
(iv) (20 points) Starting with the constant function fo : 11 ~ W given by fo(x) = wo, com-
pute explicitly the iterates fl and 12 in the approximating sequence determined by K which
uniformly converges to the implicit function f· [~' ] r !'J, (YUy&,-"J,,)] th f f 1
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Name: --------------------------------- /60Problem 1: -------------

Problem 1(60 points) Let V be the vector space JR, and let Vo be O. Let W be the vector space
JR2, and let Wo be O. Let G : V x W ~ W be the following continuously differentiable function,

(
X, [ u. l) H [ u. + Y2 + Y~ - x ] .

Y2 Yl - Y2 - Y2 + X

For every v E V, denote by Gv : W ~ W the function W H G(v, w). It is true that Gvo(wo) equals
o and T := d(Gvo)wo is an invertble linear transformation.

An associated contraction is a triple (11, W, K) of an open ball centered at va, Vo E 11 c V, a
positive radius, bounded, closed ball centered at wo, Wo EWe W, and a continuously differentiable
function K : 11 x W ~ W with d(KiJo)wO = 0 and such that for every v E 11, KiJ : W ~ W is a
contraction whose unique fixed point w is the unique element of W such that GiJ(w) equals O. An
implicit function is a continuously differentiable function f : 11 ~ W such that for every v E 11
and w E W, we have G(v, w) equals 0 if and only if w = f(v).

Do all of the following.

(i) (10 points) Compute the linear transformation T = d(GiJo)wo.

(ii) (10 points) Compute the inverse linear transformation T-1.

(iii) (20 points) Write down a continuously differentiable function K : V x W ~ W such that for
some choice of 11 and W (which you do not need to find) the triple (11, W, G) is an associated
contraction. Write out each component of your answer; do not leave matrix multiplications
unevaluated. Also simplify as much as possible (gather like terms and do all appropriate
cancellations) .

(in E ;J.~e( ~ C rof)er's Ru£e I
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Name: _ Problem 2: _ /80

Problem 2(80 points) Consider the following 2nd order, constant coefficient, initial value problem

d2x dx dx
dt2 - 2 dt + x = 0, x(to) = bo, dt (to) = b1·

(a)(10 points) Find a 2 x 2-matrix A with real entries such that for every (bo, b1)t E IR2, the solution
of the 1st order IVP

di A.... ....() [bo 1 ....( ) [ Xo(t) ]
dt = x, x to = b1 ' x t = X1(t)

gives a solution of the original 2nd order IVP by x(t) = xo(t).

(b) (15 points) Find the characteristic polynomial of A, find the factorization into a product of
linear factors (each of which will be real), and find all eigenvalues of A.

(c)( 20 points) Find an invertible 2 x 2 matrix U, a diagonal 2 x 2 matrix S, and a 2 x 2 matrix
N which is upper triangular (or lower triangular if you prefer) such that S N = N S and such that
AU = U(S+N).

(d)(20 points) Compute exp(S(t - to)), exp(N(t - to)) and exp(A(t - to)). In your answer, write
out each entry of the matrix; do not leave matrix multiplications unevaluated. All entries of your
matrices should involve only polynomials in t and exponentials in t, no unevaluated power series.

(e )(15 points) Find the general solution i( t) of the 1st order IVP above. Write out each component
of i(t); do not leave matrix multiplications unevaluated. Both components should involve only
polynomials in t and exponentials in t.

@l.Set x,(t)" X.W cln& X, (iJ: it (l-). The" .1.1 XII) etuais x, in A nJ

~ )(,It> efuals ~ J ..,~,'c;~etuaLs 2 c!! - X = -1x If-) + 21,m hi Hl 2·4.,.Jv
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I () _

--:---_-l
(b) Tface(A):rOi-2=2 anJ Det(A)::.O·1-1("J.)=1. Thus £ht charadtr,.,f,c.
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Name: ------------------------------ Problem 3: _ /60

Problem 3(60 points) Let X be a set. Let (Xn)~=l be a collection of subset Xn C X such
that X = U~=lXn and such that Xn C Xn+l for every n. Let (Xn, Mn, fLn)~=l be a collection
of (nonnegative) measure spaces such that Mn+l n P(Xn) equals Mn and fLn+l restricted to Mn
equals fLn for every n.

Define M C P(X) to be the collection of sets E C X such that for every n, En Xn is in Mn. And
for every such E, define

p,(E) := sup P,n(E n Xn)·
nEN

(a)(15 points) Prove that M is a a-algebra on X.

(b)(20 points) Prove that p,(0) = 0, that p, is finitely additive, and thus that p, is monotone, i.e.,
fL(E) < p,(F) if E c F.

(c) (25 points) Prove that p, is countably additive, thus a measure function.
Hint. Part (b) gives one inequality. Because of this, it suffices to consider a sequence (Ek)'k::l of
pairwise disjoint sets in M such that 2:k p,(Ek) is finite. Thus for every real E > 0, there exists an
integer K > 0 such that for every integer L > 0,

And for every integer k > 0, and for every real Ek > 0, there exists an integer nk such that for all
n E N, we have
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Problem 3, continued

jAil (Ei (lj,,):: 5 vf ,..~(6," (1111)
(fI,Ii)e7 --l--'0 ),

f'-[£j). Theis fA- is (D,,/MII,;'IS rfD~
bel,w.

Name: --~---------------------

':.Sup
• f
I Z'D

10


