
Inversions. DraftOleg Viro1. De�nitions of inversionInversion is a sort of symmetry in a irle. It is de�ned as follows. Theinversion of degree R2 entered at a point O maps a point A ≠ O to the point
B on the ray OA suh that R is the geometri mean of OA and OB, that is
∣OA∣∣OB∣ = R2, or ∣OB∣ = R

2

∣OA∣ .
O BAA geometri onstrution relating points O, A and B looks as follows.
O BA

C

R

On O the inversion is not de�ned, and O is not the image of any point underthe inversion. Thus, the inversion is a mapping of the plane puntured at Oto itself.Observe that points of the irle entered at O of radius R are �xed underthe inversion, points of the disk bounded by this irle are mapped to pointsoutside the disk and vie versa. This irle is alled the irle of the inversionand the inversion is referred to as the inversion in this irle.The square of an inversion, that is an inversion omposed with itself, is theidentity map. In other words, an inversion is invertible map and the mapinverse to an inversion is the same inversion.The de�nitions of re�etion in a line and inversion does not look similar.However these two transformations admit similar de�nitions.Theorem A. Any irle passing through points symmetri with respet to a lineis orthogonal to the line. For any two points non-symmetri with respet to a



2line l there exists a irle passing through the points whih is not orthogonal to
l.
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Exerise. Prove Theorem A. ◻◻◻This theorem allows to de�ne re�etion in a line l as a map whih mapsa point A to a point B suh that any irle passing through A and B isorthogonal to l.Theorem B. Any irle passing through a point A and its image B under theinversion in a irle c is orthogonal to c. If B is not the image of A under theinversion in a irle c, then there exists a irle passing through the points whihis not orthogonal to c.
O BA
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c

Proof. For any irle u passing through points A and B the degree of theenter of inversion O with respet to u is ∣OA∣∣OB∣. Therefore ∣OT ∣2 =
∣OA∣∣OB∣, where OT is the segment of the line tangent to u between theenter of inversion and the point of tangeny.On the other hand, ∣OA∣∣OB∣ is equal to the degree R2 of the inversion, thatis to the square of the radius of irle c. Therefore T ∈ c. Hene, OT is aradius of c. As a radius of c, it is perpendiular to the tangent of c. Thus at
T the lines to u and c are perpendiular to eah other.A proof of the seond statement is an exerise. ◻◻◻



32. Images of lines and irlesObviously, a line passing through the enter of an inversion is mapped bythe inversion to itself.Theorem C. The image under an inversion of a line l not passing through theenter O of the inversion is a irle c passing through O and having at O atangent line parallel to l.
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Proof. Drop the perpendiular OA to l from O. Let A be its intersetionwith l. Let A′ be the image of A under the inversion. Take arbitrary point
B ∈ l. Denote by B′ its image under the inversion. By the de�nition of inver-sion ∣OA∣∣OA′∣ = ∣OB∣∣OB′∣. Therefore OA

OB
= OB′

OA′
. By SAS-test for similartriangles, △OAB is similar to △OB′A′. Therefore ∠A′B′O = ∠OAB. Thelatter angle is right, beause OA ⊥ l. Hene B′ belongs to the irle withdiameter OA′.Vie versa, let us take any point B′ of the irle with diameter OA′. Drawa ray OB′ and denote the intersetion of this ray with l by B. Trian-gles △OB′A′ and △OAB similar by the AA-test. Hene OB

OA
= OA

′

OB′
and

∣OB∣∣OB′∣ = ∣OA∣∣OA′∣. Therefore, B′ is the image of B under the inver-sion. ◻◻◻Corollary D. The image under an inversion of a irle c passing through theenter O of the inversion is a line whih is parallel to the line tangent to c at O.Proof. It follows from Theorem C, beause an inversion is inverse to itself.
◻◻◻Theorem E. The image under an inversion of a irle c that does not passthrough the enter O of the inversion is a irle c′ that is the image of c undera homothety entered at O.
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c′
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A

cProof. Let A be a point of irle c, and A′ be the image of A under theinversion. Denote by B the seond intersetion point of the ray OA with c.By de�nition of inversion, ∣OA′∣ = R
2

∣OA∣ , where R2 is the degree of inversion.On the other hand, ∣OA∣ = d
2

∣OB∣ , where d2 is the degree of O with respet tothe irle c. Reall that d does not depend on the points A and B, this isthe length of segment of a tangent line from O to c between O and the pointof tangeny.Substituting this formula to the formula for ∣OA′∣, we get
∣OA′∣ =

R2

d2
∣OB∣.This means that A′ is the image of B under the homothety with enter Oand ratio R

2

d2
. Hene, the image of c under the inversion is the image of cunder this homothety. ◻◻◻Theorem F. A omposition of two inversions with the same enter is a homo-thety entered at the same enter. The ratio of this homothety is the ratio ofthe degrees of the inversions.Proof. Let O be the enter of inversions I1, I2 and R2

1
, R2

2
be their degrees.Take an arbitrary point A. Then A1 = I1(A) is a point on the ray OA, and

∣OA1∣ =
R2

1

∣OA∣ . Further, A2 = I2 ○ I1(A) is also a point on the ray OA and
∣OA2∣ =

R2

2

∣OA1∣
=

R2

2

R2

1

∣OA∣

=
R2

2

R2

1

∣OA∣.

◻◻◻Theorem G. An inversion preserves angles between lines and irles.



5Proof. Let us begin with speial ases. Consider, �rst, the angle betweentwo lines, one of whih passes through the enter of inversion.
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Let the lines be l and m, the enter of inversion be O ∈m. Then the image of
m under the inversion is m, while the image of l is a irle c passing through
O. The enter Q of c lies on the perpendiular OP dropped from O to
l. The angles ∠AOP and ∠OAP are omplementary. The angles ∠QA′Oand ∠AOQ are equal as angles in an isoseles triangle △OQA′. The angle
∠TA′Q is right as an angle between a radius QA′ and tangent line A′T .Therefore angles ∠TA′O and ∠QA′O are omplementary. Consequently,
∠OAP = ∠TA′O. ◻◻◻Consider now the angle between a line m passing through the enter O ofinversion and a irle c, whih does not pass through O. See the piture:
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The prove in this ase is similar to the preeding one, and it is left as anexerise. ◻◻◻An angle between arbitrary two lines or irles an be presented as the sumor di�erene of angles between the same lines or irles and a line passingthrough the enter of inversion. Thus, the general ase redues to the speialones above. ◻◻◻3. The Apollonius problemA general formulation: �nd a irle tangent to three given irles.The problem is invariant under inversions, and therefore irles should beunderstood in wide sense, invariant under inversions: both lines and irles.



6Furthermore, one may onsider degenerations of the Apollonius problem, airle may shrink to a point. A line tangent to a shrinking irle turns in thelimit to a line passing through the point to whih the irle has shrunk.We start from degenerate ases sine they are easier.Problem 1. Find a irle passing through two given points and tangent to agiven line.Denote the points by A and B and the line by l. Draw a line through Aand B and denote its intersetion point with l by I. Let c1 and c2 be theirles we want to �nd. Denote by Ti the point of tangeny of ci and l. Thesegments IT1, IT2 are geometri mean of IA and IB:
∣IT1∣

2 = ∣IA∣∣IB∣ = ∣IT2∣
2.This suggests a onstrution of IT1 and IT2.Problem 2. Find a irle passing through two given points and tangent to agiven irle.This problem an be obtained from Problem 1 by an inversion at a point. Aspeial hoie of the enter of inversion onverts this problem to a simplerone. For instane, if we hoose the enter of inversion at one of the givenpoints, the desired irle would turn into a line passing through the imageof another given point and tangent to the image of the given irle. So, weredue the problem to the following easy one:Problem 3. Find a line tangent to a given irle and passing through a givenpoint.Problem 4. Find a irle passing through a given point and tangent to twolines.This problem was solved using homothety. It an be also redued to Problem1 by re�eting the given point in the bisetor of the angle formed by the givenlines.If, instead, we would apply an inversion entered at the given point, thenProblem 4 would turn into the following problemProblem 5. Find a ommon tangent line of two given irles.A general Apollonius problem an be redued to Problem 4 by simultaneousreplaing of the irles by irles with radii di�ering from the original onesby the same number suh that one of the irles shrinks to a point.



74. Pairs of irlesAny two irles an be transformed to eah other by homothety or by trans-lation. Therefore any two irles an be transformed to eah other by aninversion. What about pairs of irles? Certainly, there are two pairs of ir-les whih annot be transformed by an inversion to eah other. For example,an inversion preserves the angle between irles, therefore irles interset-ing at one angle annot be transformed to irles interseting at a di�erentangle. Disjoint irles annot be made interseting by an inversion.However a pair of irles an be made quite speial by an inversion.Theorem H. Any two irles meeting at non-zero angle an be transformed byan inversion into a pair of lines interseting at the same angle.Proof. Any inversion entered at any of the two intersetion point of theirles does the job. ◻◻◻Theorem I. Any two irles tangent to eah other an be transformed by aninversion into a pair of parallel lines. ◻◻◻Proof. An inversion entered at the point of tangeny of the irles mapsthe irles to lines, and the lines do not interset, beause otherwise thepreimage of the intersetion point of the lines was an intersetion point ofthe irles di�erent from the enter of inversion. ◻◻◻Theorem J. For any disjoint line l and irle c, there exists an inversion thatmap them to a pair of onentri irles.Lemma K. For any disjoint line l and irle c, there exist a line d and a irle
s perpendiular to eah other and to l and c.Proof. Drop from the enter O of irle c a perpendiular d to the line l.Let P be the intersetion point of d and l.

O

l

P
d

c

Draw a irle s entered at P perpendiular to the irle c. For this draw airle q with diameter PO, �nd an intersetion point M of q and c and drawthe irle with enter P through M . This is s.
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After removing auxiliary �gures, the result looks as follows:
l

c
M

s

P

d O

◻◻◻Proof of Theorem J. An inversion entered at an intersetion point of dand s maps d to d and the irle s to a line e. Sine s is perpendiular to
d, its image e is perpendiular to d. The inversion maps l and c to irlesperpendiular to the lines d and e. A line perpendiular to a irle passesthrough the enter of the irle. Therefore the irles perpendiular to lines
d and e have the enter in the intersetion point of d and e. ◻◻◻Theorem L. Any pair of disjoint irles an be transformed by an inversion intoa pair of onentri irles.Proof. By an inversion entered at some point of one of the given disjointirles a and b, the irles turn into disjoint line l and irle c. By LemmaK, there exist line d and irle s perpendiular to eah other and to l and c.The same inversion returns l and c bak to a and b and transform line d andirle s into a pair of irles, say, p and q, perpendiular to eah other and to
a and b. An inversion entered at an intersetion point of p and q transforms
p and q into a pair of lines perpendiular to eah other and transforms a and
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b into a pair of irles a′ and b′ perpendiular to these lines. These a′ and
b′ are onentri, sine they are perpendiular to a pair of interseting lines.Cf. the proof of Theorem J. ◻◻◻5. Neklaes of irles. Steiner porismBy a neklae of irles we will all a �nite sequene of irles c1, c2, . . . ,
cn eah of whih is tangent to two �xed disjoint irles s1 and s2 (alled thebase irles of the neklae) and two other irles from the sequene.
Theorem M. If irles s1 and s2 form a base of a neklae, then any irle
c whih is tangent to s1 and s2 an be inluded into a neklae of the samenumber of irles. In partiular, s1 and s2 form a base for in�nitely manyneklaes onsisting of the same number of irles.Proof. By Theorem L, irles s1 and s2 an be mapped by an inversion toonentri irles s′

1
and s′

2
. This inversion maps the irles of a neklaewith base s1, s2 into irles of the same radius forming a neklae with base

s′
1
, s′

2
.

s1

s2

s
′
1

s
′
2

Suh a neklae an be freely rotated between the base onentri irles, andany irle from the neklae an be identi�ed by a rotation with any irletangent to s′
1
and s′

2
. The inversion an be used to transform the neklaesbetween s′

1
and s′

2
into neklaes between the original irles s1 and s2. ◻◻◻


