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On the spectral theory of a functional-difference
operator in conformal field theory

L. A. Takhtajan and L. D. Faddeev

Abstract. We consider the functional-difference operator H = U +
U™ +V, where U and V are the Weyl self-adjoint operators satisfying
the relation UV = ¢*VU, ¢ = €™, 7 > 0. The operator H has applica-
tions in the conformal field theory and representation theory of quantum
groups. Using the modular quantum dilogarithm (a g-deformation of the
Euler dilogarithm), we define the scattering solution and Jost solutions,
derive an explicit formula for the resolvent of the self-adjoint operator H
on the Hilbert space L? (R), and prove the eigenfunction expansion theorem.
This theorem is a g-deformation of the well-known Kontorovich-Lebedev
transform in the theory of special functions. We also present a formulation
of the scattering theory for H.
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§1. Introduction

Quantum mechanics gave a powerful impetus to the development of the spectral
theory of differential operators. In particular, various spectral problems for the
Schrédinger operator were studied very extensively. The direct and inverse scat-
tering problems for the Schrodinger operator were studied in the classical papers
of Gel'fand, Krein, Levitan, Marchenko and Povzner in the 1950s (see the sur-
veys [1], [2] and references therein). The fundamental role of these papers in the
development of the theory of classical integrable systems is well known.

Since its formulation in the 1980s, two-dimensional conformal field theory [3] stim-
ulated further the development of the representation theory of infinite-dimensional
Lie groups and Lie algebras. One of the fundamental models in conformal field
theory is the quantum Liouville model, whose discrete version was considered by us
more than 30 years ago (see the lecture [4] published in 1986). It is in the explicit
construction of the L-operator in [4] that the quantum group SL,(2,R) was first
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introduced. The matrix trace of the L-operator is a functional-difference operator H
which plays an important role in the quantization of the Teichmdiiller space [5], [6]
and representation theory of the non-compact quantum group SL,(2,R) [7]. In
the notation of §2.1 this operator is of the form H = U + U ' 4+ V. It acts on the
functions ¥ (x) on the real line by the formula

(H)(z) = p(z + 20") + Pz — 20') + e%w(:c).

Here w and w’ are pure imaginary with positive imaginary parts, and the func-
tion ¥(x) is assumed to be analytic in the strip |Im z| < 2|w'|, z = © + iy (see §2.1
and §4 for precise definitions). The operator H is closely related to the represen-
tation theory of the quantum group SL,(2,R) with ¢ = ™7, where 7 = w'/w > 0
(see [7], [8]).

The eigenvalue problem for H has the form

b2+ 2w, A) + bz — 20, A) + e (2, A) = Ap(z, \) (1.1)

and is a functional-difference analogue of the Schrédinger operator whose poten-
tial decays exponentially as * — —oo and grows exponentially as © — oo. The
continuous limit of (1.1) is the equation

" (@, \) + €27 (2, A) = A(x, ) (1.2)

for the modified Bessel functions of e”.

In [6], the eigenfunction expansion theorem for H in the momentum representa-
tion was stated as formal completeness and orthogonality relations in the sense of
distributions. A detailed derivation of these relations using properties of the mod-
ular quantum dilogarithm (see §2.2) was given in [8]. Nevertheless, the spectral
theory of H as an unbounded self-adjoint operator on the Hilbert space L?(R) has
not been previously considered.

In the present paper we fill this gap and give a complete analytic study of the
functional-difference operator H. Namely, we define the scattering solution and
Jost solutions of (1.1), present an explicit formula for the resolvent of the self-
adjoint operator H on L?(R), and prove the eigenfunction expansion theorem. We
also give a formulation of the scattering theory for H.

We now discuss the content of the paper in more detail. In §2 we collect all
necessary concepts and notation. Specifically, in §2.1 we define a Weyl pair U, V'
of unbounded self-adjoint operators on L?(R) satisfying the relation UV = ¢?VU,
and §2.2 contains the properties of the modular quantum dilogarithm ~(z), which
is a g-deformation of the Euler dilogarithm and is expressed in terms of the ratio
of the Alekseevskii-Barnes double gamma functions.

In §3 we investigate the free operator Hy, formally given by the expression

(Hot)(x) = ¥(z + 20') + Pz — 2).

Thus, in §3.1 we define Hy as an unbounded self-adjoint operator on L?(R) with
domain D(Hg) and with absolutely continuous spectrum of multiplicity 2 fill-
ing [2,00). In § 3.2 we use the Fourier transform to give an explicit expression for the
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resolvent Ry(A) of Hp in the form of an integral operator with kernel Ro(x — y; \);
see (3.5). Note that in contrast to the case of the Schrodinger operator, where
the resolvent kernel is obtained by the method of variation of parameters using the

simple formula ¢'(xz) = 6(z) (6(x) is the Heaviside function), the main equation
Ro(x 4+ 2wW'; M) + Ro(x — 2w'5 ) — ARg(x; \) = 6(x)

for the resolvent of Hy holds because of the Sokhotski—Plemelj formula

1/ 1 1
27ri(x—i0_:c+i0> = ()

from the theory of distributions.

In §4 we study the operator H. Following [6], we consider the Fourier transform
of (1.1) (this is the functional-difference equation (4.2) of the first order) and its spe-
cial solution @(p, k) in §4.1. This solution is expressed in terms of the modular quan-
tum dilogarithm using the convenient parametrization A = 2 cosh(’%k). In §4.2 we
define a solution ¢(z, k) of (1.1) as the inverse Fourier transform of @(p, k). The
necessary properties of ¢(x, k) are collected in Lemma 4.1. They show that ¢(x, k)
plays the role of the scattering solution of (1.1). In particular, for real = and k
the solution ¢(z, k) decays exponentially as © — +oo and oscillates as x — —o0.
Moreover, ¢(x, k) is an entire function of z and analytically continues to the strip
0 < Imk < |w|, which corresponds to the values A € C\[2, 00). In § 4.3 we introduce
the Jost solutions fi(z,k) of (1.1) as the solutions with the following asymptotic
behaviour for real k:

fr(z, k) = 2™k L 5(1) as z — —oo.

We note that unlike the differential equation (1.2), which has two linearly
independent solutions, the functional-difference equation (1.1) has an infinite-
dimensional space of solutions since one can multiply a solution by a quasi-constant,
a holomorphic 2w’-periodic function of z. Therefore determining the Jost solutions
is a non-trivial problem. Using the analogy between (1.1) and (1.2) along with
the properties of the solutions of (1.2) collected in §6, we define the Jost solu-
tions f1(x, k) by the integral representation (4.12). The properties of the solutions
f+(z, k) are contained in Lemma 4.2. In particular, they admit analytic continua-
tion to the strip 0 < Im k < |w|, and

o, k) = M(k)f+(x, k) + M(=k)f (2, k),

where the function M (k) is analytic in the strip 0 < Imk < |w| and is explicitly
expressed in terms of the modular quantum dilogarithm (see Lemma 4.1).

The analytic properties of the solutions ¢(z, k) and fi(z, k) are used in §5.1 to
show that the resolvent Ry(H) = (H — AI)~! of H is defined for A ¢ [2,00) and is
a bounded integral operator on L?(R) whose integral kernel R(x,y;)) is given by
the explicit formula (5.1) (see Proposition 5.1). In §5.2 we prove the eigenfunction
expansion theorem for scattering solutions of H. Namely, computing the jump of
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the resolvent across the continuous spectrum, we prove (see Theorem 5.1) that the

operator
+oo

(%) (k) = U(x)p(x, k) de
is an isometric isomorphism between the Hilbert spaces L?(R) and % =
L3([0, 00), p(k) dk), where

)= st a7 ()

is the spectral function of H. Moreover, % H% ~' is the operator of multiplication
by A = 2cosh(Z£) on 7. Hence H has a simple absolutely continuous spectrum
filling [2, 00).

Comparison of the equations (1.1) and (1.2) shows that the eigenfunction expan-
sion for H is a g-analogue of the well-known Kontorovich—Lebedev transform in
the theory of Bessel functions (see Remark 5.4). In §5.3 we give a formulation
of the scattering theory for H and show that the scattering operator is the opera-
tor of multiplication by the function

The appendix (§6) contains known properties of the solutions of (1.2).

The first author is grateful to A. M. Polyakov for interesting discussions.

§ 2. Basic concepts and notation

2.1. Weyl’s operators. Let L*(R) be the Hilbert space of functions that are
square integrable over the real axis with respect to the Lebesgue measure. The
Weyl operators in quantum mechanics are the following unitary operators U(u)

and V(v) on L?(R), where u,v € R:

U@)(x) =@ —u), (V())(2)=e "), ¢ eL*R)

(see, for example, [9], Ch.2, where Planck’s constant 4 is chosen to be 1). The
operators U(u) and V (v) satisfy Weyl’s commutation relations

Uu)V (v) = ™V (v)U(u).

In the representation theory of the quantum group SL,(2,R) it is necessary to
use complex w and v. Then the Weyl operators U(u) and V(v) become unbounded
self-adjoint operators on L?(R). Namely, using the classical Weierstrass notation,
we write 2w, 2w’ for the generators of a lattice in C such that Im7 > 0, where
T = %, and put ¢ = €™7. The key role in the representation theory of SL,(2,R)
is played by operators U and V which are formally defined by

T

UY)(x) =d(x+2"),  (VY)(x)=e = ¢() (2.1)
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and satisfy the relation

UV =¢vUu (2.2)
on the common domain of U and V. Especially interesting is the representation
theory of real forms of SL,(2,R) that correspond to the cases ¢ € R and |¢| = 1.
In the first case we have w’ € iR, w € R and 0 < ¢ < 1, which corresponds to
a rectangular period lattice. In the second case the half-periods w, w’ are pure
imaginary and the theory of elliptic functions is inapplicable.

It is the latter case that arises in applications to conformal field theory. We
shall consider the Weyl pair U, V with |¢| = 1. This corresponds to the case when
the half-periods w and w’ are pure imaginary with positive imaginary parts. It is
convenient to use the normalization

ww' = —= (2.3)

which is assumed to hold throughout the paper. In papers on quantum Liouville
theory it is customary to use the parametrization w = le, w = % (where 7 = b?
and b > 0) as is done in [10].

The operators U and V defined by (2.1) are unbounded self-adjoint operators
on L%(R). This follows from von Neumann’s general spectral theorem since they are
real-valued functions of the self-adjoint operators P and () in quantum mechanics:
U=e2'PandV = e%, where P = fi% and (@ is the operator of multiplication
by the independent variable x.

The Weyl operators U and V' can also be defined directly. Namely, U is a self-
adjoint operator on L?(R) with domain

i

D) = {v(x) € L*(R): e~ =" 4(p) € L*(R)},

where
+o00

Y(p) = F)(p) = (z)e~ 2% g

—0o0
is the Fourier transform! on L?(R). Equivalently, D(U) consists of those functions
¥ (x) which admit analytic continuation to the strip {z =z +iy € C: 0 <y < 2|u'|}
such that ¢ (z + iy) € L?(R) for all 0 < y < 2|w’| and there is a limit

(x4 2w —i0) = lirgl+ (x + 20" — ie)

in the sense of convergence in L?(R). We have (Uv)(z) = 9(z + 2w’ — i0) for
1 € D(U). The domain D(U~1!) of the inverse operator U ! is defined in a similar
way and (U '¢)(z) = ¢(z — 2" 4+ i0). The domain D(V) of the self-adjoint
operator V consists of functions ¥(x) € L?(R) such that e & ¢ (z) € L?(R). Thus
we have
Ul=7"1vz,
where the inverse Fourier transform is given by
+oo

W(z) = &(p)e*mP dp.

— 00

We use the normalization of the Fourier transform adopted in analytic number theory.
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Remark 2.1. An important role in representation theory is played by the modular
double of SL4(2,R) introduced in [11]. Its principal series representations are real-
ized in L?(R) and use the dual Weyl operators U and V along with U and V. They
satisfy the relation dual to (2.2):

UV =¢VvU, g=e™/"

and are given by the formulae

TiT

Op)(2) =d(@+2w),  (Vi)(z) = e (),
which are obtained from (2.1) by interchanging the half-periods w and w'.
2.2. The modular quantum dilogarithm. We put

(@) :p{‘i/:ww?} 24

where | Im z| < |w|+|w’| and the contour of integration passes above the singularity
at ¢ = 0. The function y(z) plays a fundamental role in the definition of the
modular double of SL,(2,R) given by the second author in [11]. It was later called
the modular quantum logarithm. Here the adjective ‘modular’ accounts for the
invariance of y(z) under the interchange of w and w’, that is, of 7 and 1/7. The
words ‘quantum dilogarithm’ refer to the asymptotics of y(z) as 7 = b> — 0, which
is easily obtained for real z from the representation (2.4):

z _ 1 : —27z
7(1)) —eXP{Qﬂ_TLQ( € )+O(1)} as 7 — 0,

where
0 n

) z
Lis(2) = Z 2
n=1

is the Euler dilogarithm.

Remark 2.2. The function v(z) has an interesting history. It appears in number
theory under the name of double sine [12], [13] and in the theory of quantum inte-
grable systems of Calogero—Moser type under the name of hyperbolic gamma func-
tion [14]. Tt also plays the role of S-matrix in the quantum non-linear o-model [15]
and occurs in form-factors for the quantum sine-Gordon model [16]. The function
v(2) is expressed in terms of the ratio of the second-order gamma functions, which
were introduced by Barnes [17] in 1899 and earlier investigated in Alekseevskii’s
thesis [18] in 1889.

We shall use the following remarkable properties of the modular quantum dilog-
arithm (see [6], [19]).

Proposition 2.1. 1) The function v(z) admits a meromorphic continuation to
the whole complex z-plane with poles at z = —(2m + D)w — (2n + 1)’ for integer
m,n = 0. Moreover,

We—w) = Z4+00M),  2—0,
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where W' =w +w' and

_elldh ﬁ_ﬂ' +1
€T Tor BECAUEYA

2) The function v(z) satisfies the difference equations
Yztw)=(1+e ¥ hyz-w), E+w)=1+e Tz -w)
3) The following reflection formula holds:

. .2

e (-2) =

Hence ~(2) has zeros at z = (2m + 1)w + (2n + 1)’ for integer m,n > 0.
4) The following reality property holds:

v(2)
5) The function v(z) has the following asymptotics as z — oo with |argz| <
-6
2

7(z) = 1+ o(1)

uniformly in z for every §, 0 < < 5.

8§ 3. The operator Hg

Here we consider the free operator Hy = U + U~'. Formally, it acts on the
functions ¢ (z) on the real line by the formula

(Hov)(z) = (z + 2w") + (z — 20), (3.1)

where () is assumed to be analytic in the strip |Im z| < 2|w'|, z = 2 +14y. Clearly,

the operator b=2(Hy — 21) turns into —dd—; as 2w’ = ib — 0.

3.1. The domain. The formula (3.1) determines an unbounded self-adjoint oper-
ator Hyp on L?(R). Its domain D(Hy) consists of those functions () which admit
an analytic continuation to the strip {z = x + iy € C: |y| < 2|o'|} such that
P(x +iy) € L2(R) for all y, |y| < 2|w’|, and the limits
P(x+ 2w —i0) = Elir(r)1+ P(x+ 20 — ig), P(x — 2w +10) = Elir(r)1+ P(x — 2w +ie)
exist in the sense of convergence in L?(R). For ¢ € D(Hy), the formula (3.1) is
understood as (Hoy)(z) = ¢(x + 20" —i0) + ¢(z — 2w’ 4 i0).

In the momentum representation, the operator ffo = .FHy.Z ! is the operator
of multiplication by the function 2cosh(%ip) and is naturally self-adjoint. Thus
D(Hy) can equivalently be defined as

+oo

D(H,) = {wm ci®: [

—0Q0

cosh? (szp) 10 (p))? dp < oo}.

This is a hyperbolic analogue of the Sobolev space W22(R).
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3.2. The resolvent of Hg. In the momentum representation, the operator
Ro()\) = (HQ — )\I)_l

is the operator of multiplication by (2 cosh(%”’) — \)~L. It is a bounded operator
on L?(R) for A € C\ [2,00). Since the function 2cosh(Z2) is a two-to-one map
of the real axis —oo < p < 400 onto [2,00), the spectrum of H is absolutely
continuous and fills the semi-infinite interval [2, co) with multiplicity 2.

In the coordinate representation, the operator Rg(\) for A € C\ [2,00) is an

integral operator on L?(R) with kernel depending on the difference of the arguments:

+oo
(Ro( N (z) = / Ro(z — y: \(y) dy. (3.2)
where oo —
Rola: \) = /_ de. (3.3)

In what follows we use the convenient parametrization
wik
A= 2cosh<>, (3.4)
w

mapping the resolvent set C\[2, c0) onto the physical sheet (the strip 0 < Imk < |w|)
and covering the continuous spectrum [2, co) twice by the real axis —oo < k < +00.
In the parametrization (3.4) we easily calculate the integral (3.3) using the residue
theorem and obtain

Ro(z; \) = (3.5)

6727r72km 627rik9:
smh(%’k) <1 — e—dmiwz 1 — edmivz

Note that the function Rg(z;\) is regular at @ = 0. We immediately conclude
from (3.5) that the following estimate holds for 0 < Imk < |w|:
|R0(x; )\)‘ < Cef2w1mk\z|,

where C' > 0 is a constant.? Hence the formulae (3.2) and (3.5) indeed determine
a bounded operator on L?(R) for A ¢ [2,00).
The eigenvalue equation

Pz + 20" k) + (e — 20 k) =2 cosh(T)z/)(x, k) (3.6)

has solutions f_(z,k) = e~ 2™*% and f, (z, k) = €™ which are analogues of the
Jost solutions in the theory of one-dimensional Schrédinger operators. In terms of
the Jost solutions, (3.5) takes the form

2w f*(x’k).ﬁk(yak) f,(y,k:)er(x, k)
f_7f+)(k)( e ) 3.7

i

Bo(z =y:A) = = 1_ o5 | oS

2Here and in what follows we denote different constants by C.
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where

C(f,9)(@, k) = flz+ 2 k)g(w,k) — f(z, k)g(z + 2w, k)

is the so-called Casorati determinant (a difference analogue of the Wronskian) of
the solutions of the functional-difference equation (3.6). It is a 2w’-periodic function
of z. For the Jost solutions, C'(f_, fi)(z, k) = ZSinh(%k).

Remark 3.1. Using formula (3.7), one can check directly that the integral opera-
tor (3.2) is inverse to H — A for A € C\ [2,00). Indeed, for smooth compactly
supported functions g(x) we easily see that

+oo
h(x) = / Ro(x — y: Ng(y) dy € D(Hy)

— 00

and (Hy — AI)h = g. The last assertion reduces to verifying that
Ro(x 42w —y —i0; \) + Ro(z — 20" —y +i0; ) — ARo(z — y; \) = 6(z — ) (3.8)

in the sense of distributions. Since the functions fi(x,k) satisfy (3.6), the distri-
bution on the left-hand side of (3.8) is supported only at = y, and its singular
part coincides with the singular part of the distribution

o (f(w+2w’,k)f+(y7k) k) 2R
O F)(R) PR
f_(l' — 2"‘)/’ k)f+(y7k) — f—(ya k)f+(d? — 2&1/,/{3))
x —y+1i0

_|_
in the neighbourhood of x = y. This singular part is equal to

2w’ 1 1 Y )
M \z—y—i0 z-ytio) Y

where we have used the definition of the Casorati determinant, the normalization
(2.3) and the Sokhotski-Plemelj formula.

Remark 3.2. Tt is instructive to compare the formula (3.7) for the resolvent of Hy
with that for the one-dimensional Schrédinger operator. The latter formula (see,
for example, [2], Ch.1, §1 and [9], Ch. 3) is

Glyi) = g U= @) 4 0RO = 2) + [ ) L )0 =), (39)
where A = k2, f_(x,k) and fi(z,k) are the Jost solutions normalized at —oo
and +oo respectively, and W (k) is their Wronskian. A key role in the process of
verification of the analogue of (3.8) is played by the formula 6'(z) = é(x), where
6(x) is the Heaviside function, 6(x) = 1 when x > 0 and 6(z) = 0 when z < 0.
The formula (3.7) has a remarkable similarity to (3.9) with 6(z) replaced by the
smoothed analogue
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of the Heaviside function. The analogue of the formula ¢'(z) = d(z) is
O (x4 20w —i0) — O, (7 + 20" +i0) = 2w'6(x),

which is equivalent to the Sokhotski-Plemelj formula.

Remark 3.3. Polyakov noted that if we identify « with the energy e, and % = 27”

with the inverse temperature ﬁ, then the function 6, (z) coincides with the
one-particle partition function Z = (1 — e~ %7 )~! in Bose-Einstein statistics.

§4. The operator H

The operator H = Hy+V is given by the formal functional-difference expression
(HY) (@) = $(x + 2) + bl — 2) + = ()

on D(Hp) N D(V). In particular, H is defined and symmetric on the domain 2 C
D(Hy) N D(V') consisting of linear combinations of the functions p(z)e™* +°%, where
p(z) is a polynomial and ¢ € C. The domain & is dense in L?(R) and invariant
under H. We shall prove that H is essentially self-adjoint on 2, and its unique self-
adjoint extension, still denoted by H, has a simple absolutely continuous spectrum
filling [2, 00). As in the case of the free operator Hy, we use the parametrization (3.4)
and pose the following problem for generalized eigenfunctions of H:

Oz + 20 k) + (x — 2w k) + e S (a, k) = 2008h<7:ik>1/}(:5, k). (4.1)

4.1. The momentum representation and the Kashaev wave function.
In the momentum representation, the eigenfunction problem for H is the first-
order functional-difference equation

TZ(ID +2u' k) = 2<cosh<ﬂik) - COSh(?))?Z(p, k), p € R, (4.2)

where 1Z = .7 (¢). Remarkably, the general solution of (4.2) (up to multiplication
by a quasi-constant) is explicitly expressible in terms of the modular quantum
dilogarithm:

D(p. k) = c(k)e ™ P y(p+ k—w")y(p—k-w"),  0<Imk < |w], (4.3)

where ¢(k) is a constant to be chosen later. For real k, the product of vy-functions
is singular at p = +k and is understood as the distribution vy(p + k — w” + i0) x
v(p — k —w" +10).

The fundamental role of the generalized solution (4.3) of (4.2) was revealed in [6].
We call this solution the Kashaev wave function. The distribution @(p, k) has the
following asymptotics:

~ {c(k)e‘”i(”_w (1 + 0(1)) as p — 400, (4.4)

V(p, k) = N oiao s
(p: k) C(k)em(p—w )2+2zﬁ+2wzk2(1+0(1)) as p— —oo,
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and decays exponentially for large p :

[ (p, k)| = le(k)] exp{—2r|p| ||} (1 +0(1)) as |p| — oc. (4.5)

Putting
(k) = e~k (4.6)

in (4.3) and denoting the corresponding solution by @(z, k), we obtain an important
property,

@(pa k) = @(ip’ 7k) (47)

Moreover, the definition of @(p, k) shows that @(p, —k) = @(p, k) for real k.

4.2. The scattering solution. For real x and k we put

“+o0
o) = [ R dp (48)
where @(p, k) is given by (4.3) and (4.6), and the contour of integration passes above
the singularities at p = +k. Comparing (4.8) with formula (6.3) in the appendix, we
see that o(x, k) plays the role of a g-deformed modified Bessel function Kagix(€*). Tt
follows from the asymptotic formulae (4.4) that the Kashaev wave function decays
exponentially as | Re p| — oo along the lines Imp = o < |w"|. Therefore,

“+oco+io o
ot = [ G ke dp (49)
—oo+1i0

The formula (4.9) determines the function ¢(x, k) for real x and k in the physical
strip 0 < Im k < |w|, where |w| < o < |"].

The analytic properties of the function ¢(x,k) are described in the following
lemma.

Lemma 4.1. (i) The function ¢(z,k) has the following asymptotic behaviour for
real z and k:

o(x, k) = M(k)e*™* 4 M(=k)e 2"* L o(1) as = — —oo,
where A ‘ B
M(k‘) _ ez(,@+%)f27rzk(k7w )’)/(2]{} N w").
We have M (k) = M(—k) and

1 . Tik\ . mik
W = 4Slnh(w) Slnh<w> .

(ii) For real x, the function ¢(x,k) admits analytic continuation to the physical
strip 0 < Imk < |w| and satisfies the reality condition

(e, k) = oz, —k).

For real x and k, @(x,k) is an even real-valued function of k.
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(iii) For every fized k in the physical strip, the function p(x,k) extends to an
entire function of the complex variable x and satisfies the equation

riz K
o+ 20" k) + o(x — 2" k) + e« ¢(z, k) = QCOSh(m)go(x, k).
w

(iv) The following estimates hold:
(@, k)] < Cemme
uniformly in —oco < x < a, where 0 < k = Imk < |wl|, and
lp(z, k)| < Ce—2ﬂ(|w|+|w/|)w’ lp(x + 2w, k)| < Ce2r(w'|—lw)x

uniformly in a < x < oo.

Proof. Shifting the contour of integration in (4.8) to the lower half-plane for nega-
tive x and passing through the poles of the integrand at p = —k and p = k, we get
the first formula in (i). The formulae for the coefficient M (k) are obtained from
parts 1)—4) of Proposition 2.1. Part (ii) follows directly from Proposition 2.1 and
property (4.7). In particular, M (k) = M(—k).

To prove (iii), we deform the contour of integration in (4.9) to a contour L by
replacing the semi-infinite intervals —oo < Rep < —|Rek| — 1 and |Rek| +1 <
Rep < oo on the line Imp = o by the rays p = —|Re k| —1+ic+eTt, —co <t <0,
and p = |Rek|+1+ic+e Tt, 0 <t < oo (Fig. 1 shows the contour L for real k).

I S R o
—k k

Figure 1

Thus,
gp(w,k):/{é(p, k)e%im dp, (4.10)
L

and it follows from Proposition 2.1 that the integrand in (4.10) decays along L at
the rate of e=™" as t — =+oo. Hence the formula (4.10) determines ¢(x, k) as an
entire function of x. The difference equation for ¢(z, k) is obtained from (4.2) using
the Fourier transform.

Finally, (iv) follows in the standard way from the integral representation (4.10)
using the asymptotic behaviour of v(z) in Proposition 2.1 and the method of steep-
est descent. [

Remark 4.1. The function ¢(z,k) is invariant under the interchange of w and
w' and satisfies the dual equation Hy = Ap, where H = U + Ul +V (see
Remark 2.1) and A = 2cosh(“w—’,k).
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4.3. Jost solutions. Since equation (4.1) takes the free form (3.6) as x — —oo,
it is natural to assume that it has Jost solutions, that is, solutions fi(z,k) with
the asymptotic behaviour

fr(z, k) = e2m*e L 5(1) as z — —oo. (4.11)

Here we prove the existence of such solutions. We first compare equation
(4.1) with equation (1.2). Comparison of the formulae (6.3) and (6.4) in the
appendix with formula (4.10) suggests considering the solution of (4.2) obtained by
multiplying $(p, k) by the quasi-constant sinh(?, ) + sinh(’j, ) Thus, for real x
and k£ we put

. 1 ~ . @ . LZ‘ZC 2Tipx
f(a:,k)QSinh(TjIk)M(k)/Lgo(p,k)(smh<w/ >+smh< " >)e PTdp. (4.12)

The following lemma shows that the functions fi(z,k) = f(z,k) and f_(z,k) =
f(z, —k) indeed play the role of Jost solutions of (4.1).

Lemma 4.2. (i) For real © and k, the functions fi(x, k) have the following asymp-
totics as * — —oo: )
fj:(l‘Jf) — ei27mkw + 0(1)
(i) For real x, the functions fi(z,k) admit analytic continuation to the physical
strip 0 < Imk < |w| and satisfy

fi(x, k) = fa(x, —k).

(iii) For every fized k in the physical strip, the functions fi(x,k) are entire
functions of = and satisfy (4.1). The asymptotic formulae in part (i) remain valid
in the strip 0 < Imx < 2|’

(iv) We have

(i, k) = MK f (2, k) + M(— k) (z,K).
(v) The following estimates hold:
|f(z, k)| < CeT2mree
uniformly in —oo < & < a, where 0 < kK =Imk < |w|, and
[, k)| < CePrImlDe, £y (o4 20, k)| < CePrlleitlerDe
uniformly in a < x < oo.

Proof. To prove (i), it suffices to shift the contour of integration in (4.12) to the
lower half-plane for negative z and use the regularity of the integrand at p = —k
(because of multiplication by the quasi-constant sinh(™2) + sinh(Z)). Parts

(ii)—(iv) follow immediately from the representation (4.12) written in the form

4Sinh(7j T ((p(m — %, k) — ol + 2w, k) + QSinh(ﬁfC)@(x, k))
(4.13)

w/
and similar properties of the function ¢(x,%) in Lemma 4.1. Since the potential

e« in (4.1) has period 2w, the functions ¢(x + 2w, k) also satisfy (4.1). The proof
of (v) is standard and uses the integral representation (4.12). O

f(ka) =
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Remark 4.2. The formula (4.13) is a difference analogue of (6.7). The function
f(x, k) is not invariant under the interchange w and w’ and, therefore, does not
satisfy the dual eigenvalue equation (compare with Remark 4.1).

Remark 4.3. In the case when Im 7 > 0, the Jost solutions fi (x,k) can be defined
using power series in e”o . These series converge absolutely for all 2 € R. In our
case when 7 = b? > 0, we encounter the problem of small denominators and the
corresponding series are no longer absolutely convergent for all z. This is why we
are using the integral representation (4.12).

4.4. The Casorati determinant. As in §3.2, a direct verification shows that
the Casorati determinant

O(f’ g)(xv k) = f(:l) + 2“},7 k)g(z7 k) - f(l’, k)g(:t + 2(“'/7 k)

of two solutions of (4.1) is a 2w’-periodic function of z. The Casorati determinant
need not in general be a constant, unlike its continuous analogue (the Wronskian).
Nevertheless, the following assertion holds.

Lemma 4.3. We have

CUf fa) (@ k) = 2sinh(m).

w

Proof. Put F(z) = C(f_, f+)(x, k). It follows from parts (i) and (iii) of Lemma 4.2
that the following asymptotics as © — —oo holds in the strip 0 < Imz < 2|w’|:

F(z)=2 sinh(?) + o(1).
When x — oo, using the formula
ik
Fle) = 2siun )£ ) b

and the bounds in Lemma 4.1(iv) and Lemma 4.2(v), we obtain that the func-
tion F(z) is bounded on the lines Imz = 0 and Imz = 2|w’|. Furthermore, it
follows from the integral representation (4.12) that F(z) has at most exponential
growth as * — oco. Using the Phragmén—Lindel6f theorem, we conclude that the
2w'-periodic function F'(x) is bounded in the strip 0 < Ima < 2|w’|. Therefore,
F(z) = 2sinh(Z£). O

8 5. The eigenfunction expansion theorem

5.1. The resolvent of H. Consider an integral operator R()\) on L?(R) with
integral kernel

R(z,y; \) =

f-(@ ke k) o (yvk)‘P(%’“)) (5.1)

sinh (&) M (k) ( 1 ZH(z—y) 1 e Sa—y)

so that

R(y,z; \) = R(z,y; A), R(x,y; \) = R(z,y; A).
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Proposition 5.1. The operator R(\), A € C\ [2,00), is the resolvent of H. In
other words, R(\) = (H — NI )™L.
Proof. As in the case of Hp (see Remark 3.1), we claim that for every smooth
compactly supported function g(x) we have
—+oo
h(z) = R(x,y; \g(y) dy € D(H)

and (H — M )h = g. Indeed, it suffices to verify that
R(z+ 2w —1i0,y; \) + R(z — 20" +1i0,y; \) + (e% —MNR(z,y; \) =d6(x—y) (5.2)

in the sense of distributions. As in Remark 3.1, since ¢(z, k) and f_(x, k) satisfy
equation (4.1), we see that the distribution on the left-hand side of (5.2) is supported
only at = y, and its singular part coincides with the singular part of the function

2w (f(x + 2, K)oy, k) — f-(y, k)plx + 20 k)
2m sinh (Z£) M (k) x—y—i0
+ f— ($ _ 2("-)/7 k)@(y, k) — f— (yv k)@(z B 20.1,, k))
z—1y+10

in a neighbourhood of = y. Arguing as in Remark 3.1, we deduce (5.2) from the
formula
. ik
C(f-,¢)(z, k) = 2sinh <w> M(k),
which in turn follows from Lemma 4.3 and the Sokhotski—Plemelj formula.
It remains to show that the kernel (5.1) determines a bounded operator on L?(R)
for A € C\ [2,00). This follows immediately from the bound

|R(1‘, Y; )‘)| < 06727”{@7?;'7 k= Imk,

which is a consequence of the bounds in Lemmas 4.1, 4.2. Indeed, since R(z,y; \) =
R(y,z; \), we may assume that y < x. Rewrite (5.1) in the form

w(f—(z,k)p(y, k)e2™ @9 — £ (y, k)p(x, k)e 2w @)
2sinh(2miw(z — y)) sinh (Z£) M (k)

w

R(z,y; \) =

and counsider first the case when 0 <y < z. Using Lemma 4.1(iv) and Lemma 4.2(v),
we get

R(z, y: A)| < Cem2mlwl@=y) (¢2r(l —1 Dz g =2m ([l 'y o~ 2r ol ()

+ e 2l e g =2mmy 2mlel@—v)y < 90 2nlwl@—y),

In the case y < 0 < z we have
|R(z, y; V)| < Ce=2mel@a=n) (27wl —1w' )z —2mry o —2mful(2—)
+ 6727r(\w|+\w'\)zGQTrny€27r\w|(a:fy))

< C(€2ﬂ(|w|7H)y6727r\w|(a:7y) + 6727r|w\w€27rny) < 2067271'}%(:67?;)'
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Finally, in the remaining case y < < 0 we have

|R(I, v )\)| < 06727r|w|(:r7y) (627rn16727r/{y67277|w|(m7y)

+ 6727r/$a:6277my627r|w|(z7y)) < 206727r/{(:r7y). 0

Remark 5.1. Formula (5.1) can also be used as the definition of the operator H.

5.2. The eigenfunction expansion. The explicit formula (5.1) for the resolvent
R(\) leads immediately to the eigenfunction expansion theorem for H. Namely, let
E(A) be the resolution of the identity for the self-adjoint operator H, where A
ranges over all Borel subsets of R (see [21], [22]). When there is no point spectrum,
we have the formula

E(A) = lim i/ (R(\+ie) — R(A —ig)) dX
A

(see [22], Ch. XII), which is sometimes referred to as Stone’s formula. In particular,
putting A = [2,00), we get the formula

[= lim —— /+OO(R(/\ +ie) — R(\ — i) dA (5.3)
2

for the operator H. It is this formula that serves as a basis for the derivation of
the eigenfunction expansion theorem.

Theorem 5.1. (i) Define an operator % by the formula

—+o0

(%) (k) = V(@)p(e,k)dz,  P(x) € L*(R).

—00

Then % maps L*(R) isometrically onto the Hilbert space 5 = L?([0,00), p(k)dk)
with the spectral function

1 . Tik\ . mik
p(k) = W = 4Slnh(w) Slnh((ﬂ/) .

In other words, % : L*(R) — 5% and we have W *U =1, U U* = Iy, where Iy is
the identity operator on F&).

(ii) The operator % H% ~' is the operator of multiplication by the function
2cosh(7%k) on . Hence H has a simple absolutely continuous spectrum fill-
ing [2,00).

Proof. We claim that the following identity holds for all functions ¢ (x) € 2:

+oo 400
v = [ ( by k) dy)som,k)p(k) d. (5.4)

—00

Indeed, using the equation (4.1) for ¢(z,k), we see that (%1)(k) decays faster
than any power of e~ %" as k — oco. Hence all the integrals are absolutely conver-
gent. One can prove (5.4) either by the method of complex integration as in [1], § 2

(see also [9], Ch.3) or by using (5.3), which is what we do here. Namely, we
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apply (5.3) to the function ¢ (z) € 2. Explicitly computing the jump of the
resolvent kernel R(x,y;A) across the absolutely continuous spectrum and using
Lemma 4.2(iv), we get

w 90( k')@(ya k)
sinh %Zk) |M (k)|
- %w(% k)p(y, k)p(k).

sinh

R(z,y; A +1i0) — R(z,y; A — i0) =

Here we take into account that the case A + i0 corresponds to the variable k£ > 0,
and the case \ — i0 corresponds to the variable —k. Using d\ = 2 smh(m’“) dk,
we arrive at (5.4). Multiplying (5.4) by ¢(z) and integrating, we obtaln

1l 2@y = 1% %13

(the change of order of integration is legitimate by Fubini’s theorem). Hence the
operator %/, which is defined on the dense vector subspace 2 C L?(R), maps &
to the Hilbert space %) and is an isometry. Therefore % admits an isometric
extension to the whole of L?(IR). This proves the completeness relation

Urw =1.

The orthogonality relation
UU* =1
is equivalent to saying that the image of % in % (the closed subspace Im %)
coincides with 5. This is proved in the standard way (see, for example, [9],

Ch. 3). Namely, we have % (H — M) = (H — AI)% on the domain &, where H is
the operator of multiplication by 2cosh(7”k) on 4. Hence we get

YR\ = R\,

where R()) is the resolvent of H. Thus Im % is an invariant subspace for R()) for
all A € C\ [2,00). It follows that R(\) commutes with the orthogonal projector P
onto the subspace Im % . Hence P is a function of H. Since H is in turn a function
of the operator of multiplication by k£ on J7j, we obtain that P is the operator of
multiplication by the characteristic function xa of some Borel subset A in [0, c0).
On the other hand, if for some k& > 0 we have

+oo

(x)p(e, k) de =0

for all ¥(z) € Cy(R), then p(xz,k) = 0 for all z, whence necessarily A = [0, c0).
This completes the proof of (i). Part (ii) follows from the arguments above. O

Remark 5.2. The resolvent kernel R()\) for the dual operator H (see Remark 4.1)
is obtained from (5.1) by interchanging w and w’. Therefore, repeating the proof of
Theorem 5.1, we arrive at the same operator % . Hence % also diagonalizes H, and
wWHY 1 is the operator of multiplication by the function A = 2 cosh(’”,k ) on 4.
As a result, we obtain that H and H commute as self-adjoint operators on L?(R).
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Remark 5.3. In the physics literature the completeness and orthogonality relations,
understood in the sense of distributions, are written as follows:

+oo
A (. K)oy, k)p(k) dk = 8(x — ),

+oo 1

oz, k)o(x,l)de = —=0(k = 1), k,l> 0.
/m p(k)

As in the case of one-dimensional Schrodinger operators (see, for example, [9],

Ch. 3), the last relation can be proved directly using the Casorati determinant.

Namely, we put ®(z) = C(p(z,k),o(x,1)) and integrate this function over the

contour D shown in Fig. 2.

—-N D N

N — 92/ N — 20/
Figure 2

By Cauchy’s theorem,

/D O(x)dr =0.

On the other hand, using the formula
(I)((E) - (I)(.’E - 2w/) = (>‘ - /i)(p(%, k)@(ffa l)v

where \ = 2cosh(%““) and p = 2cosh(”—“), we get

w

/Nj\iw b(x) dx — /_;V]\i%l d(x) d;v).

By Lemma 4.1(iv), the first integral decays exponentially as N — co. Using parts (i)
and (iv) of Lemma 4.2 along with the well-known formula
sin(2w(k — )N)

lim ST TR sk —
N k1 mok —1)

/qumwaszAfu(

—-N

and the Riemann—Lebesgue lemma, we obtain

im Y [ de= Los
N—oo i = A J N _gur p(k) .

Remark 5.4. Since W(I,, K,) = —1 (see formula (6.6) in the appendix), the resol-
vent kernel R(A) of the operator H = f% + €2 is of the form

~ 1

R(x,y; \) = m(ﬁ (z,k)p(y, k)0(y — =) + ff(y, k)o(x, k)o(z — l/))7
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where Imk > 0 (see Remark 3.2). As in Theorem 5.1, using (6.8) and defining an

operator 7 by the formula
“+o0

(%) (k) = (@)@ (@, k) da,

we see that % maps L2(R) isometrically onto 5% = L2([0, 00), p(k)dk), where
- 1 2k sinh(mk
plh) = —=——= 2( )

2r| M (k)[? m

by (6.9). The operator UHU ' is the operator of multiplication by k2 on %.
After the change of variables x = Iny, the formulae

. “+o0 ) +oo )
U(k) = V(@) Kin(e®) dz,  p() = — (k) K (") k sinh(nk) dk
oo 0
are known in the theory of special functions as the Kontorovich-Lebedev transform
and its inverse (see [23], Ch. XII), and the equality

+oo +<x>
/ |v(2)|? do = 7/ (k) |*k sinh(7k) dk

is known as Parseval’s theorem. The eigenfunction expansion for H gives a spectral
interpretation of the Kontorovich-Lebedev transform. Hence Theorem 5.1 may be
regarded as a g-analogue of this transform.

5.3. The scattering theory. Here we briefly outline the scattering theory for

the operator H. Put
1

<P(+)(337 k)= W

o(z, k).

We have .
90 )(.’L' k) e2mike +S<k)e—27rzkw +0(1)
as r — —oo, where
M(—k oy (=2k — W
S(k) _ ( ) 6747mw k7< w )
M (k) v(2k — W)
According to the stationary scattering theory (see [1], [2]), the operator of mul-

tiplication by S(k) plays the role of the scattering operator on J# as well as
on L?([0,00)). Defining an operator % (+) by the formula

—+o0
@)k = | (@)™ (a k) da,

we see that % () maps L?(R) isometrically onto L?([0,00)). As in [8], [24], it is
convenient to interpret the latter space as the subspace of L?(R) consisting of the
functions x(k) such that

x(k) = S(k)x(=k).
We similarly define an operator % (=) using the solution ¢(=)(z, k) = o) (x, k).
The operators % (&) are used in the non-stationary approach to the scattering
theory (see [1], [2]), but we shall not dwell on this.
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Remark 5.5. One can similarly construct the scattering theory for H. By (6.9), the
scattering operator S satisfies

Sk = MR) _ goun DO+ 7K)
S(k) = M) 2 [(1 —ik)
(compare with the formula (5.19) in [10]).

§ 6. Appendix

Here we briefly present known properties of the solutions of (1.2). In the momen-
tum representation, equation (1.2) takes the form

~ o~

O(p+ Lk) = 4w (82 - )00, 1), (6.1)

where we put A = (2wk)2. A solution of (6.1) is given by the product of Euler
gamma-functions

~

Y(p, k) = 27772 (wi(p + k)T (wi(p — k), (6.2)

and the general solution is obtained by multiplying by a quasi-constant (a peri-
odic function of p with period i/7). Performing the inverse Fourier transform and
putting s = —2mip, we get the Mellin—Barnes representation for the modified Bessel
function of the second kind:

- 1 oFi0 fee\N T ey s+v
=g (3) () e

where v = 27ik and ¢ = Res > |Rev| (see [20], Ch.7, formula (27) for the
Mellin transform of K,(z)). When Rev = 0, the integration is performed over
the imaginary axis o =0 bypassing the poles at s = + v in the half-plane Re s > 0.
The function K, (e?) is an entire function of x.

Figure 3

The modified Bessel functions of the first kind I,,(e*) and I_,(e*) are also solu-
tions of (1.2), where A = —12. We have
2si
W 1) (@) = o)) ~ I ()L () = 2227,

™

The function I, (e®) is obtained by multiplying the solution (6.2) of equation (6.1)

by the quasi-constant efﬂw*efm, where s = —2mip, and replacing the contour

of integration in (6.3) by the contour C' shown in Fig. 3. As a result, we get the
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integral representation

I(e7) = —8;/C<62) _SF<S 3 ”)F(S JQF ”) (=™ — e~™5)ds.  (6.4)

Shifting the contour of integration C' to the left to —oo, we obtain the standard
representation of I, (e®) as a power series in e”. The factor e ™ — e~ guarantees
that there are no poles at s = v + 2 — 2n, n € N. The function I, (e”) is an entire
function of z, and I, (e®™™) = e™1,(e”). By (6.3) and (6.4),

T\ _ L T\ _ x
Ku(e )_ QSin(TFV) (Ifu(e ) Iu(e ))7 (65)
whence
wl,, K,)=-1. (6.6)
We also have
T+ ™ —miv Ty _ WiV x
KV(e ) - QSin(ﬂ'V) (6 I—ll(6 ) € Iu(e ))7
whence 1
I,(e%) = —i(e*m—”Ky(ez) — K, (e"T™)). (6.7)
s

The function I, (e*) has the following asymptotics as x — —oo:
2—ik

Lip(e®) = m(eim +o(1)).

Moreover, I,(e*) grows like a double exponent as * — oo, whereas K, (e%)
O(e™¢") as & — oo.

The role of the scattering solution of (1.2) is played by the function @(z, k) =
K1 (e"). The corresponding Jost solutions are the functions fi(z, k) =2FT(1+ik) x
Lix(e”) and f_(z, k) = f(z, —k) with asymptotic behaviour fx (z, k) = e 4+ o(1
as  — —oo. We have

Plx,k) = M(k) fr (2, k) + M(—k) f—(z, k), (6.8)

__ 2—1—ikﬂ.
= sin(mik)D(1 + ik)

™

_ o—l—ikp(_: V()2 —
=2 k), M = ey

(6.9)
This concludes our description of the properties of the solutions of (1.2).
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