
Nmne: _ Problem 1: /25------

Problem 1(25 points) Consider the following matrices and column vectors,

r
1 1 2 0 1 [ Xl 1 r b 1A = 2 2 0 0 ,x = X2 ,B = b~ .
3 3 4 0 X3 b

X4 3

(a)(15 points) Find necessary and sufficient conditions on the integers bl, b2 and b3 such that there
exist integers Xl, X2, X3, X4 solving the linear system AX = B. Express your conditions as linear
equations and linear congruences in the variables bl, b2, and b3 (and only in these variables).

(b)(l0 points) When (bl, b2, b3) equals (2, -8,0), find the general solution X E Z4 of the linear
system AX = B. A- [A 143•3] g@) Be:Jinnin, with H.e au,menl:eJ. matriX = lI~ , per ortYl

(iniejer c.oeff~cie.nt) eRementa'l ~o~,anJ co~um)? "opera. tions to fi?ei ~I) etllireltnt
lI'laJ<, x [-8-fMl where. 0

1

is '" I.t",k '/"oJonal f.rf1l D s r:~::-o!r-l-.~-J..
- 7 1 1 20 1 0 0 R2= Rz - 2R, -.. 1 2 0 1 0 0 0 i 0
A. = '1'" ~ 5~g g ~ f · R; •.R - 3R, ,Az - a 0 - 'I 0 -2 loR,' '"R, T R~

J l 0 0 -2. 0 -3 0.1 ; R' = R _2R. J

1000 1 0 00 l ~ J
0100 0 1 0 0
"01°1 0 0 :I. 0
0(>0 00 OJ,

1100 -2 0 _~ Rz'=-RJ _ 1 1 0 0 -2 o:r. , 1 000 -2 0 1-
A~ 0 0 0 0 •.If 1 A, 0 0 2. 0 :5 0 -1 Ct~C""'1I 3 0-1

J= 0 0 -2 0 :'30 J ; R;" Rz I ::. 0 0 0 0 If j."'2 • 0 0 t 0 If 1-2 .
10 0 0 / A::: 0_0-0-.-..,;;.0-+- ,)
o 1 0 0 1 0 0 0 .:J 1 -1 0 e
0010 0100 0100
0001 001.0 0 ()lO

0001 0001

C~=Cj A~ 1 0 ~ ~ -; g .i [1 0 i 0 0] [-2 0 11 1 0 -1 0]C'=C/' g~oo '11"2 50 D% o2.t~ ..9. /U:z 30"1/V:t 001.°,
S 0 o-c,-~0 0 ~ 1 -2 0 2. 0 0

10~o 0001
o 0 1 e
o 1 00o 0 0 1 and
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Name: _ Problem 2: /15

Problem 2(15 points) Consider the following integer, binary quadratic form

Find a 2 x 2, integer-valued matrix with determinant +1,

v = [~ ~]

such that after the linear change of variables,

[x] [a {3] [ x ] [ ax + (3y ]
Y = "I 0 Y = "Ix + oy ,

the new binary quadratic form

g(x, y) = f(x, y) = ax2 + bxy + cy2

is in reduced form, i.e., lal ::; lei and either -Ial < b::; lal if lal < lei or 0 ::; b ::; lal if lal equals lei-
Also give the binary quadratic form g(x, y).

~teel. De.not~ fCXJ7) bJ f, (X'~'/I)= a,x,?+-b,x,,/,.cy,Z= 7xl"-~X'71+1f,~ S;"(t we J.o
not have Ia, I , (C, 'J ;, .e.J '7 f 1, we perrorm i he ad.D1c",s'-hle l.inear c b a"Jt of variables.l
(X.,'t.)=(Y1/-XZ.). This ~jves at) eluivale~f i"te3er, binarJ lIJ1J4rafic fOf"ffI,

f2.(X2IY~) = fl(X,,,!'.):: 7(Y7.}'2-~(Y~)l-Xz)+1(-xJz:::lx: +~Xz72- + 111.7. = azX1.\bzxllz+C,I/

5tep2. For the new torlh P~I lal.l <Jell doe~ holJ, bu.f ~/aJ(bz~/a~J
o~(')e,s not h~lJ.) ~'1. Thus afp17 the divi>iD'1 a.l,oril-h,., to wrife

bt:l: t (~J) + ", ~ -[all <: r~Jat). Pe.rform fhe admi~;ble J,inear Chanjl of variab~

Li :: 1·(1.)-tO/ (Xz-,y%.)= (x1-lY3,)'l)= ()(J-2,Yl')'~). Th,,> jives an 8[flivalt(l4 for~

t3 ()(j,Y:s) :: fz ( XlI 1z) = 1 ()(3'" 2 Y3)2 .• 'exJ-2Y,s) 1.J .•. 7,/;" == 1't;+0XJ~J t- 3 'loll:: aJ X}t-b
j
f3Y3"'Sh~

Th~s form is, (e~I.lu.J:IClsl<fC&1 ant! 1Bi<b~laJJ: ThCl.s we. seb (X':,y):a(Xs y\
. 1 < 3 -1< 0 (1 _ ../y

w~th atLlnits;bk ex ")= (-y -x+2J"") t« 4 fOX].:: [0 211[!1.1 3 ;V~~ ~he() et
uivlf

It"i/
h

n • bh )f ~ ). 'f -1 ., Jj f'tGlV •.ttCl rorm
G an)!. or vatla s 3(i,yJ:: lyl+OX'y+3r2. .



Name: --------------------------- Problem 3: /30

Problem 3(30 points) Consider the integer, binary quadratic forms

f(x, y) = ax2 + bxy + cy2

which are positive definite and which have discriminant b2 - 4ac equal to -12.

(a)(10 points) Find all such forms f(x, y) which are reduced. In particular, give the class number
H(-12).

(b )(20 points) For all odd primes p different from 3, find a necessary and sufficient condition that
p is properly represented by a quadratic form f as above (with discriminant equal to -12). Write
your condition in terms of p being congruent to a list of residues modulo a fixed integer (using the
Chinese Remainder Theorem if necessary to combine congruences modulo relatively prime integers).

(a), Fj"si of alL) b2a-J2~O (moJ.'1) s. fhaf b is even. Also" i! a 1~5 even" fb/A
-=-Ltac. it 0 (mod i) ~o fhat h2.;: -/2 :a If (moJ 9) -=) b s 2 (moJ ~J. 1. 2

T.F t(II'J) IS red...,l.e,~ then 12:: ~ac-b~ ~ 'tac - a2
~ ~~i -a ~ 3a.

(S'~Ie.1~/"al) (~~a,c)
50 a'l., If an J 0 < a. =) a el tJ aJs 1. f)r 2.
else!. a::l. Sif)(t -8 < b ~a ,ives -1 <"(1 anti siilce " 15 eve», b et"ais tJ,
T h lL S 12 = Ltac - bto: ¥ (1.)c. - (0)1.;: If c. ThfLS c er val> 3. 50 ;P a eyllaJs 1J

the" f (~,'-I ) = 1·)t 2. l' 0~)'+ 312
, _

I h b 2(mJ¥) Al~o -a,<b,a",,:e.-2<h,Z.Cast. 2, a ::c2. S;n't a. ;:s evtn, we avt ;:: 0 ,

lhu> b era#.> 2. So 12" ~ac- j, Z,. W2)t - (2l" ~,- '1 ~ Anti then c ~!v~1s2.
~c i~ a e1.,'J'als 2. ihtl1 t()l.",J::: 2 x2.-+ 2)(1 "t 2,/z = 2 (){z-tx,-+} Z),
SO fl,e. rec.lcue.rl, o~;tive definite Forms of J..;~,riminalll -J2 are.

r '1 t cln~ ~ {X, J ~ 2 (x t.x of" J'Z) N ofe f, (/)oj = 1, b" f- a/wI?!
r I (X J I)::: X T 3;t ~ 1 7 'Pz (IC" 1J IS e r~II, &, fh~Je e re

;1Ie.tfj,'.,1j ~el>r There fDr~ the.
cta,~ num b,r is / H(-12) ::r. 2]

(over 1,)
6
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Problem 3, continued

(~B1 One of our fhetJrerns~ ttlf an oJ.~ p"tWlt P aflJ 8 ,).,lcr,'m,'1J6",1- J.
whj~~ IS a sfv{jl'e moJ~/() Lf~ ihere. ex/,ll a" "I)te"t.r) 1",-n(J'7 ~va.Jr,f,(, Au,,!
with JiSCrimini)nf d t~re5e.f)bj P j'P and. onl, il- d 11 a Sf",f! /1?"J,,',.
(N.~. Since p ts pot,f,vl, afll J::-/Z is f)eJa"'v~/ ~r.l.ch d hi'#! is neltstar,,,,

f o>,'}Ne J.ef,\" .ie.)
S,,()~ p*2 and f4=5.; -J2,-s nofd,-vts,'b1e ", p,,{·e) -1240 l!Y)"Ip) .

. Theref~ p is (efrmAd if iJml Ml7 d (:;!) eru8A ,t1.,

5i~tL -12 = -1· 2%·3/ we- havt tif)= (1)(1:)0) = N) (+1) (f;J
51 tuadrat.G rlX'roc;)" U)(;):: (_,/i"'i' ~ (-1/' 'i~t~).
1-iehlt (n et~al) tf)(iJ. Theret.-e we havt (1)~(1)(~)~N)N)(fj

s(:D·(f)·

Name: ---------------------

A f\ J (f)::. ~t s • fa t 1 (m"r/ 3) .
~ l-1., FE! -j ("'«IS)

Jhere. fote) POl' an 0 J. d. FriMe f :f 3/ P is repre!,fntf.J 1>7 B l 1J8Jr~/'c.
~.('"f wilh J. ir.cri..,i1l8/lf -12 iP and. ofll, if [r:: + 1 (rn.~!J]
(~.B. Ob,,;()~sl7 Sf) o,fl flumbtr CBl1hfJf l>t re.fre,sijJfd b; fz (t.,!)

T~t(tP,re 3n odd. pr~(V)e p i="$ w~j'ch "-s ref ruet>rtJ l>t c3 lv-aJrllJ,c
f.~N1 t w i}~ 0. ,"~c('I'NJ'/)alJt -12 is rer~&ll-trJ ~ t (~/7J:;X 2.+ 3/2.)
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Name: -------------------------------- Problem 4: _ /30

Problem 4(30 points) Consider the following integer, ternary quadratic form

(a)(20 points) Find an invertible, 3 x 3 matrix with rational entries,

with column vectors WI, W2, W3, such that after the linear change of variables,

the new binary quadratic form g(x, y, z) is in "Legendre diagonal form", i.e.,

g(x, y, z) = f(x, y, z) = q(ax2 + by2 + d2)

for a nonzero rational number q and for integers a, b, c such that abc is square-free. Also give the
binary quadratic form g(x, y, z).

(b )(10 points) Using Legendre's theorem, or otherwise, determine whether or not g(x, y, z) has a
nontrivial rational solution (x, y, z) i= (0,0,0).

Bonus problem.(lO bonus points) Please only attempt this if you have already solved the
rest of the exam. Find integer coefficient, homogeneous, quadratic polynomials x(u, v), y(u, v),
z(u, v) of integer variables u and v such that (x(u, v), y(u, v), z(u, v)) is a solution of g(x, y, z) for
every choice of (u, v) E 71} and such that every rational solution of 9 is a rational multiple of
(x(u, v), y(u, v), z(u, v)) for some choice of integers u and v (not necessarily unique).

(g) FifS! of all, 2f(xI1Jl)::-22x1.+21t .•.21i+~z2. is s'ot- X-(o.l) where
X· W·w~·Y~T1V;.x[iJ+Y[r]tlfrl and wht~ Q.~ fhe sl,.O/tfn~mitr·:xt~~ fj-
pe.!: to~~...;C!}"I~Sc~~jdl!.t. t':o~ s: ~~s~o ~lXL~~[~~r w.1fH .,ill.oWi~9.~J~O
Stee 1. 'II, =v.J[moJ " Sfer4. Vt· Q~. [,J-[ ~zl:aO. -S~L~i-- JJ - - .Jo<,.;:#: j.';-[-Z2] ~ g. i'l~v,.~[O~10 o 'Cp. V;·OW,': mt!l]:::o- ;;,-
Qw,:a 0 W ·bw:)= -'[1.. t ~ f' ~"r.>.~~ [0] [0] 0

~ I I - Q~ [0] -= 8 Vl •.•or,- 1. f " 1. ., ""ifW
Wl:l i)Wi~~):a ~ So ~: 2 ('i- ~~)= 2 '(,-w, 11"

(ovtr 1)




