Advanced Linear Algebra MAT 315

Oleg Viro
02/18/2020
Spaces associated to a linear map, continued 2
Range . . . . 3
Surjectivity and range. . . . . . . 4
Lists of vectors vs. linear maps 5
Linear maps " — V wvs. lists of vectors . . ... ... ... . .. ... .. ... ... 6
Properties of linear maps ™ — V . . .. . . 7
Inverse to a linear map islinear . . . . .. .. .. .. 8
Isomorphism classifications of vector spaces and linear maps 9
Isomorphism classification of vector spaces . . ... ... ... ... .. ... ... ... 10
Direct sum of vector spaces. . . . . . . . . ... .. 11
Isomorphism classification of linear maps. . . . . ... ... .. ... . ... . ... . ... . . 12
Numerical invariants of a linear map. . . . .. .. ... . ... . ... 13



Spaces associated to a linear map, continued 2 /13
Range
3.17 Definition
Foramap 7:V — W, the range of T is rangeT =T(V)={Tv|veV}.
Another name: image. Notation: Im7".
3.18 Examples
e« For T:V —-W:v—0, range T = {0}.
o For differentiation D : P(R) — P(R), range D = P(R).
e For multiplication by z* T : P(F) — P(F) : Tp = 2°p(z),
range I" = polynomials without monomials of degree < 3.
3/13
Surjectivity and range
3.15 Definition (reminder)
Amap T :V — W s called surjective if rangeT =W .
3.14 The range of a linear map is a subspace.
For T € L(V,W), rangeT is a subspace of W .
Proof 0 € rangeT, since T(0) =0.
If werangeT and N € F,then v eV :w="Tv, T(M) = ATv= A w € range T .
wi,wy € range T = v, v9 €V 1wy = To, wy = T
= wy +we =Tvy +Tvy =T(v; + vy) € rangeT. "
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Lists of vectors vs. linear maps

5 /13

Linear maps " — V' vs. lists of vectors

Let V' be a vector space and let u = (uq,...,u,) be a list of vectors of V.
Theorem. Themap T, :F*" — V : (xy,...,2,) — x1us + + - - + z,u, is linear.
Proof

Additivity: Let = (z1,...,2,) € F" and y = (y1,...,y,) € F"
=xUu] + Yyiuy + . XUy YnUp

= riuy + -+ Ty + yrur + o+ ypu, = Tu(z) + Tuly)

Homogeneity: 7,(\x) = A\xjuy + - -+ + Azpu, = Mxyuy + - - - + 2pu,) = AT, ().
Denote e; = (1,0...,0), es = (0,1,0,...,0), ..., e, = (0,0,...,0,1).

Clearly, (z1,29,...,2,) = x161 + -+ x5, forany (r1,...,x,) € F".

Theorem. Any linear T': F" — V' is T{y, .. u,) , Where u; = T(e;) for Vi.

Proof T(zy,...,z,) =T(r1e1+ -+ xpe,) =T (z101) + -+ T(T060)
=u1T(e))+ -+ z,T(en) = x1us + -+ - + Tpu, = Ty (x).
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Properties of linear maps " — V

Alinear map 7, : F* -V «~ alist u of n vectorsin V

Ty, ... x,) = x1u1 + -+ - + Tpuy,

T, is surjective <= u spans V

Forany v eV, Axy,...,z,) €F" v=zyu; + -+ xyu, = Ty (1,...,2,).

T, is injective <= w is a linear independent list

nll(7,) =0 <= (viug+---+2u, =0 = Viz; =0)

T, is bijective <= w is a basis of V'
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Inverse to a linear map is linear

Theorem If V' and W are vector spaces and a linear map 7" : V — W s invertible,
then 77! is linear.

Proof. Additivity. Let wy,wy € W . Then

T Y wy +wy) = T7Hidw wy +idy we) = T HTT twy + TT 1w,)

= TY(T 'wy + T wy) = idy (T wy + T wy) = Ty + T 1w,y .

Proof. Homogeneity.

T'w) = T'Aidww) = THONTTw) = THAT(Tw))

= T'TA\T ') = idy( AT 'w) = T 1w. u

Corollary 1  Alinear map 7' : V — W is an isomorphism in the category of vector spaces,
if and only if it is bijective. "

Corollary 2 A linear map 7' : V — W is an isomorphism in the category of vector spaces,

if and only if null7" =0 and range7 = W . "
8/ 13
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Isomorphism classification of vector spaces

Theorem Each finite-dimensional vector space V' over a field F
is isomorphic to FdmV"

Proof. Let u = (uy,...,uqimy) be a basis of V.
Then the linear map T, : F4™V — V' is bijective.
By Corollary 2 above, T, is an isomorphism. =

Corollary  Finite-dimensional vector spaces V' and W over a field F
are isomorphic iff dimV = dim W .

Proof. <= If dimV = dim W = n, then by Theorem above V' are isomorphic to F".
— If T :FP — F? is an isomorphism, T =T, ,
where u = (uy,...,up), u; =Te; is a basisin F7.
In F? we got a basis of length p. Hence p=¢q. =
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Direct sum of vector spaces

We have studied direct sums of subspaces.
In particular, if U and W are subspaces of V., UNW = {0} and V=U+W ,
then V=Uao®W.

There is a construction, which starts with vector spaces U and W and produces
V =U @& W', where U’ is isomorphic to U and W is isomorphic to W .

Let V=UxW ={(u,w) |ueUweW}. Define:
Addition: (u1,wy) + (ug, we) = (ug + ug, wy + we),
Multiplication: A(u,w) = (Au, Aw).
This V' with these operations is a required vector space over the same field.
U =Ux{0}, W ={0} x W.
In particular, F? & [F? is naturally isomorphic to F?*4,
If f:A— C and g: B — D are linear maps, then
define f®g: A B —-C®D as (a,c) — (f(a),g(c)).
This is a linear map, the direct sum of f and g¢.
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Isomorphism classification of linear maps

Theorem  Any linear map 7" : V — W between finite-dimensional vector spaces over a
field T is isomorphic to

: 1 . wdimnull 7 dim range T’ dim W —dim range W dim range T’
Opid: F OF —F oF

Proof. Let w = (vy,...,v,) be a basis of null7". Extend it to a basis

U1, ..., Up, U, ..., ug Of V. Notice that dimnull7 =p and dimV =p+gq.

Denote span(uy,...,u,) by U. Clearly, V =span(vy,...,v,) @ span(ui, ..., u,)
=nullT @ U. The restriction T|; is injective, because U Nnull7” =0, and

¢ =T, ...on) ©Tluy,..ouy) : FP @ FY — nullT @ U is an isomorphism.

(Tuy, ..., Tu,) is a basis of range .

Extend it to a basis wy,...,w,, Tuy,...,Tu, of W . Denote span(wy,...,w,) by C.
Y ="Ty,. . ®Tru,.1u,  FT & F — C @rangeT is an isomorphism.

Isomorphisms ¢ and v form an isomorphism (0 @ id) — T":

FPeF — s nllTeU —=— V

Joeis [or o

F" & BN C @rangeT —— W
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Numerical invariants of a linear map

3.22 Corollary. Fundamental Theorem of Linear Maps.
Let V' be a finite-dimensional vector space and 7" € L(V, ).
Then range T is finite-dimensional and dim V' = dimnull 7" + dim range 7.

Proof. By Isomorphism Classification of Linear Maps Theorem,
there exists an isomorphism FdimnullT @ ppdimrangeT _y 7 = g
dimrangeT" is called the rank of linear map 7'. It is denoted by rk 7.
kT < dim W for any linear map 7: V — W .

Proof. By Isomorphism Classification of Linear Maps Theorem,
there exists an isomorphism FdimW-dimrangeT o pdimrange T _y 117 = g

Alinear map 7 :V — W with dimV =p, dimW = ¢ and rkT = r exists
<— r<pandr<gq.

Linear maps T: V — W and T" : V' — W' are isomorphic
<— dimV =dimV’, dmW =dim W’ and tkT =1k T".
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