MAT 551 Real Analysis III Fall 2011
Midterm
1. Let Q2 C C be a domain and a € 2. Prove that the function
1
z—a
defines a distribution on C§°(2) and that in C§°(Q2)’,

0 1
0z (z—a) = Ta-

(Hint: for the second statement, use Stokes’ theorem)
2. Let [o(R) = {a € lx : a, € Rfor all n}. Prove that there
exists a linear functional [ on [, (R) such that

liminf a,, <l(a) < limsupa,

for all a = {a,}72; € [(R).
3. (a) Let 2 = L?(0,1) and let K(z,t) be continuous on [0, 1] X
[0,1]. Prove that the integral Volterra operator

(Tf)(x) = / "R (o, 0) f ()

is compact and has no non-zero eigenvalues.
(b) Find the spectral radius and the norm of the operator

T = [ s
4. Let 57 =l and let S be the shift operator,
S(ay,ag,...)=(0,a1,as,...).
Suppose that the operator D,
D(ag,as,...) = (Aag, Aeag,...),

is compact. Prove that the spectral radius of SD is zero.
5. Let T' € L() be compact operator.
(a) Prove that 7" and T™* have the same singular values.
(b) Prove that T"and UTV, where U and V are unitary, have
the same singular values.
6. Let {e,}°°, be an orthonormal basis for 7. Put

Jn = (n2 + ”>_% (zn: €L — n€n+1> .
k=1

(a) Show that {f,}>2, is an orthonormal basis for 7.
1



(b) Let P be an orthogonal projection onto the subspace Ce;.

Show that .
S [P full = oo
n=1

7. Let {ai;}35-, satisfy

00
Z |CLZ'j|2 < 0.

,5=1

(a) Prove that
T(Ul,vg,...) :(wl,wQ,...), ’w]':ZCij’Uk,
k=1
defines a bounded operator on 77 = 5.

(b) Prove that T' is Hilbert-Schmidt.
(¢c) Find ||T]2.



