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3.17 Definition
For a map T : V →W , the range of T is rangeT = T (V ) = {Tv | v ∈ V } .

Another name: image. Notation: ImT .

3.18 Examples

• For T : V →W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT =
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3.17 Definition
For a map T : V →W , the range of T is rangeT = T (V ) = {Tv | v ∈ V } .

Another name: image. Notation: ImT .

3.18 Examples

• For T : V →W : v 7→ 0 , rangeT = {0}.

• For differentiation D : P(R) → P(R) , rangeD = P(R).

• For multiplication by x3 T : P(F) → P(F) : Tp = x3p(x) ,
rangeT = polynomials without monomials of degree < 3.
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3.15 Definition (reminder)
A map T : V →W is called surjective if rangeT =W .
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3.15 Definition (reminder)
A map T : V →W is called surjective if rangeT =W .

3.14 The range of a linear map is a subspace.
For T ∈ L(V,W ) , rangeT is a subspace of W .

Proof 0 ∈ rangeT , since T (0) = 0 .

If w ∈ rangeT and λ ∈ F , then ∃v ∈ V : w = Tv , T (λv) = λTv = λw ∈ rangeT .

w1, w2 ∈ rangeT =⇒ ∃v1, v2 ∈ V : w1 = Tv1, w2 = Tv2
=⇒ w1 + w2 = Tv1 + Tv2 = T (v1 + v2) ∈ rangeT. �
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Let V be a vector space and let u = (u1, . . . , un) be a list of vectors of V .

Theorem. The map Tu : Fn → V : (x1, . . . , xn) 7→ x1u1 + · · ·+ xnun is linear.
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= x1u1 + · · ·+ xnun + y1u1 + · · ·+ ynun
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Let V be a vector space and let u = (u1, . . . , un) be a list of vectors of V .
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Let V be a vector space and let u = (u1, . . . , un) be a list of vectors of V .

Theorem. The map Tu : Fn → V : (x1, . . . , xn) 7→ x1u1 + · · ·+ xnun is linear.

Proof

Additivity: Let x = (x1, . . . , xn) ∈ F
n and y = (y1, . . . , yn) ∈ F

n

Tu(x+ y) = (x1 + y1)u1 + · · ·+ (xn + yn)un

= x1u1 + y1u1 + . . . xnun + ynun

= x1u1 + · · ·+ xnun + y1u1 + · · ·+ ynun = Tu(x) + Tu(y)

Homogeneity: Tu(λx) = λx1u1 + · · ·+ λxnun = λ(x1u1 + · · ·+ xnun) = λTu(x) . �

Denote e1 = (1, 0 . . . , 0) , e2 = (0, 1, 0, . . . , 0) , . . . , en = (0, 0, . . . , 0, 1) .
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Let V be a vector space and let u = (u1, . . . , un) be a list of vectors of V .
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Homogeneity: Tu(λx) = λx1u1 + · · ·+ λxnun = λ(x1u1 + · · ·+ xnun) = λTu(x) . �

Denote e1 = (1, 0 . . . , 0) , e2 = (0, 1, 0, . . . , 0) , . . . , en = (0, 0, . . . , 0, 1) .
Clearly, (x1, x2, . . . , xn) = x1e1 + · · ·+ xnen for any (x1, . . . , xn) ∈ F

n .
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Let V be a vector space and let u = (u1, . . . , un) be a list of vectors of V .
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Clearly, (x1, x2, . . . , xn) = x1e1 + · · ·+ xnen for any (x1, . . . , xn) ∈ F

n .

Theorem. Any linear T : Fn → V is T(u1,...,un) , where ui = T (ei) for ∀i .
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Let V be a vector space and let u = (u1, . . . , un) be a list of vectors of V .

Theorem. The map Tu : Fn → V : (x1, . . . , xn) 7→ x1u1 + · · ·+ xnun is linear.
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Let V be a vector space and let u = (u1, . . . , un) be a list of vectors of V .

Theorem. The map Tu : Fn → V : (x1, . . . , xn) 7→ x1u1 + · · ·+ xnun is linear.

Proof

Additivity: Let x = (x1, . . . , xn) ∈ F
n and y = (y1, . . . , yn) ∈ F

n

Tu(x+ y) = (x1 + y1)u1 + · · ·+ (xn + yn)un

= x1u1 + y1u1 + . . . xnun + ynun

= x1u1 + · · ·+ xnun + y1u1 + · · ·+ ynun = Tu(x) + Tu(y)

Homogeneity: Tu(λx) = λx1u1 + · · ·+ λxnun = λ(x1u1 + · · ·+ xnun) = λTu(x) . �

Denote e1 = (1, 0 . . . , 0) , e2 = (0, 1, 0, . . . , 0) , . . . , en = (0, 0, . . . , 0, 1) .
Clearly, (x1, x2, . . . , xn) = x1e1 + · · ·+ xnen for any (x1, . . . , xn) ∈ F

n .

Theorem. Any linear T : Fn → V is T(u1,...,un) , where ui = T (ei) for ∀i .

Proof T (x1, . . . , xn) = T (x1e1 + · · ·+ xnen) = T (x1e1) + · · ·+ T (xnen)
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Let V be a vector space and let u = (u1, . . . , un) be a list of vectors of V .

Theorem. The map Tu : Fn → V : (x1, . . . , xn) 7→ x1u1 + · · ·+ xnun is linear.

Proof

Additivity: Let x = (x1, . . . , xn) ∈ F
n and y = (y1, . . . , yn) ∈ F

n
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= x1u1 + · · ·+ xnun + y1u1 + · · ·+ ynun = Tu(x) + Tu(y)

Homogeneity: Tu(λx) = λx1u1 + · · ·+ λxnun = λ(x1u1 + · · ·+ xnun) = λTu(x) . �

Denote e1 = (1, 0 . . . , 0) , e2 = (0, 1, 0, . . . , 0) , . . . , en = (0, 0, . . . , 0, 1) .
Clearly, (x1, x2, . . . , xn) = x1e1 + · · ·+ xnen for any (x1, . . . , xn) ∈ F

n .

Theorem. Any linear T : Fn → V is T(u1,...,un) , where ui = T (ei) for ∀i .

Proof T (x1, . . . , xn) = T (x1e1 + · · ·+ xnen) = T (x1e1) + · · ·+ T (xnen)
= x1T (e1) + · · ·+ xnT (en) = x1u1 + · · ·+ xnun = Tu(x).
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Let V be a vector space and let u = (u1, . . . , un) be a list of vectors of V .

Theorem. The map Tu : Fn → V : (x1, . . . , xn) 7→ x1u1 + · · ·+ xnun is linear.

Proof

Additivity: Let x = (x1, . . . , xn) ∈ F
n and y = (y1, . . . , yn) ∈ F

n

Tu(x+ y) = (x1 + y1)u1 + · · ·+ (xn + yn)un

= x1u1 + y1u1 + . . . xnun + ynun

= x1u1 + · · ·+ xnun + y1u1 + · · ·+ ynun = Tu(x) + Tu(y)

Homogeneity: Tu(λx) = λx1u1 + · · ·+ λxnun = λ(x1u1 + · · ·+ xnun) = λTu(x) . �

Denote e1 = (1, 0 . . . , 0) , e2 = (0, 1, 0, . . . , 0) , . . . , en = (0, 0, . . . , 0, 1) .
Clearly, (x1, x2, . . . , xn) = x1e1 + · · ·+ xnen for any (x1, . . . , xn) ∈ F

n .

Theorem. Any linear T : Fn → V is T(u1,...,un) , where ui = T (ei) for ∀i .

Proof T (x1, . . . , xn) = T (x1e1 + · · ·+ xnen) = T (x1e1) + · · ·+ T (xnen)
= x1T (e1) + · · ·+ xnT (en) = x1u1 + · · ·+ xnun = Tu(x). �
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A linear map Tu : Fn → V ! a list u of n vectors in V

Tu(x1, . . . , xn) = x1u1 + · · ·+ xnun

Tu is surjective ⇐⇒ u spans V
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Proof. Let u = (u1, . . . , udimV ) be a basis of V .
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By Corollary 2 above, Tu is an isomorphism. �
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where u = (u1, . . . , up) , ui = Tei is a basis in F q .
In F

q we got a basis of length p . Hence p = q . �
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There is a construction, which starts with vector spaces U and W and produces
V = U ′ ⊕W ′ , where U ′ is isomorphic to U and W is isomorphic to W .

Let V = U ×W = {(u,w) | u ∈ U,w ∈W} . Define:
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U ′ = U × {0} , W ′ = {0} ×W .

In particular, F
p ⊕ F

q is naturally isomorphic to F
p+q .

If f : A→ C and g : B → D are linear maps, then
define f ⊕ g : A⊕B → C ⊕D as (a, c) 7→ (f(a), g(c)) .

This is a linear map, the direct sum of f and g .
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ψ = Tw1,...,wr
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: Fr ⊕ F
q → C ⊕ rangeT is an isomorphism.

Isomorphisms φ and ψ form an isomorphism (0⊕ id) → T :

F
p ⊕ F

q nullT ⊕ U V

F
r ⊕ F

q C ⊕ rangeT W

0⊕id

φ

0⊕T ′

=

T

ψ =

�
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Then rangeT is finite-dimensional and dimV = dimnullT+dim rangeT .

Proof. By Isomorphism Classification of Linear Maps Theorem,
there exists an isomorphism F

dimnullT ⊕ F
dim rangeT → V . �

dim rangeT is called the rank of linear map T . It is denoted by rkT .

rkT ≤ dimW for any linear map T : V →W .

Proof. By Isomorphism Classification of Linear Maps Theorem,
there exists an isomorphism F

dimW−dim rangeT ⊕ F
dim rangeT →W . �

A linear map T : V →W with dimV = p , dimW = q and rkT = r exists
⇐⇒ r ≤ p and r ≤ q .

Linear maps T : V →W and T ′ : V ′ →W ′ are isomorphic
⇐⇒ dimV = dimV ′ , dimW = dimW ′ and rkT = rkT ′ .
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