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A smooth projective variety is rationally connected if there exists a rational holomorphic
curve passing through any two points. In [Kol96], it was conjectured that the property of being
rationally connected is a symplectic invariant. One possible approach to such a conjecture would
involve showing that if a symplectic manifold with a compatible almost complex structure is locally
ruled by genus 0 holomorphic curves representing some homology class, then it is globally ruled by
such curves. This leads us to the following question posed by Zinger.

Question. Let (X,w) be a connected symplectic manifold and let J be an w-compatible (or w-
tame) almost complex structure. If there is a non-empty open subset W C X so that (W, J|w) is
uniruled, then doesn’t it follow that (X, J) is uniruled?

See below for a definition of uniruledness. In this note, we show that the answer to the above
question is no by producing an explicit example. The construction of this example and the proof
follow from the key observation that the vector bundle O(—1)®O(1) over P! is trivial as a symplectic
vector bundle.

Another related but important question which will not be answered in this paper is the following.

Question. Suppose that (X,w) is a compact symplectic manifold and Ji, Jo are w-compatible (or
w-tame) almost complex structures on X. If (X, J;) is uniruled, doesn’t it follow that (X, J3) is
uniruled?

Definition. An almost complex manifold (X,.J) is uniruled if for every x € X, there exists a
non-constant J-holomorphic map u : P — X satisfying = € u(P!). Now suppose that we have a
non-trivial homology class f € Ho(X;7Z). We say that (X, J) is S-uniruled if for every z € X,
there exists a .J-holomorphic map u : P! — X representing 3 whose image contains x.

Let T = C/Z? be the standard complex torus and let X be the one-point blowup of T3 =
T x T x T at the point (0,0,0). Let w be a Ké&hler form on X.

Theorem. There is an almost complex structure J on X compatible with w, a non-empty open
set W C X, a point y € X, and a non-trivial homology class 5 € Ha(W;Z) so that

1. (W, J|w) is f-uniruled and
2. y ¢ u(P') for all non-constant J-holomorphic maps v : P — X.

In order to prove this theorem we need two preliminary lemmas. We let Jx : TX — T X be
the standard complex structure on X and let £ C X be the exceptional divisor of the blowdown
map Bl : X — T3.



Lemma 1. There is an open set U C X containing E so that every non-constant J-holomorphic
map u : P! — X has image in U for every almost complex structure J on X satisfying J|x_x =
Jx|x—K for some compact K C U.

Proof. For every r € RT, define
D,={:€T=C/Z* : |z|<r}CT, D:=T-D,.

We take U = BI71((D1)?) where (D%)3 C T3 Fori=1,2,3, let

D=

.3 _
mi T2 = T, m(21,22,23) = 2

be the i-th component projection map.

Let J be any almost complex structure on X satisfying J|x_x = Jx|x_x for some compact
K c U and let u : P! — X be any non-constant .J-holomorphic map. For each i = 1,2,3, let
u; = m;oBlow. Since K C U is compact and w;|,-1(x_x) is Jx-holomorphic, there exists 1 € (0, %)
such that K C mr; 1(D,) and 9D¢ is contained in the set of regular values of u; for every i = 1,2, 3.
Define ; = u; '(D¢) and

uZ" % = DS ul(v) = wi(v), YeeX; Vie{l,2,3}.

Since 0%; = u, 1(8Df) is contained in the set of regular values of w;, uizr is a holomorphic map
between compact Riemann surfaces with boundary sending 0%; to 0Dx.

Suppose that the image of u is not contained in U. Then there is some i € {1,2,3} so that the
image of u; is not contained in D 1 C T and hence ¥; # (). Thus, there is a connected component

3 of ¥; so that v = u?rlz : X — Dy is a non-constant holomorphic map. Since v is a non-constant
proper holomorphic map of degree d > 1, we get that

X(¥) < dx(Dy) = —d (1)

by the Riemann-Hurwicz formula. Let B € N be the number of boundary components of 3. Since
3’ is connected and of genus 0,
x(X)=2-B. (2)

Since v|gy : 0¥ — 9D¢ is an orientation-preserving covering map of degree d as 0D¢ is contained
in the set of regular values of u;, B < d. Hence by Equations (1) and (2), 2 — d < —d which gives
us a contradiction. Therefore u(P') C U. O

Lemma 2. For every compact set K C X whose interior contains E, there is an almost complex
structure J compatible with w, a non-empty open set W C K and an element B € Hao(W;Z) so
that J|x—x = Jx|x—x and (W, J|w) is f-uniruled.

Proof. Let L C E be a complex line in the exceptional divisor E =2 P2, Let w2 be the standard
symplectic form on C? and define wy = w|y. Since the normal bundle of L is isomorphic as a
complex vector bundle to O(—1) ® O(1), it has trivial first Chern class. Hence by [MS98, Theorem
2.69], it is trivial as a symplectic vector bundle. Therefore, by the Symplectic Neighborhood
Theorem [MS98, Theorem 3.30], there is a neighborhood N (L) of L in X, a neighborhood N of
L x {0} inside L x C?, and a symplectomorphism

©: (N, (wr +wez2)lw) = WD), wlnr))-
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Let Je2 be the standard complex structure on C? and let J;, be equal to the induced complex
structure on the Jx-holomorphic submanifold L C X. For ¢ > 0 small enough,

Lx B.Cc ®Y(KNN(L)),

where B, C C? is the ball of radius € > 0. Define W = ®(L x B,). By Proposition , there is an
almost complex structure J such that

Jlw = @(Jr ® Je2)lw, Jlx-k = Ix|x—k-
Choose a Jr-holomorphic isomorphism ¢ : P! — L. For each b € B,, define
up Pt — X, wy(z) = ®(é(z),b), Vo ePl

Since W C ®(L x Be) and J|w = . (Jr & Jez)|w, up is a Jr-holomorphic map.

Since for every w in W there is a unique point (I,b) € L x B, so that ®(I,b) = b, the images
of (up)pep, cover W. Define § = [L] € Ho(W;Z). Then each of the J-holomorphic maps (up)pes,
also represent 3. O

Proof of Theorem . We let U be the open set from Lemma 1. Hence there exists a point y € X —U
and a compact set K C U whose interior contains £. By Lemma 2, there is a non-empty open set
W C K, an almost complex structure J compatible with w, and an element 8 € Ho(X;Z) so that
so that J|x_x = Jx|x_k and (W, J|w) is B|w-uniruled. By Lemma 1, we get that y ¢ u(P!) for
all J-holomorphic maps u : P! — X. O

Appendix: Extending Compatible Almost Complex Structures.

Proposition. Let (X,w) be a symplectic manifold and Uy, Wq,Us, W5 C X be open subsets
such that B B
U, Cc Wy, Uy C Wy, WinNnWy=20.

If J; and Jo are almost complex structures on W; and Ws, respectively, compatible with w|yy,
and wlw,, then there exists an almost complex structure J on X compatible with w such that
J|U1 =J1 and J‘U2 :Jg.

The above Proposition will follow immediately either from Lemma 3 or from Lemma 4 below.
Lemma 3 uses general results by Palais and Steenrod, whereas Lemma 4 gives us a more direct
proof of the above Proposition.

For a finite-dimensional symplectic vector space (V,(2), we denote by J(V,2) the manifold
of linear complex structures compatible with 2. For a symplectic vector bundle (F,w) over a
topological space X, we denote by J(E,w)— X the fiber bundle with fiber J(E,,w,) over z€ X.
If (E,w) is a smooth symplectic vector bundle, then J(F,w)— X is a smooth fiber bundle.

Because the fibers of J(E,w) — X are contractible by [MS98, Proposition 2.50(iii)], we have
that the proposition above follows immediately from the following lemma.

Lemma 3. Let m: QQ — B be a fiber bundle whose fiber is a contractible metrizable manifold and
whose base is a metrizable topological space. Let U,U’" C B be open sets so that U’ C U and let
oy : U — Q be a section of w|y. Then there is a section o of w so that o|yr = oylyr. If 7: Q — B
s a smooth fiber bundle and oy is smooth section then the section o can be chosen to be smooth.



Proof. Since B is a normal topological space, there is an open set U” in B so that U’ c U"” c U” C
U. By [Pal66, Theorem 9], there is a continuous section s of 7 so that s|y» = oy|yr. If 7: Q — B
is smooth then by the Steenrod approximation theorem [Ste99, Section 6.7, Main Theorem], there
is a smooth section o of 7 so that o|gz = s|g7. Therefore ol = oy|y. O

Lemma 4. Let (E,w) be a symplectic vector bundle over a paracompact topological space X and
U, W CX be open subsets such that U C W. If Jw is a section of J(E,w)|w, then there erists a
section J of J(E,w) such that Jly=Jw|v. If (E,w) is a smooth symplectic vector bundle and Jyw
is a smooth section of J(E,w)|w, then the section J can be chosen to be smooth.

Proof. For a finite-dimensional vector space V, we denote by M (V') the manifold of positive-
definite inner-products on V. For a finite-dimensional symplectic vector space (V,Q), we denote
by Sp(V, ) € GL(V) the subgroup of linear automorphisms ¢ preserving the symplectic form (2
and define

sva: J(V,Q) — M(V), {svo())}(v,w) =Qv,Jw) Yv,weV, JeT(V,Q).

We note that
sva(®*J) = ®* (sva(J)) VJeJ(V,Q), ®eSp((V, Q). (3)
By [MS98, Proposition 2.50], there exists a continuous map
rvo: M(V) — J(V,Q) s.t.
rvoosva = idgwv,), rva(®g) = ®* (rvalg) VgeM(V), ®eSp(V,Q). (4)
By [MS11, Exercise 2.52], the map ry.q is in fact smooth.
For a real vector bundle E over X, we denote by M(E)— X the fiber bundle with fiber M(E,)

over z€ X. If E is a smooth vector bundle, then M(E) — X is a smooth fiber bundle. By (3) and
the second identity in (4), the maps sy.q and ry.q induce continuous bundle maps

$SEw: J(E,w) — M(E) and  TEe: M(E) — J(E,w).

If (F,w) is a smooth symplectic vector bundle, then these maps are smooth. By the first identity
in (4),
TEwOSEw = 1dy(pw)- (5)

Choose any section gx of M(FE) and a continuous function

1, ifxeU;

p: X —[0,1] s.t. plx) = {0 oW

Let gw =sg|yy w|yw (Jw) and define

p(x)gw e+ (1—p(2))gx |z, HzeW;
g X s M(E), g,x:{m o+ (1=p () ax|

J: X — J(E,w), J(x) =1Ew(9]z)-

By (5), Jlv=Jwlu. U
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