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that is: prove z3;4+4 > *2j+3. To show this, we note that ZTojtq = (1'2,+3 +Z2j42) = -(1:2,+1 +3xz2j42)
and zgj43 = %(12]'4.1 + Zgj42). SO Tj4q4 — Toj43 = (:cgJ.,.z - m2,+1) > 0 by assumption. Hence, our
claim is proven by induction.

Now, for any n > 1. |Tp4) — zp] = -lz-l:z:,. — -1/, and so the sequence is contractive. Moreover, we
can expand this result by induction to get |Zn41 — Zn| = Frt|T2 — 21| = 2,.—_;- Since the sequence
is contractive, we know that it is Cauchy, whence convergent. Let 1ts llmxt be z. We examine the
odd-indexed subsequence (wzk...l), and we claim that Tok+l = Ty + 2 i=0 -17—1- For k = 1, this is true

since z3 = (:z:z +x) = (l +z1+1) =124 + as desired. Assume it 1s true for some k; we will
prove it for k+ 1 and the result follows by lnductlon To(k+1)41 = T2k43 = (a:zk.,.z + Zok+1)- We know

that |zegrt+2 — Zok+1]| = -n' Moreover, we know tha.t Topto > $2k+1 and 50 m2k+2 = Tok41 + -1-;; It

follows that Zak+3 = 3(2%2k+1 + 30) = Taks1 + T = 71 + 2 o =T + g =T+ Zk“ F3=T
as desired. Therefore,

k

l 131 1-(1)F 2l
$2k+1=$1+2‘22TT=1‘1 52:5: 5(?%)=“’1+‘3‘(1—(1/4)n)

Taking the limit of both sides yields z = z; + £ = 12 + 2z,.

#12) Note that z, > 0 for all n so that 5 + 2z, > 5.

Iz — Zna 1 _ 1 _ 2+1:,._ 1
n+2 T Sndd 24 5= 2+an| |5+22, 2+,
|4+4x,.+x3,—5—2:cn 1|=1+2z, +22| _ 1| -1 +
G+22.)2+2n) |-5| 2+za | 5|2+am o

1 1
=z |Tn = Tne1]| = g|zn+1 — Zp|

Since § < 1, this shows the sequence is contractive. Its limit must be positive and satisfy z = T
and so the limit is ¢ = V2 — 1.



Section 3.5
#1) The sequence ((—1)") is bounded (by —1 and 1), and not Cauchy (since it is not convergent).

#2a) (%) = (1+1/n). Let € > 0. Let K € N be large enough so that 1/K < ¢/2. Then for n,m > K,
we have |(14+1/n) — (14+1/m)|=|1/n—-1/m|<1/n+1/m<1/K+1/K <e¢/2+¢/2=c¢.

#3b) Let € = 1. We will show that for all K € N, there exist n,m» > K such that |z, — z,| > 1. Fix

arbitrary K € N. Let m be an odd number greater than K and n = m + 1. Then |z, — 2| =
_1)m+l

|(m+1)+(m+1 -m— ('3m|=|1+ﬁ3+%|>1wdesired.

#6) Fixpe N. Let s, =Y p_, % Let p € N. First, the sequence (s,) diverges (and so is not Cauchy) by
3.5.6(c) or 3.3.3(b). For all m, |sn4p — sl = b 3 < k=i = = 2, which converges to 0. Hence,

0 < |Sn+p — sn| < B, and by the Squeeze Theorem, lim |sp4+p — 5| = 0

#7) Let ¢ = 1. Since (z,,) is Cauchy, there exists K € N such that for all n,m > K, |z, — 2| < 1. In
particular, |z, —zk| <1 for all n > K. It follows that for all n > K, z,, € (xx — 1,2k +1). Since zx
is an integer, it is the only integer in (xx — 1,2k +1). Therefore, since z,, is an integer, we must have
Zn, = zk for all n > K. Therefore, the K-tail of the sequence is constant. Therefore, the sequence is
ultimately constant.

#9) Let m,n € N. Without loss of generality, we may assume m > n. Let p = m — n. Then |z, — Zn| =
[Tntp = Znl| < |Tnp — zn+g—1| +|Zntp-1 = Tntp-2|+ - F|Tag1 = Tn| < PP 4 P2y pn o
— —_pP .
Yy Rork =1l < I ™ 0 as m — 00, s0 if € > 0, choose K such that #% < (1 — r). Then
ifm>n>K, we get |z, — | < é < ¢, and hence the sequence is Cauchy.

#10) Let | = z2 —z,. First we prove (we will need it later) that zox4o > Zok+1 for all k > 0. It is true that
x2 > 1, so the base case holds. Assume it is true for some j. We must prove that it is true for j + 1,



