HoMEWORK 10

Due: Thursday December 6th at 10:00am in Physics P-124

Please write your solutions legibly; the TA may disregard solutions that are not readily
readable. All solutions must be stapled (no paper clips) and have your name (first name
first) and HW number in the upper-right corner of the first page.

Problem 1: Suppose X and Y are random variables on some probability space (2, F, P)
with joint density

3 : 2
L _ gty if (v,y) € (0,1)
f(X7Y) 'R* — R, f(XvY) - { 0 otherwise.

Compute

(a) P(X <Y, Y < 3).

(b) P(X € (0,1/2)| Y € (1/2,3/4)).

(c) The density function f(x|ye(,1/2)) of the random variable (X|Y € (0,1/2)).

For Problems 2,3,4 below we need the following two definitions.

Definition: Let F be a o-field and let u, v be measures on F. We say that v is
absolutely continuous with respect to p if for each N € F satisfying pu(N) = 0, we have
v(N) = 0. We write v < p if v is absolutely continuous with respect to p.

Definition: Let F be a o-field and let vy and v5 on be measures on F. We write
v1 L vy if there are elements F,, By € F satisfying F; N Ey = () and

I/j(E)II/j(EﬂEj), VEGS’,jzl,Q

Problem 2: Let F be a o-field on a set ). Let u, v1, 5 be measures on F. Show that
(a) if vy, 9 < p then vy 4+ vy < p,
(b) if vy, L pthen (1 +15) L p
(c) and if 1 < p and vo L p then vy L vs.

Problem 3: Let M be the set of Lebesgue measurable sets in R and let m be the standard
Lebesgue measure. Define

M —[0,00], wp(E):=m(E)+ Z 27"

and

v:M—[0,00], v(E):=m(E)+ Z n’

(a) Show that v < p.

(b) Show that p is not absolutely continuous with respect to v.
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(c) Find a measurable function
h:R — [0, 00]
so that
V(E):/hdu, vV EeM.
Problem 4: Given an example of measuresEl/, 1 on M satisfying the property v < p but
not satisfying
Ve>0,30>0 sothat VEe€TF, u(E)<é = v(E)<e.



