K, then the result belongs to K .
Say, if a,b€e K, then a-be K, a+be K, a ' €K and —ac K.

Definition. Let K C F be fields such that they have common 0 and 1
and the field operations of K are restrictions of the field operations of F'. Then K is called
a subfield of ' and F' is called an extension of K .

For example, Q is a subfield of R and C, and C is an extension of R.
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Simple corollaries of field axioms
In any field, a +c=b+ c implies a =b.
Proof. a+c=0b+c implies (a+¢)+ (—c¢) = (b+¢)+ (—c¢).
By associativity, this equality turns into a + (¢ + (—¢)) =b+ (c+ (—¢)) .
Since ¢+ (—c¢) = 0 by definition of (—c), this equality turns into a +0=5b+0.
By definition of O, this implies a =b. O
In any field, 0-a =0 for any a.
Proof. Since 0 is an additive identity, 0+0=0.
Multiply both sides of this equality by a: (0+ 0)a = 0a.
By distributivity, this can be re-written as Oa + Oa = Oa .
The right hand side does not change if we add 0 to it: Oa + 0a =0+ Oa.
Now apply the preceding statement. It gives 0a = 0. 0
In any field, (—a)b = —(ab) for any a,b. In particular, (—=1)b= —b.
Proof. Since a + (—a) =0, we have ab+ (—a)b = (a + (—a))b=0b=0.
By definition of additive inverse, ab+ (—a)b =0 means that —(ab) = (—a)b. O
In any field, ab =0 implies either a =0 or b=0.
Proof. If ab=0 and b#0, then a=a-1=a(bb™!) = (ab)b=t =0b"1 = 0. O
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The smallest field
The fields @, R and C are infinite. Can a field be finite?
Any field must contain 0 and 1, so it contains at least two elements.

There is a field which consists just of 0 and 1. It is denoted by F5.
The addition and multiplication in F5 are easy to recover.
In any field, 0+0=0, 0+1=1+0=1,0-1=1-0=0-0=0, 1-1=1.

It is left to figure out only what 1+ 1 is.

The additive inverse —1 of 1 cannot be 0, because 1+0=1 and 1+ (—1)=0.
Therefore —1 =1 and 1+1=1+(-1)=0.

So far we have proved that the addition and multiplication in [Fo are uniquely defined.
Exercise. Verify that, for these addition and multiplication, associativity and distributivity hold true.

What are the multiplicative inverses? This question makes sense only for non-zero elements. That is only for 1.
In any field, 17" =1, because 1-1=1.

Thus we recovered all the details of 5 from the number of its elements.

This means that there exists only one field that consists of 2 elements.
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Characteristic
Let F' be a field. Recall that F' contains 1.
The n-foldsum 1+ ---+ 1€ F is denoted by n -1, or just by n, the same symbol
as was used for the number of summands.
Thus, in F', there is a sequence of elements: 1,2,3,... .
Some of these elements may equal 0. For example, in Fo, 2=14+1=0.
If there exists n € N such that n-1 =0, then the minimal such n is called the characteristic of F'.
If n-1+£0 forall n € N, then the characteristic of F' is defined to be 0.
The characteristic of F' is denoted by char F'.
Examples. charQ = charR = charC =0 and charFy = 2.
Theorem. The characteristic of a field can be either 0 or a prime number.
Proof. Let I’ be a field of finite characteristic n.
Assume that n is not prime and n=1r-s, where r,s € N, r,s <n.
Then r-1# 0 and hence there exists (r-1)7! € F'.
On the other hand, (r-1)-(s-1)=n-1=0.
By multiplying the equality (r-1)-(s-1)=0 by (r-1)"', weget s-1=0,
which contradicts to the assumption that n = char F' and s <n. 0
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Field homomorphisms
Let K and L be fields. A map f: K — L is called a field homomorphism
if fla+b)=f(a)+ f(b) and f(ab) = f(a)f(b) for any a,b € K .

Examples. The inclusion maps Q - R, R — C and Q@ — C are field homomorphisms.

Theorem. For any field homomorphism f: K — L,

1. £(0)=0,

2. f(—a)=—f(a) forany a € K,

3. f(1) =1 if f is not a constant map,

4. if f is not a constant map, then f(a=1') = (f(a))~! forany a€ K, a #0.

O

Proof. 1. f(1) = f(140) = f(1)+ f(0). Hence, 0 = f(0).

2. f(a) + f(=a) = fla+ (=a)) = f(0) =0. O
3. There exists a € K such that f(a) #0. Then f(a)= f(1-a) = f(1)f(a).

By multiplying the equality f(a) = f(1 ) (a) by (f(a))™t we get

1= f(a)(f(a)™ = f(1)f(a)(f(a))™" f(l)- O
4. f(a)-fla™)=fla-(a™")) = f(1) = )
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Field isomorphisms
Theorem. If f: K — L is a field homomorphism, then f(K) is a subfield of L.

Proof. We have seen that f(0) =0 and f(1) =1, hence 0,1 € f(K).

If a,b€ f(K), then take z,y € K such that f(z) =a and f(y)=1b. Then

a+b=f(z)+ fly) = flx+y) € f(K) anda-b= f(z)- f(y) = f(z-y) € f(K). Hence, f(K) is closed

under the restrictions of addition and multiplication in L. Existence of the inverses in f(K) follows from
—f(a) = f(=a) and (f(a))™" = f(a™). O

Theorem. Any non-constant field homomorphism is injective.

Proof. Let f: K — L be a non-constant field homomorphism. For any a € K, if a # 0 then
fla)f(a™h) = fla-a™*) = f(1)=1. Hence f(a)#0. Let a,b€ K, a#b. Then a+ (—b) # 0 and
fla)+ (=f (b)) = f(a) + f(=b) = f(a+ (=D)) #0.
By adding f(b) to both sides of inequality f(a) 4+ (—f(b)) #0, we get f(a) # f(b). O
Since any field homomorphism f : K — L is injective,
K can be identified with its image f(K) C L, which is a subfield of L.
f: K — L is considered as an extension of the field K .
Corollary. A surjective field homomorphism is invertible.

Because surjective+injective=bijective=invertible. O

An invertible field homomorphism is called a field isomorphism. If there exists a
field isomorphism K — L, then fields K and L are said to be isomorphic.
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Prime fields

A field F' is called prime if it contains no smaller subfield G ; F.

Of course, Fy is a prime field.

Theorem. Q is a prime field.

Proof. Any rational number 2" can be obtained by arithmetic operations from 0 and 1:

q
b_ (p-1)-(q-1)"1, therefore P ust belong to any subfield of Q.
q

q
Therefore any subfield of Q coincides with Q. [

Lemma. Intersection of any collection of subfields of a field F' is a subfield of F'.

Proof. Let {K,},o € I be a family of subfields of F' and K = (| K,. In order to prove that K is a
acl
subfield of F', it suffices to prove that K is invariant under field operations. This means that if one applies

any of four field operations to some elements of K, then the result will also belong to K . Elements of K

belong to each K. Since K, is a subfield, the result of operations belong to K, . Therefore, the result of

operations belong to K =K, . O
«@

Theorem. Any field contains a unique prime subfield.

Proof. Take the intersection K of all subfields of our field F'.
By Lemma, K is a subfield of F'.
K is contained in any subfield of F'. Therefore K is prime. O

Theorem. For any prime number p, there exists a field which consists of

0,1,2,...,p— 1. This field is unique.

Proof. This theorem has already been proved for p =2. In order to prove it,
we have to recover the field operations on n -1 =n. It is left to you as an exercise. O
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Finite fields

One can prove that the number of elements in a finite field is

p", where n is any natural number and p is any prime number.

A field consisting of ¢ = p™ elements is unique up to isomorphism
(i.e., up to a bijection which respects addition and multiplication.)
This field is denoted by F,. Other notations: F, and GF(q).
Here GF' stands for Galois field.

The structure of F, can be understood similarly to our study of Fy.
We leave this outside our course.
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Adjoining a square root

The field C of complex numbers can be obtained from the field R of real numbers
by adjoining a square root of —1.

The same construction is applicable in other situations.

There are more general constructions for a field extension,

but this one better suits our needs.

The initial data of our construction:
a field F' and an element £ € F such that the equation =2 = ¢ has no root in F
(i.e., there is no = € F such that 2% = ¢).

The outcome of the construction:

a field F[\/€] that contains F' and a solution of equation x? = ¢ and contains
no field K such that F C K C F[\/¢].

Let us assume for a while that F' has an extension L

in which the equation z? = ¢ has a solution.

Denote a solution by /€.

Observe that the intersection K of all subfields of L which contain F' and /€
is the minimal subfield of L that contains F' and /€.

Let us try to describe this field K more explicitly. =~ K must contain all elements of L which can be obtained
by field operations from elements of F'U {\/£}.

In particular, K must contain elements of the form a + b\/€, where a,b € F'.
In fact, that's all: we will prove

Theorem. K = {a+ b\/¢|a,b € F}.
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Adjoining a square root
Theorem. The set {a+ b/ |a,b € F} C L is a subfield of L.

Proof. We have to verify that this set is closed under group operations.
Addition. (a +bV€) + (¢/ +V'VE) = (a+a’) + (b+V)VE.
Multiplication. (a + b\/<€) - (a/ + b'\/€) = aa’ + ab' /€ + b\/E-a' +b\/E -V /€

= aa’ + bV’ (/&) + (ab’ + ba')\/E

= (aa’ + bb'&) + (ab’ + a'b) /€.
Additive inverse. —(a + b\/€) = (—a) + (—b)\/£.

- a—bV/¢ _a—b/E
a+0V/E (a—s—b\/g)(a—bb\/g) T a? - b2
a _

:a2—b2§+a2—b2§\/z -

Thus, each element of the minimal subfield K C L which contains F and /€
can be presented as a + by/€ with a,be F.

Multiplicative inverse.

Lemma. This presentation is unique.
Indeed, let a + by/E =a’ +b'\/€, then a —a' = (b —b) /€.

If ¥ —b=0, then b=10" and a =da’, so the presentations coincide.
i
If bV, then VE= 35— € F,
which contradicts to the assumption that F' contains no x such that 2% = ¢. O
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Adjoining a square root

Recall that our arguments are based on assumption that ¢ = 22 in some field L O F.

Relying on this, we have come up to a very explicit description

of the smallest field K C L which contains F' and in which & = 2?2.

We can reformulate this description as follows: we have found a bijection F' x F — K : (a,b) + a + b\/€ and
formulas describing the field operations in K .

The fact that these operations satisfy the field axioms

follows from the assumption about existence of L.

If we want to get rid of this assumption, we can verify the field axioms independently.

The verification is nothing but a straightforward calculation.

For example, multiplication in K is described by formula (a+ b\/€) - (a’ +b'\/€) = (aa’ +bb'€) + (ab’ + a’b)\/E.
Commutativity of this multiplication follows from commutativity of addition and multiplication in F'.
In order to prove associativity, we have to prove that the following equality:
(a -+ bVB)@ + VD) (@ + b'VE) = (a+bVE) ((a' +V'v/E)(a" + ')
((aa’ 4+ bb'E) + (ab/ + a’b)V/€) (a” + b'\/E)
= (a4 bVE) ((a'a” + V') + (a'b" + a”'b')\/€) Check that both sides are
equal to
aa’a” + (bb'a” + ab'b’" + ba'b" )& + (ab'a’” + ba’a” + aa’b” + bb'b"E)V/E .
Similarly verify all the field axioms.
Field K is denoted by F[\/¢].
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Conjugation and inversion
A map F[\¢] — F[V€]: 2z — % defined by formula a + b\/€ = a — b\/E
which is called conjugation.
The conjugation is an involution. This means that its square is the identity map: Z = z.
The conjugation is a field isomorphism: z+w=Z+w and Z-w =% -w.
The former formula is obvious, let us prove the latter.
(a+b/E)(a/ +VVE) =(a-a' +&-b-V)+ (a- b +b-a')\/E
=(a-a+&b-V)—(a-b+b-a)VeE.
On the other hand,
(a+bv8) - (a/ +V'VE) = (a—bf )(a" = b'\/E)
— (-0 (=0)(=1)8) + (a(—V) + (~b)a )&
=(a-a +b-b&)—(a-V+b-a)VeE. O
z2-zZ€F for Vz € FIV¢]. Proof. (a+ byv€)(a —byE€) = a® — b*¢ O
1 —b
Now we can explain the origin of a formula for multiplicative inverse o bVE =2 beE + o b2£\/§ in
FVE].
For z=a+ b€, wehave z-Z7= (a +b/E)(a—b/E) =a®> -V EF
The formula for multiplicative inversion comes from a more conceptional formula:
27 t=72-(z-2)7!
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Examples

The main our motivation for adjoining square root construction was

to speak on complex numbers.

The field C is obtained by adjoining /—1 to R. We will elaborate on C later.
However this construction gives many other interesting and useful fields.

For example, if we apply itto FF =Q and £ = 2,

then it gives Q[ﬁ] , the smallest field of characteristic 0 which contains /2.

A few other examples:

F3[v/—1] =TFy.

More generally, F,[/—1] =F,> for any prime number p = —1 mod 4.
Q[V6] = Q[\/g] because F[/¢] = F[\/7] if % = 22 for some z € F.
Similarly, F7[y/—1] = F7[/3]

One cannot adjoin v/—1 to Fs, since 22 =4 = —1 in F5.
2 is not a square in F5 and ]Fg[ﬁ] = Fy5 .
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Complex numbers

The field C is obtained by adjoining v/—1 to R.

The /—1 is denoted by 4 (after Leonard Euler, 1777).

C={a+bi|labeR}=R[], i?=-1.

Addition. (a+bi) + (o' + Vi) =(a+d' )+ (b+V)i.

Muiltiplication. (a + bi)(a’ + Vi) = (aa’ — bb') + (ab’ 4+ a'b)i .

Conjugation. Amap C - C:a+bi— a+bi=a—bi is a field isomorphism.
A complex number z isreal <— Z==z.

Let z = a + bi, where a,b € R.

The real part of z, denoted Rez, is defined by Rez =a.
The imaginary part of z, denoted Im z, is defined by Imz = b.

Warning. The imaginary part of a complex number is real.

Relations: z =Rez+ (Imz)i, Z=Rez— (Imz)i,

1 1
Rezzi(erE), Imz:Q—i(sz)
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Absolute value

z-Z=(a+ bi)(a—bi) = a®+b> > 0 for any complex number z = a + bi.
The absolute value or modulus of a complex number z,

denoted |2, is defined by |z| = v2Z = \/(Rez)2 + (Im 2)2.

Obvious properties. |z| = |z|, |Rez| < |z|, |Imz| < |z| for any z € C.

Muiltiplicativity of modulus. |zw| = |z||w| for any z,w € C.

Proof. |zw| = /(zw)(zw) =Vz - w-Z- W=z -Z -w W = V2ZVww = |z||w|.
Triangle inequality. |z + w| < |z| + |w| for any z,w € C.
Proof. |z4+w|? = (2 +w)(Z+W) =22+ 20+ wzZ +ww = |2|? + 20 + wZ + |w|?
=22+ |w* + 2w+ 2w = |2]® + |w|?> + 2Re 2w
< 2P+ [w* + 202l[@] = |2 + |[w]? + 2]zl |w] = (J2] + w])?.
Thus |z +w|? < (|z] + |w|)?, which implies the required |z + w| < |z| + |w] .

18 /19

Geometry of a complex number

A complex number z = a + bi is characterized by an ordered pair (a,b) of real numbers,
that is a point on the coordnate plane R2.

The same point is characterized by its

s —bbo 25 +1b polar coordinates |z| and ¢ = argz.

Im,

The second coordinate ¢ is called the
argument of z and denoted by argz.
Clearly,

) ® Re Rez = |z|cosp and ITmz = |z|singp.
a

0 Rez =

Therefore,
z=Rez+iImz = |z|(cosp +isiny).
Theorem. arg(z-w) = argz + argw for any non-zero z,w € C.

Proof. Let argz = a, argw = 3 and arg(z-w) =+. Then z = |z| - (cosa + isin ),
w=|w|-(cosf+isinf) and z-w =|z-w|-(cosy+isiny). On the other hand,
z-w=|z||w|- (cosa+isina)(cos S+ isinf)

=|z| - Jw| - ((cosacos B — sinasin 3) + i(cos asin B + sin v cos 3)) .

= |z| - |w| - (cos(a + B) + isin(a + B)).
Comparing the two expressions for z - w and taking into account that |z - w| = |z| - Jw|, we get
cosy = cos(a+ 3) and siny = sin(a + 3), which implies v = a + § mod 27 .

O

10
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