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Abstract

In this paper we prove a conjecture of Bryant, Griffiths, and Yang concerning the characteristic variety
for the determined isometric embedding system. In particular, we show that the characteristic variety is
not smooth for any dimension greater than 4. This is accomplished by introducing a smaller yet equivalent
linearized system, in an appropriate way, which facilitates analysis of the characteristic variety.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

Let (M", g) be an n-dimensional Riemannian manifold. It is a classical problem to find an
isometric embedding

(M",g) = RV, (1.1)
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The existence of such a global isometric embedding for some N was first proved by Nash [17].
A better N was later found by Giinther [6]. In this paper we will focus exclusively on the local
isometric embedding problem.

Suppose that the metric g = g;;(x) dx'dx’ is given in a neighborhood of a point, say
(x!,...,x™) =0. Then we seek N functions {u"}f\':1 such that

g= (du1)2 + -+ (duN)z.

Therefore (1.1) is equivalent to the local solvability of the following first order nonlinear system

N
D oaut 9 ut =g for1<i, j<n. (1.2)
k=1

There are n(n 4 1)/2 equations and N unknowns in this system. Hence, this system is underde-
termined if N > n(n 4 1)/2 and overdetermined if N < n(n + 1)/2. In the following, we will
always assume that N =n(n 4+ 1)/2.

For n = 2, the existence of local isometric embeddings of surfaces into R? is equivalent to
the existence of local solutions of Darboux’s equation, a fully nonlinear equation of the Monge—
Ampere class. The type of Darboux’s equation is determined solely by the Gauss curvature.
More precisely it is elliptic if the Gauss curvature is positive, hyperbolic if the Gauss curvature
is negative, and degenerate if the Gauss curvature has zeroes. Under various assumptions on the
Gauss curvature, the existence of local isometric embeddings was proven by Lin [14,15], Han,
Hong and Lin [10], Han [7,8], Han and Khuri [11], and Khuri [12,13]. (See [9] for details.)

The situation becomes more complicated for n > 3. Bryant, Griffiths and Yang [4] studied the
local isometric embedding problem for n-dimensional Riemannian manifolds and analyzed the
structure of the characteristic variety for the linearized system (see also [2]). They proved the
existence of local isometric embeddings of 3-dimensional Riemannian manifolds into R® under
an appropriate assumption on the curvature. Later on Nakamura and Maeda [16] (independently
Goodman and Yang [5]) proved the existence of local isometric embeddings of 3-dimensional
Riemannian manifolds into R® when the Riemann curvature tensor does not vanish. Poole [18]
has extended this result to the case in which the Riemann curvature tensor vanishes cleanly.

The difficulty in studying isometric embeddings of higher dimensional Riemannian manifolds
lies with the following two related facts. First the differential system (1.2) is very large, consist-
ing of n(n + 1)/2 equations for n(n + 1)/2 unknowns. Second and most importantly, it is not
at all clear how the curvature determines the type of this system. Hence, a natural first step is
to investigate whether this huge system can be simplified. Since (1.2) is nonlinear this requires
an understanding of the linearized system. However due to its invariance under the orthogonal
group, (1.2) is highly degenerate in that every direction is characteristic, so a direct study of the
linearization appears to be futile. It is thus necessary to replace the linearized equations by an
equivalent system which is easier to analyze. Bryant, Griffiths and Yang [4] pointed out that the
linearization of (1.2) is in fact equivalent to a smaller differential system of n equations for n un-
knowns. One may then focus attention on the structure of the characteristic variety for this new
system. For n = 3, they proved that the characteristic variety is smooth whenever certain param-
eters in the linearized equations lie in appropriate ranges. The smoothness of the characteristic
variety plays an essential role in the existence results in [4,5,16,18]. For higher dimensions, they
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proved that the characteristic variety is smooth for n = 4 and not smooth for n = 6, 10, 14, .. ..
They also conjectured that the characteristic variety is not smooth for any n > 5.

In this paper, we will put this equivalent linearized system in an explicit form by introducing
appropriate parameters. Based on this explicit expression, we will prove that the characteristic
variety is indeed not smooth for all higher dimensions when these parameters are sufficiently
small.

To motivate our study, let u be a solution of (1.2) and consider the linearization of (1.2) at u.
It has the following form

dju-0jv+diu-9djv=f;; foranyl<i,j<n. (1.3)
To find a better equation for v, we rewrite this as
0; (0ju-v)+0;(0u-v) —20;ju-v=f;; forany 1 <i,j<n. (1.4)

We note that the inner product d;u - v is a component of the projection of v into the tangent
space spanned by {0ju, ..., d,u}. It is clear from (1.4) that the derivatives are only applied to
tangential components of v. This suggests that we should decompose v relative to the tangent
space and normal space of the embedding u. In other words, we uncouple the system by breaking
v into tangential and normal components. It turns out that the normal components of v satisfy an
algebraic system which we solve first. Then the tangential components of v satisfy a differential
system of first order, which consists of n equations for n unknowns. This new system is much
easier to study than (1.3). Moreover, the curvature tensor of g has an explicit expression in terms
of coefficients of this new system. In summary the linearized isometric embedding system, an
n(n+1)/2 x n(n + 1)/2 system, can be reduced to an n x n system which can be put into an
explicit form. We point out that (1.4) appears in [4] as (2.c.5) and (4.d.4), and that the equivalent
n X n system is given by (4.d.5).

Now we describe this new n x n differential system in a more explicit way. To start with, let g

be a smooth metric in a neighborhood of the origin in R". For i, j,k=1,...,n,letc= {cf.(j Ykt j
be a collection of parameters with

cfj :cijk for any i, j, k with j # k,
and set
cfi =1 forany i,
cl.jj =0 foranyi # j.
There are n?(n — 1)/2 elements in ¢. Now define n x n matrices A', ..., A" by

kY _— (-ki
(A%), T (ci)-
We may then formulate a differential system in the following way

A9V +...+ A",V =F, (1.5)
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where V, F are vector-valued functions of n components. This system has constant coefficients
which are related to the curvature of g at the origin; this will be described in detail in Section 3.
An important result, stated in Lemma 3.1, asserts that (1.5) is the equivalent linearized isometric
embedding system evaluated at x = 0.

As mentioned above, the main step of changing (1.3) into an equivalent n x n differential
system was already observed in [4], and a version of this equivalent system was given by (4.d.5).
However, the explicit form of (1.5) in this paper is new. As we will see, this explicit form has
natural advantages when it comes to analyzing the characteristic variety in detail.

To better understand (1.5), it is important to study its characteristic variety. For each & =
(&1,...,&,) € R" define

P=PE 0=) &A.

i=1

where c is as above. This is the principal symbol, and the associated characteristic variety is then
given by

Z(e)={& eR"\ {0} |det P(§,¢) =0}.

In dimension 3, and under the assumption that the matrices A¥ are symmetric, it was shown
[4] that X (¢) is smooth in R3 \ {0} except for three choices of ¢. Moreover in higher dimensions,
it was shown that X (c¢) is generally smooth in R” \ {0} for n = 4 but not smooth in R” \ {0} for
n==6,10,14,.... (See Corollary 1.c.6 in [4].) The following conjecture was posed in [4].

Conjecture 1.1. X' (c¢) is not smooth in R" \ {0} forn > 5.

Based on the explicit form of the principal symbol, we will give an affirmative answer to
this conjecture for small c. We will say that the parameters c¢ satisty a generic condition if they
satisfy a finite number of (homogeneous) polynomial inequalities. For a precise statement of the
following result, see Theorems 4.3 and 4.4 below.

Theorem 1.2. For any n > 5 and any small ¢ satisfying a generic condition, X' (c) is not smooth
in R" \ {0}.

As 1s shown in the proof, the generic condition will be given explicitly. In the case of dimen-
sion 4, we will show that under generic conditions and the smallness assumption the character-
istic variety is smooth; a more general result of this nature has already been obtained in [4]. Our
proof here is different.

Let Xgng(c) be the singular part of X' (¢). We will prove that for n =5 the set Xgjpg(c) N P4
generically consists of exactly 10 + « + 28 4 3y points when ¢ is sufficiently small, where «,
B, y are nonnegative integers with o + = 10 and B < 5, and where P* denotes real projective
space. These points can be located in terms of the components of c¢. In the general case n > 6, it
will be shown that Xgjne(€) N S"~! contains a smooth surface of dimension n — 5 for sufficiently
small ¢ (also assuming generic conditions). We believe that Xgine(¢) N S"~! itself consists of an
algebraic variety of dimension n — 5, possibly under extra assumptions on ¢. Such an algebraic
variety may have singularities. For example for n = 6, Xjpe(c) N S should consist of finitely
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many curves which intersect at finitely many points. We note that it would be desirable to have a
stratification of Xgne(c) N S*~1 for any n > 5. Of course, it also remains a challenge to remove
the smallness assumption on c.

This paper is organized in the following way. In Section 2 we construct appropriate ap-
proximate solutions to the isometric embedding system. In Section 3 we discuss the linearized
equations and introduce our explicit equivalent n x n system. Lastly in Section 4, we examine
the characteristic variety and prove Theorem 1.2.

2. Constructing approximate solutions

In this section we construct an appropriate approximate isometric embedding, which plays an
important role in later discussions.

We first briefly review the theory of surfaces in Euclidean spaces. In this paper, we will ex-
clusively discuss n-dimensional surfaces in Euclidean space of dimension s,. Here

1
Sp = in(n +1).

Hence, the codimension is

1
Sp —n= En(n— 1).

The Einstein summation convention will be used with respect to indices 1 <1, j, k,... <n and
1<, 7,...<nn—-1)/2.
Let u : R* — R"™*D/2 be a smooth embedding. Denote the corresponding embedded

submanifold by M". Then {d;u(x)};_, spans T, M" for each x. Let {NM()C)}Z(L_I)/2

(Tx/\/l”)l, the orthogonal complement of 7, M" in R"®+D/2 Denote the induced metric on
M" by

span

Pij = ail/t . 8ju.

Now recall the fundamental equations for the surface induced by u. Namely 9;u has a decom-
position into its tangential and normal components, with respect to u, given by

0pju = I'fsou + Hij, 2.1)

where F/J‘ are Christoffel symbols corresponding to p;; and H;; is the second fundamental form.
Moreover we have

0jNy - 0ju=—N, -0jju=—N, - H;j. (2.2)
By setting Hl.’j. = H;j - Ny, 1 <p<n(n—1)/2, we have
nn—1y/2

1%
Hij= ) HEiN,.
u=1
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Also the Gauss equations are given by

nn—1)/2
_ } : T T
u=I1

where R;jy; is the curvature tensor associated with the metric p;;.
Next we construct approximate solutions to the isometric embedding system. Let g be a metric
defined in a neighborhood of the origin in R". Take normal coordinates so that

gij(0)=3¢;; and 0rg;j(0)=0 foranyl<i,j k<n. 2.4)

Consider amap u = (u!, ..., u"®*tD/2) . R? — R*(*+D/2 \whose components are given by

1 o
u =x+ — Z ol xixd xK foranyl=1,...,n,

' ijk
3! 1<i, j,k<n
1 ..
+u % _
u" “_5 Z hl.jx’xf foranyu=1,...,n(n —1)/2, (2.5)
1<i,j<n
for some constants ozfjk and hg., i,j,k,l=1,...,nand u=1,...,n(n — 1)/2. We will now

investigate whether the induced metric du - du agrees with the given metric g up to order two at
the origin.
First note that for any i, j,k=1,...,nand u=1,...,n(n — 1)/2, we have

u(0) =0,
dju' (0) =68;;, 9;u"(0) =0,
0ijut(0)=0,  9u"H0) =L,
=0,

n—+u
N,0)=(@,...,0, 1,0,...,0). (2.6)

Furthermore according to (2.4), the metric induced by the embedding u agrees with the given
metric g up to order one at the origin. In order for such a metric to agree with g up to order two
at the origin, we must have

0k18ij(0) = 0;xu(0) - 9ju(0) + 9;;u(0) - 9j;u(0) + 9;u(0) - 951 (0) + 9;u(0) - 9;,u(0). (2.7)

Recall the expression for the curvature tensor in normal coordinates

1
Riju = E(ailgjk + 0jk&it — 0ik&ji — 9j18ik)- (2.8)
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Hence (2.7) implies that

R;jr1(0) = 0;xu(0) - 9j;u(0) — d;;u(0) - 9;,u(0).
Therefore we have

nn—1)/2
Riju(©@)= ) hih —nih',. (2.9)
n=1

These are simply the Gauss equations when hl“ . are interpreted as the coefficients of the second
fundamental form at x = 0. In other words, the Gauss equations (2.9) are a necessary condition
for u to be an approximate solution of the isometric embedding system up to order two. Next,
we prove that it is also a sufficient condition.

Lemma 2.1. Let g be a smooth metric defined in a neighborhood of the origin in R" and let R;ji;
be its curvature tensor. For any constants hf?; satisfying (2.9), there exist constants cxf ik such that

the map u : R" — R""+D/2 ip (2.5) satisfies
du-du — g = 0(|x|3) as |x| — 0.

Proof. In the following, we denote derivatives of components of u evaluated at the origin by
uf‘ = 9;u’(0), ufj =0; juk (0), etc. All quantities in the proof are evaluated at the origin. We need

to find ozf ik SO that (2.7) holds. We now write (2.7) in the form

Ok18ij = Wik - Ulj + Wif ~Uji + Uj - Uik + Ui - Uk, (2.10)

and treat (2.10) as a linear system for oef e A simple calculation yields that the total number of
equations A and unknowns B are given by

4 (n(n—l—l))z, B:nii(iﬂ) :nz(n-i—l)(n—i—Z).
2 2 6

Obviously A > B. Hence, (2.10) is an overdetermined system. Our strategy is to choose a
collection of B equations to solve for af ik and then verify that the rest of the equations hold
automatically under the assumption (2.9).

To this end, we first set

1
‘Eij=(i—1)n—§i(i+1)+j forl <i<j<n.

Obviously 7; j41 =7 +1and ;11 ;42 =7; + 1. Moreover tp =1and 7,1, =n(n — 1)/2.
Hence 7;; enumerates the set of integers {1,...,n(n —1)/2} for 1 <i < j < n.In fact

1:112<-~-<nn<r23-~-<rzn<---<Tn_1,,:§n(n—1).
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Now, we classify the equation for dy;g;; in (2.10) according to whether the 4-tuple (i, j, k, 1)
satisfies the conditions

i<j, k<l, 7j<ty. (2.11)

We first solve those equations which do not satisfy (2.11). To see this, we calculate the number
of equations C of this form:

I nn—=1) (nn-1)
C—E- > ( > —|—1>.

The number of degrees of freedom remaining is given by

nn—1)n—-—2)(n—23) S
24 -

0.

B—(A—C)=

A further calculation shows that this value coincides with the number of equivalence classes of
4-tuples with all entries distinct and with i < j, k <[, 7;; < 13y (here we say that two tuples
are equivalent if they are permutations of each other). Then in order to use up all the degrees of
freedom, we choose to have one equation of each of these equivalence classes (where all entries
are distinctand i < j, k <[, 7;; < 1) satisfied.

The final task is to show that all remaining equations of (2.10) follow from (2.9), which has
the form

Rijk1(0) = wif - uj — uip - uj. (2.12)

The remaining equations may be put into three cases. The first case occurs when i =k, j =1,
i < j.In this case we need to prove

aijgij:ui,-~ujj—|—u,-j-u,-j—i—uj-uiij—l—ui-ujji, I<i<j<n. (2.13)

Consider the equations obtained by permuting these indices

1
Eaiigjj =ujj - ujj +uj-ujj,
1
507 8ii = ij - wij +ui - ujji.

These two equations are known to be satisfied. By a simple addition, we get

1 1
Eaiigjj + iajjgii =2u,~j CUWij UG U U U

=Ujj o Uij — Ui - Ujj+ Ui - Ujj Ui U+ UG Ui+ U Ui
By expressing R;;;; in terms of (2.8) and (2.12), we have
0ij8ij — 59ii8jj — %%‘gii =Ujj - Ujj — UWjj - Ujj.
A simple comparison yields (2.13).
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The second case occurs whenk = j,i < j, j <l,ori=k,i < j,i<l,orj=1li<j,k<].
We first consider k = j, i < j, j <. In this case, we need to prove

3j1gij =Ujj-Uj]tUj-UjjF UG- U T U - UG- (2.14)
Consider the equations obtained by permuting these indices

0i18jj =2uij - uji +2uj - uiji,
0jj it =2uij - wji +uj - ugjj +up - ujjj,
0jjgji =uij - ujr+ujj-wip+uj-uj+up-uj;.

All three of these equations are known to be satisfied. By adding the first two equations and
subtracting the third, we get

0i18jj + 0781 — 0ij&j1 = 3uij - uji — ujj - wip +uj - uij+ui - Ujji
=2uij uji — 2uij - wj A g g wgj g U

By expressing R;;j; in terms of (2.8) and (2.12), we have
i18jj + 0 &t — 0ij&j1 — 0j18ij = 2uij - uji — 2uij - uji.

A simple comparison yields (2.14), and a similar argument may be used for the cases i = k,
i<j,i<land j=li<j,k<]j.

The third case occurs when i < j, k <1, 7;; < 7y, and all are distinct. Consider the permuta-
tions

Ok1&ij = Wik ~Ulj +uip - Ujp +Uj - Ui +u; - upjg,

0j18ik = Uij - Ul +uip - Ujp + Ui - Ujg + ug - ujji,

Okj&il = Ujj - Ul + Wi - Uj + Ui - Upjj + Up - Ujjk,

0ij &k = Uik - Ulj + Ui - Wjk + Uj - Upij + up - Ugij,

0ikgjl =Wij - Uik + Ujk - Ui+ Uj - Ui + U - Ujjk,

0i1&jk = Wij - Ukl + Uji - Uik +Uj - Uipl + U - Ujji.
The last three of these equations are known to be satisfied, where as the first three need to be
established (except for one, which is known to be satisfied since these three lie in the same equiv-

alence class of distinct 4-tuples with i < j, k < /). Using the last three equations in conjunction
with the Gauss equations, we have

Ok18ij — 0j18ik = —0ij&ki + 0ik&j1 + 2Ryjil,
Ok18ij — 0jk&il = —0ij&ki + 0i1&jk + 2Rkiji,
018k — 0jk&il = —0ik&jI + 0i1&gjk + 2R ik,
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and hence

Ok1&ij — 0j1&ik = Wik - Uj] — Uk Ujj + Uj - Uljj — Uk * U,
Ok1&ij — 0jk&il = Ukj ~ Ui — Ukl ~ Ujj +Uj - U] — U] - Ui,
0j18ik — 0jk&il = Ujk - Uil — U ] Uik + Uk - Ujj] — U] Ujj.

This may be viewed as three linear equations for the three unknown 0;g;;, 9;:&ik, 9;x&ir- Upon
solving this system, we find that the solution has the desired form up to addition of a vector
having the form (8, 8, B). However since at least one of these equations is known to be satisfied
a priori, it follows that 8 = 0 so that all are satisfied. O

Our main concern in this paper is the linearized equations of the isometric embedding. We
are interested in such a linearization only at the formal isometric embedding or its nearby func-
tions. For this purpose, an approximate isometric embedding is constructed in Lemma 2.1. The
constants hf’} are chosen to satisfy (2.9). In order to obtain a simple form of linearized equations,
more assumptions are needed.

3. Reduction to an n x n system

In this section, we reduce the linearization of (1.2) to a first order n x n system and write
the linearized equations for the isometric embedding system as a perturbation of a first order
differential system with constant coefficients. The linearization is evaluated at functions which
are perturbations of the approximate isometric embedding in Lemma 2.1. As we mentioned in
Section 1, many arguments may be traced back to [4].

Let g be a metric defined in a neighborhood of the origin in R". The metric g admits a
smooth isometric embedding into R""*+D/2 if there exists a map w : 2 — R**+D/2 guch
that

djw-d;jw=g;; foranyl<i,j<n,

where 2 C R” is a neighborhood of the origin. Linearizing at a map u : R” — R"®*+D/2 yields
the following linear equation for v : R” — R*1+1D/2

Oju-0jv+dju-0v=f;; foranyl<i,j<n, (3.1)

where (f;;) is some smooth symmetric matrix.
In the following, we fix a map u : R” — R""+1/2 and assume that it is an embedding. Denote

by M" the corresponding embedded submanifold. Then {0;u(x)}?_, spans T, M" for each x.
Let {N, (x)}';(il_])/2 span (T M™)L, the orthogonal complement of T, M" in R**+1/2 Denote
the induced metric on M" by

Pij = aiu . 3j1/t.

Then 9;ju has a decomposition into its tangential and normal components with respect to u given
by
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k
8,~ju=1“ij8ku+H,-j, (3.2)

where 1“/]‘ are the Christoffel symbols corresponding to p;; and H;; is the second fundamental
form. Moreover we have

8]'N'u-aiuz—NM-aijuz—NM-Hij. (3.3)
By setting Hl.’]‘. = Hjj - Ny, 1 < <n(n—1)/2, we have

nn—1)/2

_ I
Hij= Y HEN,.
u=1

We note that (3.2) and (3.3) are simply (2.1) and (2.2).
In the following, we will express (3.1) in another form which is easier to study. For motivation,
we rewrite it as

0;(Qju-v)+0;(0u-v) —20;ju-v=f;; forany1<i,j<n. (3.4)

Note that d;u - v is a component of the projection of v into the tangent space T, M". It is clear
from (3.4) that the derivatives are only applied to tangential components of v. This suggests that
we should decompose v relative to the tangent space and normal space of M”".

Set

n nn—1)/2
v:v/—l—v”:kaaku—l— Z VAN, (3.5)
k=1 n=1

where v’ and v” are the tangential and normal components of v with respect to the embedding u.
We now derive an equivalent formulation of (3.1) in terms of v* and v"t#. Let {vi}]_, be the
coordinates of the dual 1-form to the vector field v’ oju, i.e.,

v =pp* and o' = pug.
Then
dju-9jv=120;(du-v)—dju-v
= (pirv') - (Fi];ak” + Hij) - (Vo +v"THN,,)
=9jvi — Filj'vlpkl — V"N, - H;j

= ajl)l' — [}?Uk — Hi'l;-vn_'_“.
It follows that (3.1) has the form

0jvi + div; — 2T 5o — 2H/ 0" = f;; forany 1 <i <j<n. (3.6)
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Moreover this equation may be written invariantly as
V,-vj + Vjv,- — 2Hilj-vn+ﬂ = ﬁjv
where V; denotes covariant differentiation for 1-forms; that is, if « = o dx’ then
L .
V,‘Ol = (8,'0(]' — O(kFij) dx’.

Clearly, solving (3.6) for {vi}?zl and {v”ﬂ‘}z(zl_l)/ 2 is equivalent to solving (3.1). This will
be accomplished by solving a linear system of n(n — 1) /2 algebraic equations for {v"#} in terms
of {v;}, and then inserting this solution into the remaining n equations to obtain a first order n x n
differential system in the unknowns {v;}.

We now specify the algebraic equations used to obtain {v"™#}. An important observation
here is that no derivatives of v"*# are involved in (3.6). Consider the n(n — 1)/2 equations

corresponding to i < j in (3.6)

Hibvn-i-l 4 Hir}(n—l)/zanrn(n—l)/z :d)l] for any 1<i< ] <n, (37)
where
1 k 1 .
¢ij:§ajvi+§8ivj_Fijvk_ifij forany 1 <i < j <n.
Let
1 nn—1)/2
H12 o H12
H(x)= ' ' (3.8)
1 nn-—1)/2
H(n—l)n H(n—l)n

be the coefficient matrix on the left-hand side of (3.7), and assume that H is invertible with the
inverse

H™'=(H"") forany 1 < p,t <n(n—1)/2.

Note that this assumption of invertibility is not restrictive, since there always exists a solution
of the Gauss equations with this property (see Lemma 3.10 on p. 98 of [3]). We now solve for
{v"*#} from (3.7) in terms of {v;}, {Vv;}, and { f;;}. With ;; defined in the proof of Lemma 2.1,
we have

(1 ! !
v"+“:H“”J(§8jvi+§aivj—Fil;vk_ifij)' (3.9

We should emphasize that the summation on the right-hand side is taken over 1 <i < j < n.
There are n equations in (3.6) which are absent in (3.7)

1
0;v; — I’ilka — Hi’fv”ﬂ‘ = Efii foranyi=1,...,n. (3.10)
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By inserting (3.9) into (3.10), we obtain

1 1
0jvi = o Hyy H*™ v+ dv) — (I = Hyg H*™ I Yom = 5 (fii = Hig H*™ fu).
We emphasize that the summation for k,/ is only taken for 1 < k <[ < n, since ty; is defined
only for 1 <k <[ < n. We now write this as a first order n x n system for V = (v, ..., v,) of
the following form

Al V +-- -+ A"(x)3,V + B(x)V = F(x), (3.11)

where AX(x) = (Af.‘j (x)), B(x) = (B;j(x)) and F(x) are given by

—H'Hk /2 for j <k,
Al (x) =1 dix for j =k,
—H!H!% /2 for j > k,

Bijx)=~Ij+ ), HiH'"™I,
1<k<I<n

Fi(x>=%<f,~,-— > H;;Hmsz).

1<k<I<n

Here i and j denote the rows and columns. Note that the Christoffel symbols are from the metric
induced by u, and not from the given metric g. It is now apparent that in order to solve (3.1), it is
sufficient to solve (3.11) for {v;} and then to find {v""*#} in terms of {v;}, {Vv;} and { f; j} from
(3.9). Therefore the study of the linearization for (1.2) is now reduced to a study of the n x n
system (3.11), as long as the matrix H in (3.8) is invertible.

We emphasize that, in the calculations so far, u is taken to be an arbitrary embedding which
is not necessarily related to g. In the following, we will choose a special u (the approximate
solution) so that the coefficient matrices of (3.11), when evaluated at x = 0, are related to the
curvature tensor of g at x = 0.

To proceed, we let {hl‘.j.} be constants satisfying (2.9). Here we emphasize that R;jz;(0) are the
components of the curvature tensor of g at x = 0. We then assume that

u is the approximate embedding of g constructed in Lemma 2.1.

By checking our calculations, it is clear that H in (3.8) satisfies

1 (n—1)/2
h12 o hr112n
H(O) = | | . (3.12)
/’ll hn(n—l)/Z

n—bn =~ (n—1)n

Let h;; be the vector in R*(*=D/2 defined by

hij = (]

nn—1)/2
N )-

tj
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We require that

{hij}1<i<j<n forms a basis of R*#~D/2, (3.13)

Then H (0) is invertible and so is H (x) in (3.8) for x sufficiently small. By (3.13), we set

n
hie = =2 Z ¢/ hij forany 1 <k <n, (3.14)
1<i<j<n

for some constants c;CJ . Therefore

cl.jk for j <k,
A0y =1 8 for j =k,
kj

¢;” for j >k,

and

Bj)=—T]O+ Y cf'[}0),

1<k<I<n
1
Fi(0)=> (ﬁi<0) - > fu (0>),
1<k<I<n

where Fl’]‘ (0) are Christoffel symbols of g at x = 0. Hence B;;(0) = 0 by (2.4). Lastly, we point
out that coefficient matrices A'(0), ..., A”(0) in (3.11) are related to the curvature tensor of g at
x = 0. In fact, {hfj.} defined by (3.13) and (3.14) satisfies (2.9).

To summarize, for i, j,k=1,...,n.Fori, j,k=1,...,n,letc= {cfj}k# be a collection of

parameters with

kj jk

c;” =c; foranyi, j, k with j #k, (3.15)
and set
cfi =1 forany i,
cijj =0 foranyi # j. (3.16)
Define n x n matrices A!, ..., A" by

(Ak)ij = (ch)

Then we have shown
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Lemma 3.1. The linear system (3.11) at x =0 is given by
Aldjo+-- + A" v=F. (3.17)

Remark 3.2. The matrices defined above in fact form a basis of the set Fy defined on p. 916
in [4], if the second fundamental form {hfj.} at x =0 is given by (3.13) and (3.14).

Foreach & = (§1,...,&,) € R", define
n
P=PE =) &A"
i=1

This is the principal symbol, whose components have expressions

pii =&+ Zcfiék,
ki
kj .
pij = ch.fgk for any i # j. (3.18)
k#j

The characteristic variety 1s defined by
Y(e)={£ eR"\ {0} |det P(§,¢) =0}.

The next well-known fact asserts that the isometric embedding system is never elliptic beyond
dimension two.

Lemma 3.3. For n > 3 and any ¢, X (c¢) # 0.

This is the second result of Theorem B(v) in [4]. In the present setting, the proof becomes
straightforward. Namely, we observe that A!, ..., A" are linearly independent by examining the
diagonal elements. Thus the existence of characteristics follows immediately from [1].

To end this section, we briefly discuss the principal symbol and characteristic variety for low
dimensions. For dimension n = 3 we refer the reader to [4]. In the case of dimension n = 4, we
will show that the characteristic variety is smooth under generic conditions on small parameters.
To this end, consider the condition

ik .Jl il Jjk .

e ;écj c;” foralli# j, (3.19)
where k and [/ are the remaining two elements of the set {1, 2, 3,4} \ {7, j}, and consider the four
inequalities

14 13 12 , 12 14 13
CZ C4 C3 #C4 C3 C2 )

21 24 23 24 23 21
cy ey Fey ey,
31 .34 32 34 32 31
cyp oy cl"Fce e,

41 43 42 42 41 43
Cy CC3” #FcyTey ¢y (3.20)
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These conditions arise naturally when examining the characteristic variety. In the next result, we
. kj kj
write 7¢ = {t¢;" Jx£j for e = {c;” }r2;.

Theorem 3.4. Let n = 4. If all elements of ¢ satisfy (3.19) and (3.20), then there exists a constant
T > 0 (depending on c¢) such that for all t € (0, T') the characteristic variety X (tc) is smooth.

A general result was obtained in [4] without the smallness assumption on the parameters. Here
we give an alternative proof.

Proof. As is discussed in the next section, Bryant, Griffiths, and Yang have shown [4] that the
singular part of the characteristic variety consists of points £ € S* ¢ R* at which all 3 x 3
determinant minors of the principal symbol vanish. (See Lemma 4.1.) The principal symbol

P(&,t¢) = (pij) is given by

pi =& +1) &,
ki
kj L,
Dij =thiJ$k, forany i # j.
k]

Suppose that for all sufficiently small ¢, singular points &(7) € S* exist. In other words, all 3 x 3
determinant minors of the principal symbol vanish on £(¢). By passing to a subsequence if nec-
essary, we may assume

E(t) - a=(ay,ar,a3z,a4) ast— 0.

If P! denotes the 3 x 3 minor obtained by deleting the ith column and jth row, then a simple
calculation shows that

det P! =&&384+ O (1),
det P} = &18384 + O(1),
det P = & 16264 + O(1),
det P} = £16265 4 O(1),

where we have dropped (and will continue to drop) reference to ¢. Thus at least two components
a; must be zero, say a; = ap = 0. We may assume that a4 # 0. There are then two cases to
consider, a3z # 0 and a3 = 0.

Case 1. a3 # 0.
For each i # j the components of the principal symbol are given by p;; = tb;;, where

ki
bij = Zcij%'k.

k]
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Then observe that

det Py =1(&84b21 + 0(1)),  det P} =1(&&ab12 + O(1)).
It follows that b1p — 0 and by; — 0 as t — 0. Thus

1 14 2 24
cz3a3 +cy a4 =0, c13a3 +cias =0,

ki jk
where we have used the symmetry ¢;’ = ¢/". As azas # 0, we must have
13 24 _ 23 14
cy ] =crey . (3.21)

Case 2. a3 =0.

Observe that
det P§ = t&1&abo3 + 12 (b11b23 — b31b12)és + O (t* max {[£1], |¢]}),
det P} = t&1&ab3y + 12 (b11b32 — b31b12)és + O (t* max {[£1], [¢1}).

If both of these determinants are zero, then we may multiply the first by b3, and the second
by b»3, and then compare the expressions for £1£4b23b3> to obtain

(b21b13 — b11b23)b32 = (b12b31 — b11b32)b23 + O(1).
Recognizing that lim; ¢ b;; = c?j &4, we find that

41 43 42 42 41 43
C; cc3” =cy7cy cy . (3.22)

Thus if neither (3.21) nor (3.22) holds, then there cannot be a limit point a = lim;_, ¢ £(¢) of
singular points of the characteristic variety with a; = a; = 0. By considering all combinations
a; =aj =0 with i # j, we obtain the desired result. O

4. The characteristic variety in higher dimensions

In this section, we study the characteristic variety of the linearized isometric embedding
system in higher dimensions and prove Theorem 1.2. As in Section 3, let ¢ = {cf.q Jkx; be a
collection of parameters satisfying (3.15). For any & = (&1, ...,&,) € R", we define an n x n
matrix P = P(§,¢) = (p;;) by

pii =&+ ) &,
ki
kj . .
pij=) c¢;’& foranyis j. (4.1)

[y
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The matrix P is the principal symbol associated with the equivalent linearized isometric embed-
ding system. Then the characteristic variety X' = X'(¢) is given by

Z(e)={£ eR"\ {0} |det P(§,¢) =0}.

We observe that X'(¢) can be defined alternatively as

Y(c)={& € R"\ {0} | the rank of P(§,¢) <n — 1}.

Next define

Zing(€) = {€ € R" \ {0} | the rank of P(&,¢) <n —2}.
We recall the following result.
Lemma 4.1. Y. (¢) is the singular part of the characteristic variety X' (c).

Lemma 4.1 is proved in [4]. (See [4, Theorem B].) It is also proved [4, Corollary 1.c.6]
that X (c) is not empty for n = 6, 10, 14, . ... Furthermore it was conjectured [4, p. 920] that
sing (¢) 18 not empty for any n > 5. The goal of this section is to prove that X, (¢) is not empty
for sufficiently small ¢ if n > 5, and to estimate its size.

By Lemma 4.1 X0 (c) consists of those points & where all (n — 1) x (n — 1) minors of
P (&, ¢) have zero determinant. Although there seem to be many algebraic equations involved
with this statement, as we will see, there are in fact only four under appropriate conditions. The
main tool used to reduce the number of equations is the following result from linear algebra.

Lemma 4.2. Let vy,...,v, be n vectors in a vector space. Assume that vy, ...,v,—1 and
Vi, ...,VUyp—2, U, are each linearly dependent and that v1, ..., v,_ are linearly independent.
Then any subset of n — 1 vectors from {vy, ..., v,} is linearly dependent.

We note that vy, ..., v,_» are common vectors of the two sets {vy,...,v,—1} and {vy, ...,
Uy—2, Up}. It is crucial to assume that vy, ..., v,—> are linearly independent. We may consider
ely...,en—1,01in R"1 where ey, ..., e,_; form a basis in R"~!. Obviously, ey, ..., e,—1 are

linearly independent. However, replacing any e; by the zero vector yields a linearly dependent
set.

Proof. The proof is a simple argument from linear algebra. Consider v, ..., v,. If either
{va,...,vy—1}or{vy,...,v,—2, v,} is linearly dependent, so is {vy, ..., v, }. We assume that both
{va,...,vy—1} and {v2, ..., v,—2, v,} are linearly independent. Then by the linear dependence
of {vi,...,v,—1}and {vy, ..., v,_2, v,}, there exist constants ¢, ...,c,—1 and dp, ..., d,_>,d,
such that

Vi =CV2+ -+ Cp2Vp—2 +Cp—1Vy—1,

v =dovy + -+ - +dp2v,—2 +dyuy.
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Note that ¢,—1 # 0 and d,, # 0, otherwise {v1, ..., v,_2} is linearly dependent, which contradicts
the assumption. By taking a difference, we have

(2 —d)vp + -+ (cp—2 — dp—2)Vn—2 + Cp—1Vn—1 — dpvy, =0.
This is a nontrivial combination since ¢,—1d, #0. O

As an application, we discuss conditions under which all minors of a matrix have zero de-
terminant. We will present only a simple case. For a matrix P, let le. be the minor obtained by
deleting the i-th row and j-th column from P.

Lemma 4.3. Let P be an n x n matrix with n > 2, and suppose that the four minors Pll, P22, P21,
and P12 have zero determinant. If all (n — 1) x (n —2) and (n — 2) x (n — 1) submatrices are of
full rank, then all minors of P have zero determinant.

Proof. First consider minors without the first row of P. We already have det Pl1 =det P21 =0.
The common part of Pll and P21 is an (n — 1) x (n — 2) matrix obtained by deleting the first
row and the first and second column from P, and hence is of full rank. By Lemma 4.2, all
minors without the first row in P have zero determinant. In applying Lemma 4.2, we treat the
(n — 1) x n submatrix obtained by deleting the first row from P as a collection of n column
vectors. Similarly, all minors without the second row in P have zero determinant.

Now we consider other minors, say without the third column. From the discussion above, P3l
and P32 have zero determinant. The common part of these two minors is an (n —2) x (n — 1)
matrix obtained by deleting the third column and the first and second rows from P, and is of full
rank. Hence, all minors without the third column in P have zero determinant. Similarly all minors
without the first, second, ..., or the n-th column in P have zero determinant. In conclusion, all
minors have zero determinant. O

It is clear from the proof that the assumption that all (n — 1) x (n —2) and (n —2) x (n — 1)
submatrices are of full rank can be relaxed. We only need certain submatrices to be of full rank.
However, we point out that certain conditions are indeed necessary. For example, the 4 x 4
diagonal matrix diag(1, 1, 1, 0) has all but one minor with zero determinant. In our study of the
characteristic variety later on, we will not use Lemma 4.3 directly. Instead, we will examine
whether certain submatrices are of full rank so that we can apply Lemma 4.2.

Lemma 4.3 asserts that there are only four algebraic equations to satisfy, under appropriate
conditions, in order that all minors of the principal symbol have zero determinant.

We will now study the characteristic variety in R”. In order to introduce a smallness assump-
tion on the parameters of the system (3.17), we again let
kj

te={rc; }k;éj’

for some small 7. According to (4.1), the principal symbol P (&, r¢) = (p;;) is then given by

pii =& +tbii,
pijztbij, for any i # j,
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where

bij = Zcfjé:k.

k#j
We begin with the case n = 5, where certain calculations are less formidable. Pick i, j €
{1,...,5} with i # j, and consider the following generic conditions on the parameters:
Nl £ Ml forallk #1, withk #i, jandl #i, j 42
o cj;écjci orall k #1, withk #1i, jand [ #1, j, 4.2)
and
C];I (cijc’}” — cs-’ c:.nj) + cg (cl;’ c;ﬂ] — cijc?”) + c’;l(cijclj’ — c];l cl.J) #0, (4.3)

for all p #1i, j where k, [, m are chosen so that {i, j, k,l,m} ={1,...,5} and where I =i or
I = j. In general, we will say that the parameters satisfy a generic condition if they satisfy a
finite number of (homogeneous) polynomial inequalities.

Theorem 4.4. Let n = 5. If all elements cll-(j of ¢ satisfy the conditions (4.2) and (4.3), then

for any sufficiently small t > 0, Xjpe(£€) N P* contains ten points. Moreover; if the parameters
satisfy a further generic condition, then for any sufficiently small t > 0, Xjpe(f€) N P* consists
of 10 + o + 28 + 3y points where «, B, y are nonnegative integers with o +y = 10 and B < 5.

Proof. In light of the discussion at the beginning of this section, our goal will be to construct
a curve £(¢) € S* € R’ such that all 4 x 4 minor determinants of P(£(t), t¢) vanish, for all ¢
sufficiently small. If this is to occur, then as in the first paragraph of the proof of Theorem 3.4,
we must have (after possibly passing to a subsequence)

§(t) > a=(ay,...,as),

where two elements of a vanish, say a; = a> = 0. There are then three cases to consider, namely:
azaqas #0, a3 =0 and aqas #0, a3 = a4 =0 and a5 # 0.

Case 1. ay = ap =0 and azagas #~ 0.
Since a1 = ap =0, we will write
§1(1) =1y1(2), E2(1) =1y2(1).
It follows that

£l +thyy =tx1 + 12y, & +thy =1x)+17cy 1,

where

xi=yi+) &

k>2
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Denote by P! the minor of the principal symbol obtained by deleting the ith row and jth column.
We will analyze

det P! = det P} = det P} = det P; = 0.
First,
det P! = t&38485x2 + O (12), det Py = t&384&5x1 + O (t?).
This implies x; — 0 and x, — 0 as t — 0. Hence, we write
xi(t)=tzi(t) fori=1,2,
for some z;. Moreover we have

det Py = t&3€a&shyr + O(¢%),  det P} =t&384Esbia + O(1%).

Then we have b1 — 0 and by; — 0 as t — 0. This suggests that we write

Y Fa=tm0), ) Ga=ta0), (4.4)

k>2 k>2

for some z3 and z4, so that

bip = t(c%zyl + z3), by = t(C‘%lyz + 24)-

Upon calculating the four determinants above in terms of the z; we obtain,

det P = tz[(zz —c? Y lsk)szs4ss — by3b32€aEs — baabarEss — b25b52§3§4]

k>2
+0(%). (4.5)
det Py = tz[(Z] —cf! ZC§2$k>€3E4$5 — b13b318485 — b14D41 6365 — b15b51$3€4]
k>2
+0(r), (4.6)
det P) = tz[(m —c)? chész)&&fs — b23b316485 — boaba1 €365 — b25b51$3§4]

k>2
+0(). 4.7)

det P} = fz[(& — ¢! Zc’flgk>§3§4§5 — b13b328485 — b14b4285385 — b151952€354]

k>2
+0(r). (4.8)
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Define functions G; by
det Pf =1°Gy,  detP]! =Gy,  detP}=1>Gs,  detP) =1*Gy.

We would like each G; to be a function of z; and ¢. To see that this is the case, we recall (4.2)
withi =1, j = 2. Since (4.2) holds with k = 3 and / =4, we may solve Egs. (4.4) for &3 and &4
in terms of &s, z3, and z4. More precisely, for these values of k and /, fix &5(¢) = as, a nonzero
constant. Then solve to obtain

&) =a3z+ t(c?zcgl — 63104112) 1[(c‘2“z3 (t) — c?2z4(t)) (64112031 — c‘zucfz)aﬂ,

) = as + 1(cPed! = ) (P20 - 1) + (616 - el as).

where a3, a4, as satisfy

ch ar =0, ZC2 ax = (4.9)

k>2 k>2

Note that if as # 0, then azaq # 0, in light of (4.2). We now have a map
G =(G1,G2,G3,Gq) :R* x R > R*,

with G(z,0) = 0, where 7 may be determined from (4.5), (4.6), (4.7), and (4.8). Moreover a
simple calculation shows that DG(z,0) = azasasls, where 14 denotes the 4 x 4 identity ma-
trix. By the implicit function theorem there exists z(t) = (z1(¢), z2(t), z3(¢), z4(t)), such that
G(z(t),t) = 0 for all sufficiently small z. Thus we have found a curve £(¢) such that

det P! (r) = det P3 (1) = det P) (1) = det P}(1) =0

We now claim that all remaining minor determinants vanish as well, on the curve &£(¢). Con-
sider the last three column vectors of the principal symbol P (£(¢), ¢(¢)) minus the first or second
row. These are linearly independent for small ¢ since azasas # 0. If we append the first or sec-
ond column (again minus the first or second row) then these four vectors are linearly dependent
since det P/ () = det P§(t) = det P, (t) = det P}(t) = 0. So by Lemma 4.2, all minors P;ﬁ with
i = 1, 2 have zero determinant.

Now we move on to columns. Consider the first or second column, that is consider the
last three row vectors minus the first or second column. These are linearly independent, since
azasas # 0. If we append the first or second row (again minus the first or second column), then
these four vectors are linearly dependent since det Pl1 = det P12 = (. Hence by Lemma 4.2, all
minors P; with j =1, 2 have zero determinant.

Now consider columns 3, 4, and 5. Say column 3. The last three rows (minus the third column)
are linearly independent if b3; # 0 or b3, # 0. Moreover, by appending either the first or second
row (minus the third column), we obtain four linearly dependent vectors by what has been shown
above. Thus Lemma 4.2 shows that all minors P! with j = 3 have zero determinant. The same
conclusion follows for j =4 if by # 0 or bgy # 0, and for j =5 if b5; # 0 or bsy # 0. Therefore
all minor determinants vanish, if certain by; do not vanish at ¢+ = 0. This fact follows directly



Q. Han, M. Khuri / Advances in Mathematics 230 (2012) 263-293 285

from (4.3) with i =1 and j = 2. To see this, solve the linear algebraic equations (4.9) for a3, a4,
and as, and then insert the result into by; to obtain the desired conclusion.

In summary, we have constructed a curve &£(t) — a = (0,0, as, a4, as), where the (nonzero)
components a3, a4, as satisfy the linear algebraic equations (4.9) (note that there is only one such
point a € P*), such that all minor determinants of the principal symbol vanish. It follows that for
each sufficiently small 7, £(¢) lies in the singular part of the characteristic variety. By considering
all possible cases of two zero components, that is a; = a; = 0, we obtain ten distinct points in
Ysing () N P*. This proves the first statement of the theorem.

Case 2. a; = ap = a3 =0 and agas # 0.

Following the strategy of Case 1, we will write &; (1) =ty;(¢) fori =1, 2, 3. It follows that

E1 +1tbi1 =tx; +f2(0%1y2 +C'I’1)’3),
&y +1thyy =tx2 + fz(Céz)H + 032)’3),
%‘3 +tbyz =1tx3+ t2(c3l,3y1 + C§3y2),

where
Xi=yi + s+t
We will analyze
det P} = det P} = det P31 = det P32 =0.

First,

det Py = t(by1x3 — basbs1)ésés + O(1°),

det P} =1*(biax3 — bizban)€aés + O(r),
which motivates the following. For functions z; (), i =1, 2, 3, 4, to be determined, we will write

b23(0)b31(0)
= —— 1+ 123,
b>1(0)
b12b31b23 — ba1b13b32 =124, (4.10)

X1 =21, X2 =22,

where b;;(0) signifies b;; evaluated at 7 = 0. Note that under generic conditions on the parameters
ckij we have that b1 (0) # O (that this is possible is a consequence of the way in which a4 and as
are chosen below). We claim that knowledge of z(#) = (z1, ..., z4) is equivalent to knowledge of
&(t). To see this, fix as # 0 and let a4 solve the cubic polynomial

(cFas +as) (s + S as) (s + Fas)
= (c‘zua4 + c§1a5) (c‘l‘3a4 + c?3a5) (c§2a4 + c§2a5), 4.11)

which is the last equation of (4.10) evaluated at t = 0. Note that this polynomial has either one
or three nonzero solutions for a4 again under generic conditions on the parameters. We then set
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&s5(t) = as and &4 = a4 + ty4(t). Generic conditions also imply that y4 may be determined in
terms of z; and ¢ from (4.10). Thus our task of constructing & (¢) is reduced to finding z(¢).
We now calculate four determinants in terms of the z;:

det P} = 3 z3by1&48s + O (1211, 122, %),

det P} =17 (by' 24 + b1az3)&aés + O (£ |21, £)zal, 1%),

and

det P =t*(byz1 — biabs1)éags + O(r),
det Py =1*(ba1b32 — b3122)8a€5 + O(1).

We may then define a map
G =(G1,G2,G3,G4) :R* xR — RY,
where the components of G are functions of z and 7, and are given by
det P =Gy,  detP] =t°Gy,  detP, =£°G3,  detP} =1’Gy.

Let z be such that G(z, 0) = 0, it then follows that

b3(0) 0 0 0
_ 0 —b31(0) 0 0
DG (z,0) = aqas 3*1 by (0) 0 ,
* * * by (0)~!

where * represents an expression which is unimportant. Generic conditions on the parameters
then guarantee that this matrix is invertible. The implicit function theorem then yields z(z) with
G(z(t),t) =0 for sufficiently small ¢. Thus we have constructed a curve £(¢) on which the four
determinants calculated above vanish.

We now show that all other minor determinants of the principal symbol vanish on &(#), under
generic conditions on the parameters. Consider columns 1, 4, and 5, minus the first or second row.
These vectors are linearly independent for small ¢, if b21(0) % 0 and b31(0) # 0. Since det P21 =
det P31 = 0 we may apply Lemma 4.2 to show that all minors constructed from an element in
the first two rows have zero determinant. Now consider the last three rows. If b3>(0) # O then
these vectors are linearly independent for small ¢. Thus by using what has been shown above,
and applying Lemma 4.2, we find that all minors constructed from an element in the first column
have zero determinant. The same result holds similarly for the second and third columns. For
columns 4 and 5, we obtain this result if (respectively)

b31(0)b42(0) # b41(0)b32(0), b31(0)bs2(0) # b51(0)b32(0).

In conclusion, we have constructed a curve £(¢) — a = (0, 0, 0, a4, as), where the (nonzero)
components a4, as satisfy Eq. (4.11) (note that under generic conditions on the parameters there
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is either one or three such points a € P*), such that all determinant minors of the principal
symbol vanish. It follows that for each sufficiently small ¢, £(¢) lies in the singular part of the
characteristic variety. By considering all possible cases of three zero components, that is a; =
aj = ay =0, we obtain a + 3y distinct points in Xgjpe(£€) N P*, where & and y are nonnegative
integers summing to ten.

Case3. a1 =ay=a3=aq4=0and as # 0.
We proceed in the same way as in the previous two cases. Set §; (1) =ty;(t),i =1,2,3,4, and

calculate

S1—|—tb11=tm—|—t c1 y2+c1 y;;—|—c1 v4),

Er+itbp =tz +1 (02 y1+62 y3—|—c2 y4)
E34+thyy =tz3+1 (c3 v+ e3Pyt y4)
E4+thys =tz4 + 1t (c4 yi+ ey +cl y4)

where

Zi=Yi+ C?iés-

Now calculate four determinants in terms of the z;:

det Py = 17 (21b32ba3 + z3b12ba1 — 2123b42 — b12b31baz + b13b31bay — bi3b3abar)Es
+0(th,

det P = 13 (z124b32 — z1b34bas — z4b12b31 + b1ab3abay + brabs1bay — biabyabay)Es
+0(th,

det P =13 (z3z4b12 — 24b13b32 — 23b14bas — b1ab3abas + bi13bsabay + b1abiabas)és
+0(t%),

det Py = 13 (z120b43 — z1b23bas — 22b13b41 — b12ba1bas + b1abazbay + b13ba1ba)Es
+0(r%).

Define a map

G =(G1,G2,G3,Gq) : R* x R — RY,
where the components of G are functions of z and ¢, and are given by
det Py =13Gy,  detPy =Gy,  detP; =1°Gs,  detP}=1Gy.
In order to find z such that G(z, 0) = 0, we proceed as follows. Solve for z3 in terms of z; from

G>(z,0) =0, and solve for z4 in terms of z; from G3(z, 0) = 0. Now insert these expressions for
z3 and z4 into G4(z, 0) = 0 to obtain a quadratic polynomial for z;. Under generic conditions on
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the parameters, this polynomial has two nonzero real solutions or no real solutions. In the case
of two real solutions we may then find z, from G(z, 0) = 0. Furthermore

Zobaz — by3bay  Z71baz — b13bay 0 0

DG 0) = ?32[943 — Z3bgp 0 b12b41 — Z1b4 ) 0
Z4b32 — b3sbyy 0 0 Z1b32 — b12b3)
0 0 Z24b12 — b1absy  73b12 — b13b32

which is invertible under further generic conditions. Thus the implicit function theorem gives a
function z(¢) with G(z(¢), t) = 0 for small . We have then constructed a curve &£(¢) on which the
four relevant determinant minors vanish.

We now show that all other determinant minors vanish on &(¢), again assuming appropri-
ate generic conditions. We will use Lemma 4.2 as usual, omitting explicit details. Use that
det P23 = det P24 = ( to show that all minors constructed from elements of the second row have
zero determinant. With this and det P12 = 0 we may then show that all minors constructed from
elements of the second column have zero determinant. Furthermore, all determinant minors
constructed from elements of the third row are zero, by the above and det P34 = 0. Now that
determinant minors from two rows all vanish, we may proceed exactly as in Cases 1 and 2 to
complete the argument.

To conclude the proof, let us note that in Case 1 we have obtained ten points a € Xgjng(f€)N P,
and in Case 2 we have obtained « + 3y points where « and y are nonnegative integers summing
to 10. In Case 3, we imposed generic conditions on the parameters so that the quadratic poly-
nomial equation satisfied by z; has two real solutions or no real solutions. Since there are five
different combinations of four zero components for a, we obtain 58 points in Case 3, where 8 is
a nonnegative integer with 8 < 5. Thus the total is 10 + o +28 +3y. O

The proof of Theorem 4.4 allows a simple characterization of the limit set A(c) C P* (as
t — 0) of the singular part of the characteristic variety in dimension 5. Namely, under generic
conditions on the parameters, it consists of the following points:

(1) the ten points a = [ay, ...,as] witha; =a; =0, i # j, such that

3 My =0, HMag =0; (4.12)
ki, j k#L, j
(i1) the a + 3y points a = [ay, ...,as5] witha; =a; =a; =0, i < j <, such that

( 3 cffak)( 3 cf;.lak)( 3 c,kiak)

ki, j,l ki, j,l ki, j,l

:( )3 cf.iak)( 3 cffak)( 3 c,k’ak); .13)

k#i, j,1 k+#i, j,1 k#i, j,1

(i11) five points

[1,0,0,0,0], [0, 1,0,0,0], [0,0,1,0,0], [0,0,0, 1,01, [0,0,0,0, 1].
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Recall that the conditions imposed on the parameters guarantee that Eqgs. (4.12) have exactly
one solution, and that Eq. (4.13) has either one or three solutions. We have shown that the singular
variety Xing (7€) N P* lies in a neighborhood of A(c) for ¢ sufficiently small.

We now study the singular variety for all higher dimensions n > 5. Although the following
result is not as precise as in the 5-dimensional result above, we are able to show that the singular
variety contains a significantly large algebraic variety. We believe that a similar analysis, on a
case by case basis, as was carried out in the proof of Theorem 4.4 is possible, and will lead to a
characterization of the singular variety for small . However due to the extensive calculations in-
volved, we restrict attention to a single case below. Pick i, j € {1, ..., n} withi # j, and consider
the following generic conditions on the parameters:

i £ Kl forallk #1, withk #i, j and I #1, j, (4.14)

and for each p #1i, j there exists k, [, m ¢ {i, j} with k <[ < m such that

kl(cl]c"“—c c )—l—c ( c; i M —ck]c"“)+cp (ckjcl’ —ck’cl]) £0, (4.15)

Cp j i j i ¢

where [ =ior [ =j.

Theorem 4.5. Let n > 5. If all elements c of ¢ satisfy the conditions (4.14) and (4.15), then for
any sufficiently small t > 0, Xgpe(2€) N ]P’” U contains an algebraic variety of dimension n — 5.

Proof. We will follow a similar strategy as in Case 1 of the proof of Theorem 4.4. Thus, our goal
will be to construct a curve £(¢) € S*~! ¢ R” such that all (n — 1) x (n — 1) determinant minors
of P(&(t), tc) vanish, for all sufficiently small ¢. If this is to occur, then as in the first paragraph
of the proof of Theorem 4.4, we must have (after possibly passing to a subsequence)

§(t) > a=(ay,...,an),

where two elements of a vanish, say a; = a; = 0. Choose the remaining components of a to
satisfy the following three properties:

[T a#o0.

k#i,

kj j
Zci]akzo, Z c’j’ak:()

ki, j k#L, j

and for all p #1, j,
Yo Ka£0 o Y cfar£0. (4.16)
k#i, j k#i, j

The generic conditions (4.14) and (4.15) guarantee that such an a exists. Moreover, it is clear
that the set of all a € S"~! satisfying these properties contains an algebraic variety of dimension
n—>5.
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In what follows we will let i =1 and j = 2 for convenience. As in the first part of the proof
of Theorem 4.4, we will analyze

det P] = det P} = det P} =det P} =0.

Set
§1(1) =1y1(1), Ex(1) =ty2(1).
Then
£ +thyy =tx1 + 12ty £+ thy = txy + 1)y,
where
xi=yi+ ) &
k>2

First,

det P! = 1&3- - &x2 + O(12), det P§ = t&3 - - £ux1 + O(12).
This motivates us to write
xi(t)=tz;(t) fori=1,2,
for some z;. Moreover we have
det le =t&3---&,by1 + O(IZ), det P12 =t&---&,b12 + O(IZ).

This implies b1 — 0 and by; — 0 as t — 0. This suggests that we write

Y Na=1z0), ) GE=1z0), (4.17)

k>2 k>2
for some z3 and z4, so that
12 21
by = t(cl y1+ 23), by = f<C2 Y2+ Z4)-

Upon calculating the four determinants above in terms of the z; we obtain,

detPll =12|:<Z —C2 Z Sk)& —b23b325;'4"'§n—"'—b2nbn2§3"'§n—li|

k>2
+0(r), (4.18)
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detP22=tz[(21 —cf Z §k>53 —bl3b31§4---$n—---—blnbnl&---én—l]
k>2
+0(r%), (4.19)
detP21:t2|:< 4—C222C ) &, —by3b31&s--- &, —~-~—b2nbn153'-'§n—1]
k>2
+0(r%), (4.20)
detpf:zz[(z3 —ct' ) e ) &y — bi3bxny -+ &, —~-~—b1nbnz’§3~--§n_1]
k>2
+0(1). (4.21)

Define functions G; by
detP22 :t2G1, det Pll :tsz, detP12 :t2G3, detP21 :t2G4.

We would like each G; to be a function of z; and ¢. To see that this is the case, we recall (4.14)
withi =1, j = 2. Since (4.14) holds with k = 3 and [ = 4, we may solve Eqgs. (4.17) for &3 and
&4 in terms of &s, ..., &,, z3, and z4. More precisely, for these values of k and /, fix & (¢) = a,
[ =5, ...,n. Then solve to obtain

&) =a3z+ t(cfzcgl cglcf'z) 1[(6‘31Z3 (t) — c42Z4(t))

+ (a3 =3t eiP)as + -+ (cPest — 31 eP)an],
(1) = as +1(c2c3 = ') [(Par) — S )
(' — e s 4 (el — e ]
We now have a map

G = (G1,Ga,G3,Ga) : R* x R —> R?,

with G(z, 0) = 0, where 7 may be determined from (4.18), (4.19), (4.20) and (4.21). Moreover a
simple calculation shows that DG (z,0) = a3 - --a, 14, where 14 is the 4 x 4 identity matrix. By
the implicit function theorem there exists z(¢) such that G(z(t), t) = 0 for all sufficiently small 7.
Thus we have found a curve &(¢) such that det Pl1 (t) =det P22 (1) =det P21 (1) =det P12 (r)=0.

The fact that all remaining determinant minors vanish as well on the curve £(¢), follows from
the same arguments at the end of Case 1 in the proof of Theorem 4.4. Here one must use that
bi1 # 0 or by # 0 for all k # 1, 2, which follows from (4.16). O

Now we discuss the limit set of Yo (r€) N S"~! as r — 0. In the proof of Theorem 4.5 for

n > 5, we constructed an (n — 5)-dimensional surface in Xgjng (7€) N S"~1 which can be viewed
as a perturbation of

{§161=86=0}
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This corresponds to Case 1 in the proof of Theorem 4.4. Similarly, we can construct an
(n — 5)-dimensional surface in Xgjng(f€) N sr-l corresponding to Cases 2 and 3 in the proof
of Theorem 4.4. By making appropriate permutations, we can write down the limit set A(¢) of
Ysing(2€) N P*~! as t — 0. In fact, under appropriate generic conditions on the parameters, it
consists of all points a = [a, ..., a,] € P"~! satisfying one of the following three sets of equa-
tions:

(1) aj=aj=ar=aq =0fori <j<k<I
(i) a; =aj =a; =0fori < j <[ such that

( )3 cff‘ak)( 3 c§lak)( 3 c,kiak)

k+#i, j,1 k#i, j,1 k#i, j,1

:< 3 cf;iak)( ) cffak)( )3 c;.dak);

ki, j.l ki, j,l ki, j.l

(iii) a; =aj =0 fori < j such that

kj i
Z cijak: c]]‘-’ak=0.
k#i, j k#L, j

In terms of the rescaled principal symbol P= (pij) given by

1+

pij = lim ¢~ py
t—0

we can express A(c) alternatively by

Ae) = (U{ﬁii =Ppjj = Dij = Dji =0}>

i<j

U ( \J (Bii = Bjj = Pu=pi; PP — Pji Pij P =0}>

i<j<l

U( U & =5jj=ﬁkk=5lz=0})~

i<j<k<l

An important observation here is that A(c) N S"~! is smooth except along intersections of any
two subsets in this expression for A(c). In other words, these intersections constitute the singular
part of A(c).

Remark 4.6. To conclude this paper, we make a remark concerning Theorem 4.4 and Theo-
rem 4.5. When characteristic varieties are smooth, the corresponding linear differential systems
are of the principal type. Symmetrizers can be constructed and solutions can be proven to exist.
However, when the characteristic varieties are not smooth, a general existence theory of solutions
is not available. It is believed that symmetrizers can still be constructed if the singular sets of the
characteristic varieties enjoy a simple geometry, as illustrated by these theorems.
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