Name: Problem 1: /25

Problem 1(25 points) Consider the following matrices and column vectors,
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I3 b3
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(S} =) ()

| S
A— 252000
3 3 4

(a)(15 points) Find necessary and sufficient conditions on the integers by, b, and b3 such that there
exist integers 7, T2, 3, T4 solving the linear system AX = B. Express your conditions as linear

equations and linear congruences in the variables b, by, and b3 (and only in these variables).

(b)(10 points) When (by, bo, b3) equals (2,—8,0), find the general solution X_€ Z* of the linear

| system AX = B. A Td
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Name: Problem 1, continued
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Name: Problem 2: /15

Problem 2(15 points) Consider the following integer, binary quadratic form
f(z,y) = T2® — dzy + o>

Find a 2 x 2, integer-valued matrix with determinant +1,

v=[5 ¢]

such that after the linear change of variables,
5115 6115 )- [ %48 ]
Y v O ld VE+0y |’
the new binary quadratic form

9(2,9) = f(z,y) = aZ® + bz§ + cj’

is in reduced form, i.e., |a| < |c| and either —|a| < b < |a| if |a|] < |c| or 0 < b < |a] if |a] equals |c|.
Also give the binary quadratic form ¢(Z, 7).

StEEl, DCnOtC P“J]) l’7 ﬁ(x.,\/;)s a‘X,z'l'b.X,\/'*Cy,z: 7x‘2_l1x‘7'+17,2' S’."CC we do
not have 13,1€1¢), i.e., 741, we perform the admissble Dincar chame of varishles,
(X, %)= (Ya,"X). This gives an equivalent integer, binaty goaicatic form,

£ 00, 3) = R,y = Zobtopin)1in)= 1+, + 757 = & X5 b ayrayt
g_f_cf_z.. For the new form 2, 13,1 <1c,) does hold, bat "@%V‘Iaj(bz <13,)
does not hold, $$1. Thus apply the division alsorithm fo wrife

bz-'- t(zbz‘)""', ¥ =13, <c<1a,) , Perform the aJm(“;L[e fLinear change orrvariab@/
H=2(2)10, (XeYo)* (X=1¥s. )= (Xe-2s30). This gives an epeivalect foy
'Fg (be:s): {"z(xb Yz)= 1(’%"2)’5)2"' 'l‘(Xs‘Zys)z';* 7732 = 1)(37'-:-Ox373 +3732 = a, x}bsxgys4-%2

This form is reduced: 135/< 1G] 3nd 18)€bg1a) « Thos we set (¥.5)=(x
i 1 < 3 -1<¢0¢1 7, ( 3/)})

, s T SA[X]|, 97y She equivalent,
w,,“t at‘.mwsub.lc (x)y): (yJ-X*'Z)'); ee. 4[[;13 [.1 2”7] g redweed Porm i
chanye of vaciableg T 2

g(iy)= 1¥"+0%y *3'7’J‘




Name: Problem 3: /30

Problem 3(30 points) Consider the integer, binary quadratic forms
f(z,y) = az® + bzy + cy®

which are positive definite and which have discriminant 4% — 4ac equal to —12.

(a)(10 points) Find all such forms f(z,y) which are reduced. In particular, give the class number
H(-12).

(b)(20 points) For all odd primes p different from 3, find a necessary and sufficient condition that
p is properly represented by a quadratic form f as above (with discriminant equal to —12). Write
your condition in terms of p being congruent to a list of residues modulo a fixed integer (using the
Chinese Remainder Theorem if necessary to combine congruences modulo relatively prime integers).

(2). Fist of ald, biz-1150 (med4) so that b is even. Also, if 3 is even, the

Chaczo el o hat bie-izaf (md9)= b2 omdd)

TF P,y s reduced then 12=Yac-b* 2 bac-a® > ‘m-a = 33a%

(since Ibl<1a1) :;nc“asc)

So 3<% and 0<a = a ezuals 1 o 2.

. Cese 1. 3s1. Since -3<bgd give -1<bgl 3nd Siace b i even,bezvalsd.

| Thus 2% hac-b= Y(L)e-(0) =k, Thus ¢ 67"315 zoo By egvals 1
e Lot s 0 e S -

ff:sccnl ﬁl:,z/? S{—,,: aofsyevc:, we have b=2 (med) Also -3<bea,ie ~2¢b<2,

Thee b CZ"MB 2 S V- Y9c-bi= H(2)c-(2)%= Pc-Y. /jm{ then c epakZ

So it o eguak 2 fthen fep= Zx*s 2xy+2y% = 2 (x%xy*y"),

S, the reduted, pesihive definite forms of discriminant ~12 are

2 = Dixtayay?] | Note £(1,00=1, but always
E(x,y): X +372 and 'lex,j) Z(X Xy 7);/‘&“,7) X even. S {“M!f areé

ineguiva lent. There fore the
clac number % /H("ZJ “2.]

(over ) y




Name: Problem 3, continued
(b) By one. of our theotems, for an odd prime p and & discriminant o
ahich- 53 squace models %, there exidfs an infeger, binary guadrate boen
with discriminant o Mpf‘es&nhnj P it and 0)717 it d i a spvare modvs p,
(N.B. Sinee p s positive and d=-17 & neyative, such 8 foem is Nectessaely
f)og,,'}.‘ve o(c»om 'te.)
Since. p#2 and p# 35, =2 i ot divisible A7 p.i-e, <1240 (medp).

Therefor p i represeated P e {%Z) C?valx +1

S 1423, w b () (F)E)-(7)02()
’

57 Zuadrab‘c rccffrocf)lb (%}(3) = (-I)z—":"’i," ("/)1. E':" (_;‘."_Z. ]
Wt (3] w4 (3)f5) T b (3] (g
P/\ P/
2+l (Mo ”61) s)
hi (5 24t .

Therefor, for an odd prime P45, p ok cepreseated by 8 Zvaéra/fc
beewm § with discriminant -12 F and onl7 f !705-.' +1 (moa(S)J

(N‘g‘ Obv?ow;l7 an odd number camoft LC fcpfescnéa' b/ {2(&/]‘

T‘nru[';re an odd ym‘me F#S which 3 repfcsenhl 1>7 8 Zua,}ra}vz
P D with diccriminggt =12 & cepreseate) by ,l}mp_, x”+3/z)




Problem 4(30 points) Consider the following integer, ternary quadratic form

flz,y,2) = —112> +9° + yz + 222,

(a)(20 points) Find an invertible, 3 x 3 matrix with rational entries,

€11 C2 C13
V= 0 Coo C23
0 0 C33

:
Name: Problem 4: /30

with column vectors w0, ws, ws, such that after the linear change of variables,

& Cix ©Cia €13 z
y | = 0 co0 co3 Y | = zw; + Yyws + Zws,
z 0 0 C3.3 Z

the new binary quadratic form ¢(Z, 9, ) is in “Legendre diagonal form”, i.e.,

9(%,9,2) = f(z,y,2) = ¢(aZ® + b* + cZ°)

for a nonzero rational number ¢ and for integers a, b, ¢ such that abc is square-free. Also give the
binary quadratic form ¢(Z,7, Z).

(b)(10 points) Using Legendre’s theorem, or otherwise, determine whether or not g(Z, 7, 2) has a
nontrivial rational solution (%, 7, 2) # (0,0, 0).

Bonus problem.(10 bonus points) Please only attempt this if you have already solved the
rest of the exam. Find integer coeflicient, homogeneous, quadratic polynomials Z(u,v), §(u,v),
Z(u,v) of integer variables u and v such that (Z(u,v),J(u,v), Z(u,v)) is a solution of ¢(Z, 7y, Z) for
every choice of (u,v) € Z? and such that every rational solution of g is a rational multiple of
(Z(u,v),g(u,v), Z(u,v)) for some choice of integers u and v (not necessarily unique).

(a)Firs{\ OF alf zr(x)»z)=-22x1*271*272#q27- ’$ X"QX: X'(QZ) W}’ffc
[7]=x7+ ‘/7 -rzv, [ ']-}y[fls* z[:‘,’] and whem Q 5 the symmetae mateix ’392 g
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Problem 4, continued

and the chanjc of variables Z:Qf/ re. Z:,?mw;ré‘vz*,
23(?}7/3’): 2fi2) c[va& —Z__Z - 255+ 14 &, ie,
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Name:

- _ac (medlbl) 272 0=0% (md 1),

t’)co: does exst a noativial. 260
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1 ey T2
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(Qonus)_ There 1% nozm;&/*""’ wth §=0, sinee ~7 & mt a spvae,
Go, Vp o Sca.Qu‘nJ/ Bssump R'e[oals 1. Thea wn'te (%, 9,%)= (1,Z+t,1* fm)
for E,m e@ (nofC that ¥ ¢=0 then, vp ko @ 530 thage, T= 1 s z{hzj" tn=0, ie mia)
Sobsf’f}u%l"j rato J(f::/'r?) gives =91 +J(9+Hf+{z) +F(1+2tm+t'm =
= f[Z(Z*;‘m) "’“1"7'"2)]. So the solhers + (1, 21). 8.2 1)swr ap
t= -UBm) 5 (R.5,5)= (1} 2(-1-Fm*Fmt)  1-4m-FmZ ) Scaly thouh

| ¥ Fm? L |+ Fme 1 +Zmt t
by Jrymt s fhat (R7E) ~ (14700 2L 70 R 1-4m-7a").

I:;OZIIY S@‘)" M’a % 3ad Scale by ut to 367(’
(X.5.2) ’:"Mi( W2 PvE, 2(-u - Fuv rhE), u2~‘1‘uv—7vj .

Nof-‘ce H'h‘s s Proro({‘n‘mal t (1,2,—1) .
when (WY)= (01) it i P'o?v{'.‘mﬂ o

= -(10) a b (4L,23) when
(4,-2,1) whea tw,¥) (L,0), i

5 Cor bl = aramelaizatin” does
aacwufnL be: al) rational soltion,




