SOLUTIONS TO MIDTERM FOR MAT 341

Instructions: Do each of the following 4 problems in the spaces provided.
Be sure to show some work or give an explanation for each of your answers.
Also print your name and ID number in the spaces below.

A table of integral formulae can be found on the last page of this exam.

Print Name:

Write ID number:
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(1) Consider the function f(z) =2z -1, —-2<z<2.

(a) (worth 8 points) Is f(x) an even function? Is f(z) and odd function?

Solution: f(1) = 1, f(—1) = —3; so f(1) # f(—1) and f(1) #
—f(=1). Thus f(x) is neither even nor odd.

(b) (worth 9 points) Compute the Fourier series for f(z).
Solution: g(z) =z, —2 < = < 2, is an odd function, so its Fourier
series is equal g(x) ~ Y07, bysin(%tx), where b, = 5 fo zsin(Gr)dr =

(4312(27;) - 2mcos( x)) 2= % The Fourier series for h(z) =

1,-2 <z <2 is h( ) ~ 1. Since f(z) = 2g(z) — h(x) its Fourier
series is

n+1

~ —1+Z sm(%x).

(c¢) (worth 8 points) At each = € [—6, 6] compute the value to which the
Fourier series of part (b) above converges.
Solution: Note that the periodic extension of f(x) to the whole real
line — denoted by h(x) — is sectionally smooth and is continuous
except at x = 4n + 2 for n = integer. It follows (see Theorem page
76) that the Fourier series at x converges to h(z) if x # 4n + 2,
and converges to w if x = 4n + 2. Thus the Fourier series
converges to —1 at x = —6, —2,2,6; it converges to 2x — 1 at any
€ (—2,2); it converges to 2(x +4) — 1 for any = € (—6,—2); and it
converges to 2(z —4) — 1 at any = € (2,6).
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(2) (worth 25 points) Consider the following equations:

P _ 1o
or? kOt
u(0,t) =0, %(a,t)zO

where u(z,t) denotes a function of the real variables x,t. Suppose that both
of the functions f(x,t), g(z,t) satisfy these equations (when substituted for
u(x,t) in the equations). Then prove that the function h(z,t) — defined by
h(z,t) = 2f(x,t) — 3g(z,t) — also satisfies these equations (when h(z,t) is
substituted for u(z,t) in the equations).

Solution: We have that both % = %% and 24 = %—g thus

@ - 9*(2f — 39) 2& _ 3& 92 _ 3@ (2f 39) @
ox? Ox? dr? Ox? ot ot ot ot
We also have that both f(0,t) = 0 = %(a,t) and ¢(0,t) =0 = %(a,t);

thus

@
Q
Sy

9 9 9
h(0,1) = 2£(0,1) — 39(0,) = 0 = 2a—£(a,t) 35 (a1) = 8—Z(a,t).
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(3) Find a function u(x,t) which satisfies all the following equations:

o _1ou
ox? 20t
u(0,t) =1, wu(l,t)=-2
u(x,0) = —3z.

Solution: The steady state solution has the form v(z) = ax + 3. The first
boundary condition (for v(z)) states a0 4+ [ = 1; thus f = 1. The second
boundary condition (for v(x)) states that al + 1 = —2; thus & = —3. Thus

v(z) = =3z + 1.

Now we set w(x,t) = u(x,t) — v(z). This function satisfies
(1) O*w  10u
ox? 20t
(2) w(0,t) =0,w(l,t) =0

(3) w(z,0)=-1.
Then general solution for this heat equation of (1) above and homogeneous
boundary conditions of (2) above has the form

o
w(z,t) = Z bnsin(nwx)e_2"2“2t.
n=1

The initial condition for w(x,t) of (3) above is satisfied if the b,, are choosen
as follows

1 2 2
b, = 2/ (=1)sin(nrz)de = —cos(nmx) |(1): —((=1)" = 1).
0 nmw nm
Thus
_ > i \n . —2n?n2t
w(z,t) = nzz:l mr(( )" — 1)sin(nmzx)e
and

u(z,t) = w(z, t) + (—=3z + 1).
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(4) In parts (a) and (b) give a physical situation which the equations de-
scribe, and either find the steady state solution for the equations or give a
physical explaination of why no steady steady state solution exists.

(a)

Pu— L0u y(0,t) = 1, ~k%%(a, ) = (u(a,t) —T})h, where k, x, h, T}
are positive constants.
Solution: These equations describe the heat distribution in a rod
of length 1, which is insulated on the rounded part of its surface,
kept a constant temperature 1 at its left hand end, and whose right
hand end is exposed to a gas or liquid of constant temperature 1} is
subject (at its right hand end) to heat transference by convection.
The steady state solution has the form v(x) = ax + 3. The first
boundary condition (for v(x)) states that a0 + 5 = 1; thus 5 = 1.
Note that j—z = «. Thus the second boundary condition (for v(x))
states that —ka = (aa + 1 — T1)h; from which we can solve for

o= T=Dh pg

Kk+ah
(T — 1)h
= (e .
v(z) = ( K+ ah Jo +
% = %%, g—g(o,t) = -2, %(a, t) = 0, where k is a positive con-
stant.

Solution: These equations describe the the temperature distribu-
tion in a rod of length a which is insulated on the rounded part of its
surface and at its right hand end, and experiences a heat flow in thru
its left hand end at a positive constant rate. Thus the heat in the
rod is always increasing with respect to time as is the temperature,
i.e. limi—oou(z,t) = co. So there is no steady state solution.



