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MAT 311 Problem Set 9

Problems. Read through all of the following problems. Do at least four of the following
six problems. If you choose to write up the solutions to more than four, please indicate which ones
you want graded for credit. Also if one of your four problems makes reference to a problem you
choose not to do, you are allowed to use the result of that problem to solve your problem.

(1) We have seen that for positive integers a, b, ¢ with a = bc, if both a and b are sums of two
squares, then also ¢ is a sum of two squares (allowing 0 as one of the squares). Give an example
of positive integers a, b, and ¢ (each less than 50 for simplicity) such that a = be, such that a and
b are each sums of three squares, but such that ¢ is not a sum of three squares (again allowing 0
among the squares).

(2) A polynomial f(xy,...,x,) is homogeneous of degree d if for every scalar ¢, f(cxy,...,cz,)
equals ¢’ f(x1,...,z,). For a prime number p, a homogeneous polynomial f(z1,...,,) with integer
coefficients is said to have a nontrivial local solution at p if for every integer m > 0, there exist
integers (uy,...,u,) (depending on f, p and m) such that both

(i) (ug,...,u,) Z 0 (mod p), i.e., at least one of the integers u; is relatively prime to p, and
(ii) f(ui,...,u,) =0 (mod p™).

(2.a) Assume that for every integer m > 0 there exists an integer e > 0 and integers (uq, ..., u,)
such that both

(i) (u1,...,u,) Z 0 (mod p°*1), i.e., at least one of the integers u; is not divisible by p®*! and
(ii) f(u1,-..,u,) =0 (mod pmtde).

Then prove that f(z1,...,z,) has a nontrivial local solution at p.
Hint. What power of p divides the greatest common divisor ¢ of (uq, ..., u,). What happens with
f when you factor this out?

(2.b) Let S and T be n x n matrices with integer entries such that 7'- S = S - T = cId,,«,, where
¢ = p°b with b relatively prime to p. For every ordered n-tuple of integers (vy, ..., v,), consider the
linear change of coordinates (uy,...,u,)" = T(v1,...,v,)!. And define the degree d, homogeneous,
integer coefficient polynomial g(vy,...,v,) by g(vi,...,v.) = f(ur,...,u,) = f(T - (v1,...,0,))-
Assuming f has a nontrivial local solution at p, prove that also ¢ has a nontrivial local solution
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at p. Since also (p®b)ef(ui,...,up) = f(ur,...,uy,) = g(S(uy,...,u,)), it follows that f has a
nontrivial local solution at p if and only if g has a nontrivial local solution at p.

Hint. If (wy,...,w,) is an ordered n-tuple of integers such that (wy,...,w,) # (0,...,0) (mod p),
what can you conclude about (vy,...,v,) = S(wy,...,w,) modulo p¢™'? Also if f(wy,...,w,) =

0 (mod p™), what can you conclude about g(vy,...,v,) modulo p™*"4%? Now what does
say?

(2.c) A degree d, homogeneous, integer coefficient polynomial f is said to satisfy the Hasse principle
if whenever there exists a nontrivial real solution as well as a nontrivial local solution at p for every
prime p, then also there exists a nontrivial integer solution. Logically, this is equivalent to saying
that either f has a nontrivial integer solution, or it fails to have a nontrivial real solution, or it fails
to have a nontrivial local solution at p for some prime p. With notation as above, prove that f has
a nontrivial integer solution, respectively nontrivial real solution, if and only if g has a nontrivial
integer solution, resp. nontrivial real solution. Combined with [Problem (2.b)| conclude that f
satisfies the Hasse principle if and only if g satisfies the Hasse principle.

(3) Let f(w1,x2,x3) be a integer, ternary quadratic form which is in “Legendre diagonal form”,
ie.,
f(ili'l, Za, 333) = alx% + GQJZ'% + &333?;’,

for nonzero integers ai, as, as such that ajasas is a square-free integer.

(3.a) Prove that f(xq,x2,23) has a nontrivial real solution if and only if at least one of —ajas,
—a1a3, —aoa3 is positive.

(3.b) Let p be a prime divisor of az. Let (uy, us, uz) be a triple of integers such that both
(i) (u1,u2,u3) # (0,0,0) (mod p), and
(i) f(u1,ug,u3z) =0 (mod p?).

Prove that (u1,us) # (0,0) (mod p). Conclude that —ajas is a square modulo p. Finally, using the
Chinese Remainder Theorem, conclude that —ajas is a square modulo |ag| provided that for every
prime divisor p of a3, f has a nontrivial local solution at p.

(3.c) Combine |(3.a)| and |(3.b)| to conclude that f satisfies the Hasse principle. Finally, for an
arbitrary integer, ternary quadratic form g, combine this with the Gram-Schmidt algorithm and
to conclude that g satisfies the Hasse principle: either the Gram-Schmidt algorithm
produces a nontrivial integer solution of g (so that g satisfies the Hasse principle) or else it produces
change of basis matrices S and T" such that g(vy,ve,v3) = ¢f (T (u1,us, us)) for a nonzero rational
number ¢ and an integer, ternary quadratic form f in Legendre diagonal form.

(4) Let f(z1,...,x,) be a degree d, homogeneous, integer coefficient polynomial which has non-
trivial real solutions and which has nontrivial local solutions at p for every prime p. (Technically
we should also assume that the only critical point of f(z,...,2,) is the trivial zero (0,...,0),
but this is immaterial for what follows). The polynomial f is said to satisfy weak approrimation
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(at finite primes p) if for every finite collection of distinct primes (py,...,p,) and for every inte-
ger m, there exists an integer M (depending on (pi,...,p,) and m) such that for every collection
((wr1y---surm)se oy (U, ..., upy)) of integers satisfying both

(i) (wins---suin) #Z (0,...,0) (mod p;), and

(i) f(uits.--,uin) =0 (mod pM)

for every i = 1,...,r, there exists an ordered n-tuple of integers (uq, ..., u,) (depending on m, on
(p1,--.,pr), and on the collection (u; ;) of M™-order approximate local solutions at p;) satisfying
both

(1) (u1,...,un) = (Wi1,...,u,) (modp) for every i =1,...,r, and

(i) f(ug,...,u,) =0.
Nota bene. Suppose (vq,...,v,) is a sequence of integers such that f(vq,...,v,) = 0 and such
that for every i = 1,...,r there exists an integer ¢; with ¢; Z 0 (mod p;) and with (vy,...,v,) =
(Cittin, ..., Citiy) (modpf™), then by the Chinese Remainder Theorem there exists an integer ¢ such
that foreveryi = 1,...,r, c¢c; = 1 (mod p§). And then foreveryi =1,...,r, we have(cvy, ..., cv,) =
(Wi, uip) (mod pf). Since f(cvy,. .., cv,) equals ¢ f(vy,...,v,) = %0 =0, then (uy,...,u,) =
(cvq,...,cvy,) satisfies (i) and (ii). In the earlier draft of the problem set, the condition (i) above
was different; it was the condition on (vy,...,v,). But because of this observation, it is equivalent

to the (simpler) condition (i).

Stated more loosely, weak approximation says that every collection of nontrivial local solutions at
py through p, is “approximated to arbitrary order” by nontrivial integer solutions, i.e., for every
integer m and for each collection of local solutions at pq,...,p,, there exists an integer solution
which is congruent to each local solution modulo p}".

By the same method as in [Problem 2| show that for g(vq,...,v,) = f(T(u1,...,u,)), g satisfies

weak approximation if and only if f satisfies weak approximation.

(5) Consider the integer, ternary quadratic form
f(@1,29,23) = x% — T1T3.

(5.a) Prove that every primitive integer solution of f is of the form (uy,us, us) = +(s?, st, t?) for
relatively prime integers s and t. Conclude that every nontrivial integer solution is of the form
c(s?, st,t?) for a nonzero integer ¢ and for relatively prime integers s and t.

(5.b) Let p be a prime integer. Let (uq,ug, u3) be integers such that
(i) (u1,u9,u3) #Z (0,0,0) (mod p), and
(i) f(uq,u2,u3) =0 (mod p™).
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Prove that (uy,u3) #Z (0,0) (mod p). Use this to prove that there exist integers ¢, s and ¢ such that
c# 0 (mod p) and (uy,us, u3) = c(s?, st, t?) (mod p™).

Hint. Choose ¢ to be either u; or us.

(5.c) Combine[(a)| and [(b)| with the Chinese Remainder Theorem to conclude that f satisfies weak
approximation.

(6) Let f(z1,x2,23) be a integer, ternary quadratic form which is in “Legendre diagonal form”,
ie.,

f(ZEl, X9, $3) = CLLT% —+ G/ng + (ngg,
for nonzero integers aj, as, asz such that ajasas is a square-free integer. Let (uq,us,us) be a
primitive, integer solution of f.

(a) Show that the following 3 x 3 matrix 7" with integer entries has nontrivial determinant D =
—4ajazazui. And then prove that there exists a 3 x 3 matrix S with integer entries such that
TS - ST - D . Id3><3.

U1a9 0 uyas
T = —U202 —2U36L3 Uo2a3
U39 —2’&2(1,2 —usas

(b) Show that for the change of variables (1, 2o, 3)" = T'(y1, y2, y3)', the polynomial g(yi, yo,y3) =
f(z1,22,23) = f(T(y1, 92, y3)) equals

9(y1,92,ys) = D(y3 — h1y3)-
Combine this with [Problem 4] and [Problem 5| to conclude that f(z,xs,x3) satisfies weak ap-

proximation.

(c) Again using [Problem 4] show that for an integer, ternary quadratic form h(zy, 22, z3) which

has a linear change of basis to a “Legendre diagonal form” f(z,xs,x3) (which is always true if
det(Q) is nonzero for the coefficient matrix @ of h), then h satisfies weak approximation assuming
it has nontrivial real solutions and nontrivial local solutions at p for every prime p.
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