
MAT 322: MIDTERM 1 LIST

The test will consist of ten short answer problems (10 × 2 points) and two
proofs (2 × 10 points). The short answer problems will focus on definitions and
statements of theorems, computations, relevant examples, homework problems, and
the relationship between the various concepts. See below for the pool of specific
topics. There are six theorems from the book that may appear on the test. I will
pick three of these to put on the test, and you must prove two of them.

As a general rule, you can use facts that appear earlier in the book freely as
needed. While any correct proof is of course acceptable, certainly the proofs as
presented in the book will be adequate. In some cases, the theorems listed here
are somewhat simpler than what is in the book. Of course, you only need to prove
what is asked by the problem.

Given the format of this test, no notes or other resources will be allowed.

Theorems:
1. Let A ⊂ Rn be open. Let f : A → Rm be a function such that the partial

derivatives Djfi of the component functions of f exist at each point in A and
are continuous in A. Then f is differentiable at each point of A.

2. Let A ⊂ Rm and B ⊂ Rn. Let f : A→ Rn and g : B → Rp be functions, where
f satisfies f(A) ⊂ B. Let a ∈ A and b = f(a). If f is differentiable at a, and
if g is differentiable at b, then the composite function g ◦ f is differentiable at
a with derivative

D(g ◦ f)(a) = Dg(b) ·Df(a).
3. Let A ⊂ Rn be open and let f : A → Rn be of class C1. Let B = f(A).

Suppose that Df(a) is non-singular for some a ∈ A. We assume the following
two facts:
• There is a neighborhood U ⊂ A of a and α > 0 such that |f(x0)−f(x1)| ≥
α|x0 − x1| for all x0, x1 ∈ U . In particular, Df(x) is non-singular for all
x ∈ U .

• f maps open sets in U to open sets.
Let V = f(U) and let g : V → U be the inverse of f |U . Then g is of class C1

with derivative
Dg(y) = Df(g(y))−1.

4. Let A ⊂ Rk+n be open and let f : A→ Rn be of class Cr. Write f in the form
f(x, y) for x ∈ Rk and y ∈ Rn. Suppose that (a, b) is a point of A such that
f(a, b) = 0 and

det
∂f

∂y
(a, b) 6= 0.

Then there is a neighborhood B of a in Rk and a unique continuous function
g : B → Rn such that g(a) = b and f(x, g(x)) = 0 for all x ∈ B. The function
g is of class Cr.

5. Let Q be a rectangle in Rn and let f : Q → R be a bounded function. Let D
be the set of points of Q at which f fails to be continuous. Then

∫
Q
f exists if

and only if D has measure zero in Rn.
• You may use the fact that f is continuous at a if and only if the oscillation
v(f ; a) = 0.
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6. Let Q = A×B, where A is a rectangle in Rk and B is a rectangle in Rn. Let
f : Q → R be a bounded function; write f in the form f(x, y) for x ∈ A and
y ∈ B. If f is integrable over Q, then

∫
y∈Bf(x, y) is integrable over A as a

function of x and ∫
Q

f =

∫
x∈A

∫
y∈B

f(x, y).

Short answer topic pool:
• Euclidean inner product
• rank of a matrix, invariance of rank under row operations
• Cauchy–Schwarz inequality
• axiomatic definition of determinant
• a matrix is invertible if and only if it has full rank and if and only if its

determinant is nonzero
• Euclidean vs. sup metric
• interior/exterior/boundary points
• open and closed sets
• the closure of a set
• definitions of limits and continuity; basic properties
• the ε-neighborhood lemma
• compact sets; a set in Rn is compact if and only if it is closed and bounded
• uniform continuity
• differentiability vs. directional derivatives, partial derivatives
• computing derivatives
• determining differentiability/directional derivatives/continuity for individual

functions
• functions of class Cr; differentiability assumptions needed for the various the-

orems
• computing derivatives with the chain rule
• computing derivatives by implicit differentiation
• formalism related to the Riemann integral
• recognizing Riemann integrable functions
• properties of measure zero sets
• evaluating an integral with Fubini’s theorem
• definition of the integral on bounded regions; standard properties


