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MAT 552 PROBLEM SET 7

This problem set focuses on the tensor algebra and its important quotients, the
symmetric algebra and the exterior algebra. In addition to their familiar properties,
these each carry a structure of “graded Hopf algebra”. (Nota bene. A graded
Hopf algebra is not quite the same as a Hopf algebra whose structure morphisms
respect the gradings). For a Lie algebra, the universal enveloping algebra is another
quotient of the tensor algebra that has a structure of Hopf algebra. This Hopf
algebra structure is the key ingredient in one proof of the Poincaré-Birkhoff-Witt
Theorem.

Problems.
Problem 1. (Universal property of tensor algebra.) For every field k, for every
k-vector space V, for every integer n > 0, inductively define the k-vector space
T (V) by the rule,
TRV) =k, T;TH(V)=Ver T} (V).
For every integer n, denote by By, the universal k-bilinear operation,
By V X TE(V) = T (V).
Define T} (V) to be the Z>o-graded k-vector space,
Tr(V) =@ TIV), avn: THV) = Te(V).

n>0
Denote by Sy the unique k-bilinear operation

By : VxT2(V)—=T2(V),
such that for every n > 0, the composition Sy o (Idy X qv.,) equals qvn+1 © Bv,n.

(a) For n = 0, show that Syo(v,1) equals v for all v € V, and this gives the
(standard) identification of V' with T} (V). Via this identification, prove that By
extends to a unique k-bilinear pairing,

Broy : TE(V) x T (V) = Tz (V),

whose restriction to T} (V) x Ti2 (V) equals By, such that Sr(y) is associative, and
such that 1 € TP(V) is a left-right multiplicative identity for this operation. Thus,
with this unique k-bilinear pairing, T2(V') is a unital, associative k-algebra, the
tensor k-algebra of V. Also check that the given direct sum decomposition of
T¢ (V) makes T3 (V') into a Zxo-graded k-algebra, i.e., Bpy maps T (V) x T (V)
to the summand 7" (V) for every m,n € Zx.

(b) For every associative k-algebra,
(Ab: AxA— A),

a k-bilinear operation,
ay :VxA— A,
1
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is right A-associative if ay (v, b(a,a’)) equals b(ay (v,a),a’) for every v € V and
for every a,a’ € A. In this case, prove that ay extends to a unique k-bilinear
pairing,
arw) - T/:(V) x A — A,

whose restriction to 7, k}(V) x A equals ay, such that this operation is both left
Ty (V)-associative and right A-associative, and such that 1 € T2(V) acts as the
identity on A. This is the universal property of T (V') among associative k-algebras
(that are not necessarily unital).

(c) If A is unital, then prove that every right A-associative k-bilinear operation ay
is equivalent to a k-linear transformation,

ay :V — A,
by the rule ay (v) = ay(v,1). Moreover, prove that the induced k-linear transfor-
mation,
&T(V) : Tk.(V) — A, t— ar(v) (t, ].),
is the unique homomorphism of unital, associative k-algebras whose restriction to
TH(V) =V equals the k-linear transformation ay. This is the universal property
of T2 (V') among unital, associative k-algebras.

(d) Define J;, C T2 (V) to be the left-right ideal generated by all elements qy,2(v ®
w—w @) for v,w € V. The symmetric k-algebra of V, Sym} (V), is defined
to be the quotient of T2 (V) by the left-right ideal J,. Prove that this is also a
Z>o-graded, associative, unital k-algebra,

Symp (V) = @ Symp(V), rvm : Symp (V) < Symp(V),

n>0

and the quotient map is a morphism of Z>-graded, associative, unital k-algebras,
sy TR (V) = Symi (V), n € Zsg.
Prove that is an isomorphism on the degree 0 and degree 1 summands,

svo:k =N Symg(V), syq:V =N Sym,lﬂ(V).

(e) Prove that Symj (V) is a commutative k-algebra, i.e., for every pair of elements
u,v € Symy(V), the product v - u equals u - v. For every associative k-algebra
A that is commutative and for every right A-associative k-bilinear operation ay/,
prove that the k-bilinear pairing ap(yy factors uniquely as a composition of sy x1d 4
and a k-bilinear pairing,

agym(v) : Symp (V) x A — A.

Prove that this pairing restricts on Sym,lc(V) x A as ay, prove that this pairing is
left Syms} (V)-associative and right A-associative, and prove that 1 € Sym (V) acts
as the identity on A. This is the universal property of Symyj, (V') among associative,
commutative k-algebras.

(f) If the associative, commutative k-algebra A above is also unital, formulate and
prove the universal property of Symyj (V) among associative, unital, commutative
k-algebras.

(g) Define J, C T (V) to be the unique left-right ideal generated by all elements
qv2(v®v) for v € V. The exterior k-algebra of V, A;(V), is defined to be the
2
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quotient of T2 (V) by the left-right ideal J,. Prove that this is also a Zx>(-graded,
associative, unital k-algebra,

AV) =B AV, tva: AV) = AV,
k n>0 k k k

and the quotient map is a morphism of Z>g-graded, associative, unital k-algebras,
n
evn 1 TP(V) = N\(V), n€Zso.
k
Prove that is an isomorphism on the degree 0 and degree 1 summands,

syo:k = Symg(V), syq1:V = Sym,lc(V).

(h) Assume that the characteristic is different from 2. Prove that the Z>-graded,
associative k-algebra A7 (V) is graded commutative, i.e., for every pair of homo-
geneous elements u € A" (V) and v € A} (V), the product vAu equals (—1)™"uAv.
For every Z>o-graded associative k-algebra A® that is graded commutative and for
every right A®-associative k-bilinear operation that is homogeneous of degree +1,

(Oévm :V x A" — AnJrl)nZ(),

prove that the k-bilinear pairing ap(vy factors uniquely as a composition of ey x1d 4
and a k-bilinear pairing,
QAWV) - /\(V) x A® — A°.
k

Prove that this pairing restricts on /\i(V) x A® as ay, prove that this pairing is
left A;(V)-associative and right A®-associative, and prove that ¢ € /\Z(V) acts
as the identity on A®. This is the univeral property of A} (V) among Zso-graded
associative, graded commutative k-algebras. Formulate and prove the analogous
universal property when A® is also unital. (Challenge problem. Formulate the
correct analogue in characteristic 2.)

Problem 2. (Functoriality of tensor algebras and direct sum decompositions.)
Prove that the tensor algebra, the symmetric algebra, and the exterior algebra are
each covariant in V', and thus the graded components give k-linear representations
of GLy (V) and SLy(V).

(a) For every short exact sequence of k-vector spaces,
0-USVS W0,

for every integer n > 0, prove that the induced morphisms

n

T TR U) = T(V), Symi(e) : Symg (U) = Sym(V), A@): A©) = A(V),
k k k

are injective, and prove that the induced morphisms
T3 (x) : TR(V) = T (W), Symi(m) : Symi (V) — Symi (W), A(m): A(V) = AW),
k k

are surjective.
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(a) Denote by I the left-right ideal that is the kernel of the morphism T} (m) of
Z>o-graded, associative, unital k-algebras. For every integer r > 0, denote by I
the left-right ideal generated by r-fold products of elements of I, so I? = T2 (V),
I! = I, etc. Prove that every two-sided ideal I is a homogeneous ideal, i.e.,

I=Pr., L,=ILnTMV).

n>0

Describe the components I .. and prove that the multiplication map gives a k-

T™n

isomorphism of the associated subquotients,

Ir It =~ @ T (U) @ TP (W),
SC{l,..,n},#5=r

In particular, this is zero if » > n, so this decreasing filtration is exhaustive on each
graded component 7' (V). Finally, prove that these k-isomorphisms assemble into
an isomorphism of the Z>-graded, associative, unital k-algebra

Gy (V) = @ I1 o/ 171
r>0
with the free product of T} (U) and T2 (W), i.e., the coproduct in the category of
Z>o-graded, associative, unital k-algebras.

(b) For every integer 7 > 0, denote by I7 ., resp. I; ., the image of I} in Symg (V'),

resp. in A, (V). Prove that the k-isomorphisms above give k-isomorphisms of
associated subquotients,

I{ pn /T 22 Symi (U) @y, Symy ™" (W),

s, m,n
r n—r
1 Y
I/ I0E = \NU) @1 \ (D).
k k
Prove that these assemble into an isomorphism of the Zxo-graded, associative,
commutative, unital k-algebra

Gr;symk(v) = @I:,ﬂ,n/jgjr,ln7
r>0

and the tensor product of Z>(-graded, associative, commutative, unital k-algebras
Symy,(U) ®p Symy, (W). Similarly, prove that these assemble into an isomorphism
of the Z>(-graded, associative, graded commutative, unital k-algebra

Gy AV) =P L0/

k r>0

and the tensor product of Z>o-graded, associative, graded commutative, unital
k-algebras A\, (U) @i A, (W).

(c) When V equals k, prove that the surjection T2 (V) — Symy (V) is an isomor-
phism, and compute that every graded piece is 1-dimensional. Similarly, prove that
Ny (k) is zero for every n > 2. Combine this with the previous isomorphisms and
induction on the dimension of V' to prove that for every V of finite dimension m,
for every n > 0, the graded component 7;*(V') has dimension m™, the graded com-
ponent Symj (V) has dimension (™*"~"), and the graded component A} (V) has
dimension (7:)
4
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(d) With V of finite dimension m as above, for every ordered k-basis (21, ..., Zm) of
V', prove that one k-basis of Symy (V') consists of the monomials x7* - - -z - - - xlm
for all (n1,...,ny) € Z%, with nq + --- + n,, = n. Similarly, prove that one
k-basis of A} (V) for n < m consists of the elements z;, A --- A x;, for subsets

{i1,...,in} C{1,...,m} of size n with the usual ordering i1 < -+ < iy.

Problem 3. (Representations of the special linear group.) This problem continues
the previous problem. Let V' be a k-vector space of finite dimension m.

(a) For every nonzero element of Symj (V), prove that there exists an ordered k-
basis (z1,...,2Zm) of V with respect to which the element has nonzero coefficient
of z7. For the maximal torus T' C SL (V') corresponding to this basis, prove that
the smallest T-invariant k-subspace of Sym;! (V) that contains the element also
contains the element z7. Conclude that the smallest SLy(V')-invariant k-subspace
also contains z" for every x € V. Using the multinomial expansion, conclude
that also this k-subspace contains every monomial z* - - - zl%» whose multinomial
coefficient in (t121 + -+ + t;y,)™ is nonzero. Assuming that the characteristic
of the field k£ is > n, e.g., as in the case of K = R and k = C, show that the
SL(V)-invariant k-subspace equals all of Sym7 (V'). Conclude that Sym7 (V) is an
irreducible k-linear representation of SLy (V) for every integer n > 0. (This fails if
the characteristic of k is positive and less than n.)

(b) Similarly, for every integer n with n < m, for every nonzero element of A} (V),
prove that there exists an ordered k-basis (z1,...,z,,) of V with respect to which
the element has nonzero coefficient of 1 A- - Ax,. For the corresponding maximal
torus T, prove that the smallest T-invariant k-subspace of A; (V) that contains
this element also contains the element x1 A --- A x,. Conclude that the smallest
SL(V)-invariant k-subspace contains x;, A---Ax; for every subset {i1,...,i,} C
{1,...,m} of size n with the usual ordering i; < -+ < i,. Conclude that A} (V)
is an irreducible k-linear representation of SLk (V) for every integer 0 < n < m.
(Note that this holds with no hypothesis on the characteristic of k.)

(¢) For the natural action of &,, on V" =V x --- x V by permuting factors, prove
that there exists a unique k-linear action of &,, on T} (V') such that the following
set map is G,,-equivariant,

Vi=VxXx- XV o2V, @, V=TV), (v1,...,0,) =2 1@ Q@ vp.

(d) Let k[&,] — A be a morphism of associative, unital k-algebras. Show that the
induced left k[&,,]-module,

Sa(V) = A@s,) Ty (V),

is functorial in V', hence defines a k-linear (left) representation of SL; (V). When k
has characteristic 0 or positive characteristic p > n, for the simple algebra factors
k[6,] — Ax = Homy(V), Vy) associated to an irreducible k-linear (left) represen-
tation V) of &, the corresponding functor Sy is a Schur functor. The two most
familiar examples are the symmetric power Symj (V') corresponding to the trivial
1-dimensional representation of &,, and the exterior power A} (V) corresponding
to the sign representation, i.e., the 1-dimensional representation whose associated
group homomorphism to {—1,+1} C k* is the sign homomorphism.
5
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(e) In every characteristic, prove that there are unique k-linear actions of &,, on
Symy, (V) and Aj (V) such that sy, and ey, are morphisms of k-linear represen-
tations of &,,.

(f) Assuming that k has characteristic 0 or positive characteristic p > n, prove that
there exist morphisms of k-linear representations of &,,,

1
Sﬂ\},nsymZ(V)_)Tl?(V)a V1 Up > g Z v0(1)®"'®va(n),

Toe6,
. A n 1
e NV) = TEV) v A Aoner 05 3 sen(0)v0) @+ © o),
k ceS,

such that sy, o sj,,, and ey, o ej,,, equal the identity maps. For this reason, often
the symmetric algebra and exterior algebra are considered as Zx>(-graded k-vector
subspaces of the tensor algebra.

Nota bene. The maps sj, and e}, do not respect the product structures on the
respective algebras.

Problem 4. (Hopf algebra structure on the tensor algebra.) Please read Problem
4 from Problem Set 6 about the Hopf algebra structure on the group k-algebra of a
finite group I'. This problem explains the construction of the Hopf algebra structure
on the tensor algebra, T;2(V'), which then induces a Hopf algebra structure on the
symmetric algebra. When the k-vector space is a Lie k-algebra, this also induces
a Hopf algebra structure on the universal enveloping algebra. The exterior algebra
has a structure of “graded Hopf algebra”. It is typically not a Hopf algebra ( “graded
Hopf algebras” are not the same as Hopf algebras with a grading), and the quotient
map from the tensor algebra to the exterior algebra typically does not respect the
comultiplication structure.

(a) For associative, unital k-algebras A and B, prove that there is a unique structure
of associative, unital k-algebra on the tensor product A ®; B such that both of the
following k-linear maps are morphisms of associative, unital k-algebras,

a:A—- AL B, a—a®]l,

B:B— A®y B, b 1®Db,

and the images strictly commute, i.e., a(a) - 5(b) equals 5(b) - a(a) for every
a € A and for every b € B. Prove that the triple (A ®x B, «, 8) is universal (i.e.,
initial) among all triples (R, o', ') of an associative, unital k-algebra R, and a pair
of morphisms of associative, unital k-algebras,

o A= R, B:B—R,

such that o/(a) - B/(b) equals 3'(b) - o/(a) for every a € A and for every b € B.
Finally, if A and B are Z>(-graded, associative, unital k-algebras, prove that there
exists a unique Z>o-grading of A ®; B such that both o and 5 are morphisms of
Z>o-graded, associative, unital k-algebras.

(b) Prove that there exists a unique morphism of associative, unital k-algebras,

7'*,473:A@kB—)BQ@kA7
6
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permuting o and (. Check that 74 5 o 75 4 equals the identity. In particular,
when B equals A, this defines an automorphism of order 2 of associative, unital
k-algebras,

TA: AR A— ARy A
If A and B are Z>(-graded, check that also 74 g respects the induced Zx>-gradings.

(c) Now consider the case when B equals A equals the Z>(-graded, associative,
unital k-algebra T (V). Define Ay, to be the k-linear transformation from V' to
the first graded piece of T} (V') @5 Ti2 (V) given by

Ay1: Vo> Verk)ekorV), v—ovl+1@0.

Denote the morphism of Z>¢-graded, associative, unital k-algebras restricting as
Ayyon TEH(V) =V by

Ay T(V) > T (V) @, T (V).

Prove that the following two morphisms of Z>-graded, associative, unital k-algebras
are equal,

TR(V) 2% Tp(V) @3, T(V)

) Idrvy®Ay
—

Ay ®Id
SO TR (V) @ TR (V) @5 TR(V),

TR (V) 2% TR(V) @ T (V

Thus, the map Ay is coassociative.

Te(V)@r Tp(V) @, TE (V).

(d) For the associative, unital k-algebra that equals k itself, for the zero homomor-
phism from V to k, denote by

ey : To(V) =k,

the unique morphism of associative, unital k-algebras whose restriction to T} (V) =
V' equals the zero homomorphism. Prove that the following compositions both
equal the identity map,

ev®ldr(v)
—_—

TR(V) 2% Tp(V) @ TR (V) ke, T(V) = TR(V),

drv)®ev

(] A L] L] I L] L]
Tr(V) == Tp (V) @r Tp(V) TR (V) @k =TE (V).
Thus, ey is a left-right counit for the comultiplication Ay, .

(e) Denoting the algebra multiplication on T} (V) by V- and denoting the k-algebra
map by ny : k — T2(V), check that (T (V), Vv,nv, Ay, ey) forms a bialgebra.
Explicitly, this means that each of the following diagrams commute,

(V)@ Te(V) LvoVy, (V)@ Te(V)
AV®AVJ/ TVV@)VV
TE(V) @ TR(V) @k TR (V) @k TR (V) Tr(V) @ T(V) @ TR (V) @k TR (V)

IdT(V)®TV ®IdT(V)
THV) e TR (V) —= TE(V)

€V®€Vl J/€V,

7
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More briefly, it means that (T2 (V'), Vv, nv) is an associative, unital k-algebra, and
both of the following maps are morphisms of associative, unital k-algebras,

ev :Tp(V) =k, Ay :Tp(V)—=>Te(V)erTe(V),

where T2 (V) ®; T (V) is the algebra structure where the two factors strictly com-
mute with each other. Equivalently, it means that (7} (V), Ay, ey) is a coasso-
ciative, counital k-coalgebra and the morphisms 7y and Vy are morphisms of
coassociative, counital k-algebras.

(f) For every associative, unital k-algebra (A,V4 : A x A — A), define A°P to be
the k-vector space A with the following k-bilinear operation,

VOAp tAXA— A, Vzp(al,ag) = VA(ag,al).
Prove that this is also an associative, unital k-algebra with the same left-right
identity as in (A, V4). Check that the following k-bilinear pairing,
ag: (AR AP)x A — A, (a®c¢,b)— a-b-c=Va(a,Va(b,c) =Va(Vala,b),c).

defines a structure of left A ®j A°P-module on A. Prove that this is equivalent to
a structure of right A°P? ®j A-module on A (another name for such a structure is a
A — A-bimodule). Check that the multiplication is a map of left A ®j A°P-modules,

Va:ARA® 5 A, a®cr a-c=Va(a,c),
and check that the multiplication is also a map of right A°? ®; A-modules,
VAa:APRA— A, cQarsc-a.

(g) Denote by Sy the unique morphism of Zx-associative, unital k-algebras,
Sy TR (V) = T2(V)°P,

whose restriction to T} (V) = V maps to the summand T} (V) and equals —Idy
(the negative of the identity map). This is the antipode map. Prove that both
of the following compositions equal 1y o €y as k-linear maps from the Z>(-graded
k-vector space Ty (V),

Sy®ldr(v) e
— I(

TR(V) 2% TR(V) @ TR(V) V)@ Ta(V) 2% TR(V),

Tr(V) 25 TRV) @ TR(V) 2255 Tr(V) @ TR(V) 5 T3 (V).
Together with the previous operations, the antipode Sy makes T (V) into a Hopf
k-algebra. Hint. For the upper commutative square, for A = T} (V), first check
that the right A-module structure on A induced from the right A°? ® A-module
structure via (Sy @ Idp(yvy) o Ay restricts to a right action on A by V = T}(V)
8
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as an action by k-derivations, (a,v) — v ® a — a ® v, which annihilate the span of
1. Next, for the natural right module structure of A°P? ®; A on itself, check that
Vv sends the generator 1 to the element 1 € A that is annihilated by each of these
derivations. Conclude that the upper composition annihilates the left-right ideal of
T2 (V) generated by V = T(V).

(h) For a Hopf k-algebra (A,V,n,Ae, S), a left-right ideal I C A (for the mul-
tiplication V on A) is a Hopf ideal if all of the following hold. The kernel of e
contains I. The image of I under the antipode map is contained in I. The image
of I under A is contained in the k-subspace,

(@A) + (A ) C ARy A.

For the quotient algebra homomorphism A — A/I, check that there is a unique
structure of Hopf k-algebra on A/I making this quotient homomorphism a mor-
phism of Hopf k-algebras if and only if the ideal is a Hopf ideal.

(i) For the tensor algebra considered as a Zso-graded k-vector space, check that
the Hopf k-algebra structures are homogeneous operations of degree 0. Also check
that Ay is cocommutative, i.e., the composition 7 o Ay equals Ay. Prove that
the quotient of a Hopf k-algebra A by a Hopf ideal is commutative, resp. cocom-
mutative, if A is commutative, resp. cocommutative. For a Hopf k-algebra with a
Z>o-grading such that all structures are homogeneous operations of degree 0, for
a Hopf ideal that is a homogeneous ideal, prove that the quotient algebra has a
Z>o-grading making the quotient map homogeneous of degree 0 and such that all
Hopf algebra structures are homogeneous of degree 0. Finally, if A is connected,
i.e., the graded piece Ag equals k, check that also the quotient is connected.

(j) For every pair ¢,m € Z>(, denote by Af}m the graded component of Ay,
AP TEN(V) = V) @, TE(V).
Denote by Py, the set with (“7™) elements that consist of ordered partitions (A, B)
of {1,...,£+ m} into subsets A and B of respective cardinalities ¢ and m, say
A=(1<a1 < <ag<l+4+m), B=(1<by < <by <Ll+m).
Prove the formula,
Af;”"(m@“-@vum): Z (Vay @+ ®0g,) @ (Vp, @~ @y, ).
(A,B)EP;,m
If the characteristic k equals 0 or p > ¢ + m, check the following identity,
Lm % * *
AL (Vgm0 vem)) = Y st(va) ® st (vB),
(A,B)EPy,m
Va = Ua1 "'Uazv vp ‘= 'Ub1 . 'me'

Thus, the image of Ai’m O 8V 44 is contained in the image of
SV, © 57 1 Symy (V) @ Symy (V).

Problem 5. (Hopf algebra structure on the symmetric algebra.) Recall that Js is
defined to be the left-right kernel ideal of the morphism of Zx(-graded, associative,
unital k-algebras,
s:Tg(V) — Symy (V).
9
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(a) Check that the graded left-right ideal J, C T2 (V) is a Hopf ideal that is
homogeneous. Deduce that there exists a unique structure of Hopf k-algebra on
Symy, (V) for which sy is a morphism of Hopf k-algebras, and every Hopf structure
on Symj (V) is homogeneous of degree 0. Also, deduce that this Hopf k-algebra
structure is cocommutative and connected. The symmetric algebra is also commu-
tative.

(b) For this Hopf k-algebra structure, check that the antipode map equals the
unique morphism of Zx>q-graded associative, unital k-algebras from Symj (V) to
itself (the same as the opposite algebra since the algebra is commutative) that
restricts on Symy, (V) =V as —Idy.

(c) Via the isomorphism of Zx>(-graded, associative, unital k-algebras from the
previous problems,

Symy, (V) @ Symy (V) = Symg (V & V),

check that A naturally corresponds to the unique morphism of Zx(-graded asso-
ciative, unital k-algebras

Symp (V) — Sym;(V ¢ V),

functorially associated to the diagonal embedding of V in V @ V. If you know al-
gebraic geometry, check that the Hopf k-algebra structure on Symg, (V') for a finite
dimensional k-vector space V equals the Hopf k-algebra structure on the coordi-
nate k-algebra of the dual k-vector space V'V considered as a commutative group
k-variety with group operation equal to the usual vector addition. (Challenge
problem. If we instead identify a 3-dimensional vector space VV as the group of
upper triangular, unipotent 3 x 3 matrices, how does the Hopf k-algebra structure
on the commutative k-algebra Symy (V) “deform”?)

(d) Check that V o A is the unique morphism of Zso-graded associative, unital
k-algebras from Sym$ (V) to itself that restricts on Symy (V) = V as 2Idy. If k has
characteristic 0 or positive characteristic p > ¢+ m, check that V o A®™ equals the
map that restricts on Symy, (V) =V as (Hm).

m
(e) Assuming that k has characteristic 0 or positive characteristic p > n, check
that the following composite

AY" 0 sy, Symp (V) — T(V) — THV) @ T (V),

equals the bigraded component of the composite for the Hopf k-algebra structure
on Symg (V),

(570 @ 8Y,m) © AW 2 Symi(V) — Symy (V) @k Symi (V) — Ti(V) @ T (V).

Problem 6. (Graded Hopf algebra structure on the exterior algebra.) Let A = A,
and B = B, be Z>¢-graded associative, unital k-algebras. As in
form the tensor product A ®; B with the k-linear maps o : A — A ®; B and
B :B—= A R B.

(a) Prove that there is a unique structure of associative, unital k-algebra on A®j B
such that o and 8 are morphisms of associative, unital k-algebras, and the images
graded commute, i.e., for every {,m € Z>q, for every a € A;, and for every
be B,
Bn(8) - (@) = (1) ™ are(a) - B (b):
10
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Prove that the triple (A ®; B, «, ) is universal (i.e., initial) among all triples
(R,a, ") of an associative, unital k-algebra R, and a pair of morphisms of asso-
ciative, unital k-algebras

o :A—- R, B:B—R,

such that 8., (b) - aj(a) = (—=1)*™a)(a) - BL,(b) for every £,m € Z>o and for every
(a,b) € Ap X Byy,. If either A or B has nonzero graded components only in even
degrees, check that this algebra structure is the same as the algebra structure from
the previous exercise.

(b) For k-vector spaces V and W, for the natural inclusions
o V=VaeW, gi:W—=VaeWw,

by the universal property of the exterior algebra, these extend uniquely to mor-
phisms of Z>-graded, associative, unital, graded commutative k-algebras,

o s AV) = AV ew), g AW) = Avew),
k k k k
whose restrictions to the degree 1 graded summands equal o and ] respectively.
By the universal property in (a), there is a unique morphism of associative, unital
k-algebras,

v \V) e AW) = AV ew),
k k k
such ey, ;, o a equals o' and such that ey, © B equals B’. Check that evw is
an isomorphism of Zx(-graded associative, unital, graded commutative k-algebras.

Check that this is compatible with the isomorphism from [Problem 2(b)|

(c) This exercise is for those that know about the Kiinneth formula in algebraic
topology. Let X and Y be topological spaces. Denote the product topological space
by

(X XY, x: XxY->Xv: XxY=Y).

Since cohomology H*(—; k) is a contravariant functor from the category of topo-
logical spaces to the category of Z-graded, associative, unital, graded commutative
cohomology algebras, there are induced pullback maps,

H*(x;k): H(X;k) > H (X xY;k), H*(v;k): H (Y, k) > H* (X xY; k).

By the universal property in (a), there is an induced morphism of Zx(-graded,
associative, unital, graded commutative algebras, for the product from (a),

H*(X;k)@, H*(Y; k) - H* (X x Y; k).

The Kiinneth Theorem states that this morphism of Z-graded, associative, unital,
graded commutative algebras is an isomorphism (but this is only valid with the
product from (a), not for the strictly commuting product).

(d) For Z-graded associative, unital k-algebras A and B, check that there is a
unique Zx>o-grading on A®j, B making both a and 8 into morphisms of Zx(-graded,
associative, unital k-algebras. For the graded commuting product on A ®; B and
B ®y, A from (a), prove that there exists a unique morphism of associative, unital
k-algebras
T1/47B ZA®]€B—)B®]€A,
11


http://www.math.stonybrook.edu/~jstarr/M552s22/index.html
mailto:jstarr@math.stonybrook.edu

MAT 552 Lie Groups and Lie Algebras Jason Starr
Stony Brook University Spring 2022
Problem Set 7

permuting o and 8. Note that this does not usually equal the morphism from
Problem 4(b)|l The two are related as follows,

7'!473(&@ ® bm) = (—l)e'mTA,B(ag ® bm) = (—1)£'mbm X ay,

and thus they are equal if either A or B has nonzero graded components only in
even degrees. Check that 7)) p is an isomorphism of Zx(-graded associative, unital
k-algebras, and 7p 4 o 7)) p equals the identity.

(e) If A and B are each graded commutative, check that also A ®; B is graded
commutative.

(f) Now consider the case of (b) when W equals V. For the natural diagonal
inclusion,

ALV VeV, Al =d + 8,
by the universal property of the exterior algebra, this extends uniquely to a mor-
phism of Z>-graded, associative, unital, graded commutative k-algebras,

L] L[]
Ay ANV) = Avev)
k k
whose restriction to the degree 1 graded summands equal A). Thus, there ex-
ists a unique morphism of Zxg-graded, associative, unital, graded commutative
k-algebras,

Acv: AOV) = A(V) @x A(V),
k k k

such that ey, o Ay equals Aj,. Check that A is a coassociative comultiplication
that is graded cocommutative. Since k, concentrated in degree 0, is a Z>o-graded
associative, unital, graded commutative k-algebra, prove that the morphism ey :
T2 (V) — k factors uniquely through a morphism of Z>(-graded associative, unital,
graded commutative k-algebras,

€e,v /\(V) — k.
k

Altogether, (A} (V),Vev, e v, Ae v, €ev) is a Zso-graded k-bialgebra. Moreover,
it is graded commutative and graded cocommutative. Once more, because the
graded commuting product is different from the strictly commuting product, a
Z>o-graded k-bialgebra is not the same as a k-bialgebra with a Zx>(-grading such
that all bialgebra operations are homogeneous of degree 0; these notions are the
same, however, if the only nonzero components for the grading occur in even degree.

(g) Since Ar(V) is graded commutative, the product for the opposite algebra in
the category of Z>o-graded k-algebras is the same as the usual product. Define the
antipode map Sy to be the identity map. Check the analogue of the identities

from [Problem 4(g)| for S. Together with the previous operations, the antipode
S.,v makes A\; (V) into a Z>o-graded Hopf k-algebra.

(h) By way of caution, check that the projection from Tj2 (V') to A;(V), which is a
morphism of Z>(-graded associative, unital k-algebras, preserves the comultiplica-
tion A only if dim(V) < 1.

12
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Problem 7. (Filtered algebras.) A Zso-filtered k-algebra is a pair (4, (F, A)n>0)
of an associative, unital k-algebra A and an increasing, exhaustive filtration of A
by k-subspaces,
{0} =F ACFRAC.-.-CF,AC Fn+1A c---CA, UZO:OFTLA = A,
such that for every m,n € Zx>, the image of F,, A x F;, A under the multiplication
map is contained in F,;,A. For filtered k-algebras (A, FoA) and (B, E.B), a
morphism of filtered k-algebras is a morphism of associative, unital k-algebras,
f:A— B,

such that for every n € Z>(, the f-image of F, A is contained in E,B.

(a) Check that the identity Id 4 is a self-morphism for every Zso-filtered k-algebra
(A, F,A). Also, check that every composition of morphisms of Zso-filtered k-

algebras is a morphism of Z>o-filtered k-algebras. Conclude that these operations
define a category of Zx>o-filtered k-algebras.

(b) For every Z>(-filtered k-algebra (A, F,A), for every integer n > 0, consider the
following quotient k-vector space,

Grh A= F,A/F, 1A, paray.: F,A— Grh A
For every pair m,n € Z>g, prove that there exists a unique k-bilinear operation,
fimn : Grh A x GrE A — Grl L A,

such that i n(pm(a), pn(b)) equals ppin(a - b) for every a € F, A and for every
b € F,A. Check that these maps assemble to a multiplication rule on the Z>g-
graded k-vector space,

Gria .= @ GrfjA.
n>0

Check that this multiplication rule makes Grf A into a Zx>(-graded associative,
unital k-algebra.
(c) For every morphism of Zs-filtered k-algebras,

[ (A FLA) — (B, E,A),
for every n € Z>g, prove that there exists a unique k-linear map,

Gl Ff.arfA - GiZ B,
such that Grf’Ef(pA,Fm(a)) equals pg gn(f(a)) for every a € F,A. Prove that
these k-linear maps define a morphism of Z>-graded associative, unital k-algebras,

GrlPf.arfA - Gl B.

Also prove that Grf "B f is surjective if and only if every f (F,A) + E,_1B equals
E,, B; this holds if every f(F,A) equals E, B.

(d) Check that the operation f — Gri*¥f sends the identity self-morphism of
(A, F e A) to the identity self-morphism of Grf’A. Check that the operation pre-
serves compositions. Altogether, the rule associating GrZ'A to every (A4, Fy A) and
associating Grl*F f to every f is a covariant functor from the category of Z>o-
filtered associative, unital k-algebras to the category of Zx>(-graded associative,

unital k-algebras.
13


http://www.math.stonybrook.edu/~jstarr/M552s22/index.html
mailto:jstarr@math.stonybrook.edu

MAT 552 Lie Groups and Lie Algebras Jason Starr
Stony Brook University Spring 2022
Problem Set 7

(e) For every Z>o-filtered k-algebra, (A4, FeA), and for every surjection of associa-
tive, unital k-algebras, p : A — C, check that the induced filtration on A/I,

P, C = p(F, A),

is a structure of Z>o-filtered k-algebra on C' such that p is a morphism of Z>¢-
filtered k-algebras. Moreover, for every Zx>o-filtered k-algebra (B, E,B), for every
morphism of associative, unital k-algebras, g : C' — B, such that f = gopis a
morphism of Zso-filtered k-algebras, f : (A, FeA) — (B, E.B), prove that also
g is a morphism of Zxo-filtered k-algebras, g : (C,p.FeC) — (B, E.B). Also,
check that the induced morphism of Zx>(-graded associative, unital k-algebras is
surjective,
Grl'p: GrfA - aip-Fe.

Finally, check that Gr2~¥'C is commutative if and only if I is nearly commuting,
i.e., for every {,m € Z>¢, for every a € FyA, for every b € F,, A, the commutator
[a,b]a :==a-b—b-ain Fyy,, A is contained in the k-subspace Foim ANT+ Fyipm_1A.

(f) Conversely, for every Zso-graded associative, unital k-algebra A,, for every
integer n, consider the following k-subspace of A,,

n
FoA =A<, = P Am C A
m=0

Prove that this sequence of k-subspaces makes (As, FoA) into a Zso-filtered k-
algebra.

(g) For every morphism of Z>-graded associative, unital k-algebras,
fo:Ae = Be, fn:A,— By,

check that f, is also a morphism of the associated Z>o-filtered k-algebras. Check
that these rules define a covariant functor from the category of Zx>(-graded asso-
ciative, unital k-algebras to the category of Z>o-filtered k-algebras. Check that the
composition of this functor with the previous functor is naturally equivalent to the
identity functor on the category of Zx>¢-graded associative, unital k-algebras.

Problem 8. (Hopf algebra structure on the universal enveloping algebra.) Let g
be a Lie k-algebra, i.e., a k-vector space together with a skew-symmetric, k-bilinear
operation,

[_’_] gxXg—g, (XvZ) = adX(Z)a
that satisfies the Jacobi identity, i.e., for every X,Y € g, the following k-linear
self-maps of g are equal,

ady oady —ady oadx = adx y].

As usual, denote by I the left-right ideal in 7} (g) generated by all elements gg 2 (X ®
Y-Y®X)—qe:1([X,Y]) for X,Y € g. The universal enveloping k-algebra of
g, U(g), is defined to be the quotient of T2 (V') by the left-right ideal Iy,

pg : 11 (g) = U(g)-
For the Z>¢-graded associative, unital k-algebra Tp(g), denote by FoTy(g) the
associated structure of Zx(-filtered k-algebra,

FuTR(9) == @ Ti(e), F-1Tp(g) == {0}.
=0
14
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Denote by F,U(g) the associated structure of Z>-filtered k-algebra on the quotient
associative, unital k-algebra,

F.U(g) := pg(Fu Ty (9))-

(a) For the morphism of Z>(-filtered associative, unital k-algebras,
pg : (T3 (9), FoaTi(g)) — (U(g), FoU(9)),

there exists an associated morphism of Z>-graded associative, unital k-algebras,
GrJpg : T3 (9) = GrJU(g)-

Since each map pg : F,Ti(g) = F,U(g) is surjective, conclude that Grepg is sur-
jective. Since the Zso-graded associative, unital k-algebra T (g) is generated in
degree 1, conclude that Gri'U (g) is also generated by the images of the degree 1
elements T} (g) = g.

(b) For a Z>¢-filtered k-algebra (A, FyA) such that the k-subalgebra FyA is com-
mutative and such that the k-subspace F} A generates A as an FyA-algebra, check
that a left-right ideal I C A is nearly commuting if and only if for every X, Y € F} A,
the commutator [X,Y] in F>A is contained in Fob AN T+ FyA. Use this to prove
that the ideal Iy in T} (g) is nearly commuting for the natural Zs-filtration on
T2(g). Thus, there is a unique surjective morphism of Zx>(-graded associative,
unital, commutative k-algebras,

Ps.g.e : Symi(g) — GrlU(),
that factors GrZ Dg-

(c) Now assume that k has characteristic 0 or positive characteristic p > n. Identify
Symj (g) with the image of s} ,, in T} (g). Conclude that the kernel of ps 4 » equals
the inverse image under s ,, of I N T} (g). Therefore ps g4 is injective if and only
if the following map is injective,

Pg © Sg.<n * FnSymi(g) = F. T3¢ (g) — FnU(g).
In particular, in characteristic 0, conclude that
Ps,g - Symy(g) — GrJU(g)

is an isomorphism (i.e., injective since we already know it is surjective) if and only
if the following map is injective,

pg o sy : Symg(g) — T (g) — U(g)-
Injectivity of this second map is the weak formulation of the Poincaré-Birhoff-Witt

Theorem.

*

(d) Assuming injectivity of the map pg o s
use induction on n to prove that every map pg o s -, is also surjective. Conclude
that the map pg o sg is an isomorphism. Isomorphism of this map is the strong

formulation of the Poincaré-Birhoff-Witt Theorem.

(e) For the Hopf k-algebra structure defined on 77 (g), check that the left-right
ideal I is a Hopf ideal. Conclude that there is a unique Hopf k-algebra structure
on U(g) such that py is a morphism of Hopf k-algebras.

(f) For a k-vector space V, a left-right ideal I C T2 (V) is of PBW type if I
is a Hopf ideal, i.e., T2(V)/I has a structure of Hopf k-algebras such that the
15
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surjection pr : T2(V) — T2(V) is a morphism of Hopf k-algebras, if I is nearly
commuting, i.e., the associated graded k-algebra Gr2<"(T#(V))/I) is commutative,
and if F4T2(V) NI is the zero subspace. Assuming Ado’s Theorem, prove that
T2 (g) — U(g) is injective, so that Iy is of PBW type.

(g) Let I be a left-right ideal of PBW type. Let n > 1 be an integer. Assume that
k has characteristic 0 or positive characteristic > n. By way of induction, assume
that for every integer 1 < m < n — 1, also py o F,,s§, is injective. Thus, for every
m=1,...,n— 1, the following composite is injective,

* *
Frn msyQ@Fnsy,

F"="Sym, (V)@ F™Sym, (V) Foem T (V@1 F Ti(V) 2225 By T (V) /1@, Fn T (V) /1.

Use surjectivity of the induced morphism p, ; : Symy(V) — Gre=¥ (T3, (V)/I) and
induction on m to prove that for every m =1,...,n — 1, also the composite

pr o Fepsy : FpnSymi (V) = Fp, T (V) = F, T (V) /1
is surjective and the following map is a bijection,
Ps.rm : Symp (V) — G2 (T (V) /).

(h) With the same hypotheses as above, by way of contradiction, assume that there
exists nonzero a € F,,Symyj, (V') that is in the kernel of pyo F<,,s},. Use the induction
hypothesis to conclude that the component a, in Symj (V') is nonzero and maps
to zero in Gre=F'T;,(V)/I. Since p preserves the Hopf algebra structures, conclude
that also A(a) is in the kernel of p; ® pr. By hypothesis, the components a ® 1 and
1®a map to0®1 =0 and 1®0 = 0. Thus, conclude that also A(a) — (a®1+1®a)
is in the kernel of p; ® p;.

(i) Conclude that for every 1 < m < n — 1, also the (n — m,m)-component of
A(sy; ,an) maps to zero in G2 T (V) /I @y GrP: T (V) /1. Using the induction
hypothesis, conclude that every (n — m,m)-component of A"~"™™ (s}, a,) equals

0. Finally, use[Problem 5(d)|to conclude that a,, equals 0, contrary to hypothesis.
By way of induction, conclude that also pr o F<, s}, is injective. Combined with (g)
above, assuming that k has characteristic 0 and assuming Ado’s Theorem, conclude

the Poincaré-Birkhoff-Witt Theorem for Lie algebras, the induced map

pro sy : Symy(g) — Ulg)
is a bijection of Zxo-filtered k-vector spaces.
(j) Since the adjoint g-action on 7}'(g) acts through Homy(V, V), use
to conclude that s;Symj(g) is a g-subrepresentation. Conclude that pr o sj
is a morphism of g-representations. Thus, by Poincaré-Birkhoff-Witt, this is an
isomorphism of g-representations. In particular, the k-subspace of invariants for

the adjoint g-action on U(g) is the isomorphic image of the the invariants for the
adjoint g-action on Symy,(g).

Nota bene. This proof of Poincaré-Birkhoff-Witt is adapted from an answer by
David Speyer to a MathOverflow question.
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