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Abstract

In this paper, we consider the degree sequences of the tame automorphisms preserving
an affine quadric threefold. Using some valuatives estimates derived from the work of
Shestakov-Umirbaev and the action of this group on a CAT(0), Gromov-hyperbolic square
complex constructed by Bisi-Furter-Lamy, we prove that the dynamical degrees of tame
elements avoid any value strictly between 1 and 4/3. As an application, these methods
allow us to characterize when the growth exponent of the degree of a random product of
finitely many tame automorphisms is positive.

Introduction

Fix a projective variety X of dimension n defined over an algebraically closed field k
of characteristic zero and a rational map f on X. We are interested in the complexity
associated to the dynamical system induced by f, more precisely on the growth of the
degrees of the p-fold composition fP = fo...of. This general problem was addressed in the
work of Russakovski-Shiffman ([RS97]) when X = P" in which they related the asymptotic
behavior of the images by f of the linear subvarieties of P with the degree sequences. The
asymptotic ratios of these sequences, denoted \;(f) for i < n, and refered as dynamical
degrees, control the topological entropy of those maps ([DS05]) and are crucial for the
construction of an invariant measure of maximal entropy ([BS92), [Gue05] BD05]).

When f is a birational surface map, the situation is completely classified (|Giz80],
[IDE01], |[Canll], [BC16]). For general rational maps on surfaces, the behavior of the
degree is known for morphisms of the affine plane (JEJ11]) and when Ai(f)? > Xao(f)
(IBEJOS]).

From the dimension three on, only the degree growth of monomial maps ([Linl2],
[FW12]), regular morphisms, pseudo-automorphisms ([OT14] [Trul6l, Bed15],[OT15] Trul]),
birational maps on hyperkihler varieties ([Bial6]) and sporadic examples (JAAdBT99,
AAdBM99. [AIMV06], BT10, BK14]) were studied. The general problem of understanding
the degree of the iterates of birational transformations of P? remains open. The main
reason is that we usually rely on the construction of a good birational model (e.g. an
algebraically stable model in the sense of Fornaess and Sibony [FS95]) to find the degree
sequences, but the structure of the set of birational models of threefolds is far more com-
plicated than its analog for surfaces. It is thus natural to ask whether we can find a large
class of birational transformations of P2 for which this sequence is fully understood.

A first natural choice would be the group of polynomial automorphisms of the three
dimensional affine space. Even though there has been some recent work on particular
subgroups of this group ([Wrilh|, [Laml5|, [LP18]), their dynamical degrees were not
computed. We have thus turned our attention to a simpler situation, namely the subgroup
of tame automorphisms of the affine quadric threefold.



We denote by (z,v, z,t) the affine coordinates in A* and consider the affine quadric Q
given by:
Q=V(zt—yz—1).

Observe that the Picard group of the closure QO of Qin P*is generated by H = ¢;(O(1)

o)
so that one can define the algebraic degree of an automorphism by:

deg(f) := degy(f) = (m{H? - w3 H),

where 7w and mo are the projections of the graph of the birational map induced by f
in @ x Q onto the first and the second factor respectively. Observe that by definition
degy(f) = (nfH - m3H?) = deg(f 1) since f is an automorphism.
The subgroup of tame automorphisms, denoted Tame(Q), is defined as the subgroup
generated by affine automorphism and transformations induced by:
(@,y,2,t) = (x5, 2 + 2P (x,y),t + yP(z,y)),
with P € k[z, y].

Theorem 1. Let f be a tame automorphism, then one of the following possibilities occur:

(i) The sequence (deg(f™),deg(f™")) is bounded and f is conjugated to linear map; or
f? is conjugated to an automorphism of the form

(x,y,2,t) = (az,by+zR(z), b lz4aP(z,y),a (t+yP(z,y)+zR(x)+zR(x)P(z,y)))

with a,b € k*, P € k[z,y| and R € k[x].
(ii) There exists a constant C > 0 such that:

én < deg(f") < Cn,

for all e € {+1,—1} and f is conjugated to an automorphism of the form:
(z,y,2,t) — (az,b ' (24zR(x)), b(y+xP(z)z2),a *(t+2°P(x)+yR(x)+xzP(z)R(z))),

with a,b € k*, R € k[z] and P € k[z] \ k.

(115) The sequences deg(f™) and deg(f™™) grow at least exponentially and there exists a
constant C(f) > 0 such that:

minfaes(f ") dee(") > C(1) ()

Theorem (1] is a first step towards an understanding of the dynamical degrees of these
particular automorphisms.

Corollary 2. The following inclusion is satisfied:

{M(f) | f e Tame(Q)} C {1} U[4/3, +oc].

This result is reminiscent of a theorem of Blanc and Cantat [BC16, Corollary 2.7
stating that the set of first dynamical degrees of any birational surface maps is included in
{1} U [\, 00) where A, ~ 1.176280 denotes the Lehmer number. We conjecture however
that the dynamical degrees of a tame automorphism is always an integer.

Another immediate consequence of Theorem [I]is the following corollary.

Corollary 3. Any tame automorphism f € Tame(Q) satisfying \i1(f) = 1 preserves a
fibration or belongs to O4 and both sequences deg(f™),deg(f™"™) are either bounded or
linear.



The above result gives a positive answer to a question by Urech [Urel6l, Question 4] in
this special situation.

The proof of Theorem [I] exploits extensively the structure of the group of tame au-
tomorphisms. We use the natural action of Tame(Q) on a square complex C which was
introduced and studied by Bisi-Furter-Lamy in [BELI14]. This action is faithful, transi-
tive on squares, and isometric. The complex C plays the same role for Tame(Q) as the
Bass-Serre tree for Aut[k?].

One of the main result of [BFL14]| is that C is a geodesic space which is both CAT(0)
and Gromov-hyperbolic. As a result, a tame automorphism induces an action on the
complex which is rather constrained: either it is elliptic and fixes a vertex in the complex
C; or it is hyperbolic and acts by translation on an invariant geodesic line.

Using an explicit description of the stabilizer subgroups of each vertices, we compute
the degree sequences of all elliptic tame automorphisms.

The crucial point of the proof is the study in §5| of the degree growth of hyperbolic
automorphisms. In this case, we show that the sequence of degrees is bounded from below
by C (4/3)™ for some positive constant C' > 0 and where n depends on the distance of
translation on an invariant geodesic line. Let us state a weaker statement which summa-
rizes the overall idea of our proof and which relates the degree with the displacement by
f of a vertex vg fixed by the linear group.

Theorem 4. For any tame automorphisms f € Tame(Q) for which f is not affine, the
following inequality holds:

log(4/3)
2v2

where d¢ denotes the distance in the complex.

log(deg(f)) > de(f - vo, v0) — 210g(4/3),

This phenomenon already appears in the case of plane automorphisms since one can
bound from below the logarithm of the degree of a plane automorphism by log(2) multi-
plied by the distance between two vertices in the Bass-Serre tree associated to the group
Aut(A?). Also in the case of Bir(P?), there is a relationship between the degree and the
distance on a suitable hyperbolic space. The above result does not imply Theorem [I| and
one needs to prove a more refined statement to obtain that the degree of f™ is indeed
larger than (4/3)". Let us explain how this is done.

Let f € Tame(Q) be any hyperbolic automorphism. First we show that by conjugating
with an appropriate automorphism, we can suppose that vy lies at distance < 2 of an f-
invariant geodesic line. Suppose that vg is contained in an invariant geodesic of f. Our
goal is to prove that

deg(f™) = (4/3)%of"v0) for all n € N. (1)

The sequence of large squares (i.e isometric to [0, 2]?) cut by the geodesic segment [vg, f™ -
vo] allows us to write

f"=gpogp1-omn (2)

as a composition of elementary automorphisms and affine transformations preserving the
quadric. This decomposition is not unique in general and ideally, one would hope to prove
that the degree is multiplicative so that deg(f™) > []7_; deg(gi). The obstruction to
this property is the presence of resonances, which are explained as follows. Two regular
functions P, R € k[Q] are resonant if there exists A € k* and two integers p, ¢ such that
deg(PP — ARY) < pdeg(P) = gdeg(R) and they are called critical if p=1or ¢ = 1.
When these resonances are not critical, we show that one can apply the so-called
parachute inequalities (recalled in to deduce (I). These inequalities are elementary
valuative estimates on the values of partial derivatives of suitable polynomials, and are



derived from the proof of Nagata’s conjecture by Shestakov-Umirbaev (see [SU03|, [Kurl6],
[LV13]).

To get around the appearance of critical resonances, we exploit the structure of the tame
group to prove that f™ always admits an appropriate factorization for which the parachute
inequalities can be applied inductively. In other words, we write f* = g;, o...0 g} where
g; are tame automorphisms such that for each i < p, gi,; and (g o... o g}) do not have
critical resonances.

Using the correspondence between the factorizations of f and the sequences of large
squares cut out by the invariant geodesic, we are reduced to proving that one can modify
inductively our initial sequence of large squares to avoid critical resonances. The essential
point is to choose a valuation v of monomial type (i.e with different weights on the coordi-
nate axis x, y, z, t) such that one of the vertex of our initial large square has v-value strictly
less than the three others. The dissymmetry induced by v will be propagated along any
sequence of squares following our geodesic. We then argue that this minimality property
on each large square allows us to choose another square with no critical resonances. As a
result, the core of our approach relies deeply on the structure of the tame group which is
reflected by the geometric properties of the square complex. Our proof is presented using
purely combinatorial arguments.

In the last part of this paper, we shall give a random version of Theorem [1] Consider
a finitely generated subgroup G of the tame group and an atomic probability measure p
on G such that:

/G log(deg(g))du(g) < +oc.

The random walk on GG with transition law p is the Markov chain starting at Id with
transition law . The state of the Markov chain g, at the time n is equal to the product of
n independent, identically distributed random variable on G with distribution law . Its
distribution law v, is the n-fold convolution of y. Since the degree is submultiplicative,
Kingman’s subadditivity asserts that the degree exponents given by

A (p) = limsup — /G log(deg(g))dvn(g)

n—+oo N

and )
i) = limsup | tog(ceg(y ™)) )

n—+oo M

are finite. These numbers measure the complexity of our random walk and one recovers the
first and second dynamical degrees of f when pu is equal to the Dirac measure at f. Since
the degree is equal to the norm of the pullback operator induced by f on the Neron-Severi
group of the quadric, these quantities play the same role as the Lyapounov exponents of
a random products of matrices ([FK60, [Fur63|) for this group and the existence of these
exponents can thus be interpreted as a law of large number ([BQ16, Theorem 0.6]).

We now state the following result on the behavior of any symmetric random walks on
this particular group.

Theorem 5. Let G be a finitely generated subgroup of the tame group and let u be a
syminetric atomic measure on G satisfying the condition:

/G log(deg(9))du(g) < +oo.

Then the degree exponents A\i(u) = Aa(p) are positive if and only if G contains two au-
tomorphisms with dynamical degree strictly larger than 1 generating a free group of rank
2.

Moreover, we also obtain the following classification.
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Corollary 6. When A\ (u) = A2(p) =0 then G satisfies one of the following properties.
(i) The group G is conjugated to a subgroup of the linear group Oy.

(ii) There exists a G-equivariant morphism ¢ : Q — A%\ {(0,0)} where G acts on
A%\ {(0,0)} linearly.

(#i) The group G contains an automorphism h with A\1(h) > 1 and there exists an integer
M such that any automorphism f € G can be decomposed into g o h? where p is an
integer and g has a degree bounded by M.

(iv) There exists a G-equivariant morphism ¢ : Q — Al where G acts on Al by multipli-
cation and any automorphism of G has dynamical degree 1.

In other words, the degree exponents detect whenever the random walk has a chaotic
behavior. These last two results essentially follow from a classification of the finitely gen-
erated subgroups of the tame group and a theorem due to Maher-Tiozzo [MT14, Theorem
1.2] which asserts that a random walk on a subgroup G of isometries of a CAT(0) space
will drift to the boundary whenever G contains two non-commuting hyperbolic elements.
When this happens, we obtain using Theorem [ that the degree exponent is bounded be-
low by a multiplicative factor of the drift and is thus positive. Otherwise, we prove that
GG preserves a vertex in the complex or a geodesic line. We then determine the degree
sequences explicitly and conclude.

If we pursue the analogy with the random walk on groups, it is natural to ask whether
one can obtain a central limit theorem analog to the one for random products of matrices
(IBQ16, Theorem 0.7]) or for random products of mapping classes ([DHIS|). We state it
as follows.

Conjecture 7. Take u a symmetric atomic measure on the tame group. Then the limit

1
> N _ 2
o .—nhrf n/G(logdeg(g) Ap)n)“dv,(g)
exists where v, = u*" denotes the n-fold convolution of u and the sequence of random

variables
log deg(gn) — AM(p)n
Vn

converges to the normal distribution law N(0,02).

Structure of the paper

In §I] we recall some general facts on the tame group and then review in §2|the construction
of the associated square complex. In we focus on the global properties of the complex
and exploit them to describe the degree sequences of particular automorphisms whose
action fix a vertex on the complex. We then state in §4] the main valuative estimates
needed for our proofs of Theorem [I] and Theorem [d] which are presented in §5] Finally, we
apply the previous result to deduce Theorem [5] and Corollary [6] in the last section.
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1 General facts on the tame group of the quadric

We work over an algebraically closed field k of characteristic zero. Take some affine
coordinates (z,y,2,t) € A* and consider the smooth affine quadric threefold Q given
by:
Q:=V(xt —yz—1) C AL

Let us also fix an open embedding A* C P* so that A* = V(w) in the homogeneous
coordinates [z,y, z,t,w] € P4

In this section, we briefly describe the geometry of the affine quadric and give some
preliminary properties of its elementary and orthogonal group of automorphism.

1.1 The geometry of a quadric threefold and its compactifi-
cation in P*

The affine variety Q C A% is a smooth quadric threefold. The Zariski closure Q of the affine
quadric is also smooth in P* and has Picard rank one by Lefschetz hyperplane theorem.
A birational map from Q to P? is given by choosing a point py € Q and sending a point
p € Q to the intersection of the line (ppy) with a hyperplane in P* which does not contain

Po-
We denote by Ho, := @\ Q the hyperplane section at infinity. It is a smooth quadric

surface given in homogeneous coordinates by:

Hyo = V(xt —yz) C PL

We identify Hs with P! x P! by the isomorphism induced by the composition of the
Segre embedding P! x P! < P3 with the inclusion P3 = V(w) < P*. In homogeneous
coordinates, it is given by:

([€0> &1]; [m0,m]) = [€omo, §omns E1m0, €111, O] (3)

Any line in Hy, of the form {A\} x P! (resp. P! x{\}) where X\ € P! is said to be vertical
(resp. horizontal).

([0,1],[1,0]) = [0,0, 1,0, 0] ([1,0],[1,0]) = [1,0,0,0,0]

horizontal line P! x{\}

([0,1],[0,1]) = [0,0,0,1,0] € Q vertical line {\} x P! ([1,0],]0,1]) =0,1,0,0,0]
The two projection maps 7, : @ — Al and 7, : @ — Al given by:

e (2, Yy, 2,t) € Q> x,
7Ty :($7y727t) € Q = ya

induce algebraic fibrations which are trivial over A!\ {0} such that = 1(A!\ {0}) and
m, H(A1\ {0}) are isomorphic to A"\ {0} x A%. Observe that the fibers over 0 are both
isomorphic to A x A1\ {0} so that the fibrations are not locally trivial over a neighborhood
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of the origin. Observe that the intersection with H, of the closure of the fiber over 0 in Q
is the union of a vertical line and a horizontal line. The projection on the two components:

oyt (2,9, 2,t) = (z,9)

induces a surjective morphism 7, : @ — A2\ (0, 0) which is also trivial over A%\ {z = 0}.

The affine quadric @ carries naturally a volume form 2 which is the Poincaré residue
of the rational 4-form dz A dy A dz A dt/ f along Q. More explicitly, €2 is defined by:

de Ndy A dz dy Ndz \dt dx Ndz A\ dt
= o= lo = o

T t z

Q

One checks that Q extends as a rational 3-form Q on O such that its divisors of poles and

zeros satisfies
div(Q) = —3[Hu].

1.2 The orthogonal group

A regular automorphism f of Q is determined by a morphism f* of the k-algebra k[@Q] and
hence by its image on the four regular functions x,y, z,t. If we denote by fz, fy, f>, fi €
k[Q] the image of z,v, z,t by f*%, it is convenient to adopt a matrix-like notation for f as

follows: £
_ z Jy
f B < fz ft > ’

Observe that f,fi — f.f, = 1 since f* is a morphism of the k-algebra k[Q] and that any
such automorphism preserves the volume form € (up to a constant).

Denote by q(z,y, z,t) = ot —yz the quadratic form defined on the vector space V = k?.
The group Oy is the subgroup of linear automorphisms of k* which leave the quadratic
form ¢ invariant:

Oy ={f €GL4(k) | go f =q}.

An element of O4 naturally defines an automorphism of the quadric hypersurface Q). As
a consequence, we have that for any f € Oy,

[ =e(f)S,

where € : O4 — k™ is a morphism of groups. Since  is the Poincare residue of the form
dx Ndy Ndz ANdt/(zt —yz — 1) to Q, this implies that for any f € Oy, €(f) is equal to
the determinant of the endomorphism of k? associated to f, hence €(f) € {+1,—1}. The
subgroup SOy is the kernel of € and has index 2 in Oy.

Observe that every element of Oy extends as regular automorphism of Q which leaves
the hyperplane at infinity invariant. In particular, the restriction map onto H,, induces a
morphism of groups from O4 onto Aut(P* x P!).

The main properties of O4 and SO4 are summarized in the following proposition.

Proposition 1.1. The following properties are satisfied:

(i) The group SOy acts transitively on the set of horizontal and vertical lines at infinity
respectively, and on the set of points at infinity.

(i) Any element of f € O4 which does not belong to SO4 exchanges the horizontal lines
at infinity with the vertical lines at infinity.

(iii) The following sequence is exact.

1——{+1,-1} —> Oy — = Aut(P! x P!) — > 1.



(iv) For any element f € Oy, we have:

[ =e(f)8,
where e(f) € {+1,—1} and Ker(e) = SOy4.

Proof. Observe that (iii) follows directly from the following exact sequence:
l—{+1,-1} —= 04 ——=PSOy —— 1,

and the fact that PSO4 ~ PGLy x PGLg which is given in [FH91, Section 23.1].
In particular, (ii7) directly implies (7). O

1.3 Elementary transformations

The group Ev (resp. Ep) of vertical (resp. horizontal) elementary transformations is
defined by

B { ( $ie apteal) @esopiegy ) |7 Hhabek

o :—{( iy Z(_yl(t ﬁi(]‘ﬁij?)z)) ) | P eklz,y],a,b € k*}.

The terminology comes from the fact that these transformations are restrictions to the
quadric of transformations of A% of the form

(z,y,2,t) = (x,y + P(x), 2 + R(x,y),t + S(z,y,2))

where P € k[z], R € k[z,y], S € k[z,y, z], which are elementary in the sense of [SU03].

Any automorphism in Ey fix the two fibrations 7 : (z,y,2,t) = v and 7, : (2,9, 2,t) =
y and this geometric property characterizes the group Ey (see [Danl8, Proposition 3.2.3.1]).
An explicit computation proves that any elementary automorphism f preserves the volume
form €:
ffQ=Q.

We will not focus on the action of these elementary transformations on the compact-
ification Q. For more details on the study of the birational transformations induced by
these transformations, we refer to [Danl8, Chapter 3, Section 3.2.3].

2 The square complex associated to the tame group

The tame group, denoted Tame(Q), is the subgroup of Aut(Q) generated by Ey and Oy.
It is naturally included in Bir(P?) since the variety Q is rational.

Observe that any tame automorphism f fixes the volume form €2 up to a sign, i.e there
exists a group morphism € : Tame(Q) — {+1, —1} such that:

£ = e(f).

This allows us to identify the kernel STame(Q) of € as the group generated by SO, and
Ev. It has index 2 in Tame(Q).

The tame group Tame(Q) is a strict subgroup of Aut(Q) (J[LV13|) and satisfies the Tits
alternative (see [BEL14, Theorem CJ|). The proof of this last fact is due to Bisi-Furter-Lamy
and relies on the construction of a square complex on which the group acts by isometry.

The plan of this section is as follows. In we detail the construction of the square
complex due to Bisi-Furter-Lamy. Then, following the presentation in [BFL14] we shall
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review in and the properties of the stabilizer of each vertex of this complex.
We will focus particularly on the stabilizer of the vertices which we call of type I in
and §2.4] for which the analysis is more involving. Finally, we state in five technical
lemmas on how four squares glue together near each vertices. As before, the situation is
also more delicate near the vertices of type I and we need to introduce more terminology
to describe the local geometry at those vertices. For a more detailed explanation of the
results in this section, we refer to [BEL14. §2, §3.1] and to [Danl8, Chapter 3, Section
3.3].

2.1 Construction of the square complex

The square complex, denoted C, is a 2-dimensional polyhedral complex where the cells
of dimension 2 are squares and where the cells of dimension 0 and 1 have some special
markings.

We say that a regular function f; € k[Q] is a component of an automorphism if
there exists fo, f3, f4 € k[Q] such that f = (f1, fa, f3, f4) defines an automorphism of the
quadric. One similarly defines the notion of components for a pair (f1, f2) or for a triple
(f1, f2, f3) of regular functions on Q when they can be completed to a 4-tuple defining an
automorphism of the affine quadric.

We distinguish three types of vertices for the complex C:

e Type I vertices are equivalence classes of components f; € k[Q] of an automorphism,
where two components fi and fo are identified if there exists an element a € k™ such
that fi = afs. A vertex induced by a component f; € k[Q] is denoted by [f1].

e Type II vertices are equivalence class of components (fi, f2) of an automorphism
where fi = xo f, fo = yo f € k|Q] for f € Tame(Q) and where one identifies two
components (f1, f2) with (g1, g2) if (g1, g2) = (af1 + bfe, cf1 + df2) for some matrix:

a b
(C d)GGLQ

A vertex induced by a component (f1, f2) is denoted by [f1, f2]. Denote by f3 = zo f
and fq =to f, the vertices [f1, fa], [f1, f3], [f2, fal, [f3, f4] are well-defined since the

automorphisms (f1, f3, f2, f1), (—f2, — fa, f1, f3) and (—fs, fa, — f1, f2) are also tame.

b
d € GLo,

there exists an automorphism g such that xog = af; +bfs and yog = cfy +dfs. Let
us insist on the fact that on the contrary, there are no vertices of the form [fi, f4] or

[f2, f3].

e Type III vertices are equivalence classes of automorphisms f € Tame(Q) where two
tame automorphisms f and g are equivalent if there exists h € Oy4 such that f = hog.
An equivalence class of f € Tame(Q) is denoted by [f].

Moreover, given a component (f, f2) and an invertible matrix

The edges of the complex C are of two types:

e Type I edges join a vertex of type I of the form [f;] with a vertex of type II of the
form [f1, fo] where (f1, f2) are the components of a tame automorphism.

e Type III edges join a vertex of type II of the form [f1, fo] with a vertex of type III
[f] where (f1, f2) are the components of the automorphism given by f.

The cells of dimension 2 are squares containing two type II vertices of the form [fi, fa],
[f1, f3], one vertex of type I given by [fi] and one vertex of type III given by [f] where
(f1, f2, f3) are the components of the automorphism f € Tame(Q). We have the following
figure of a square. As in [BFL14], we adopt the following convention for the pictures: the
vertices of type I, II and III are represented by the symbol o, e and M respectively.



Lf1, fol Lf1]

R

The square complex C is obtained by the quotient of the disjoint union of all cells by
the equivalence relation ~ where any two cells C1, Co are identified along C1 N Co.

Each square of the complex is endowed with the euclidean metric d so that each square
is isometric to [0,1] x [0, 1]. For any points p and ¢ in C, define by:

N
de(p,q) = inf {Z d<piapi+1)} ;

1=0

where the infimum is taken over all sequence of points pg = p,...,pn = ¢ where p; and
pi+1 lie on the same square in C. As any cell of the complex C has only finitely many
isometries, we may apply a general result from [BH99) Section 1.7] and conclude that the
function d¢ induces a metric on the complex and turns (C,d¢) into a complete metric
space. We will explain in §3|the global properties on the complex induced by this metric.

Let us define the action of the tame group Tame(Q) on the complex C. Pick any two
automorphisms f,g € Tame(Q). We define the action of g on the each vertices of the
complex by setting:

g-lhl=1[fieg™],
g-lfifol =[fiogt, faog ],
g-1fl=1[fog7"]

The action on vertices induces a morphism of the square complex which preserves the type
of vertices and edges and preserves the distance.

Recall that the subgroup STame(Q) generated by SO4 and elementary transformations
has index 2 in Tame(Q).

Definition 2.1. An edge E of the complex is called horizontal (resp. vertical) if there
exists an element f € STame(Q) such that f - E is equal to the edge joining [x,y] with [z]
(resp. [x,z] with [x]) or to the edge between [Id] and [z, z] (resp. [Id] and [z,y]).

We will see that the set of vertical and horizontal edges form a partition of the set of
edges (see (iii) and (iv) of Proposition [2.6).

2.2 Stabilizer of vertices of type III, IT and the properties of
the action

In this section, we shall first review the properties of the stabilizer of type II and III vertices
then deduce from these the global properties of the action of the group on this complex.
To do so, we shall exploit the relationship between the local geometry near each vertices
and their respective stabilizer subgroups. The geometry near a given vertex v is encoded
in its link £(v) which is constructed as follows. The vertices of L£(v) are in bijection with
the vertices v’ such that [v,v'] is an edge of the complex C. And we draw an edge joining
v" and v” in L(v) if the vertices v,v’,v” belong to the same square.

Observe that the action of the tame group on the vertices of type I1I is transitive. As a
result, we shall focus on the stabilizer subgroup of the vertex [Id], which is by construction
Oy4. Its action on the complex induces an action on the link £([Id]).

10



Proposition 2.2. The link L([Id]) is a complete bipartite graph and there exists an Og4-
equivariant bijection between the set of vertices of the link L([Id]) to the set of lines at
infinity such that the vertices which belong to a vertical (resp. horizontal) edge of type 111
are mapped to vertical (resp. horizontal) lines at infinity in Ho. Moreover, this bijection
induces an Oy-equivariant bijection from the edges of L([Id]) to the set of points at infinity
Ho.

Remark 2.3. Observe that Proposition [I.I] and Proposition [2.2] imply that the group O4
acts faithfully and transitively on the link £([Id]).

Proof. We identify two types of vertices in the link of [Id], the vertices which belong to a
horizontal edge containing [Id] or those which are contained in a vertical edge containing
[Id].

We define a map ¢ from the vertices of the link £([Id]) to the set of lines in H.,. Take
a vertex v in the link £([Id]) and a component (f1, f2) such that [f1, fo] = v. By definition,
there exists an element f € O4 such that f; = x o f and fo = y o f since the stabilizer of
[Id] is O4. The zero locus V(f1) NV (f2) N Hy in Q is the line at infinity corresponding
to the preimage of {x =y =0} N Q by f. Observe that the line V(f1) NV (f2) N Ho does
not depend on the choice of representative of the equivalence class v since any two other
component in the same class defines the same homogeneous ideal (f1, fo, 2t —yz —w?). We
thus define ¢(v) to be the line V/(f1) NV (f2) N Hs. Observe that if v is a vertex of type II
such that the edge containing v and [Id] is vertical, then f € SO4. Hence the line at infinity
V(zo f)NV(yo f)N Hy is vertical. Observe also that ¢ is naturally O4-equivariant. The
same argument holds for the vertices of type II which belong to horizontal edges containing
[Id].

Let us prove that the map ¢ is surjective. Consider a vertical line L. C Ho, at infinity,
then there exists by Proposition [L.1}() an automorphism f in SO4 such that the image
of the vertical line at infinity given by [0,1] x P! is L. Since ¢([z,]) corresponds to the
line [0, 1] x P!, the vertex of type II [z o f,y o f] defines a component of an automorphism
which belongs to the link £([Id]) such that ¢([x o f,y o f]) = L. Hence, ¢ is surjective.

Let us prove that ¢ is injective. Consider two vertices v1, v2 such that their image by
v is equal, we prove that v; = vy. Consider two components (fi, f2), (g1, 92) such that
[f1, f2] = v1 and [g1, g2] = v2. We must prove that (f1, f2) and (g1, g2) belong to the same
equivalence class. By symmetry, we can suppose that the line ¢(v;y) is vertical. Hence,
there exists f,g € SO4 such that fi = zo0 f,g1 = x0g,fo =yo fand go =yog. In
particular, this implies that fog~! fixes the vertical line at infinity given by {[0,1]} x P'.
Using Proposition (m), we conclude that f o ¢! is of the form

1 [ ax+by cx+dy
feg _(a’z—l—b’t c’z—l—d’t>’

—C a

(ra) (% )=(0)):

In particular, this implies that the components (fi, f2) and (g1, ¢g2) are equivalent since
fi =ag1 +bga, f2 = cg1 + dga.

One similarly defines a bijection from the edges of the link £([Id]) to Hs. The link
is complete since a horizontal and a vertical line in H,, always intersect at a point in
H,, hence for any vertices vy, vy in L£([Id]) which are mapped by ¢ to a vertical and a
horizontal line respectively, there exists an edge joining v; and wvs. O

/ o
where the matrices < Z Z >, ( d P ,b ) € My(k) satisfy

Proposition 2.4. The following properties are satisfied.
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(i) The stabilizer of a vertex of type 111 in STame(Q) is conjugated in STame(Q) to SOy4.
(i) The stabilizer of an edge of type 111 is conjugated in Tame(Q) to the subgroup:

ax +by cx+dy
az+bt dz+dt

a b
h th tri
where the matrices < J

a b\ 1 a b
c d _a/d/*blc/ d d '

(#1i) The stabilizer of a 1 x 1 square is conjugated in Tame(Q) to:

azx b(y + cx) ok x
{< b=z + dx) al(t—l—cz—i-dy—i-dcx)) | (@b,c,d) € K" xk Xka}N{<y

(iv) The pointwise stabilizer of the union of the four squares containing [1d] and [x], [y], [2]
and [t] respectively is equal to:

azx by .
{< b1z a_1t> | a,bek }

Proof. Observe that (i) follows directly from the definition of the definition. Moreover,
the next assertions (i), (47) and (iv) are exactly the content of [BFLI4, Lemma 2.5 (2),
Lemma 2.7 and Lemma 2.11]. O

) € GLy and

We focus on the stabilizer subgroups of vertices of type II.

Proposition 2.5. The following properties are satisfied.

(i) The stabilizer of a vertex of type 11 in Tame(Q) is conjugated in Tame(Q) to the
semi-direct product Ey x GLgo where the group GLg is identified with the stabilizer of
the edge of type 111 joining [Id] and [z,y].

(i1) The stabilizer of a vertical edge of type 1 is conjugated in STame(Q) to the subgroup:

ar d~ 1y ) *
EHN{<dZ+cx at+ca—1d—1y) | (a,c,d) € k* xkxk }

(iii) The pointwise stabilizer of the geodesic segment of length 2 joining the vertices [f1],
[fs] and [f1, f3] where f = (f1, f2, f3, f1) € STame(Q) is conjugated in STame(Q) to:

axr by *

Proof. Assertion (i), (i) and (i7i) are given in [BFLI4] Lemma 2.3, Lemma 2.5 (1) and
Lemma 2.6 (1)] respectively. O

From the description of the previous stabilizer subgroups, we state the following con-
sequences on the action of the group on this complex.

Proposition 2.6. The tame group Tame(Q) acts by isometry on the complex C and this
action satisfies the following properties.

(i) The action preserves the types of vertices and the types of edges.

12
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(1) The action is faithful and transitive on the set of vertices of type 1 , 11 and III
respectively.

(15i) The subgroup STame(Q) acts transitively on the set of vertical (resp. horizontal)
edges of type 1 and 11I.

(iv) Any automorphism f € Tame(Q) which does not belong to the subgroup STame(Q)
sends a vertical edge to a horizontal edge of the same type.

(v) The subgroup STame(Q) acts transitively on the set of 1 x 1 squares.

(vi) The group Tame(Q) acts transitively on the union of 4 squares which is isometric to
[0,2] x [0,2] and which contains a common vertex of type T11.

Proof. The transitive of the action on the set of vertices of type I, II and III and assertions
(1) and (iv) follow from [BFLI14, Lemma 2.1 and Lemma 2.4]|.

To prove (ii), we need to explain why the action is also faithful. Observe that if a
tame automorphism fixes every vertices of type III, or type II or type I, then it fixes the
whole complex since every vertex of type III (resp. type Il or I) is the middle point of a
geodesic segment joining type I or type II points. Then the faithfulness follows from the
faithfulness of the action on the link £([Id]).

The assertions (7i7), (v) and (vi) are exactly the content of [BFL14, Lemma 2.4, Lemma
2.7, Corollary 2.10] respectively. O

2.3 Bass-Serre tree associated to plane automorphisms

We consider the field K = k(x). We define the graph 7y(,) which is a bipartite metric
graph.

1. Vertices of type I are equivalence classes of components f; € k(z)[y,z] of plane
automorphisms where one identifies two components fi; and g; if there exists a €
k(z)* and b € k(z) such that fi = agi + b. An equivalence class induced by a
component f; is denoted [fi].

2. Vertices of type I are equivalence classes of automorphisms f where one identifies two
automorphisms f and g if there exists an affine automorphism h such that f = hog
i.e there exists a matrix M € GL3(k(x)) of the form:

a b c
M=|d VbV ¢
0 0 1

such that (f1, f2) = (ag1 +bga+c,a’g1 +b'ga + ¢) where f = (f1, f2) and g = (g1, g2).
An equivalence class induced by a plane automorphism f = (f1, f2) is denoted [f1, fo]

3. Edges link a vertex v of type I with a vertex vy of type II if there exists a polynomial
automorphism f = (f1, f2) such that [fi] = v; and [f1, fo] = ve.

We endow this graph 7y, with the distance such that each edge is of length 1. This
graph Ty, is thus a complete geodesic metric space.
The action of an automorphism g € Ai(x) on Ty(y) is defined as follows:

g- 1Al =[frog™],
and
g-[fi,fol =[fiog™" faog™]
for any automorphism f = (f1, f2) € Aut(Ai(m)).

A classical theorem from Jung ([Jun42]) proves that the graph 7y, is a tree and that
the group of plane automorphism acts faithfully, by isometry and transitively on the set
of type I and II vertices respectively.

13



2.4 Link over a vertex of type I

In this subsection, we study the link over the vertex of type I given by [z]. Observe that
the stabilizer subgroup of the vertex [z] acts naturally in the link of the vertex [x].

Lemma 2.7. The group Stab([x]) acts transitively, faithfully on the set of vertices of type
I in the link of [x].

Proof. By Proposition [2.6](v), the group STame(Q) acts transitively on the set of 1 x 1
squares and since a 1 x 1 square containing [x] defines an edge in the link £([z]), the
induced action of Stab([z]) is transitive on the edges of the link £([z]). Observe also that
the involution o : (z,y,2,t) — (x,z,y,t) induces an action on the link which exchanges
the vertices [x,y], [z, z] in the link and fixes the edge between these two vertices. This
proves that the action of the stabilizer Stab([x]) is transitive on the link of [z].

Let us prove that the action is faithful. Suppose f € Stab([z]) acts by the identity

map in the link over [z], then in particular, f must fix pointwise the square containing [Id]
and [z]. By Proposition [2.4](iii), f is of the form:

ax d~1(y + bx)
f = —1 9
d(z+cx) a " (t+cy+ bz + bex)

where a,d € k™ and b,c € k. Since f must also fix the vertices of type 1l [z,y + zP(z)]
and [z, z + xP(x)] where P € k[z], we have that a =d =1 and ¢ = b = 0 as required. [

In the following arguments, we will use the fact that the link £([z]) is connected
(IBFL14, Lemma 3.2|), which is a highly non-trivial argument which relies deeply on the
reduction theory inspired by the work of Shestakov-Umirbaev (see [BFL14l, Corollary 1.5]).

Recall that the general fiber of the projection 7, : @ — A! defined in is isomorphic
to A%, We fix an identification of 7 }(A!\ {0}) with A\ {0} x A? given by:

(z,y,2) = (2,9, 2, (yz + 1) /). (4)

The relationship between the stabilizer of the vertex [x] and Aut(Ai(x)) is realized explicitly
as follows.

Denote by L([z])" the first barycentric division of £([z]). We shall define a simplicial
map 7 : L([z])" — Ti(z) as follows.

Let v be a vertex of type II in C which defines a vertex in the link of [z], then since the
action of Stab([z]) on the link £([z]) is transitive by Lemma [2.7] there exists an element
f € Stab([x]) such that f - [z,y] = v. Since f naturally fixes the fibration 7, under the
identification w1 (Al \ {0}) ~ A\ {0} x A? given by ({), the regular map f is given by:

(z,y,2) = (xo fiyo f,zof).

Under this identification, (y o f,z o f) induces an element of Aﬁ(x). We thus define

7T(Q}) = [y © f] € 71((1’)

Observe that 7(v) does not depend on the choice of f. Indeed, if g € Stab([z]) is another
automorphism such that go[x,y] = v, then by Proposition (Zl), the composition go f~1
satisfies:

_1 ax d~1y " "
gof EEHX{(d?A—cx at+ca_1d_1y> | (a,c,d) € k xkxk},

hence [yog] = [yo f] € Ti(w)-
Let m € L([z])" be the middle point of an edge E of L([z]) and let mg be the middle
point of the geodesic joining [z,y] and [z, z] in L£([z])’. Since the action of Stab([z]) in

14



the link £([z]) is transitive by Lemma [2.7, there exists an element f € Stab([z]) such
that f o mg = m. Since f naturally fixes the fibration m,, it induces an automorphism of
75 L(A1\ {0}) and under the identification given by (), it is of the form

(#,y,2) = (zo f,yo f,z0 f).
We thus define:
m(m) =lyo f,zo f].
Observe also that 7(m) does not depend on the choice of f. If g € Stab([z]) such that
g-mg =m, then g and f differ by an element which belongs to the subgroup:

ax b(y + cx) » x z
{<bl(z+d:1:) al(t+dy—|—cz+cdx)> |a’b€k’c’d€k}m{1d’<y t >}’

hence [y o g,z0g] = [yo f,z0 f] € T and m(m) is well-defined.

If E is an edge of L([z])" of length 1, then we define the image of E by 7 as the geodesic
joining the image of the endpoints of ¥ by w. As a result,the map 7 is a simplicial map
between L([z])" and Ty, such that the action of Stab([z]) descends into an action on Ty(,)
(one can prove that 7 : L([z])" = Ti(y) is the unique Stab([x])-equivariant map for which

([, y]) = [y] and =([z, 2]) = [2]).
Definition 2.8. The subgroup A, is the intersection of STame(Q) with the kernel of the
morphism induced by the Stab([x])-equivariant simplicial map m : L([2]) = Ti(z)-
Proposition 2.9. Denote by m € L([z])" the middle point between the point [z,y] and
[x,2]. The simplicial map 7 : L([x])" — Ty(z) satisfies the following properties.
(i) The image of the edge between the point [x,y] and m by 7 is a fundamental domain
of Tx(a)-
(i) The image w(L([x])") is a subtree of Ty(y)-
(iii) The preimage by w of the segment of length 2 joining [z] and |y] is a bipartite graph.
(i) The subgroup Ap C Stab([x]) N STame(Q) is generated by elements of the form.:
ax by +zP(x))
bl (z+28(2)) a”'(t+2P(x) +yS(z) +2P(z)S(z) )’
where P, S € k[z] and a,b € k*.
Proof. Assertion (i), (#4) and (ii7) are the content of [BFL14) Lemma 3.4 (1), Lemma 3.5
(1) and (2)] respectively.
Let us prove statement (iv). Let us denote by ¢ : Stab([x]) — Aut(Ai(x)) the morphism

of groups induced by the simplicial map 7 : L([2])" = Ty(y). It is clear that any element
of the form:

< ax b(y + zP(x)) )
b1z +xS(x)) al(t+ 2zP(x) +yS(x) + xP(x)S(x)) )’

where P, S € k[z] and a,b € k* induces the identity on 7y(,y. Conversely, we prove that
any element of Af, has this form. Pick g € A, since ¢(g) fixes every vertices of Ti(z)s
#(g) is an affine automorphism of A%(k(z)). As ¢(g) fixes every vertex of type I and since
it belongs to the image of ¢, the plane automorphism ¢(g) must be of the form:

o(9) = (y,2) = (b(y + 2P(x)), c(z + 25(x))),
where P, S € k[z] and where b, c € k*. In particular, as g € Tame(Q), b= ¢! and g is of

the form:
ax by + zP(x)) )
bl (z +aS(x)) a”'(t+2P(x) +yS(x) +2P(x)S(x) )’

proving (iv). O
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2.5 Five technical consequences on the local geometry at
each vertex

We say that a subset S C C is a 2 x 2 square of C if S is the union of four distinct 1 x 1
squares such that S isometric to [0,2] x [0,2]. Moreover, we say that a 2 X 2 square is
centered on a vertex v if the vertex v corresponds to the image of the point (1,1) by an
isometry from [0, 2] x [0,2] to S.

Two 1 x 1 (resp. 2 x 2) squares S, S are said to be adjacent if their union S U S’ is
isometric to [0,2] x [0,1] (resp. [0,4] x [0,2]). Two 1 x 1 squares S and S’ are adjacent
along a vertical (resp. horizontal) edge if they are adjacent and their intersection S N .S’
is a vertical edge (resp. horizontal).

Two 1 x 1 (resp. 2 x 2) squares S7 and Sy are said to be adherent if they are not
adjacent but their intersection is reduced to a vertex. If a vertex v € C belongs to the
intersection of two adherent squares S1 N .So, then S1 and Sy are said to be adherent along
the vertex v.

We say that two 1 X 1 (resp. 2 x 2) squares S,S" are flat if there exists two 1 x 1
(resp. 2 x 2) squares Sp,.S2 such that the union S;US;USUS’ is isometric to [0,2] x [0, 2]
(resp. [0,4] x [0,4]). Similarly, three 1 x 1 (resp. 2 x 2) squares are flat if we can find
another 1 x 1 (resp. 2 x 2) square such that their union is isometric to [0, 2] x [0, 2] (resp.
[0, 4] x [0,4]).

We will prove that three 1 x 1 squares S1, S2, S3 such that S; and S, So and S3 are
adjacent and contain a common vertex of type II or III are necessarily flat (see Lemma
and Lemma below). However, this property does not necessarily hold when the
squares contain a common vertex of type I (see Lemma below), we prove that they
are either flat or contained in a spiral staircase. We explain this terminology below.

A collection (S,5") of 1 x1 or 2 x 2 squares is contained in a vertical spiral staircase
(see for an example) if they contain a common vertex v of type I and such that
any minimal the sequence S; = S,..., S, = S’ of squares connecting S to S’ satifies the
following conditions:

1. for all integer ¢« < k — 1, the squares S; and S;;; are alternatively adjacent along a
vertical or horizontal edge containing v;

2. any three consecutive squares (S;, Si+1, Sit2) for i <k — 2 is not flat.
3. the first two squares S1 and Sy are adjacent along a horizontal edge containing v;

Similarly, one defines a horizontal spiral staircase requiring that the first two squares
in a minimal sequence are adjacent along a vertical edge. When two squares S, S’ are flat,
then the collection (S,5”) is not contained in a spiral staircase.

FEzxample 2.10. Consider Py, Py, Py € k[z,y] \ k[z], denote by S the square containing [x]
and [Id] and S’ the square containing [z] and [f] where f € Tame(Q) is given by:

f:<x y+zPi(x,y) + xP3(z, 2+ xPo(z,y + xPi(z,y))) >
Z+5L‘P2(x>y+xpl(may)) f4

where fy =t + y(Pi(z,y) + P3(z,2 + 2Py (2, y + 2P1(2,y)))) + yPa(z,y + 2Pi(2,y)) +
z(Pi(z,y) + P3(x, 2 + 2 Po(z,y + 2Pi(2,y)))) Po(x,y + Py (x,y))). Then the pair (S,S5")
is contained in a horizontal spiral staircase and one has the following figure:

The next lemmas describe when three squares containing a common vertex are flat.

Lemma 2.11. Let v be a vertex of type 111 and let Sy, .So, S5 be three distinct 1 X 1 squares
such that Sy is adjacent to So along an edge containing v, and S is adjacent to S3 along
an edge containing v. Then the three squares can be completed into a 2 X 2 square centered
along v.

16



[/]

z+ zP: x, + P, x, T
0+ 2Py (0,9) + 2Py + 2Py (), a0 el YR w),

v, 2] ¢ ly +2Pi(z,y), 2]

Proof. Since the group acts transitively on the vertices of type 11l by Proposition we
can reduce by conjugating by a tame element to the case where the vertex [Id] is a common
point of the three squares. By Proposition [2.2](¢) and (ii), the three squares determine 3
distinct points p1, po, ps at infinity such that p; and py are on a same line at infinity Lqo,
and po , p3 lie on another line Log which is transverse to L12. Denote by py the intersection
of the line passing through p; transverse to Lio with the line passing through p3 transverse
to Log. This point determines a unique square Sy containing [Id] by Proposition [2.2}(i4)
and the union S; U So U S3U Sy is isometric to [0, 2] x [0, 2] since p1, p2, p3 and py lie on a
cycle of four lines at infinity. O

Lemma 2.12. Let v be a vertex of type 11 and let S1,.52, 53 be three distinct 1 X 1 squares
such that Sy is adjacent to Sy along an edge containing v, and S is adjacent to S3 along
an edge containing v. Then the three squares can be completed into a 2 X 2 square centered

along v.
. >
Sy | S3
e}
S1 l Sa

Proof. Since the tame group and PGLs act transitively on the vertices of type III and on
the pairs of points on P! respectively, we are reduced by conjugating with an appropriate
tame automorphism to the situation where the squares S; and S contain [Id] and the
points [z] and [y] respectively. Take f a tame automorphism such that the vertex f-Sy =
S3. By Proposition [2.5](i7), f belongs to:

ax d*ly ) *
EVN{< dz + cx at+ca—1d—1y ) | (a,c,d)ek <k x k }

. ax d~ly
h
Since the subgroup {( dz+cx at+ca—ldly
subgroup in the product, we conclude that there exists a square S4 such that the union
S1USe U S5 U Sy is isometric to [0,2] x [0,2], as required. O

> | (a,c,d) € k* xkxk*} is a normal
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Lemma 2.13. Let v be a vertex of type 1 and let S, .51, 52 be three distinct 1 X 1 squares
such that S is adjacent to Sy along an edge containing v, and S is adjacent to Se along an
edge containing v. Let g1 and go € STame(Q) such that g1.5 = S1 and g25 = Sy. Then
the three squares can be completed into a 2 X 2 square centered along v if and only if g1 or
go belongs to A,.

B <
So

Si | S

Proof. Since the group STame(Q) is transitive on the set of 1 x 1 squares, we can suppose
that the common vertex v is [z] and that Sy contains the vertex [Id]. We are thus in the
following situation:

[,z + xP(x,y)}‘
2] | 22
[,y + zR(z, 2)] [z, y]
St | S
[z, 2]

where P, R € k[x,y]. The reverse implication then follows directly from the fact that the

subgroup Ay, is a normal subgroup of Stab([x]).
Let us prove the first implication (=-). Suppose that the squares Sp,Se,S3 are flat.
Then there exists a component fy € k[Q] such that the element f given by:

f_<:c y—l—a:R(z,z))
\ z+zP(z,y) fa

belongs to Tame(Q). In particular, it must fix the volume form €2, this implies that:
OyP(z,y)0:R(x,z) =0 € k[Q].

This implies that 9,P(z,y) = 0 or 9.R(x,z) = 0 hence g; or go belongs to A, as
required. O

Lemma 2.14. Take S and S’ two 2 X 2 squares centered at a vertex of type 111 which are
adherent along a vertez of type 1. Then S and S’ satisfy one of the following properties.

(i) Either the pair (S,S’) is flat.

(it) Either the pair of squares (S,S’) is contained in a horizontal or vertical spiral stair-
case.

Proof. Consider two squares S, S” such that the pair of square (5,S5’) is not flat. Up to a
conjugation by an element of STame(Q), we can suppose that S and S’ are adherent along
the vertex [z]. Since the group Tame(Q) acts transitively the set of 2 x 2 squares centered
on type III vertices by Proposition [2.6](vi), there exists an element g € STame(Q) such
that g - S = S’. Choose a minimal sequence S; of adjacent 2 x 2 squares centered along
a vertex of type IIT containing [z] such that S; = S,..., S, = S’. Since the sequence of
square is minimal, the square S; and Sj;9 are adherent along the vertex [x] but not flat.
Moreover, the squares S; and S; 11 are alternatively adjacent along vertical and horizontal
edges. Hence the pair (5,5’) is contained in a horizontal or vertical spiral staircase, as
required. O
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In practice, we will use the following explicit characterization to determine whether
two squares adherent along a vertex of type I are flat.

Lemma 2.15. Consider two 2 x 2 adjacent squares Sy, So along a horizontal edge contain-
ing [x1], [y1] and a polynomial P € k[z,y| \ k. Denote by [z1], [t1] the other vertices of S;
such that [x1], [21] belong to a vertical edge of S1 and by [z1+x1P(x1,y1)], [t1 +y1 P(x1,91)]
the two other vertices of So. Let g be the tame automorphism defined by

9= ( z+x}2(m,y) t+ylg(x7y) )

so that g - S1 = Ss.
The following assertions hold.

(i) We have g € Aj,) if and only if P € k[z] \ k.

(i1) For any square S’ adjacent to Sy along the vertical edge containing [r1],[z1], the
squares S1,S’,S2 are flat if and only if P € k[z] \ k.

The following figure summarizes the initial situation in the previous lemma:

[t1 +y1P(:c1,y1)]o R 0[21 +21P(21,91)]
® So ®
[y1] ° 1] ° o
® S ° S’ ®
[tl] o ° [Zl] ° o

Proof. By conjugation, we can suppose that x1 = z,y1 = y,21 = z and t; = t. Assertion
(4) follows directly from the definition of Ap,.

Let us prove assertion (i7). Choose a square S’ such that ¢'S; = S” where ¢’ ¢ A
Lemmaimplies that the squares Sy, S2, 9" are flat if and only if g € A,). And g € Ay,
is equivalent to the fact that P € k[z] \ k by assertion (7). O

3 Global geometry of the complex

In this section, we first review the results due to Bisi-Furter-Lamy regarding the global
geometric properties of the metric square complex (C,d¢) introduced in We then
describe the degree of iterates of a tame automorphism fixing a vertex of the complex.

3.1 Gromov curvature and Gromov-hyperbolicity

Recall that a map v : [0,]] — (C,dc¢) defines a geodesic segment of length [ if v induces
an isometry from [0,] to v([0,{]). A map 7 : R — C which is an isometry onto its image
is called a geodesic line and a map v : R™ — C which is an isometry onto its image is
called a geodesic half-line. Recall also that «y : [0,1] — C is a quasi-geodesic if there exists
A > 0, M > 0 such that for any s, s’ € [0,1], the following inequality is satisfied:

1
Sl = 1= M < de(2(5),7(5) < Als = o' + M.

As a result, a geodesic line is also a quasi-geodesic. When any two points on a metric space
can be joined by a geodesic segment, we say that the space is a geodesic metric space.
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A geodesic space (X, d) is CAT(0) (see [BH99, Section II.1]) if its triangles are thinner
than euclidian triangles. In other words, (X, d) satisfies the following condition. For any
three points p,q,r in X, take a triangle in the euclidean plane (R?, || - ||) with vertices
P, q,7 € R? such that d(p,q) = ||p — ql|, d(q,r) = ||g — 7|| and d(r,p) = ||7 — p||. Then for
any point m; € X and mg € X in the geodesic segment [p, ¢] and [q, r] respectively, one
has:

d(ma, ms) < |l — mall

where m; and mg are the unique points on the segments [p, g] and [g, 7] respectively such
that d(mq,p) = ||p — ma|| and d(r,mq) = ||T — mal|.

Let us recall the notion of Gromov-hyperbolic metric space. Let § > 0 be a positive
real number. A metric space (X, d) is -hyperbolic if for any geodesic triangle T' = [p, q] U
[¢,7] U [r,p] in X and for any point m € [p, q], we have:

d(m, [q,r] U [r,p]) <6

Theorem 3.1. (|BFL1j, Theorem A]) The square complex C, endowed with the distance
dc, is a geodesic metric space which is simply connected, CAT(0) and Gromouv-hyperbolic.

The previous result has important consequences on the behavior of the isometries of
the complex, i.e distance preserving maps. Recall that the translation length, denoted
I(f), of an isometry f :C — C is defined by:

I(f) = inf de(v, f(v)).
veC
Observe that for any isometry f, the points in the complex where the infimum is reached
is invariant by f. We denote by Min(f) the subset of C on which the infimum is reached.

Theorem 3.2. Let f: C — C be an isometry of C which is also a morphism of complex.
Then either [(f) = 0 and f fives a vertex in the complex, either [(f) > 0 and one can find
f-invariant geodesic line on which f acts by translation by I(f).

In other words, a tame automorphism f is either elliptic (when I(f) = 0) or hyper-
bolic.

Proof. Take f an isometry of the complex C. Then Min(f) is non-empty by [BH99,
I1.6.6.(2)]. Suppose that I(f) > 0, then f satisfies the hypothesis of [BH99 II.Theorem
6.8]. More precisely, [BH99, II.Theorem 6.8.(1)] asserts that an isometry f of a CAT(0)
space satisfies [(f) > 0 if and only if f translates by I(f) on an invariant geodesic line, as
required. Otherwise [(f) = 0, we prove that there exists a vertex which is fixed by f. Take
a sequence of points v, in C such that the distance dc¢ (v, f? -vp) tends to 0. If these points
belong to the interior of a square, their image will also be in the interior of a square. Since
the distance between v, and f? - v, is arbitrarily small, they should belong to two squares
Sps Sz’, which intersect, the only solution is that the intersection is fixed by f2, hence f?
fixes a vertex or an edge or a square. Since each edge is joined by two vertices of different
type and since f? preserves the type of vertices, we conclude that f? fixes a vertex in the
complex. Similarly, if f? fixes a square, then it also fixes the unique vertex of type III on
the given square. A similar argument also holds if the sequence v, are contained in the
edges of C. In any of these cases, we conclude that f must also preserve a vertex in the
complex C, as required. O
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3.2 Degree growths of elliptic automorphisms

In this section, we apply the results of the previous section to study the degree growth of
particular tame automorphisms. Recall from the previous section that a tame automor-
phism is elliptic or hyperbolic if its action on the complex fixes a vertex or preserves a
geodesic line of the complex on which it acts by translation respectively.

The following result classifies the degree growth of any elliptic tame automorphisms.

Theorem 3.3. Let f € Tame(Q) be any tame automorphism of Q fizing a vertex in the
square complex. Then we are in one of the following situations:

(i) The sequence (deg(f™),deg(f™™)) is bounded and f is linear or f? is conjugated in
Bir(P?) to an automorphism of the form (z,y,z) — (az,by+zR(x),b " 2+ xP(z,y))
with a,b € k*, P € k[z,y] and R € k[x].

(i) There exists a constant C' > 0 such that:
1
rold < deg(f") < Cn,

where € € {+1,—1} and f is conjugated in Bir(P3) to an automorphism of the form:
(2,,2) = (az, b~ (2 + zR(x)), b(y + aP(x)2)),

with a,b € k*, R € k[z] and P € k[z] \ k.

(115) There exists a constant C > 0 and an integer d such that:

1
S < deg(f™) < Cd",

where € € {+1,—1} and f is conjugated in Bir(P?) to a composition of elements of
the form:
(z,y,2) — (az,b(z + zP(z,y)),b 1 (y + zR(x))),

where a,b € k*, R € k[z] and P € k[z,y] such that deg,(P) > 2.

Remark 3.4. In case (éii) of the previous Theorem, suppose f is a normal form, then
deg(fP) = CdP + Cp where C' > 0 and Cy € Z.

Remark 3.5. We summarize the growth of the degree of elliptic automorphisms.

Fixed vertex Action on the link Fibration | Behavior on the fiber deg(f™)
Type 111 bounded
Type IT over P? | Flow of a vector field bounded

Type 1 trivial on the Bass-Serre tree over P | Flow of a vector field bounded
Type 1 involution on the Bass-Serre tree | over P! Affine linear
Type 1 hyperbolic on the Bass-Serre tree | over P! | Composition of Henon | exponential

Proof. Take f € Tame(Q) an elliptic automorphism. Since f fixes a vertex on the complex,
we will distinguish three cases depending on the type of vertices f fixes. Moreover, recall
that the degree growth is an invariant of conjugation and that by Proposition the
tame group acts transitively on the set of vertices of type I, II and III respectively. We are
thus reduced to compute the degree growth for f in the subgroups Stab([Id]), Stab([z, z])
and Stab([z]) respectively.

First case: If f € Stab([Id]) = Oy, the sequence (deg(f™),deg(f~™)) is bounded.

Second case: Suppose that f € Stab([z, z]). By Proposition one has:

B ar +bz dy+ V't a b d =v\ _
Stab([x’z])EHN{<C$+dz dy+d't | ¢ d —c d = Iz € My(k) -
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Denote by 7. : @ — A%\ {(0,0)} the map induced by the projection
(z,y,2,t) = (x, 2).

Recall that w1 (A%\ ({0} x A1) is isomorphic to A2\ ({0} x Al)x Al. We fix an isomorphism,
since f fixes the fibration 7, it induces a regular automorphism on A%\ ({0} x A!) x A!
of the form:

fi(z,z,y) —~ (a:n,b_lz,b(y + zP(z,z2))).

In particular, the sequence (deg(f™),deg(f~™)) is bounded and f satisfies assertion (7).

Third case: Consider f € Stab([z]) such that f ¢ Stab([x,y]) U Stab([z, z]). Since f
preserves the fibration 7, : @ — Al and since 7 1(A!\ {0}) is isomorphic to A\ {0} x A2,
the automorphism f is of the form:

f : (‘T7y7 Z) — (x7f17f2)7

where (f1, f2) defines an element of Aut(Ai[x]).
By Proposition f induces an action on the subtree of the Bass-Serre tree associated
to Aut(Ai(x)). If f induces an action on this subtree which fixes every point of the tree,

then f belongs to Af;). By Proposition (iv), f is then of the form:

( ax by + zP(x)) )
b l(z+2S(x)) al(t+ 2zP(x) +yS(x) + 2P (x)S(x))

where P, S € k[z]| \ k. In particular, the sequences (deg(f™)) and deg(f~")) are bounded
and f satisfies assertion (i) since in the fixed trivialization, f is of the form (z,y,z) —
(x,by + zP(x),z + zS(x)).

Recall that the vertices of type IT in the Bass-Serre tree 7y(,) were equivalence classes
of components (f1, f2) of automorphisms in Aut(Ai(w)) where two components (fi, f2) ~

(91,92) if and only if there exists ( Z Z > € GLa(k(z)) such that (g1,92) = (af1 +
bf2, cf1 +df2).
Suppose that f, f2 ¢ Ay, and the action of f on the subtree of Ty, fixes a vertex. If
(=] (z)
the fixed vertex in the tree Ty(;) is of type II, then we can suppose that f fixes the vertex
given by [y, z]. In particular, this implies that f is conjugated to

( ax b(y + xP(z)2) ) or ( ax b= 1(z + zR(x)) )
b1+ 2R(@) ot + 2P@) +yR@) )T\ bly+2P@)2) a(t+ 2P(@) + yR())

with P € k[z] \ k and R € k[z]. In particular, the sequences deg(f™) and deg(f~") are
bounded in the first case and grow linearly in the second. In the first case, f satisfies
assertion (i) and f satisfies assertion (i7) in the second.

If f, 2 ¢ Ay and the action f on Te(,) fixes a vertex of type I but no vertices of type
I1, then f is conjugated to an element which fixes the vertex [z] in the Bass-Serre tree, in
particular it is conjugated to

< azx by +xP(x,z)) )
b=' (2 +aR(x)) a”'(t+22P(z) + yR(x))

with P € k[z,y], R € k[z] \ k. In this case, the degrees are both bounded and f satisfies
assertion (7).

The remaining case is when the action on the tree 7Ty(,) is hyperbolic and using the
amalgamated product structure, we deduce that f is conjugated to a composition of ele-
ments of the form:

< ax b(z+zP(x,y)) )
b=y +aR(z)) a”'(t+zR(z) +yP(z,y) +2P(z,y)R(z)) )’

where R € k[z] and P € k[z,y] such that deg,(P) > 2. In this case, the degree sequences
(deg(f™)), (deg(f~™) are both equivalent to d™ and f satisfies assertion (ii). O
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4 Valuative estimates

This section is devoted to the generalization of the so-called parachute inequalities (see
IBFL14, Minoration A.2]). Our proof extends the method of [LV13] to more general
valuations. The plan of the section is as follows. First we recall some general facts on
valuations (, then we consider a particular class of valuations in . For these
particular valuations, we introduce the parachute associated to a pair of regular functions
on the quadric allowing us to estimate the degree of a derivative on a given direction (§4.3)).
Using this and some elementary facts on key polynomials (, we finally deduce our key

estimates in §4.5]

4.1 Valuations on affine and projective varieties

Let X be an affine variety of dimension n over k. By convention for us, a valuation on X
is a map v : k[ X] - RU {400} which satisfies the following properties.

1. We have v=1({+00}) = {0}.

2. The function v is not constant on k[X]\ {0}.

3. For any a € k*, one has v(a) = 0.

4. For any f1, fo € k[X], one has v(f1f2) = v(f1) + v(fa2).

5. For any fi, fo € k[X], one has v(f1 + f2) = min(v(f1), v(f2)).

When the subset v~1({+00}) is not reduced to {0}, we say that v is a semi-valuation. We
endow the space of valuations with the coarsest topology for which all evaluation maps
v — v(f) are continuous where f € k[X].

The group R* naturally acts on the set of valuations by multiplication.

The main examples of valuations are monomial valuations. We recall their definition
below. Fix a point p on X, an algebraic system of coordinates u = (ug, ..., u,—1) at this
point and some weights o = (o, ..., a,) € R”. We shall denote by u/ = [Ti—o u;j when
I = (igy...,in—1) € N" and by (/,a) = agio + ... + ap_1ip—1 the usual scalar product.
The monomial valuation v with weight o with respect to the system of coordinates u is

defined by:
v (2 a1u1> =min{(l,a) | a; # 0},

where ay € k.
When f € O, x is a regular function at the point p, then one defines v(f) as:

v(f) =v(> ar(fHu),

where 3" ar(f)u! is a formal expansion of f near p. The fact that v(f) does not depend
on the choice of the formal expansion of f near p is proved in [JMtal2) Proposition 3.1].

Observe that when o = (1,0,...,0), then the associated valuation coincides with
the order of vanishing along {up = 0}. Furthermore, when X = Spec(k[z,y, 2,t]), the
valuation — deg coincides with the monomial valuation with weight (—1, —1, —1,—1) with
respect to (z,y, z,t).

Consider a regular morphism f : X — Y where Y is an affine variety and a valuation
v on X. The pushforward of the valuation v on X by f is denoted f.v is given by the
formula:

fov=vo f*,
where f* denotes the morphism of k-algebra corresponding to f.

We also recall the notion of center of a valuation v.
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When v)yx) = 0, then the center of v in X, denoted Z(v), is the scheme theoretic
point corresponding to the prime ideal {f; € k[X] | v(f1) > 0}. When this condition
does not hold, there exists a regular function f; such that v(f;) < 0 and we say that v
is centered at infinity. In the latter case, for any projective variety X containing X as a
Zariski open subset, the center of v in X is a non-empty Zariski closed irreducible subset
which is contained in X \ X. Denote by R, the valuation ring and by M, its maximal
ideal, then the center Z(v) of v in X can be defined as follows:

Z(v)={pe€ X | Op,)_( C R,,,ij( =M, ﬂ(’)pj(},

where O, ¢ denotes the local ring of regular functions at the point p and where M,, ¢ is
its maximal ideal. The fact that Z(v) is non-empty follows from the valuative criterion of
properness and we shall refer to [Vaq00| for the general properties of this set.

4.2 Valuations V), on the quadric

We denote by ¢ € k[, y, z, t] the polynomial ¢ = xt — yz and by = : k[x,y, z,t] — k[Q] the
canonical projection. Our objective is to define a subset of the set of all valuations on the
quadric @, with different weights on some coordinate axis.

Take a point p = (z0,v0, 20,t0) € A* and a weight a = (ag, a1, a2,a3) € (R7)*, we
write by v the monomial valuation on k[x,y, z, t] with weight a with respect to the system
of coordinates (x — zo,y — Yo, 2z — 20,1 — to)-

Proposition 4.1. For any point p € A* and any weight o = (oo, a1, a2, a3) € (R™\ {0})*
such that ag + ag = ag + aq, the map v : k[Q] — R~ U {+o0} given by:

v(f) :=sup{v;(R) | R €klz,y,2,t],7(R) = f},
for any f € k[Q)] is a valuation on the quadric which is centered at infinity.
Moreover, suppose p = (o, Yo, 20,t0) € k* and v/ : k[Q] — R~ U {+oc} is a valuation
such that v(m(x — x0)) = V'(w(x — 20)), v(7(y — yo)) = V(7(y — w)), v(7(z — 20)) =
V(m(z — 20)) and v(m(t —tg)) = v/ (w(t — to)), then

Vi(f) = v(f),

for any reqular function f € k[Q)].
Definition 4.2. The set Vy is set of all valuations v : k[Q] — R~ U {400} defined by

v(f) = sup{y(R) | =(R) = [},

for any f € k[Q] where p € k* and where o = (o, a1, g, a3) € (R™\{0})* is a multi-index
for which ag + ag = a1 + ao.

The group R™* acts naturally by multiplication on the set of valuations on the quadric
and this action descends on an action on V.
Remark 4.3. Observe that for xg = yg = 20 = to = 0 and a3 = as = ag = a4 = —1, the
corresponding valuation on the quadric is the order of vanishing along the hyperplane at
infinity.
Ezample 4.4. Consider p = (0,0,0,0) and o = (—1/2,—-3/5,—9/10,—1), then the asso-
ciated valuation v is the monomial valuation at the point [0,0,0,1,0] € Q with weight
(2/5,1/10,1) with respect to the coordinate chart (u,v,w) — [w? +uv,u,v,1,w] € Q. In
particular, its center is the point [0,0,0,1,0] € Q.
FEzxample 4.5. Consider p = (1,2,3,4) and o = (—1/2,-3/5,-9/10,—1), then the asso-
ciated valuation v is the monomial valuation at the point [6,2,3,1,0] € Q with weight
(2/5,1/10,1) with respect to the coordinate chart (u,v,w) — [w? + (2 4+ u)(3 +v),2 +
u,3+v,1,w] € Q. In particular, its center is the point [6,2,3,1,0] € Q.
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To prove the proposition, we shall need the following technical lemma.

Lemma 4.6. Let V' : K[z,y, z,t] = R~ U {400} be a valuation such that V‘/k[ ke <0,

x7y7z7t]\
For any polynomial R € k[x,y, z,t] given by

R = E aijmnac’y]zmt”,
ijkl

with aijmn € Kk, the following assertions are equivalent:

(i) There exists a polynomial Ry € K[x,y, z,t] such that m7(R1) = w(R) € k[Q] and such
that Vv'(R1) > V'(R).

(i) The polynomial q divides R™ where R™ is the homogeneous polynomial given by:

RY = Z aijmnxiyjzmt”.
w! (z)+jv (y)+mr/ (z)+nv/ (t)=v'(R)

Proof. The implication (i) = (i) is straightforward. If ¢|R" then we can decompose R
as:
R=qR+ S,

where Ry,S € k[z,y, z,t] such that v/(S) > V/(¢R1). Hence n(R;y +S) = wn(R) and
V' (Ry + S) =2 min(V/(R1),V(S)) > V/(R) as required.

Let us prove the implication (i) = (i¢). Take a polynomial Ry which satisfies (7). Then
we can write:

Ri =R+ (¢—1)5,

where S € k[z,y, z,t]. Let us prove that RY + ¢S* = 0. As v/(R;) > V/(R), the above
equality implies that 1/(¢S) = v/(R). Let us suppose by contradiction that R 4+ ¢S™ # 0.
This implies that /(RY) = V/(R¥4¢S"™) = v/(R") which also contradicts our assumption.
Hence RY + ¢S™ = 0 and ¢|R" as required. O

The above lemma proves that the supremum v(f) in Proposition is a maximum
which is reached on a value R € k[, y, z,t] such that 7(R) = f and such that ¢ does not
divide R™.

Proof of Proposition[.1, Fixp € k* and a € (R™\ {0})%. Observe that for any f; € k[Q],
the value v(f1) is smaller or equal than 0. If a € k*, then by definition v(a) = v/(a) = 0.

Fix f1, fo € k[Q] and let us prove that v(f1 + f2) = min(v(f1),v(f2)). Take Ri, R €
k[x,y, z,t] such that v/(R1) = v(7(R1)) and v/(R2) = v(7(R2)).
As v is a valuation on k[, y, z,t], we have by definition:

V' (Ry + Ro) = min(V/(Ry), V' (Rg)) = min(v(r(Ry)), v(m(R2))).
In particular, the maximal value in the right hand side yields:

v(fi + f2) 2 min(v(f1), v(f2)).

We prove that v(7w(f1f2)) = v(w(f1)) + v(n(f2)). Take two polynomials R; and Rs €
k[z,y, z,t] such that 7(R1) = fi, 7(R2) = f2 and v(f1) = vy (R1), v(f2) = vy (Ra).
Observe that (R1R2)" = RYRY. As the polynomial ¢ does not divide either R or RY, it
does not divide (R R2)" since the ideal generated by ¢ is a prime ideal. Hence by Lemma
, one has v(f1f2) = v{(R1R2) = vy (RY) + v (RY) = v(f1) + v(f2) as required.

By construction, the valuation v is centered at infinity since v takes negative values on
the regular functions on the quadric.

Let us prove that the valuation v is minimal, take another valuation v/ : k[Q] —
R™U{+o0} such that v/(7(z—z0)) = v(z—x¢), V' (7(y—10)) = v(7(y—10)), V' (7m(2—20)) =
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v(m(z—20)) and v/ (7(t—t9)) = v(mw(t—tp)). Then the map &/ : R € k[z,y, z,t] — V/(7(R))
defines a semi-valuation on k[z, y, z, t|. Remark that the monomial valuation v, is minimal
in k[z,y, z,t], in the sense that for any R € k[, y, z, t]:

Take f € k[Q] and choose a polynomial R € k[z,y, z,t] such that v5/(R) = v(f), the above
inequality implies:

hence, v is also minimal. O

4.3 Parachute

In this subsection, we define the parachute associated to a component of a tame automor-
phism. For any 4-tuple (R1, Ro, R3, R4) € k[z,y, 2, t] of polynomials, we write:

dR1 NdRos NdR3 N dRy = JaC(R1, Rs, R3, R4)dx ANdy Adz A dt,
with Jac(R1, R, R3, R4) € k[z,y, 2, t].

Definition 4.7. The pseudo-jacobian of a triple (f1, f2, f3) of regular functions on Q is
defined by

j(flu f2> f3) = JaC(Q7 R17 RZa R3))| Qs
where R; € K[x,y, z,t] are polynomials such that 7(R;) = f; fori=1,2,3.

Observe that the pseudo-jacobian j(f1, fa, f3) is well-defined since any two representa-
tives Ry, Ra € k[z,v, 2, t] of the same equivalence class in k[Q] are equal modulo (g —1).

Remark 4.8. Geometrically, the Poincare residue of the map induced by the rational map

(,y,2,t) = (f1, fa, f3, fa) for fi € k[Q] is given by 1/j(f1, fo, fs)df1 A dfa A dfs. In other
words, j(f1, f2, f3) controls how the volume form € on the quadric is changed by the
induced rational map.

Lemma 4.9. Let v € Vg be a valuation. For any fi, fo, f3 € k[Q], we have:

v(ji(f1, f2, f3)) = v(f1) +v(f2) + v(f3) — v(at)

Proof. Fix f1, fa, f3 € k[Q] and a valuation v € V). By definition, there exists a valuation
V' k[z,y, 2, t] = R™ U {+o0} such that v(P) = sup{v/(R)|r(R) = P} for any P € k[Q]
where 7 : k[z,y, z,t] — k[Q)] is the canonical projection. Take Ry, Ro, R3, Ry € k[z,y, z,].
We first claim that:

V'(Jac(R1, Re, R3, Ry)) > V/(R1) + V' (Ro) + V' (R3) + V' (Ry) — V' (zy2t).

Let agk) € k be the coefficients of Ry for k = 1,2, 3,4 so that:

Ry = Z a([k)acilyi2 234,

I=(i1,i2,63,i4)

One obtains by linearity that Jac(Ry, Ra, R3, Ry4) is a sum of monomials where the valua-
tion of each term is greater or equal to:

V(Ry) + V' (R2) + V' (R3) + V' (Ry) — V' (zyzt).
Hence:

V/(JaC(R1, Ro, R3, Ry)) > I//(R1) + I//(Rg) + V/(Rg) + V/(R4) — V’(a:yzt).
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In particular, we apply to R4 = ¢ and obtain:
V'(Jac(Ri, Re, R3, q)) = V/(R1) + V'(Re) + V' (R3) — v/ (xt),

since V/(q) = V'(xt) = V' (yz). Take fi,fa,f3 € k[Q], by Lemma there exists
R1, Ry, R3 € K[z, y, 2, t] such that m(R;) = f; € k[Q] and v(f;) = V/(R;) for all i = 1,2, 3,
the above inequality implies:

l/(.j(fla f27 f3)) = I/(Jac(q, R17 R27 R3)) = V/(Rl) + V/(RQ) + V/(R3) - V/(.’L't)7

where the first inequality follows from the definition of v. Observe that v/(zt) = v(xt) by
Lemma hence we have proven that:

v(i(f1; f2, f3)) = v(f1) +v(f2) +v(f3) — v(at),

as required. 0

The regular function j(f1, f2, f3) may vanish so that v(j(f1, f2, f3)) may be equal to
400, even if v € V.

Lemma 4.10. For any algebraically independent functions fi1, fo € k[Q], one of the four

regular functions j(x, f1, f2), 5y f1s f2), (2, 1, fo)s 3t i, fo) is mot identically zero. In
particular,

min(y(j(xvfhf?))al/(j(y? flvf2))7V(j('z?flaf2))al/(j(taflaf2))) < +09,

for any valuation v € V.

Proof. Consider two algebraically independent regular functions fi, fo € k[Q] and suppose

by contradiction that j(z, f1, f2) = j(y, f1, f2) = (2, f1, fo) = j(t, f1, f2) = 0. K C L
are two fields of characteristic zero, then [Lan02, Section VIIL5, Proposition 5.5] states

that
trdegy L = dimp, Derg (L), (5)

where Derk (L) denotes the vector space of K derivations of L. When K = k(fi, f2) and
L = k(Q), the above equality implies that any two k(fi, f2)-derivations are proportional.
Since j(z, f1,+),7(y, f1,°),3(z, f1,-) and j(¢, f1,-) are k(f1, f2)-derivations, this translates
as:

j(xaf17x)j(y7flay) _j(xaflay)j(yvflvx) =0¢€ k[Q]a

Hence,
j($7f17y) =0¢€ k(Q)

The same argument also yields:

j(f1>$7y) :j(fl,iU,Z) :j(flaxvt) :j(flvyvz) :j(fl’y7t) :j(fl’zvt) =0.
Hence the maps j(z,y,-),j(x, 2,-),j(y, z,-) are also k(f;)-derivations. By applied to
K = k(f1) and to L = k(Q), the space of k(f1) derivations is 2-dimensional and there
exists a, b, ¢ € k(Q) such that:
aj(x, Y, ) + bj(SC, 2, ) + Cj(ya 2, ) = Oa
where a,b and ¢ are not all equal to zero. Suppose that a # 0, we then conclude that:

aj(z,y,z) = 0 € k(Q),

which in turn implies that j(z,y,2) = x = 0 € k[Q] and this is impossible. O
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Definition 4.11. For any monomial valuation v € Vy and for any algebraically indepen-
dent reqular functions f1, fo € k[Q)], the parachute V(f1, fo) with respect to the valuation
v is defined by the following formula:

V(f1, f2) = min(v(j(z, f1, f2)), v(§(y, f1, f2)), v (i (2, f1, f2)), v(i(t, f1, f2))) —v(f1) —v(f2).

Observe that Lemma and Lemma imply that V(f1, f2) is finite and is strictly
greater than zero.

For any polynomial R € k[z,y], we write by 02 R € k[z,y| the partial derivative with
respect to y. The next identity is similar to |[LV13] Lemma 5| and is one of the main
ingredient to find an upper bound on the value of a valuation.

Lemma 4.12. Let v € Vy, let R € k[x,y] and let f1, fo € k[Q] be two algebraically
independent elements. Suppose that there exists an integer n such that v(05 R(f1, f2)) is
equal to the value on O3 R of the monomial valuation in two variables having weight v(f1)
and v(f2) on x and y respectively. Then

V(R(fla f2)) < degy(R)V(fQ) + TLV(fl, fQ)

Proof. Lemma proves that j(z, fi1, fa) = v(f1) + v(f2) — v(xt) for any fi, fo € k[Q].
Using this and the fact that j(z, f1,-) is a derivation, we obtain:

V(2 R(f1, f2)i(z, f1, f2)) = v(i(z, f1, R(f1, f2))) = v(f1) + v(R(f1, f2)) + v(z) — v(at).
In particular since () — v(zt) = —v(t) > 0, this yields:
V(2R(f1, f2) > —(v(j(w, f1, f2)) — v(f1) = v(f2)) + v(R(f1, f2)) — v(f2)-
A similar argument with y, z and ¢ also gives:

v(02R(f1, f2)) > =V (f1, fo) + v(R(f1, f2)) — v(f2). (6)

We apply @ inductively and obtain the following inequalities:

v(O3R(f1, f2)) > =V (f1, f2) + v(BR(f1, f2)) — v(f2),

V(03 R(f1, f2)) > =V (f1, f2) + V(05 ' R(f1, f2)) — v(f2).
This implies that:
V(Y R(f1, f2)) > —nV(f1, f2) — nv(fa) + v(R(f1, f2))-

Asv(05 R(f1, f2)) is equal to the value of the monomial valuation with weight (v(f1),v(f2))
applied to 9% (R), the last inequality rewrites as:

(deg, R —n)v(f2) > v(95 R(f1, f2)) =2 —nV(f1, f2) — nv(f2) + v(R(f1, f2))-

Hence,

v(R(f1, f2)) < deg,(R)v(f2) + nV(f1, f2),

as required. O
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4.4 Key polynomials

Let us explain how one can find a polynomial which satisfies the hypothesis of Lemma

.12

Comnsider p : k[z,y] = R™ U {400} any valuation and o : k[z,y] - R~ U {+o0}
the monomial valuation having weight u(x) and p(y) on x and y respectively. For any
polynomial R € k[, ], we write by R € k[z,y] the homogeneous polynomial given by:

E = Z aijxiyj,

ip(z)+ip(y)=po(R)
with a;; € k such that R = Y, aga'y’.

Proposition 4.13. Consider p : k[z,y] — R™U{+00} any valuation and py the monomial
valuation having weights p(z) and u(y) on x and y respectively. The following properties
are satisfied.

(i) For any R € k[x,y], one has u(R) = po(R).

(11) If p # po, then there exists two coprime integers si,ss satisfying sipu(x) = sap(y)
and a unique constant X € k for which the polynomial H = x*' — \y*? satisfies

u(H) > po(H).
(i) For any R € k[z,y], one has u(R) > uo(R) if and only if H|R.

The polynomial H associated to u is called a key polynomial associated to u.

Proof. Let us prove assertion (i). Write R € k[z,y] as R = Y a;jz'y’ where a;; € k.
Recall that the fact that pg is monomial implies that:

po(R) = min{ipo(z) + jro(y) | ai; # 0}

Also, p is a valuation, hence:

u(R) = min{ipo(x) + jpo(y) | aij # 0} = po(R).

We have thus proved that pu(R) > uo(R), as required.

Step 1: Fix s1, so two coprime integers and A € k. Suppose that sju(z) = sou(y) and
that the polynomial H = x®' — \y®? satisfies u(H) > uo(H), we prove that A is unique.
Take A # X € k, then

p(x® = Ny™) = p(H + (A = N)y*?) = sau(y),

since u(H) > p((A = N)y®2). Hence pu(z®t — Ny®2) = po(a%r — Ny®2) for any X # .

Step 2: Choose two integers s1, so such that syu(z) = sou(y). We prove that there
exists A € k* such that u(z®' — A\y*2) > sypu(z) = sou(y). Suppose by contradiction that
for any A € k, one has u(x' — A\y*2) = syu(z). We claim that pu(R) = po(R) for any
polynomial R € k[z,y]. Fix R € k[z,y]. Observe that if R is a homogeneous polynomial
with respect to the weight (u(z), u(y)), then R is of the form:

R = az* H(l‘sl - \iy*?)

7

where a,\; € k* and ky € N. Our assumption implies that u(R) = po(R) for any
homogeneous polynomial R.

If R is a general polynomial, then R can be decomposed into R = ) . R; where
each polynomial R; is homogeneous. Since p(R;) = po(R;) for each i, this proves that
pu(R) = po(R) for any R € k[x,y], which contradicts our assumption. We have thus proven
assertion (ii).
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Step 3: We prove assertion (iii). Suppose that u(R) = p(R), we claim that H does
not divide R. Observe that ug(R) = po(R), hence u(R) = pu(R) = po(R). The equality
w(R) = po(R) implies that H does not divide R by the previous argument.

Conversely, suppose that H does not divide R, we prove that u(R) = uo(R). Since
H does not divide R, we have that u(R) = po(R). Decompose R into R = R + S where

S € k[z, y] such that 1o(S) > po(R). We have that:
u(R) > min(u(B), j(S)).

Since u(S) = po(S) > po(R) = u(R), we have thus:

W(R) = p(R) = po(R),
as required. We have proven that u(R) = po(R) if and only if H does not divide R which
is equivalent to assertion (7i7). O

4.5 Parachute inequalities

We introduce various notions of resonances of components of a tame automorphism. These
notions will play an important role in the theorem below. Consider a valuation v € V,
and a component (f1, f2) of a tame automorphism. We are interested in the value of v on
R(f1, f2) where R € k[z,y]. The estimates of the value v(R(f1, f2)) will depend on the
possible values of the pair (v(f1),v(f2)). We shall distinguish the following three cases:

1. The family (v(f1),v(f2)) is Q-independent and we say that the component (f1, f2)
is non resonant with respect to v.

2. There exists two coprime integers si,s2 such that s; > so > 2 or s9 > 51 > 2
such that sjv(f1) = sov(f2) and we say in this case that the component (fi, f2) is
properly resonant with respect to v.

3. Either v(f1) is a multiple of v(f2) or v(f2) is a multiple of v(f1) and there exists
a polynomial H € k[z,y] of the form z — \y* where k& € N*, A € k* such that
v(H(f1, f2)) > v(f1) = kv(f2). In this case, the component (fi, f2) is called criti-
cally resonant with respect to v.

Ezample 4.14. When v = —deg : k[Q] — R~ U {400}, the family (x,y) is not critically
resonant, but it is neither properly resonant nor non resonant (in particular there is no
alternative). However, (z,y) is non resonant for the monomial valuation with weight
(—V2, V3, -2, —/3) on (x,9, 2,1).
Ezample 4.15. Take fi = z, fo = y + 22 € k[Q], then (f1, f) is critically resonant with
respect to the valuation ordy = —deg.
Ezample 4.16. Take f; = z 4+ 22, fo = y + 2% € k[Q], then (f1, fo) is properly resonant
with respect the valuation ordy, = — deg.

For v € Vy and (f1, f2) a component of a tame automorphism, the following theorem
allows us to estimate the value of v on R(f1, f2) only when (f1, f2) is not critically resonant.

Theorem 4.17. Let v € Vy be a valuation and let vy be the monomial valuation on k[z,y]
with weight (v(f1),v(f2)) with respect to (z,y). The following assertions hold.
(i) For any polynomial R € k[z,y], one has the lower bound v(R(f1, f2)) = vo(R(x,y)).

(ii) If the component (f1, f2) is non resonant with respect to v, then for any polynomial

R € K[z, y], one has v(R(f1, f2)) = vo(R(z,y)).

(113) Suppose that the component (fi, f2) is properly resonant with respect to v and let
s1, 82 be two coprime integers such that siv(f1) = sav(fa), then for any polynomial

R € k[z,y], either v(R(f1, f2)) = vo(R(z,y)) or v(R(f1, f2)) > vo(R(z,y)) and we

have:

V(R(f1, f2)) < min { <31 —1- 2) v(f1), (32 —1- Z) y(fg)} .
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Remark 4.18. Observe that in assertion (iii), only one inequality is relevant. Suppose for
example that v(f1) < v(f2), then s; < s9 and the value (s2 — 1 — s2/s1)v(f2) is greater or
equal to 0 whereas v(R(f1, f2)) <0

Remark that the inequalities in Theorem are strict and this fact is crucial in our

proof. Before giving the proof of Theorem [4.17] we state two consequences of this theorem
below.

Corollary 4.19. Let v € Vy be a monomial valuation and let f = (f1, fa, f3, f1) be an
element of Tame(Q). We suppose that v(f1) < v(f2) and that (f1, f2) is not critically
resonant with respect to v. Then for any polynomial R € k[x,y] \ k[y|, we have:

v(faR(f1, f2)) < v(f1).

Proof. Two cases appear. Either v(R(f1, f2)) = vo(R(z,y)) where vy is the monomial
valuation with weight (v(f1),v(f2)) with respect to (z,y), and we are finished since R €
kiz,y] \ k[y]. Or v(R(f1, f2)) > vo(R(z,y)) and there exists some integers si, s such that
s1v(f1) = sav(f2) where s9 > s; > 2. Using Theorem (m) and the fact that s; > 2,
we have thus:

v(faR(f1, f2)) < (s1 = Dv(f1) <v(f1),

as required. O
We state the second corollary for which the constant 4/3 appears naturally.

Corollary 4.20. Let v € Vg be a valuation and let (f1, f2) a properly resonant component
with respect to v such that v(f1) < v(f2). Then for any polynomial R € klz,y| \ k[y], one
has:

AR 12)) < ()

Proof. Denote by vy : k[z,y] = R™U{+400} the monomial valuation with weight (v(f1),v(f2))
with respect to (z,y). Two cases appear, either v(R(f1, f2)) = vo(R(z,y)) and we are done

since v(R(f1, f2)) < 2v(f1) as R € k[z,y] \ k[y] or v(R(f1, f2)) > vo(R(z,y)). In the latter
case, consider two coprime integers si, sg such that sjv(f1) = sav(f2). Since v(f1) < v(f2)
and the component (f1, f2) is properly resonant, the inequality sy > s1 > 2 holds. Using
Theorem [4.17] (éii), we obtain:

ViR 1) < (- 2 ) ).

Suppose s1 > 3, then s1 — s1/s2 > 2 as s1/s9 < 1. In particular, the above inequality
gives:

v(fiR(f1, f2) <2v(f1) < gv(ﬁ).

The only remaining case is when s; = 2 and so > s; = 2. Then s1/s9 < 2/3 and we
obtain:

V(FLR(f1. f2)) < (2—>(ﬁ) ()
O

Proof of Theorem[{.17. Let us denote by R = Y a;jz'y’. Consider the projection my, :
Q — A? induced by the embedding of Q into A* composed with the projection onto A?
of the form:

Tay & (2,y,2,t) € Q(k) — (z,y).

Choose an automorphism f such that f = (f1, fa, f3, f1) where f3, f4 € k[Q]. We denote
by p the valuation on k[z,y] given by p = may, fuv.
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Observe that for any polynomial R € k[z,y], we have v(R(f1, f2)) = pw(R(z,y)) and
assertion (i) follows directly from Proposition (7). Observe also that assertion (i)
follows immediately from the fact that v(f1) and v(f2) are Q-independent.

Let us prove assertion (ii7). We can suppose by symmetry that v(f1) < v(f2). Since
the component (f1, f2) is properly-resonant, there exists two coprime integers si, se such
that siv(f1) = sov(f2) and such that sy > s > 2.

By Proposition applied to pu, there exists A € k™ such that the polynomial H =
%1 — \y*? satisfies

p(H(z,y)) = v(H(f1, f2)) > vo(H) = siv(fi).
For any polynomial R € k[z, 3], denote by R be the polynomial given by:
E = Z aija:iyj.
(@) +in(y)=vo(R(z,y))

By construction, we have that there exists an integer n > 1 such that R € (H™)\ (H"!).
We shall use the following lemma (proved at the end of this section):

Lemma 4.21. Let R € k[, y] such that H|R . Consider the integer n = max{k | H* divides R} >
1. Then the following properties are satisfied.

(i) For any integer k < n, we have 05(R) = 02 R.
(i) For any integer k < n, we have H" *|05R but H" %11 94 R.

The above lemma implies that 5 R = 95 R and that H"~*)|05R but H" ¥+ { 9} R for
any k. In particular, H does not divide 05 R and Proposition (731) implies that:

1(95 Rz, y)) = vo(95 R) = 1(05 R).
The previous equation translates as:
v((03R)(f1, f2)) = vo(92 R)

and R satisfies the conditions of Lemma (for the same integer n), which in turn asserts
that:

V(R(f1, f2)) < deg, (R)V(f2) +nV (1, f2),
Since H"|R, one has deg, (R) > degy(ﬁ) = s9n, we get:
V(R(f1, f2)) <n(sev(f2) + V(f1, f2)).
Asn >1and V(f1, f2) < —v(f1) — v(f2), the above implies that

v(R(f1, f2)) < s2v(f2) —v(f1) —v(f2).

Since s1v(f1) = sov(f2), we finally prove that:

v(R(f1, f2)) <v(fi) <81 —1- 2) ;
as required. 0

Proof of Lemma[4.2]. Consider a monomial valuation vy : k[z,y] — R~ U {400} with
weight (o, 8) € (R™*)? with respect to (x,y) and H = x°! — \y*? where s1, sy are coprime
integers such that sja = s90.

Let us prove assertion (i) for k = 1. Fix R € k[z,y| and write R as:

.
R= E ai; 'y’
]
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where a;; € k. The partial derivative is given explicitly by:

0oR = Z jaijxiyj_l.

120,521

Since H|R, one has R € k[z,y] \ k[z] and vo(R) = vy(R). Take (i,j) such that a;; # 0
and ia + (7 — 1)8 = v9(02R). Then ia + j8 = vy(RR) + v(y) < vo(R). Conversely,
since H|R, there exists (4, j) such that ia + jB8 = vo(R) where j > 1, hence we have that
ia+ (j — 1)B > 1p(02R). Hence, vo(92R) = vo(R) — 8 and 2R = 92 R.

Let us prove assertion (ii) for k = 1. We have that H"|R but H"*! { R, then we have:

R=H"S,
where S € k[z,y] is a homogeneous polynomial such that H 1 S. By definition,
DR = nso H" 1y*2718 + H"9,S.

Hence H" 1|0, R. Suppose by contradiction that H™|0 R, then this implies that H|y*2~1S
which is impossible since H does not divide S. We have thus proven that H" '[9, R but
H™{ 09 R, as required.

An immediate induction on k < n proves assertion (i) and (7). O

5 Proof of Theorem [1l and Theorem 4

This section is devoted to the proof of Theorem [I] and Theorem [d] The proof of these two
results are very similar and rely on a lower bound of the degree of an automorphism f by
(4/3)P where p is an integer that we determine.

Let us explain our general strategy. Take an automorphism f ¢ Oy.

Step 1: We choose an appropriate valuation v.

We consider a geodesic line 7 in the complex joining [Id] and [f]. Recall from Propo-
sition that the set of 1 x 1 squares containing [Id] is in bijection with the points on
the hyperplane at infinity Hoo C Q C P*. Depending on which 1 x 1 square the geodesic
~ near the vertex [Id] is contained, we choose accordingly a valuation v in Vy centered on
the corresponding point at infinity in Q.

Step 2 (see : We define an integer p according to the geometry of some geodesics
in the complex and according to the choice of the valuation v.

Recall that a path in the 1-skeleton of C induces a sequence of numbers obtained
by evaluating the valuation v on the consecutive vertices. The integer p is defined as
the distance in a graph denoted C, and encodes the shortest path in the 1-skeleton with
minimal degree sequence.

Step 3: We prove that deg(f) > (4/3)P.

Consider the graph C, associated to v and denote by d, the distance in this graph.
This step is the content of the following theorem. Recall that the standard 2 x 2 square
So is the square whose vertices are [z], [y], [z] and [t].

Theorem 5.1. Pick any valuation v € Vy satisfying:
max (v (y) +v(t),v(2) + v(t)) < v(x) <min(v(y), v(2),v(t)). (7)
Consider any geodesic segment of C joining [Id] to a vertez v of type 1 which intersects an

edge of the square So, then the following assertions hold.

1. We have:
4

dy ([t],v)—1
v(v) < (3) max(v(x),v(y), v(z),v(t)).

33



2. For any valuation v' € Vy satisfying , we have:

dl/([t]v U) = du’([t]v U)'

The proof of Theorem basically proceeds by induction on the distance between [¢]
and v in the graph C,. The essential ingredient to bound below the degree inductively
are the parachute inequalities stated in Theorem We explain in how to arrive
to the situation where these inequalities can be applied using the local geometry near the
vertices of type I (i.e the geometry of its link). We then use these arguments to compute
the degree or estimate the valuation v when one passes from one square to another in each
possible situation, this is done successively in §.4 and §5.6

Once we conjugate appropriately to arrive to the situation of Theorem [5.I] we then
deduce directly both Theorem [1] and Theorem [4]

5.1 The graph C, associated to a valuation and the orienta-
tion of certain edges of the complex

Fix a valuation v € V. Given any automorphism f = (f1, fo, f3, f1) € Tame(Q), we
remark that v(f1) does not depend on the choice of representative of the class [f1] so that
v induces a function on the vertices of type I of C.

We say that a vertex v € C of type I is v-minimal (resp. r-maximal) in a 2 x 2
square S if v(v) is strictly smaller (resp. greater) than the value of the valuation v on
every other vertices of type I of S. Observe that for some valuations, two vertices of type
I can have the same value on v, hence there can be no v-minimal or v-maximal vertices.

We now define a graph C, associated to a valuation v € Vy as follows:

1. the vertices are the vertices of C type I;

2. one draws an edge between two vertices v; and vy of C’ if there exists a 2 x 2 square
S centered at a vertex of type III in C containing vy, v9 such that the vertices vy, v
belong to an edge of S or v; and v are the v-minimal and v-maximal vertices of S
respectively.

Observe that whenever there is no r-maximal or minimal vertex in a 2 X 2 square S
centered at a point of type 111, then we only draw the four edges of the square S.
The graph C, is endowed with the distance d, such that its the edges have length 1.

Lemma 5.2. The graph C, is a connected metric graph.

Proof. This follows from the fact that the 1-skeleton of C is connected. O

Since we will exploit the properties of this function on the vertices of type I, we intro-
duce the following convention on the figures. Take an edge of length 2 between two type
[ vertices v1, v, then we put an arrow pointing to vy if v(ve) < v(v1) as in the following
figure.

VU1 0—va

Lemma 5.3. Let v : k|Q] — R U {+o0} be a valuation which is trivial over k* and such
that v(x),v(y),v(2),v(t) < 0. Let S be a 2 x 2 square of the complex C centered at a type
LI vertex. Suppose S has a unique v-mazimal vertex (resp. v-minimal), then there exists

a unique v-minimal (resp. v-mazimal) vertez and the v-minimal and v-mazimal vertices
are at distance 2v/2 in C.
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Let S be a 2 x 2 square centered at a vertex of type III which satisfies the conditions
of Lemma and let ¢ be the associated isometry. Denote by [z1], [y1], [21] and [t1] the
vertices of type I of the square S where 1,41, 21,t1 € k[Q] such that the vertex [z1] is
v-minimal and [t1] is v-maximal in S. Then there exists a unique isometry ¢ : S — [0, 1]?
such that:

o([z1]) = (2,2),
and

o([t1]) = (0,0),

and such that the horizontal edges of S are given the geodesic segments between [z1] and
[y1], and between [z1] and [t1].

Using this convention, Lemma implies that we are in the following situation:

(1] [1]

[t1] [21]
In particular, the subgraph of C’ containing the vertices of S looks as follows:

(1] [1]

[t1] [21]

Proof of Lemmal[5.3 Let S be a 2 x 2 square satisfying the hypothesis of the Lemma.
Denote [¢;] the v-maximal vertex of S. Denote also by [z1], [y1], [z1] the type T vertices
of S such that the edges between [t1] and [z1], between [t;] and [y;] are horizontal and
vertical respectively.

Observe that v(z1),v(y1),v(z1),v(t1) < 0 and that:

v(zits —y121) = v(1) = 0.

This implies that:
v(z1) +v(t) =v(y1) +v(=).

In particular, v(¢1) > v(y1) implies that:
v(ry) < v(z).

By symmetry, we also prove that v(x1) < v(y1) and this implies that [x;] is the unique
v-minimal vertex of S, as required. 0l

Observe that for two distinct valuations vy, 9 € V), the graphs C,, and C,, are not in
general equal.

Lemma 5.4. Fir any valuation v € Vy, and any two adjacent 2 X 2 squares S, S’ centered
at a vertex of type III. Suppose that v is a verter in S NS’ which is v-minimal in S.

Then the unique vertex v' € S'\ S which belongs to an edge containing v is also v-
minimal in S’

One has the following figure:
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v
<
S

Proof of Lemmal[5.4 Take x1,y1,21,t1 € k[Q] such that v = [z1], [z1] € SN S and
[y1],[t1] € S are the four distinct vertices of S. We claim that we are in the following
situation:

1] [1] [y1 + 1P (21, 21)]

» o )

S S’

9]

[tl] [2’1} [tl + le(xl, 21)]

where P € k[z,y] \ k. Indeed, recall that the tame group acts as g - [f] = [f o g™ }].
In particular, if Sy is the standard 2 x 2 square containing [z], [y], [2], [t] and [Id] and if
f = (z1,y1,21,t1), then S = f=1.S;y. Since S and S’ are adjacent along an two edges of
type I, there exists an element e € Ey such that S’ = (f~'oeo f)-S. This proves that
S"=(f"loe)- Sy, and the vertex v’ is given by:

v =[yoe o f],

as required.

Since v(z1) < v(y1) and since v(P(x1, 2z1)) < 0, this implies that:
v(iyi + 1 P(x1,21)) = v(z1P(21, 21)) < v(x1).
Similarly, one has:

v(ti + z21P(z1,21)) = v(z1P(x1,21)) < v(z1).

Hence since the vertex [z1] is v-maximal, we have that v' = [y1 + z1P(x1,21)] is the
v-minimal vertex in S’ by Lemma as required. O

The following proposition compares the distance d, with the distance dg.

Proposition 5.5. The distance d, and the distance de are equivalent, i.e there exisls a
constant C' > 0 such that for any vertices vi,ve € C of type 1, one has:

1
——=dc(v1,v2) < dy(v1,v2) < 3de(v1,v2).

2v/2
Proof. For each 2 x 2 square S centered at a vertex of type III in C, the restriction to

SNC, of the distance in C, and the distance d¢ are bi-lipschitz equivalent. More precisely,
for any vi,v92 € S NCy, the following inequality holds:

de(v1, v2)
2v/2
Hence, if we apply the previous inequality to a chain of points which belong successively

to the same square, we obtain the distance in C is equivalent to the distance d, and for
any vertices vy, vy of type I in C, we have:

< d,,(Ul,’Ug) < 3dc(U1,U2).

de(v1,v2)
2v/2

as required. 0

< dy(v1,v2) < 3de(v1,v2),
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5.2 Avoiding critical resonances

Fix a valuation v € Vy and fix a 2 x 2 square S. Consider a vertex [z1] of type I in S which
is v-minimal in S where 1 € k[Q] and denote by [z;] another vertex of type I in S such
that [z1] and [z1] belong to a vertical edge of the square S. For any square S’ which is
adjacent to S along the edge containing [z1] and [21], Lemmal5.4)implies that the function
induced by v on the vertices is as follows,

(1] > [{1] [y1 + z1P(21, 21)]
S S’
[t1] > [21] [t1 + 21 P(21, 21))]

where yi,t1,€ k[Q] and P € k[x,y] \ k. Observe that if the component (z1,21) is not
critically resonant with respect to v, then by Corollary one has:

4
max(v(y1 + x1P(x1, z1), v(t1 + 21 P(z1, 21))) < gV(Zl)-

Moreover, Corollary implies also:
max(v(y1 + z1 P (w1, 21), v(t1 + 21P(21, 21))) < v(21)

When the component (1, 21) is critically resonant, then the previous inequality does
not necessarily hold since we cannot apply Corollary

Our key observation is that the previous inequality remains valid whenever there exists
a square S7 adjacent to S along the edge containing [t1], [21] and such that its other edge
containing [21] is not critically resonant. If we choose S; so that the squares Sy,.5,5" are
flat, we arrive at the following situation where a blue edge means that the corresponding
component is not critically resonant and a red edge that the component is critically
resonant:

R /1] .
S _ Sl

> [f2]
S1 v

(/1]
In the rest of section, we keep the same convention on the colors of the edges.

We now illustrate our argument in the following lemma.

Lemma 5.6. Fiz v € Vy and S, S’ two adjacent 2 x 2 squares. Consider vy, v two vertices
of the common edge of these squares and suppose that v 1s v-minimal in S. Suppose that
the edge joining vi and vy corresponds to a component (f1, fo) which is not critically
resonant. Then for any vertex v' € S’ distinct from vy, v, we have:

V(v/) < min (gng),y(m)) .

37



Proof. Observe that this lemma follows immediately from Corollary and Corollary
4191 O

The Proposition below is the key ingredient in our proof and explains how one can find
a square which has an edge which is not critically resonant.

Proposition 5.7. Fiz a valuation v € Vy. Let S be any 2 X 2 square having o unique v-
minimal vertex, and let [f1],[f2] be any horizontal (resp. vertical) edge of S. Suppose that
v(f1) <wv(fa2), that (f1, f2) is critically resonant and that for any polynomial R € k[x] \ k,
one has:

v(fi — f2R(f2)) < v(f2).

Then there exists a square S1 adjacent to S along the vertical (resp. horizontal) edge
containing [f2] which satisfies the following properties.

(i) For any square Sy adjacent to S along the edge containing [f1],[f2], the squares
S1, 5,52 are flat.

(1) The horizontal (resp. vertical) edge in S1 containing [f2] is not critically resonant.

(i4) There exists an element g € Ajy,) such that g- S = Sy.

Proof. Statement (i) and (i) follow from Lemma [2.15](éi) and Lemma [2.15](z) respec-
tively. Indeed pick any polynomial R € k[x] \ k, and let Sr be the square containing
[f2], [f1 — f2R(f2)] which is adjacent to S along the vertical edge containing [f2]. Since
R depends on a single variable, it follows that for any square Se adjacent to S along the
edge containing [f1], [f2], the squares Sg, S, S are flat.

We now prove (ii), and produce a polynomial R € k[z] \ k such that the component
(f2, f1 — f2R(f2)) is not critically resonant. Since the component (f1, f2) is critically
resonant, there exists a constant A € k* and an integer n > 1 such that

v(fi = Af3)) > v(fi) = nv(fa).

Since v(f1) < v(f2), we get n > 2 so that Ry := Az ! € k[z] \ k.

If the component (fa, f1 — foR(f2)) is not critically resonant, then the square S; con-
taining [f2], [f1 — foR(f2)] which is adjacent to S along the vertical edge containing [f2]
satisfies assertion (i) and we are done. Otherwise, (fa2, fi — foR(f2)) is critically resonant.
Observe that by assumption, we have

v(fi — 2R1(f2)) <v(f2),

so that V(fl — ngl(fg)) = ngv(fg) for some ny > 1, and I/(f1 — fQRQ(fQ)) > n21/(f2)
for some polynomial Ry € k[z] \ k of the form Ra(x) = Ri(x) + Na™2~!. Repeating this
argument we get a sequence of polynomials R; € k[z] \ k, and either (fa, fi — faRi(f2))
is not critically resonant for some index #; or (fa, fi — feR;(f2)) is critically resonant for
all 7. However in the latter case, the sequence (v(f1 — foR;(f2)) is strictly increasing and
(v(fi — foRi(f2)) are all multiples of v(f2) which yields a contradiction. The proof is
complete.

O

5.3 Degree estimates between adjacent squares

Theorem 5.8. Toke a valuation v € Vy. Let v be any v-mazimal vertex of a 2 X 2 square
S and let S" be an adjacent square which does not contain v. Suppose that the vertex v is
also v-magimal in any square S adjacent to S. Then S’ admits a unique v-minimal vertex
and for any vertex v' € S\ S, one has:

4

v(v') < gl/(vg),

where ve is the vertex in SN S’ which is not v-minimal in S.
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Proof. Observe that Lemma [5.4]implies that S” has a unique v-minimal vertex. If the edge
S NS’ is not critically resonant, then Lemma implies the conclusion of the theorem.
Otherwise, the edge S N S’ is critically resonant and we check that the squares S and S’
satisfy the hypothesis of Proposition

Denote by [fi1] the v-minimal vertex in S and by [f2] = wva. For any polynomial
R € k[z]\k, take Sg to be the square containing [fi — foR(f2)], [f2] and v. By construction,
the square Sg is adjacent to S along an edge containing v, hence the vertex v is v-maximal
in Sk and this implies that the vertex [f; — foR(f2)] is v-minimal in Sg. In particular, we
have proved that v(f1 — faR(f2)) < v(f2). By Proposition [5.7, there exists two squares
S1, 8% such that the union SNS;US'US) forms a 4 x4 square centered along the vertex [vg]
and such that the edge S} N S} is not critically resonant. We thus arrive at the following
situation (with the same convention on colors as in the previous section).

In particular, by applying Lemma [5.4] to the square S} and S5, we find that

v(v') < %I/(UQ),

for any vertex v’ € S\ S as required. O

5.4 Degree estimates at a r-maximal vertex

In this section, we analyze the situation of two 2 x 2 squares adherent at a vertex of type
1.

Recall from Section that a pair of adherent squares (S, S’) is contained in a spiral
staircase if there exists a sequence of squares Sy = S,...,S, = S’ connecting S and S’
which are adjacent alternatively along vertical and horizontal edges and such that any
three consecutive squares S;, Si+1, Sit+2 are not flat for 4 < p — 2. When the intersection
between Sy and S is a horizontal (resp. vertical) edge, we say that the staircase is vertical
(resp. horizontal).

Theorem 5.9. Fiz a valuation v € V.

Consider three 2 X 2 squares S, S1 and S" having a vertex [x1] of type 1 in common. We
assume that S and Sy have a common horizontal edge [x1],[y1], and that the pair (S,S’)
is contained in a vertical spiral staircase containing S1. Denote by [z1] the vertex in S
which forms a vertical edge with [z1].

Assume that [z1] is v-mazimal in Sy, that the component (x1,21) is not critically res-
onant, that v(z1) < v(y1) and v(z1) < (4/3)v(z1). Then for any vertex v € S’ distinct
from [x1], one has:

v(v) < %1/(3@1).

The following figure summarizes the situation of the Theorem (with the convention of

section on the color of the edges).
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[t1] [21]

We shall use repeatedly the following lemma, whose proof is given at the end of this
section.

Recall from Section the definition of the subgroup A, of the stabilizer of a vertex
v of type L

Lemma 5.10. Take three 2 x 2 squares S1,S2,S3 containing [z1] and which are adjacent
alternatively along vertical and horizontal edges. Suppose that S1,S2 and S5 are not flat.
Then the following assertions hold.

(i) Suppose that Sy is a 2 X 2 square which is adjacent to Sy along S1 N Sy such that
there exists an element g € Ap,,) for which g - S1 = Si. Then the squares S, Sa,Ss3
are not flat.

(it) For any 2 x2 squares S, S% such that S1,S2, S, S4 are flat, the squares S, S5, Ss are

not flat. Moreover, given any g1, g2 € Stab([z1]) N STame(Q) such that g1.51 = S,
and goS2 = S5, we have g1, g2 € Al,]-

This lemma will allow us to consider alternative spiral staircase around the vertex [z1].
We thus have the following figures in each situation.
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Proof of Theorem[5.9 Take a valuation v € Vy and three squares S, S1, 5" satisfying the
conditions of the theorem. By assumption, there exists an integer p > 2 and a sequence
of adjacent squares So,...,Sp_1 such that Sp = S,571,S52,...,5, = S’ forms a vertical
staircase.

We denote by [y1], [21], [t1], [z1] and [2], [¢/], ['] the vertices of S and S’ respectively
so that the edges [x1], [y1] and [x1], [¢] are horizontal and the edges [z1], [21] and [z1], [2/]
are vertical. We are thus in the following situation.

[t1] [21]

Recall that S and S” are connected by a vertical staircase S = Sp, S1,...,Sp—1,5, = 5"

Lemma 5.11. The theorem holds whenever the edges S; N .S;+1 are not critically resonant
for all i > 1.

Lemma 5.12. For any vertex v such that [z1],v is an edge of S, there exists a vertical
staircase S = So, 51,52, ...,8¢-1,Sq such that

i Sl = Sl;
e S, and S' are adjacent along the edge [z1],v;
o the edges S; N Siy1 are not critically resonant for all i > 1.

Take any vertex v of S’ such that [z1],v is an edge of S’. By Lemma we get a
sequence of squares .S; connecting S to S, and satisfying the assumptions of Lemma .

4
This proves v(v) < gl/(ﬂ?l) as required. O

Proof of Lemma |5.11] We prove by induction on ¢ the following two properties:
(P1) For any vertex v # [z1] in S; \ So, one has:

v(v) < gu(xl).

(P2) Let v1 # [x1] be the unique vertex which is contained in the edge S; N S;—; and let
vg be the other vertex in S; which belongs to an edge containing [z1]. Then one has:

v(ve) < v(vy).

Observe that (P;) and (P2) are satisfied when ¢ = 1 by our standing assumption on
S1.

Let us prove the induction step. For all 7, denote by ¢; the unique vertex of S; which
does not lie in S;_1 U .S;41; by y; the vertex in §; N S;_1 distinct from x1. We also write z;
for the vertex in S; N S;41 distinct from x1 (so that y;+1 = 2;). We thus have the following
picture:
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[ti-1] [2i-1]
By our induction hypothesis, we have:
v(z) <vl(yi) <v(z) .
Observe that y;11 is given by:
Yir1 = yi + v1P (21, 2).

for some polynomial P € k[z,y|. Since the squares (S;_1,S;, Si+1) is not flat, Lemma
2.1 (i) and Lemma [2.13]imply that that P ¢ k[z].

Since the component (x1,2;) is not critically resonant, Corollary and Corollary
applied to f1 = z; and fo = z1 imply:

v(x1P(x1,2;)) < min <§u(w1), I/(ZZ)> ,
hence:
V(Yiv1) = v(yi + 21 P(x1, 2;)) = v(x1 P(x1,2;)) < min (;ly(xl), V(zz)> )

This proves that [z1] is v-maximal in S;;1, hence [t;11] is v-minimal in S;;1; by Lemma
and assertion (P;) and (P2) hold for i 4 1, as required. O

Proof of Lemma[5.14 We prove by induction on the length of the vertical staircase, i.e.
on p the following stronger version of the lemma. For any vertex v such that [x1],v is an
edge of S’, there exists a vertical staircase S = Sy, IS Sq 1, S such that

L] 51 =Sy

° S'q and S’ are adjacent along the edge [z1],v, and there exists an element g € Al
for which g- S, = 5"

e the edges S; N Sj41 are not critically resonant for all i > 1.

For p = 2, we may choose S; = S1, So = 5, and there is nothing to prove since [z1], [21]
is not critically resonant by our standing assumption.

Let us prove the induction step. Suppose that the claim is true for any staircase of
length p, and pick a staircase (S = Sp, S1, ..., Sp+1 = 5') joining S to S’. By the induction
step applied to the vertex v, € S, N Sp41 distinct from x1, we may find another vertical
spiral staircase (S = Sy, S1 = 51, 8o, ... ,gp) such that the edges S’im§1+1 are not critically
resonant for all 1 <7 < p, and there exists an element g € A,,] for which g - 5’ = Sp.

Observe that the S, and S, are adjacent along the edge containing [z1],vp. Since
Sp—1,Sp, Sp+1 are not ﬂat Lemma - (73) implies that the squares Sp 1,Sp,Sp+1 are
also not flat.

If the edge Sp41 N S is not critically resonant, the proof is complete. Otherwise, the
edge S, NS, 1 is crltlcally resonant. Denote by [zp] and v’ the vertices in S, distinct from
1 and lying in §” and S,_; respectively. By Lemma we have v(z,) < 1/( N < v(ry),
and we have the following picture.
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We claim that

v(zp — 1 R(z1)) < v(x1).

for any polynomial R € k[z] \ k. Taking this claim for granted we conclude the proof of
the lemma. By Proposition we may find a square Sg adjacent to S'p along the edge
containing [z1],v" whose edges containing [z1] are not critically resonant and such that
the triple Sp, SZ’]’, Sp+1 is flat. Let S},H be the 2 x 2 square completing the 4 x 4 square
containing S, Sy Spt1-

Since the squares S’p_l,gp and Sp41 are not flat, Lemma (m) implies that the
triple Sp—1, S, and S}, is also not flat, so that the sequence (S1,52,...,Sp-1, Sy, Sp+1)
is contained in a spiral staircase such that any edge lying in two consecutive squares is not
critically resonant. Lemma (m) applied to Sp,l, Sp, Sp+1 implies the existence of an
element g € Af;,) such that g - Sp41 = Spi+1. This finishes the proof of the induction step.

We now prove our claim. Fix a polynomial R € k[z] \ k, and consider the square Sg
containing [x1], [z, — z1R(x1)] and v'. Since xR(z) € k[z], the squares Sg, S, and Spi1
are flat by Lemma (73). We thus have the following picture.

SV

By Lemma m there exists an element g € Ap,,; such that g - Sp = Sg. By Lemma
5.10[.(7) the triple gp_g,gp_l,SR are not flat since 5’1,_2,5’1,_1,5’(1 are not flat. We have
thus proven that the sequence (5, St, So,.. ., S‘p_l, SRr) is contained in a spiral staircase for
which any edge lying in two consecutive squares is not critically resonant. By Lemma [5.11
the vertex [z1] is v-maximal in Sg, hence:

v(zp — x1R(21)) < v(x1),

as required.
O

Proof of Lemma[5.10, By transitivity of the action of STame(Q) on the 2 x 2 squares, we
can suppose that So is the standard 2 x 2 square containing [z], [t], [y], [z] and that S and
S3 are adjacent along the vertical and horizontal edge containing [z]| respectively. Take
91,93 € Stab([z]) N STame(Q) such that g; - S = 51 and ¢g3.52 = Ss.
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Let us prove assertion (7). Since Sp,S2,S3 are not flat, Lemma implies that
91,93 ¢ Alz). Observe that gg; - So = ] and g3 - So = S3 where go g1 ¢ A, hence the
squares S7, S, S3 are also not flat by Lemma m

Let us prove assertion (i).

Consider g,¢' € Stab([z]) N STame(Q) such that g - S1 = 57, ¢’ - S2 = S}. Since
g1 ¢ Ay but the squares S1, 51, Sy are flat, Lemmaimplies that g, € Ay Observe
that ggig'~" - S5 = S and g3g'~' - S5 = S3 and that gogiog ', gsog ' ¢ Ay, hence
the squares S7, S5, S are not flat by Lemma [2.13] O

5.5 Degree at a non-extremal vertex

Theorem 5.13. Take a valuation v € Vy. Consider two 2 x 2 adherent squares S and S’
at a vertex of type I given by [x1] with x1 € kK[Q)] such that the pair (S,S") is contained in
a vertical spiral staircase. Denote by [y1] the unique vertex in S distinct from [x1] which
belongs to the horizontal edge containing [x1]. Suppose that the edge containing [x1], [y1]
is not critically resonant. Then for any vertex v distinct from [x1] in S” one has:

4
v(v) < zv(xy).
3
One has the following picture:
[2']
[t
[y1]
[v']
[t4] [21]

Remark 5.14. By symmetry, observe that the same assertion holds if [z1] is v-minimal in
S and the pair (S, S") is contained in a horizontal spiral staircase.

Proof. Consider two squares S, 5" and the vertices [z1], [y1] € S satisfying the conditions
of the Theorem. By definition, there exists an integer p and p adjacent squares Sy =
S,...,Sp, =" containing [z1] connecting S and S’
Since Sp = S and S are adjacent, the vertex [z;] is v-maximal in S; by Lemma
Denote by [21] the vertex in S; such that the vertices [x1] and [z1] are contained in the
vertical edge of S7 so that we are in the following situation:

[21]
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Fix any polynomial R € k[z| \ k. Consider Sg the square containing [z1], [y1] and [z —
z1R(z1)]. By Lemma , the squares Sy, Sg, Sy are flat. Take Sp the 2 x 2 square
completing the 4 x 4 square containing S, Sg, S2. Lemma (zz) implies that S, Sg, S
are not flat since S, S1,S2 are not flat. This proves in particular that the vertex [z;] is
v-maximal in Spg, hence:

v(z1 — 1 R(z1)) < v(z1).

By Proposition [5.7] there exists a square S| adjacent to S along [21], [y1] such that the
squares S7, S1, S2 are flat and such that the vertical edge in S containing [z1] is not crit-
ically resonant. Consider the square S5 completing the 4 x 4 square containing S7, S1, Sa.
By construction, the edge S7 NS} is not critically resonant. Observe also that Lemma
implies that for any vertex v € S} distinct from [z1] and [y1], one has:

v(v) < max <u(y1), gy(:z:l)> |

Suppose that p > 3, then the triple (S, S], S’) satisfies the assumptions of Theorem
and we conclude that for any vertex v distinct from [z1] in S”:

v(v) < %V(ml).

We have thus proven the theorem.

Suppose that p = 2 and the squares S’ and S; are adjacent. We are thus in the

following situation:
Q [ ] @ 0]
5] / S .
o ) ;

T . .
[ s 4/ s 1

=

=

-~
®
S

where v is the unique vertex in S’ distinct from [x;] which belongs to the horizontal edge
containing [z1]. By Theorem [z1] is v-maximal in S%, hence it is also v-maximal in S’
and v(v) < 4/3v(z1). Observe also that Lemma [5.6] implies that:

v(z) < gv(wl).

This proves that for any v € S’ distinct from [x1], one has:

v(v) < gu(xl),

and the theorem holds. O

5.6 Degree estimates at a v-minimal vertex

Theorem 5.15. Consider any valuation v € Vy. Let S and S" be two adherent 2 x 2
squares intersecting at a vertexr v which is v-minimal in S. Then the following holds.

(i) The vertex v is the v-mazimal vertez of S'.
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(11) If v' is a vertex in S’ which does not belong to any square adjacent to S, then we

have: 4
v(v') < v(v)
3
Remark 5.16. Suppose that the vertex v € S’ belongs to a square adjacent to S, then we

will apply the estimates in Theorem instead.

Proof. Let us prove assertions (i) and (i7).

Suppose first that S and S’ belong to a 4x4 squares containing S,S’,S; and Sy as in
the figure below. Since 5,57 and S, S2 are adjacent along an edge containing v, Lemma
implies that we are in the following situation:

l [21;- wlﬁ(ifl,yl)] v’
S, g j

1] — b by + 2P (x1,21)]

P N S a So V' N

o ) p——o

[t1] [21]

where v = [x1], [y1], [21], [t1] € S and P, R € k[z,y] \ k. Observe that v is v-maximal in
S” and we have proved assertion (7). Since the squares S, 57, So are flat, Lemma and
Lemma imply that P € k[z] \ k or R € k[z] \ k. Suppose that P € k[z] \ k, then we
have (4/3)v(z1) > v(y1 + z1P(z1)) = (deg(P) + 1)v(z1) > v(v') proving (ii) as required.

Suppose next that (5,S5’) is contained in a spiral staircase. Choose a sequence of
squares So = S,...,S, = S of squares containing v and connecting S and S’ such that
each triple of consecutives squares is not flat. By symmetry, we can suppose that Sy and
S1 are adjacent along a horizontal edge containing v. Observe that Lemma [5.4] applied to
S, 51 implies that the edge S1 N .Sy contains the v-minimal vertex in Sj.

If the edge S; NSy is not critically resonant, then the pair (S7,S5”) is contained in a
horizontal staircase so that one has the following picture:

v3

Lo

1

By Theorem the vertex v is v-minimal in S” and one has v(v') < (4/3)v(v) for
all v/ # v in S’. We have thus proved assertion (i) and (ii).

We now suppose that the edge S; N Sy is critically resonant. Denote by [fi] the v-
minimal vertex in S7 and by v = [f2]. Fix any polynomial R € k[z] \ k and take Sg the
square containing [f1 — f2R(f2)], [f] and the edge S1 N Sp. Lemma [2.15] (44) implies that
the squares Si, Sg, S2 are flat. Take S, the 2 x 2 square completing the 4 x 4 square
containing Si, Sg, S2. Since the squares S, S1,S2 are not flat, Lemma implies that
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S, Sr, S§ are also not flat. In particular, the squares S and Sg intersect along an edge
containing v, Lemma implies that

v(f1 — faR(f2)) <v(fa).

By Proposition applied to the edge [fi],[f2], we can find a square S] adjacent to S
along SN Sy and g € A, such that g-S; = 5] and such that the vertical edge containing
v in Sy is not critically resonant. By Lemma[2.13] the squares Sy, S}, Sz are flat. Take S}
the 2 x 2 square completing the 4 x 4 square containing S1, S2,57. As the three squares
S, S1, S92 are not flat, Lemma implies that the squares S, 57, S} are also not flat.

If p > 3, then the pair (57, S, ) is contained in a horizontal spiral staircase and the edge
S1 NS4 is not critically resonant. Hence, by Theorem |5.13] the vertex v is v-maximal in
S’ and for any vertex v’ distinct from v in S’, one has:

v(v') < sv(v),

proving (¢) and (i¢) as required.

Suppose that p = 2 so that Sy = S’. Observe that S} and S’ are adjacent along a
horizontal edge containing v. Since v is v-maximal in S}, it is also v-maximal on the
edge S5 N S’. Since v is v-maximal on the vertical edge S; N S’, we have thus proven
that v is v-maximal in S” and assertion (i) holds. Take vy the vertex contained in S’ N .S
distinct from v. Since the edge S| NS5 is not critically resonant, Lemma [5.6| implies that

v(v2) < 4/3v(v). Hence, for any vertex v’ € S’ not contained in the same band as S, one
has v(v') < (4/3)v(v) proving (i) as required.
0l

5.7 Proof of Theorem [5.1]

Take Sy the standard square containing [z], [y], [2], [t]. Fix a valuation v € Vj such that:
max(v(y) +v(t),v(2) +v(t)) <v(r) <min(v(y), v(2), v(t)).

Pick any vertex v of type I such that the geodesic segment in C joining [Id] to v intersects
an edge of the standard square. Choose any geodesic segment v : [0,n] — C, joining
[t] to v such that the sequence (v(7(7)))o<i<n is maximal for the lexicographic order in
R among all geodesic segments joining [t] to v. Pick any sequence So,...,Sn_1 of
2 x 2 squares such that v(i),y(i + 1) € S; for all i < n — 1. We claim that the following
properties hold.

(A) The vertex (i) is the unique v-maximal vertex in S; for all 0 <4 < n — 1.

4
<3(())f0ra111 <n-—1.
(C) For any other valuation v’ € Vy satisfying (7, the vertex ~(i) is also v/-maximal in

S;forall0<i<n-—1.

Observe first that these properties (A4), (B) and (C) imply Theorem (i) and (i7).
Observe the slight discrepancy in the indices between (A), (C) and (B). We do not

(B) We have v(v(i + 1))

claim that I/(’y(l)) < gv([t]) in general. This claim is however sufficient to imply Theo-
rem [5.1] (1) and (

Observe that assertion (C) implies that d,([t],v) > d([t],v) and we conclude by
symmetry that d,([t],v) = dy([t],v) for any other valuation v/ € V, satisfying (7)). This
proves that assertion 2 of the theorem holds.

We shall prove the claim by induction on n > 1. Fix another valuation v/ €

satisfying .
Suppose n = 1. There is only one square Sy containing [t] and v (it may not be the

standard square). Since n = 1, we only need to prove assertions (A4) and (C).
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Lemma 5.17. Take any 2 X 2 square S adjacent to the standard square Sy along an edge
containing [t]. Then the vertex [t] is v-mazimal in S.

Moreover, denote by vy the vertex in S NSy distinct from [t] in S and by vy the vertex
distinct from vy for which the vertices [t],ve form an edge of S. Then one has v(va) <

v(vy).

Grant this lemma. If Sy and Sy are adjacent along an edge containing [t] Lemma
implies assertions (A) and (C) immediately. Suppose now that Sy and Sy are adherent at
[t]. If the squares So and Sy are flat, then Lemma applied to the two squares adjacent
to both Sp and Sy again implies that [t [t] is also v-maximal and v/-maximal in So.

Otherwise (Sp, Sp) are contained in a spiral staircase. Take an integer p > 2 and a
sequence of squares Sp, 5], .. S’ So connecting Sp to Sy such that each three con-
secutive squares are not flat. If the edge So NS} is not critically resonant, take [f1] the
vertex distinct from [t] of the edge S5 N S]. Denote by [f2] the vertex in SpN S| distinct
from [t]. By Lemma one has v(f1) < v(t) and v(f1) < v(f2). Take any polynomial
R € k[z] \ k, denote by Sk the Square containing [f1 — tR(t)], [t], [f2]. By construction,
Sr is adjacent to Sp and Lemma implies that v(f; —tR(t)) < v(t). By Proposition
we can find a square =g- Sl with g € Ap) such that S1, 87, 5% are flat and the
edge containing [t] in SY dlstlnct from Sp NS} is not critically resonant. Take S% the 2 x 2
square completing the 4 x 4 square containing S}, S5, SY'.

If p > 3, the triple Sy, S7, 55 is not flat by Lemma [5.10) - it), hence Sy, S{, S5 are also
not flat. The squares (S, Sl,So) thus satisfy the conditions of Theorem and [t] is
v-maximal in Sp. If p = 2, then Sy = Sp and by Theorem m applied to (So, S ,SY), the
vertex is v-maximal in S%. Since S4 and Sy are adjacent along an edge contalnmg [ | and
[t] is also v-maximal in S{, it is also v-maximal in Sy, proving assertion (A) as required.
Observe that the same argument also applies for v/ € V), hence assertion (C) also holds.

We have thus proven the claim for n = 1.

Let us suppose that the claim is true for n > 1. We shall prove it for n+ 1. Choose any
geodesic v : [0,n + 1] — C, joining [t] to a vertex v for which the sequence (v(7(7)))o<i<n
is maximal. Denote by v; = ~v(i). Take any sequence of squares Sy, ..., S, for which
Vi, Vit1 € S;. ~ ~

By our induction hypothesis applied to the vertex v, the sequence Sy, ..., S,_1 satisfy
assertions (A), (B) and (C).

Suppose first that S,_; and S, are adjacent or equal. Observe that assertion (A)
implies that v = 7,41 cannot belong to the square S,_1, otherwise it would contradict
the fact that 7 is a geodesic in C, (recall that in this graph we draw an edge joining the
v-maximal to the v-minimal edge). This implies that 5'”_1 and gn are adjacent along
an edge containing the v-minimal vertex in S,_1. Lemma shows that the vertex in
S,_1 NS, which is not v-minimal in S,_; is v-maximal in S,. By the maximality of the
sequence (v(7(i)))o<i<n the vertex v, cannot be v-minimal in S,_1, hence is v-maximal
in S, proving assertion (A). The following figure summarizes the situation:

4

Un—1

Since v,—1 is also ’-maximal in S’n 1, the vertex v, is also v/-maximal in Sn by Lemma
B.4 We have thus proven assertion (C).

Let us check that Sn 1 satisfies the condition of Theorem . Take another _square S
adjacent to Sn 1 containing vy,_1,v,. Observe that the sequence SO, .. Sn 2, S satisfies
the conditions of the theorem and contains v, which is at distance n. We apply our
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induction hypothesis to the vertex v, and to the sequence of squares S, .., Sp_a, 5.
Assertion (A) implies that the vertex v, is v-minimal in S, as required.
We may thus apply Theorem to the band S,,—1 U.S,, which yields

v(vpt1) < gv(vn),

proving (B), as required.

Suppose that the squares S’n,l, Sn are adherent and flat. If v,,v,_1 form an edge of
S,,_1, then we can find a band of two squares containing v,_1, Un, Un+1, which corresponds
to the previous situation. Otherwise (vy,v,—1) is not an edge of Sp_1, and since v,_q
is v-maximal and v/-maximal in S, _; by assertions (A) and (C), the vertex v, is v-
minimal and v/-minimal in S’n_l. Observe that the vertex v,41 cannot belong to a band
containing v, v,—1 since we have chosen a geodesic 7 for which the sequence (v(v(2)))o<i<n
is maximal. We thus arrive at the following situation:

Un+1
® ° ° o
° ° Sn °
oo
-~ Sp_1 ®

Un—1

By Theorem (1) and (i7) applied to S,_1 and S, the vertex v, is r-maximal and
v'-maximal in S,, (hence (A), (C) hold), and one has v(v,4+1) < 4/3v(v,), and assertion

(B) holds.

Suppose that the squares S'n_l, S, are contained in a spiral staircase.

Let us suppose first that the vertices v,_1, v, do not belong to the same edge of gn_1.
By assertions (A) and (C) applied to v,_1, the vertex v,_1 is v-maximal and ’-maximal
in S’n_l, hence vy, is v-minimal and v/-minimal in S’n_l. We thus have the following figure:

@ @ QO

In particular, by Theorem (1) applied to the squares Sn,l, S, implies that v, is v-
maximal and v/-maximal in S, proving (A) and (C). Observe that v,4+1 cannot belong to
a band containing v,_1, v, since we have chosen the geodesic such that v(+(4)) is maximal.

In particular, Theorem [5.15] (i) implies that:
4
Sonin) < Sulon),

proving (B) as required.
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Let us suppose that the vertices v,_1, v, belong to an edge of S’n,l. Since the argument
are similar for horizontal edges, we can suppose that the edge joining v,_1, v, is vertical,
and the pair (S’n,l, Sn) belongs to a vertical spiral staircase.

Write by v, = [f2] and let [f1] be the vertex distinct from v, in S,,_1 which belongs
to the horizontal edge containing v,. For any polynomial R € k[z] \ k, denote by Sg the

2 x 2 containing [fa], [f1 — faR(f2)], vn—1. We thus have the following figure:

e L 4 Q

° S, ®
(/1] [f2]

L 9]

Spo1 [f1 = faR(f2)]
Sk
Un—1
Using our induction hypothesis for the vertex v, and to the sequence of squares So,...,Sn_2,5R,

assertions (A) and (C) imply that the vertex v,_1 is v-maximal and v/-maximal in Sg,

hence v(fi — faR(f2)) < v(f1) and V'(fi — f2R(f2)) < V/(f1). By Proposition p.7, we
can find a square S’ containing v, _1, v, for which the horizontal edge containing v, is not
critically resonant and such that there exists g € A,, such that g-S' = S,_;. By Lemma
, since (S”n,l, S’n) is contained in a vertical spiral staircase, this implies that the pair
(S, S‘n) is also contained in a vertical spiral staircase. Since v, is neither v-maximal nor
v-minimal in S’, the pair (S’,5,) satisfies the conditions of Theorem

One has the following figure:

@ T )
° gn )
[jb] Un
T )
Sﬁ—l *~
s’
Un—1

Observe that the same argument applies for 2/ and we can find another square S” adjacent
to S’n_l along vy, v,_1 such that S”, S'n_l is contained in a vertical spiral staircase and such
that the horizontal edge in S” containing v, is not critically resonant for v/. By Theorem
5.13} the vertex v, is v-maximal and v/-maximal in S,, and v(v,y1) < (4/3)v(v,), proving
(A),(B) and (C) as required.

We have thus proven that our induction step is valid, and the theorem is proved.

Proof of Lemma . Fix a valuation v € V, satisfying (7)) and take a square S adjacent
to Sp along an edge containing [].

Observe that the edge SN Sy is either vertical or horizontal. Since the proof is similar
for both cases, we can suppose that SN .Sy is vertical so that S and Sy intersect along the
edge containing [y], [t]. Remark that in this case, we have v; = [y] and vg is the vertex
distinct from [t] which belongs to the horizontal edge in S containing [t].

We are thus in the following situation:
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vy = [z +tP(y, )]

where P € k[z, y] \ k.
Observe also that the edge S N Sy is not critically resonant.
Since v(P(y,t)) < min(r(y),v(t)) and since implies that 2v(t) < v(z) and v(y) +
v(t) < v(z), we get:
V(EP(,) < v(2),

hence v(z+yP(y,t)) < v(z) and the vertex [z +tP(y,t)] is v-maximal in S. Observe also
that the component (y,t) is not critically resonant. By Corollary 4.19, we obtain:

v(z +1tP(y,1)) < v(y),

hence v(v2) < v(v1), as required.

5.8 Proof of Theorem

Consider a tame automorphism f € Tame(Q). Since the complex C is CAT(0) and since
the action of f is an isometry and a morphism of complex, the action of f on the complex
either fixes a vertex or a geodesic line. In the first case, f is elliptic and by Theorem
B.3] the sequences (deg(f™)), (deg(f~™)) are either both bounded, both linear or both
equivalent to Cd"™ where C > 0 and d € N.

We are thus reduced to prove the theorem in the case where f induces an action which
fixes a geodesic line v : R — C. Take an hyperbolic automorphism f and a geodesic line
~v: R — C fixed by f. Denote by Sy the standard 2 x 2 square containing [z], [y], [z] and
[t]. Since for any tame automorphism h € Tame(Q), there exists a constant C' > 0 such

that: .

1< deg(f™) <cC

C = deg(h=1fmh)
by taking an appropriate conjugate of f, we can suppose that v starts in Sy and intersects
an edge of Sy. Consider the geodesic segment v, joining [Id] and [xo f~"]. By construction,
~, intersects an edge of the standard square Sy as v starts in Sp.

Fix any valuation v such that is satisfied. There are infinitely many valuations
in Vg satisfying arbitrarily close to —deg. Indeed, consider the sequence of weight
o = (-1,-1+3/i,—1+5/i,—1 + 7/i), then by Proposition [1.1] there exists a sequence
of valuations v; with weight «; on (x,y, z,t) which converges to — deg.

All assumptions of Theorem are then satisfied and we get:

4 dvi([t]v[wofin])_l
) max(vi(y), vi(2), vi (), 14 (8)).

vi(f" - [a)) = vz o ) < <3

Observe that v; tends to — deg, moreover, assertion (2) of Theorem implies that the
distance d,, ([t], [x o f~"]) are all equal for all ¢ which implies:

4>du([t],[:r0f‘"])—1

deg(f™") = <3

)

for a given valuation v satisfying .
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We now prove that the sequence (d,([t],[x o f~™]))n grows at least linearly. Indeed
since the invariant geodesic v passes through Sy, then it passes through all the squares
ft-Sp for all i < n. Observe that all the squares f?- Sy are distinct and there are at least
n squares. Consider a geodesic segment 71, in C, joining [t] and [z o f~"] and a shortest
path 72, in C, contained in a sequence of squares containing the geodesic v between these
two vertices. The hyperbolicity of C implies that the lengths {(71y,),(725) in C, of v and
7o are comparable as n tends to infinity:

lim inf dGit))

=1.
n—-+4o00 l (7271)

Since the length in C, of 79, is larger or equal than n, we have proven that:

lim ldl,([t], [xof7"]) > 1.

n—+oo N

Hence

n—1
deg(f™") =2 C (g) :

where C' > 0. Since the argument is similar for deg(f™), we have thus proven that:

min(deg(f"), deg(f ")) > C @

where C > 0.

5.9 Proof of Theorem

Take f,g € Tame(Q). Since the tame group acts by isometries on the complex, we can
suppose that g = Id. Consider «y the geodesic in C joining [Id] to [zo f]. Since the stabilizer
of [Id] is the group O4 by Proposition and since the group Oy4 acts transitively on the
1 x 1 squares containing [Id] by Proposition we can suppose that the geodesic
intersects an edge of type I containing [z] of the 1 x 1 square containing [z], [Id], [z, z]
and [z,y]. In particular, the geodesic 7 intersects an edge of the standard square Sp. We
have proved that the vertex v = [z o f] satisfies the conditions of Theorem and by
considering a sequence of valuations v, € V) converging to — deg satisfying , we have:

2 oy (LoD =1
) max(vy(y), 7p(2)s 7 (), vy 1),

vp(z o f) < (3

By Proposition we have for all integer p:
! ( ) < ( )
——dc(v1,v2) < dy, (v1,v2).
2\/5 i vp ATl 72

for any vertices v, v of type I. Since de([t], [z o f]) = de([Id], [f]) — 2v/2, we thus obtain
after taking the limit as p — +oo:

logdeg(f) > Cdc([f], [1d]) — C",
where C’ = 21og(4/3) and C = log(4/3)/(2v/2) so that:

_ log(d/3)

logdeg(f*1 0g) = 27\/5

de(f - [1d], g - [Id]) — 21og(4/3),

as required.
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6 Application to random walks on the tame group

In this section, we consider a random walk on the tame group and its associated degree
sequence. After recalling some general facts on random walks on groups (§6.1), we then
discuss when the degree exponents of a random walk are well-defined and their properties
(§6.2). We then classify in the finitely generated subgroup of Tame(Q). Finally we
prove Theorem [5] which asserts that the degree exponent of a symmetric random walk on a
finitely generated group G is strictly positive if and only if it contains two non-commuting
automorphisms with dynamical degree strictly larger than 1 generating a free group of
rank 2.

6.1 General facts on random walks on groups

Let G be a finitely generated subgroup of the tame group and let p be an atomic probability
measure on G. The (left) random walk on G with respect to the measure p is the Markov
chain whose initial distribution is the Dirac mass at Id with transition matrix p(g,g¢’) =
pw({g'g™'}) for all g, ¢’ € G. We denote by Q = (GN", u®N") the product probability space
which encodes the successive increments of the random walk on G with respect to the
measure p. Consider an element s = (s1,...,8,,...) € Q, set go(s) = Id and

In(S) = SnSn—1 ... 51,

for all n > 1. The image P of the map s € Q > (Id, g1(8), ..., gn(s),...) € GN* is called
the path space and an element of P is a path in the group G. We naturally endow P
with the probability measure PP defined on the o-algebra of cylinders as the pushforward
of the product measure on € by the map s € Q — (g;(s));- More explicitly, consider the
probability measure v, of the projection of P onto the n 4 1-th component g,, then v, is
equal to the n-fold convolution p*™ * diq so that for all g € G, one has:

n

v{g)) =Plan=g)= > [[ns0).

S15.-5Sn =1

Sn...851=4g
Fix a reference vertex vy = [Id] in the complex C. Since the tame group acts on the
complex, a path in the group (Id, g1, ..., gn,...) induces an element in C™"* given by (vg, g1 -
V0y -+ y gn -0, - - .). The sequence (vo, g1-v0, ..., gn Vo, ...) is called a path in the complex.

6.2 Degree exponents of a random walk

Let G be a finitely generated subgroup of the tame group and let y be an atomic probability
measure on GG. We shall define in this section the degree exponents of a random walk with
respect to the measure p. To do so, the measure p must satisfy a finiteness condition on
its first moment:

/ __ log(dex(g))du(o) < +oc. (®)

Let us define the two degree exponents A (u), Aa(p) by:

n—+oo T

M(p) = limsup = / _log(deg(g))dvals).
ge

and )
Ao(p) = limsup / Glog(deg(g_l))dun(g),
g€

n—+4oo N
where v, is the probability measure of g,.

The following proposition proves that these quantities are finite and give a few basic
properties of these numbers.
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Proposition 6.1. Take G a countably generated subgroup of the tame group and p an
atomic probability measure on G satisfying condition . Then the following properties
are satisfied.

(i) The degree exponents A1(p), Aa(p) are finite and are equal to:

Mm:nmlfwM@ﬂmmm»

n—+oo n

and

L 1 1
Mo(p) = lim -~ /g _ oeldegla™ )dyn(g).

(1) The following inequality holds:

A2 (1)
B

Ar(p) =

(i1i) Consider o : G — G the inverse map, then Xa(u) = A (owp).

(iv) The degree exponents are invariant by conjugation, i.e for any h € Tame(Q), we
have:

Ai(Conj(h),p) = Xi(p),
where Conj(h) : Tame(Q) — Tame(Q) denotes the conjugation by h in G.

Proof. Let us first prove (7). Using the fact that deg(g)? > deg(g~!) for all g € G, we
obtain a finiteness condition on the inverse:

/ ma@ayﬂmmm<2/ log(deg(9))diu(g) < +00
geG geG

Since the function deg is submultiplicative, according to Kingman’s subadditivity theorem
applied to the functions log(deg(g)) and log(deg(g~!), the degree exponents are finite and
the limsup in the definition is a limit. This proves assertion (7).

Assertion (i7) follows from the fact that deg(g)? > deg(g~!) for all g € Tame(Q). To
prove assertion (¢ii), observe that for all (si,...,sp,...) € Q, we have:

—-1_.-1

sl syt = (s182...8,) 7

S

In particular, we obtain:

: 1 -1 M _ 13 1 n
ngrfoon/QIOg(deg«SlSQ”'S”) )))dpu —HETOOn/Qlog(deg(snsn_l...31))da*,u, )
Since the right hand side of the equality is equal to Aj(o.pu) and the left hand side to
A2(), we have thus proven (7i).

Finally, let us prove assertion (iv). Fix h € Tame(Q), recall that there exists a constant
C(h) > 0 such that for all g € Tame(Q), we have:

deg(g)

o) < deg(hgh™) < C(h) deg(g).

The last inequality directly implies that A\;(Conj(h).p) = Ai(p) for all i+ = 1,2 and all
h € Tame(Q). O
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6.3 Classification of finitely generated subgroups

In this section, we give a classification of the finitely generated subgroups of the tame
group. To that end, we recall the terminology due to Gromov ([Gro87]) on subgroups of
isometries of a hyperbolic space.

Fix a Gromov hyperbolic space X and a group G acting on it by isometry. The action
of G on X is called elementary if it does not contain two hyperbolic isometries whose
action do not fix the same geodesic line. We call the action of G on X elliptic if it globally
fixes a point in X and we shall say that the action of G is lineal if there exists an elliptic
subgroup H of G, a geodesic line v on X invariant by G, pointwised fixed by H on which
the quotient G/H acts faithfully by translation.

In our case, any element of the tame group induces an isometry of the complex. We
will also need to distinguish among the subgroups which fix a vertex in the complex, more
particularly when the fixed vertex is of type 1. Remark that a subgroup G of the tame
group which fixes a vertex of type I is conjugated to a subgroup of Stab([z]) and recall
that we have constructed in Subsection a natural action from the stabilizer subgroup
Stab([z]) on a subtree of the Bass-Serre tree. We have have the following classification.

Theorem 6.2. Let G be a finitely generated subgroup of the tame group. Then one of the
following situation occurs.
(i) The action of G on the complex is non-elementary.

(1) There exists an automorphism h in G whose action in the complex is hyperbolic and
such that any automorphism f € G can be decomposed into f = g o h? where p is an
integer and where g belongs to a subgroup H. Moreover, the subgroup H is conjugated
in Tame(Q) to a subgroup of Oy or to one of

azx by .
EHN{(b_lz a_1t> | a,b €k }

(iii) The group G is conjugated to a subgroup of the linear group Oy.
(iv) There exists a G-equivariant morphism ¢ : Q — A2\ {(0,0)} where G acts on
A%\ {(0,0)} linearly.

(v) The group G contains two non-commuting automorphisms with dynamical degree
larger or equal that 2 and there exists a G-equivariant morphism ¢ : Q — A where
G acts on A by multiplication.

(vi) The group G contains an automorphism h with \1(h) > 2 and there exists a G-
equivariant morphism o : Q — A' on which G acts on Al by multiplication and an
isomorphism = (A1\ {0}) ~ A\ {0} x A% such that any automorphisms f € G can
be decomposed into g o h? where p is an integer and g is of the form

g:(z,y,2) € A\ {0} x A? = (az, by, cz) € AL\ {0} x A?,

where a, b, c € k*.

(vii) There exists a G-equivariant morphism o : Q — Al where G acts on A' by multipli-
cation and any automorphism of G has dynamical degree 1.

Proof. Let us give a tree summarizing how our proof proceeds where each end of the
tree corresponds to a conclusion of the previous theorem. Denote by 7 the associated
Bass-Serre tree constructed in Subsection
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non-elementary in C elliptic in T non elementary in 7

conjugated to a subgroup of Stab([z])

/

G elliptic in C —— conjugated to a subgroup of Stab([z,y])
lineal in C conjugated to a subgroup of Oy

Theorem 6.3. Let G be o finitely generated subgroup of the tame group whose action on
the complex C is elementary. The following possibilities occur.

(i) The action of G on the complex is elliptic, i.e G fizes globally a vertex in the complex.

(1) The action of G is lineal on the complez, i.e there exists an elliptic subgroup H of G, a
geodesic line v on C invariant by G pointwised fized by H on which the quotient G/H
acts faithfully by translation. Moreover, the subgroup H is conjugated in Tame(Q)
to a subgroup of Oy or to one of

azr by "
(25, ) Tovex)

Assume that the above theorem holds, we prove that our classification holds. The
situation (77) in Theorem implies that there exists an hyperbolic automorphism h € G
such that any f € G can be decomposed into f = g o h? where p is an integer and g € H.
This falls into situation (i7) of the theorem.

Let us extend the case () of Theorem [6.3] Take a group G whose action fixes a vertex
of type III, then it is naturally conjugated to a subgroup of O4 by Proposition and
assertion (éii) holds. If G fixes a vertex of type II in the complex, then by Proposition 2.5
G satisfies assertion (iv) of the Theorem.

Suppose now that G fixes a vertex of type I then G is conjugated to a subgroup of
Stab([x]) by transitivity of the action on the vertices of type I (Proposition [2.6|(ii)). In
this situation, recall that we have constructed in Subsection a natural action from the
stabilizer subgroup Stab([z]) on a subtree of the Bass-Serre tree, in particular, there exists
a G-equivariant morphism ¢ : Q — A! where the action of G on A' is multiplicative.
In the case where the group G fixes a vertex of type I, its action on the corresponding
subtree of the Bass-Serre tree is either non-elementary or elementary. If the action of G
is non-elementary on the corresponding Bass-Serre tree, then equivalently G contains two
non-commuting morphisms with dynamical degree larger or equal to two and G satisfies
assertion (v) in our classification.

Suppose that the action of G on the corresponding Bass-Serre tree is elementary. Let
us fix an isomorphism ¢ ~1(A!\ {0}) = A1\ {0} x A2. If G contains only elliptic elements
on the Bass-Serre tree, then by [Lam01l Proposition 3.11] G is conjugated to a subgroup
whose action of the generic fiber of ¢ is affine or elementary and assertion (vii) is satisfied.
Otherwise, the action of G on the Bass-Serre tree is lineal. In particular, there exists an
automorphism h € G whose action on the Bass-Serre tree is hyperbolic such that any f € G
can be decomposed into f = g o h? where p is an integer and where g is an automorphism
whose action on the Bags-Serre tree is elliptic and fixes pointwise the geodesic line on the
Bass-Serre tree fixed by h. By [Lam01l, Proposition 3.3|, g must be of the form:

(z,y,2) € A\ {0} x A% — (az, by, cz) € AL\ {0} x A?,

where a, b, c € k*. We have thus proved that assertion (vi) holds. O
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Proof of Theorem[6.3 Take G a finitely generated subgroup of the tame group. By [BS99,
Theorem 2|, the subgroup G’ must satisfy one of the following three cases.

(a) The group G’ is elliptic.

(b) There exists an integer 2 > k > 1, an elliptic subgroup H C G and a subspace E C C
which is isometric to a k-dimensional euclidean space, is pointwise fixed by H and
on which the group G/H acts as a cocompact lattice of translation.

(¢) Every automorphism of G is elliptic and there exists a geodesic half-line and a se-
quence of vertices v, on this half-line for which the subgroups G,, = G N Stab(v,)
form an increasing filtration which satisfy G = UG,,.

Since the complex C is Gromov hyperbolic, it cannot contain any euclidean plane. As a
result, the case k = 2 in (b) is excluded. The remaining possibility is when k = 1 and there
exists a geodesic line E globally invariant by G in the complex, a subgroup H of G fixing
pointwisely F such that G/H acts faithfully transitive by translation on E. Remark also
that (¢) cannot hold since the group G cannot contain infinitely many subgroups since it
is finitely generated.

To prove that (i7) holds amounts in proving that in case (b) the elliptic subgroup H is
conjugated to a subgroup of O4 or to a subgroup of

axr by "

Since H fixes a pointwisely geodesic line F/, we can choose a sequence v,, of distinct vertices
near E all fixed by H lying on a quasi-geodesic line. Consider v, a geodesic path in the
1-skeleton of C joining v, and v,11. Since the group G fixes the type of vertices and the
endpoint of 7,, the geodesic 7, must be fixed pointwise. If one of the geodesic ~, contains
a vertex of type III, then G is conjugated to a subgroup of O4 and statement (ii) is proved.

Assume now that the geodesics v, contain only type I and II vertices. We prove that
(77) also holds. For simplicity, we can assume that vg,v1,vy pointwise fixed by G are
consecutive vertices on a geodesic line of the 1-skeleton of C. Assume also that vy, vy are
of type I and that vy is of type II. Conjugating with an element of Tame(Q), we can
assume that vg = [z],v1 = [z, 2] and vy = [z]. Since G fixes [z], [z, z] and [z], it implies by
Proposition [2.5 (#ii) that G is conjugated to a subgroup of

azr by .
{25, 1) faserc).

proving (i) as required. O

6.4 Proof of Theorem [5] and Corollary [6]

Take G a finitely generated subgroup of the tame group and take p a symmetric atomic
measure on G whose support generates G and such that:

/G log(deg(g))du(g) < +oc.

We denote by g, the state of our random walk at the time n. Observe that since pu is
symmetric, Proposition [6.1] (4é¢) implies that Ao(p) = A1 ().

Let us explain how we proceed to prove our result. By Theorem the group G
satisfies one of the following conditions.

(i) The action of G on the complex is non-elementary in C.
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(ii) There exists an automorphism h in G whose action in the complex is hyperbolic and
such that any automorphism f € G can be decomposed into f = g o h? where p
is an integer and where g belongs to a subgroup H. Moreover, the subgroup H is
conjugated in Tame(Q) to a subgroup of O4 or to one of

azr by X
EHN{(Z)_IZ a_lt) ]a,bek }

(iii) The group G is conjugated to a subgroup of the linear group Oy.

(iv) There exists a G-equivariant morphism ¢ : Q@ — A2\ {(0,0)} where G acts on
A%\ {(0,0)} linearly.

(v) The group G contains two non-commuting automorphisms with dynamical degree
larger or equal to 2 and there exists a G-equivariant morphism ¢ : Q@ — A' where G
acts on A! by multiplication.

(vi) The group G contains an automorphism h with A\j(h) > 2 and there exists a G-
equivariant morphism ¢ : Q — A! on which G acts on A! by multiplication and an
isomorphism ¢~ 1(A\ {0}) ~ A\ {0} x A2 such that any automorphisms f € G can
be decomposed into g o h? where p is an integer and g is of the form

g: (z,y,2) € A\ {0} x A% = (az, by, cz) € A\ {0} x A?,

where a, b, c € k*.

vii) There exists a G-equivariant morphism ¢ : Q — A! where G acts on A' by multipli-
12
cation and any automorphism of G' has dynamical degree 1.

Denote by A = A\i(p) = A2(p). We shall prove successively the following implications:
(1) = (A >0), (v) = (A>0), ((i) or (iv) or (vi)) = (A =0), ((i4) or (vii)) = (A = 0).
If all the above implications hold, then both Theorem [5| and Corollary [6] hold.

The essential ingredient to compute the degree exponents in situation (i) and (v) is
the following result. Suppose that G acts on a Gromov-hyperbolic space (X, d) and fix a
reference vertex zg in X, then a random path (Id, g1,...,gn,...) in the group G induces
a random path in X given by (xo, 91 - o, ..., gn - Zo,...). The following theorem is due to
Maher-Tiozzo ([MT14, Theorem 1.2]).

Theorem 6.4. Let G be a non-elementary countable subgroup of the tame group and let
i be an atomic measure on G whose support generates G and such that the integral

/ (g - vo, vo)du(g)
G

is finite. Then there exists a constant L > 0 such that for almost every sample path in the
group, one has:
n—-4o0o n

=L

We will apply this result for X =C and X = T in situation (¢) and (v) respectively.
Let us prove the implication (i) = (A > 0). Suppose that G is non-elementary in C.
By Theorem [4], there exists C,C’ > 0 such that for any g € G-

log(deg(g)) > Cde(([Id], g - [1d]) log (g) ves ©)

In particular, the previous inequality and imply that:

/ de([1d], g - [Id])dp(g) < /G log(deg(g))du(g) < +oo.
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As @ is non-elementary, Theorem states that there exists a constant L > 0 such
that for almost every sample path

de([1d], gn - [1d})

lim inf =1L. (10)
n—-+oo n
Moreover, by Theorem [4} the following inequality holds:
4
g deglg,) > Cae([il g ) og () + €' 1)

where C,C’ > 0. As a result, and imply that:

/
HRAR) > e el g ) tog () +
n n 3 n

hence taking the limit as n — 400 yields:

4
A > CLlog (3) > 0,

and we have proved that A > 0, as required. The implication () = (A > 0) holds.

Let us prove the implication (v) = (A > 0). Suppose that G satisfies condition (v).
By conjugation, we can suppose that G is a subgroup of Stab([z]). Observe also that the
following inequality holds for each g € G:

%dT(Q - [1d], [1d]) log(2) < log(deg(g)),

where d7 denotes the distance in the corresponding Bass-Serre tree on which G acts by
isometry. In particular, using the fact that G contains two non-commuting hyperbolic
isometries on 7 and Theorem we obtain similarly that:

L [ osdestoptinte) > o [ dro- . )i (o) 3.

as n — +oo where L > 0 is the drift of the associated to the random walk on the tree 7.
We have thus proven that A > 0 and the implication (v) = (A > 0) holds.

Let us prove that the implication ((é¢) or (vi)) = (A = 0) holds. Since the proof of
the two implications (ii) = (A = 0) and (vi) = (A = 0) are very similar, we will only give
the proof of (i) = (A = 0). Suppose that there exists an hyperbolic automorphism h € G
such that any automorphism f € G can be decomposed into f = u(f) o hP() where p(f)
is an integer and u(f) belongs to H. We have thus:

L /G log deg(g)dva(g) = ~ /G log deg(u(g) o B*9))dvy(g).

n n

By the submultiplicativity of the degree, we have:
deg(u(g) o W"9)) < C deg(u(g)) deg(h")

where C' > 0. In particular, we obtain:

n n

1 c 1 1

[ ogdeg(o)dna(e) < -+ [ log(denule))dval)+, [ logdes( v (g). (12
G G G

Since the map p : G — Z is a morphism of groups, the random walk on G induces a

random walk on Z with transition given by the distribution p,u. As the measure p,u is
also symmetric, the law of large numbers implies that

1/ logdeg(hp(g))dyn(g) — 0,
nJag
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as n — +o00. Observe also that there exists a constant M > 0 such that deg(u(g)) < M
for all g € G. In particular, the integral

7%L/Glogdeg(ﬂ(g))dvn(g) -0,

as n — 4o00. Since each term on the right hand side of tends to zero, we have thus
proven that

1
A= lim /logdeg(g)dun(g)—o
G

n—+oo N

and the implication (i7) = (A = 0) holds.

Let us prove that the implication ((éi7) or (iv) or (vii)) = (A = 0) holds. Observe
that if G satisfies assertion (ii¢) or (iv) or (vi) then the degree of any element of G is uni-
formly bounded, hence the degree exponent is zero. We have thus proved the implication

((¢3i) or (iv) or (vii)) = (A =0).
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