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ABSTRACT. This note will study a family of cubic rational maps which carry
antipodal points of the Riemann sphere to antipodal points.
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1. Introduction.

Recall the following classical result (see [Bo]).

Theorem of Borsuk. There exists a map f : S™ — S™ of degree d which
carries antipodal points to antipodal points if and only if d is odd.

For the Riemann sphere, C = CU {00} = S2, the antipodal map is
defined to be the fixed point free map A(z) = —1/z. We are interested in rational
maps from the Riemann sphere to itself which carry antipodal points to antipodal
points!, so that Ao f = fo 4. If all of the zeros g; of f lie in the finite plane,
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then f can be written uniquely as

d
zZ — qj .
zZ) =u with ul=1.
1) H 1479,z ful
j=1 J
The simplest interesting case is in degree d = 3. To fix ideas we will discuss only
the special case? where f has a critical fixed point. Putting this fixed point at the
origin, we can take ¢q; = g2 =0, and write g3 briefly as ¢. It will be convenient
to take u = —1, so that the map takes the form
24— %
f) = fie) = (1)
(Note that there is no loss of generality in choosing one particular value for w, since
we can always change to any other value of u by rotating the z-plane appropriately.)

FIGURE 1. The gq-parameter plane.

Figure 1 illustrates the g-parameter plane for this family of maps (1). In this
figure:

e The central white region, resembling a porcupine, is the hyperbolic component
centered at fo(z) = —z3. It consists of all ¢ for which the Julia set is a Jordan
curve separating the basins of zero and infinity.

e The black region is the Herman ring locus. For the overwhelming majority
of parameters ¢ in this region, the map f; has a Herman ring which separates
the basins of zero and infinity.

e The colored regions will be called tongues, in analogy with Arnold tongues.
Each of these is a hyperbolic component, stretching out to infinity, which represent
maps with a self-antipodal attracting periodic orbit having a well defined rotation
number around the origin, always with even denominator. The colors vary from
red (for rotation number close to zero) to blue (for rotation number close to one).

2For a different family, consisting of maps with two critical points, see [Mil, §7] or [GH].



ON ANTIPODE PRESERVING CUBIC MAPS 3

e For rotation numbers with odd denominator, there are no such tongues.
Instead there are channels leading out to infinity, which are part of the central
hyperbolic component. These will be called fjords.

e The grey regions and the nearby small white regions in Figure 1 represent
capture components, such that both of the critical points in C~{0} have orbits
which eventually land in the immediate basin of zero or infinity.

Note that Figure 1 is invariant under 180° rotation. In fact each f; is linearly
conjugate to f_4(2) = —fq(—2). In order to eliminate this duplication, it will
be convenient to make a simple change of parameter, setting s = ¢>. The s-plane
will be referred to as moduli space, since each s € C corresponds to a unique
holomorphic conjugacy class of mappings of the form (1) with a marked critical
fixed point at the origin.?

Definition 1.1. It will be useful to add a circle of points at infinity to the s-plane.
By the circled s-plane

] = C U (circle at infinity)

we will mean the compactification of the s-plane which is obtained by adding one
point at infinity

ooy = lim re?mt
r—+00

2mit

corresponding to each point e on the unit circle. This circled plane is homeo-

morphic to the closed unit disk D under a homeomorphism 7 : [1] =, D which
maps each radial line e2™*%[0, co] onto its subset €27**[0, 1]. The precise choice
of 1 will not be important; however, for illustrative purposes, it is often useful to
show the image of the circled plane under such a homeomorphism 7, since we can
then visualize the entire circled plane in one figure.

This circle at infinity has an important dynamical interpretation:

Lemma 1.2. Suppose that s = ¢g> converges to the point ooy on the circle at
infinity. Then throughout any annulus € < |z| < 1/e the associated maps fiq
converge uniformly to the rotation

z = Xty
Hence all of the interesting dynamics must be concentrated within the small disk
|z| < € and its antipodal image. The proof is a straightforward exercise. [

2. Fatou Components and Hyperbolic Components

Theorem 2.1. Every Fatou component U for a map f = f, in our family (1) is
either an annulus or is simply connected. Furthermore, in the annulus case, either
U or some forward image f°*(U) is a Herman ring.*

3Thus we do not allow conjugacies which interchange the roles of zero and infinity, and hence
replace s by S. The punctured s-plane, with the origin removed, can actually be considered as
a parameter space, setting for example Fs(w) = q fq(w/q) = w?(s — w)/(s + |s|w) .

4For the moment, this Herman ring may be periodic of period m > 1. However §7 will show
that such a ring is necessarily fixed (m =1).
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FIGURE 2. The s-moduli plane. Here the colors code the rotation
number, not distinguishing between tongues and Herman rings.

FIGURE 3. Image of the circled s-plane under the homeomor-
phism n: [ — D which shrinks the circled plane to the unit
disk.

Proof. First consider the special case where U is a periodic Fatou component.

Case 1. A Rotation Domain. If there are no critical points in this cycle
of Fatou components, then U must be either a Herman ring, or a Siegel disk
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FIGURE 4. Irrational rotation number: two Herman rings on the
Riemann sphere, projected orthonormally. The front (visible) half
of the sphere corresponds to the right half-plane, with z =0 at the
bottom and z = oo at the top. The boundaries of the rings have
been outlined. Otherwise, every point z maps to a point fq(2)
of the same color. Left example: q~ 6+ i, modulus =~ 0.2081.
Right example: g~ 1.8+ 3.21¢, modulus =~ 0.0063.

FIGURE 5. Rational rotation number: Julia set for a point in the
(21/26)-tongue. Note the self-antipodal attracting orbit of period
26, which has been marked. The associated ring of attracting Fatou
components separates the basins of zero and infinity.
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FIGURE 6. Julia set for a point in the (5/11)-fjord. This is a Jor-
dan curve, separating the basins of zero and infinity. The left side
tllustrates the Riemann sphere version, and the right side shows
the view in the z-plane, with the unit circle drawn in.

(necessarily simply connected). In either case there is nothing to prove. Thus we
are reduced to the attracting and parabolic cases.

Case 2. An Attracting Domain of period m > 2. Then U contains
an attracting periodic point zy of period m. Let & be the orbit of zp, and
let Up be a small disk about zp which is chosen so that f°(Uy) C Uy, and so
that the boundary AU, does not contain any postcritical point. For each j >0,
let U; be the connected component of f~/(U) which contains a point of &,
thus f(U;) = U;—1. Assuming inductively that U; is simply connected, we will
prove that Uj;q is also simply connected. If Uj;i; contains no critical point,
then it is an unbranched covering of U;, and hence maps diffeomorphically onto
U;. 1If there is only one critical point, mapping to the critical value v € Uj,
then Uji1~f"'(v) is an unbranched covering space of U;~{v}, and hence is a
punctured disk. It follows again that U;i; is simply connected. There cannot be
two critical points in U1, since then one of them would have to be the critical
fixed point 0 or oo. In this case the period would be m = 1, contradicting the
hypothesis. Thus each Uj is simply connected. Since the entire Fatou component
U is the nested union of the Ujy, , it is also simply connected.

Case 3. A Parabolic Domain of period m > 2. The argument is the
same, except that in place of a small disk centered at the parabolic point, we take
a small attracting petal which intersects all orbits in its Fatou component.

Case 4. Period One: The Basin of Zero or Infinity. Since the two free
fixed points are antipodal, they are necessarily distinct—There cannot be a fixed
point of multiplier +1. Hence the holomorphic index formula implies easily that
the two free fixed points are strictly repelling. (Compare [Mi2, Corollary 12.7].)
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Thus there cannot be a parabolic fixed point. Furthermore, an attracting point of
period m =1 is necessarily one of the two critical fixed points, zero or infinity.

Let us concentrate on the basin of zero. Construct the sets U; as above. If
there are no other critical points in this immediate basin, then it follows inductively
that the U; are all simply connected. If there is another critical point ¢ in the
immediate basin, then there will be a smallest j such that U;;; contains c.
Consider the Riemann-Hurwitz formula

X(Ujs1) = d-x(Uj) —n,

where x(U;) =1, d is the degree of the map Uj;1 — U;, and n =2 is the
number of critical points in Uj41. If d =3, then U,;; is simply connected, and
again it follows inductively that the U; are all simply connected. However, if d = 2
so that Ujy: is an annulus, then we would have a more complicated situation, as
illustrated in Figure 7. Recall that any two disjoint closed annuli in the Riemann
sphere must separate it into two simply connected regions plus one annulus. Hence
one simply connected region E would have to share a boundary with U;y;, and
the antipodal region A(E) would share a boundary with A (U;41). The remaining
annulus A would then share a boundary with both U;41 and A(Uj41), and hence
would be self-antipodal. We must prove that this case cannot occur.

FicUurRE 7. Three concentric annuli. The innermost annulus
Ujt1 (with emphasized boundary) contains the disk U;, while
the outermost annulus A(U;11) contains A(U;). The annulus
A lies between these two. Finally, the innermost region E and
the outermost region A(E) are topological disks.

Each of the two boundary curves of U,i; (emphasized in Figure 7) must
map homeomorphically onto 0U;. Thus one of the two boundary curves of A
maps homeomorphically onto OU;, and the other must map homeomorphically
onto A(0U;). Note that there are no critical points in A. The only possibility is
that A maps homeomorphically onto the larger annulus A’ = C~ (U;uAa;)) .
This behavior is perfectly possible for a branched covering, but is impossible for
a holomorphic map, since the modulus of A’ must be strictly larger than the
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modulus of A. This contradiction completes the proof that each periodic Fatou
component is either simply connected, or a Herman ring.

The Preperiodic Case. For any non-periodic Fatou component U, we know
by Sullivan’s nonwandering theorem that some forward image f°F(U) is periodic.
Assuming inductively that f(U) is an annulus or is simply connected, we must
prove the same for U. If f(U) is simply connected, then it is easy to check that
there can be at most one critical point in U, hence as before it follows that U
is simply connected. In the annulus case, the two free critical points necessarily
belong to the Julia set, and hence cannot be in U. Therefore U is a finite
unbranched covering space of f(U), and hence is also an annulus. This completes
the proof of Theorem 2.1. O

This result in the dynamic sphere has an immediate corollary in the parameter
plane.

Corollary 2.2. FEvery hyperbolic component, either in the q-plane or in the
(¢?)-plane, is simply connected, with a unique critically finite point (which is called
its center).

Proof. Since a hyperbolic map cannot have any Herman ring, it follows from
Theorem 2.1 that its Julia set is connected. It then follows from the discussion
in [Mi4, Theorems 9.3 and 7.13] that any hyperbolic component in the g¢-plane is
simply connected, with a unique critically finite point. The corresponding statement

for the (g?)-plane then follows easily. O
q
w
c.(q) A(a) 0
FIGURE 8.

We will need a more precise description of the four (not necessarily distinct)
critical points of f, . The critical fixed points zero and infinity are always present,
and there are also two mutually antipodal free critical points, given by the
formula

a—3+v9+10a+ a?
cx(q) =

o >q, where a = g, ()

for ¢ # 0, with ¢ (0) =0. The proof is a straightforward computation. It follows
easily that the four critical points, as well as the zero ¢ and the pole A(q), all
lie on a straight line, with ¢4 (q) between zero and ¢, as shown in Figure 8.

Setting ¢ = = + iy, computation shows that the two free fixed points are
given by

ze(q) = i(yi\/y2+1) = i(Im(Q) + /Im(q)? +1)- (3)

Thus z4(q) always lies on the positive imaginary axis, while its antipode z_(q)
lies on the negative imaginary axis. As noted in the proof of Theorem 2.1, both of
these free fixed points must be strictly repelling.

We can now give a preliminary description of the possible hyperbolic compo-
nents.
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Lemma 2.3. Every hyperbolic component in the ¢?-plane belongs to one of the
following four types:

e The central hyperbolic component H, (the white region in Figure 1).
This is the unique component for which the Julia set is a Jordan curve
separating the basins of zero and infinity. In this case, the critical point
c+(q) necessarily lies in the immediate attractive basin of zero. (Compare
Figures 6, 18, and 24(left).)

e Mandelbrot Type. Here there are two mutually antipodal attracting or-
bits of period two or more, with one free critical point in the immediate
basin of each one. (For an example in the parameter plane, see Figure 11,
and for the corresponding Julia set see Figures 22 and 23.)

e Tricorn Type. Here there is one self antipodal attracting orbit, necessar-
ily of even period. The most conspicuous examples are the tongues which
stretch out to infinity (§5); but there are also small bounded tricorns (see
Figure 9).

e Capture Type. Here the free critical points are mot in the immedi-
ate basin of zero or infinity, but some forward image belongs in one
basin or the other. (These regions are either dark grey or white in Fig-
ures 1, 2, 3, 9, 11 according as the orbit of ¢y converges to oo or 0.)

FIGURE 9. Small period four tricorn in the q-plane, centered at
q =~ 2.006¢ on the imaginary axis. The white and black regions
are capture components.

Proof of Lemma 2.3. This is mostly a straightforward exercise—Since there
are only two free critical points, whose orbits are necessarily antipodal to each
other, there are not many possibilities. As noted in the proof of Theorem 2.1, the
two fixed points in C~{0} must be strictly repelling. However, the uniqueness of
Ho requires some proof. In particular, since ¢4 (¢q) can be arbitrarily large, one
might guess that there could be another component with ¢4 (¢) in the immediate
basin of infinity. We must show that this is impossible.
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According to Corollary 2.2, for the center of such a hyperbolic component, the
point ¢4 (g) would have to be precisely equal to infinity. But as ¢4 (¢g) approaches
infinity, according to Equation (2) the parameter ¢ must also tend to infinity. Since
f(g) =0 and f(o0) =00, there cannot be any such well behaved limit.

Examples illustrating all four cases, are easily provided. (Compare the figures
cited above.) O

3. The central hyperbolic component Hj.

As noted in Lemma 2.3, the central hyperbolic component in the s-plane
consists of all points s = ¢ such that the Julia set of f, is a simple closed curve
separating the basin of zero from the basin of infinity. The critical point ¢y (q)
necessarily lies in the basin of zero, and c¢_(g) in the basin of infinity.

Lemma 3.1. The open set Ho in the s-plane is canonically diffeomorphic to the
open unit disk 1 by the map

/b\ : Ho i) D
which satisfies E(O) =0 and carries each s = q*> # 0 to the Béttcher coordinate®
of the marked critical point cy(q) .

Thus there is a canonical way of putting a conformal structure on the open set
Ho , even though the entire s-plane does not have any natural conformal structure.

The proof of Lemma 3.1 will be based on the following remarks. Let H2Y be
the hyperbolic component centered at z — 23 in the space of monic centered cubic
polynomial maps. Then the mating of any two polynomials p and p’ in HLY
yields a well defined rational map pIlp’, which has just two Fatou components,
conformally isomorphic to the bounded Fatou components of p and p’ respectively,
each with one attracting fixed point. Furthermore, there is a distinguished repelling
fixed point in the Julia set, corresponding to the landing point of the zero rays for
both p and p’. Let H{' be the hyperbolic component centered at the map
2+ 23 in the moduli space for all cubic rational maps with one marked attracting
fixed point and one marked repelling fixed point. Then the mating operation yields
a well defined biholomorphic mapping

Hgoly « Hgoly i H(r)at . (4)

(A similar statement holds for maps of any degree.)

This function (4) is clearly injective, since the rational map pIIp’ restricted
to its “first” Fatou component is holomorphically conjugate to p restricted to its
bounded Fatou component, and similarly for the “second” Fatou component and
p’. The full statement can be proved for example using [Mi4, Theorems 6.1 and
9.4], which describes a canonical biholomorphic model for hyperbolic components,

using either monic centered polynomials, or conjugacy classes of rational maps with

5A priori, the Bottcher coordinate is defined only in an open set containing c4(q) on its
boundary. However, it has a well defined limiting value at this boundary point.
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marked fixed points.® In the case of the hyperbolic component Hi | this canon-
ical biholomorphic model can be expressed as a Cartesian product, corresponding
precisely to the function (4), as required.

Proof of Lemma 3.1. Since the map f, restricted to the basin of zero, is
holomorphically conjugate to a cubic polynomial map, restricted to the basin of
an attracting fixed point, it suffices to prove the corresponding statement for cubic
polynomials, which is proved for example in [Mi3, Lemma 3.6]. |

Remark 3.2. In order for a mating of two cubic polynomials to commute with the
antipodal map, the second polynomial must be affinely conjugate to the “negative-
complex-conjugate”

p'(z) = —p(=2)
of the first. For example, the negative-complex-conjugate of the polynomial
p(z) = 2% + a2?, with a critical fixed point, is p*(z) = 2* —a@z?. Since all
maps fq in Ho can be obtained as matings, it would be interesting to know just

which maps in the boundary 9H, can also be described as matings.”

Remark 3.3. The diffeomorphism b of Lemma 3.1 is not conformal. In fact, the
embedding ¢ — f, = pIp* of the g-plane into HF* is not holomorphic, so
there is no reason for its projection into HSOIy to be holomorphic.

Using this canonical dynamically defined diffeomorphism ﬁ, each internal
angle 0 € R/Z determines an internal parameter ray

Ry = 6_1({7‘627”9; O§r<1}) C Ho .

Theorem 3.4. If the angle 6 € Q/Z is periodic under doubling, then, in the limit
as r tends to 1, the internal ray Ry either:

(a) lands at a parabolic point on the boundary O0Ho,
(b) accumulates on a curve of parabolic boundary points, or

(¢) lands at a point on the circle at infinity, so that |s| — co.

In fact it seems that all three cases can occur. See Figures 11 and 25 for cases
(a) and (c). Numerical computations by Hiroyuki Inou suggest strongly that rays
can accumulate on a curve of parabolic points without actually landing. (Compare
Remark 6.12 and Figure 10. In the case of multicorns see [IM].)

Remark 3.5. In case (b), we conjecture that the orbit is bounded away from the
circle at infinity. If the angle 6 is rational but not periodic, then we conjecture
that Ry lands on a critically finite parameter value.

6The marking of just two fixed points, as specified above, can be extended easily to a well
defined marking of all fixed points.

7 Sharland ([Sha]) has shown that many such maps can be obtained as matings. For example,
the landing points described in Theorem 3.4(a) are all matings. (Compare Figures 11, 22, 23.) In
fact, we have not observed any Mandelbrot type set in our family which is not a mating.
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For the proof of Theorem 3.4, we will need to make use of dynamic internal
rays. For any g € C, let U, be the basin of zero for the map f,.

Definition 3.6. Assume that ¢ # 0, so that the Béttcher map b, from a
neighborhood of zero in U, to a neighborhood of zero in the unit disk D is
defined, and satisfies b, ( fq(z)) = by(2)?. Evidently b, extends diffeomorphically
over a maximal connected open set U, q"is , namely the union of all smooth internal
rays from the origin (not including their possible landing points). By definition, a
point is wiszble from the origin if and only if it belongs to the closure ﬁqv B of
this set.

If s =¢* belongs to Mo, then U™ is a proper subset of U,, and b,
maps this subset Uq"iS onto a proper open subset of D which is obtained from
the open disk by removing countably many radial slits near the boundary. (See
Figure 12.) These correspond to the countably many internal rays from the origin
in U, which crash into critical or precritical points, and hence are bounded away
from the boundary OU,. However, most internal rays make it all the way to the
boundary.

We will make use of the following constructions, which are adapted from Pe-
tersen and Ryd [PR]. Let II : H — D~{0} be the universal covering map
II(Z) = e*Z from the upper half-plane to the punctured unit disk. Thus the
doubling map Z +— 2Z in the upper half-plane corresponds to the squaring map
w+— w? in the disk, and hence to the cubic map z — f,(z) in the region Uq"is .

Every periodic angle 6 can be written as a ratio a/b with b odd. Fix some
arbitrary constant hg > 0. Let b e Q represent 6 € Q/Z, and let ST and
S~ be the sectors in H defined by

St = {eriy; 0< bhO"T*m <y} ’

with = > 6 for St but # < 8 for S~ . The inverse Bottcher map b, "
extends over the open set bq(Uq"is) (the dark grey region in Figure 12(right)).
Correspondingly, the composition b;l oIl extends to all of the upper half-plane
except for countably many vertical line segments. (Compare Figure 13.) More
precisely, if b(q?) = H(a—i— th), so that H(5—|— ih) corresponds to the critical point,
then these are the vertical line segments joining Z = z + iy to its real part =z,
where

x = (0+k)/2™, y = h/2m.
Here k£ and m are integers with m > 0. Since 270 = § mod 1/b, it follows
that the horizontal distance
0+k ~
Y

_o—2m0 + k|
- ==

is either zero or > 1/(2™b). Hence the slope of the line joining 0 to z+ 1y is
always less than or equal to bh. (Compare Figure 13.) In particular, we have the
following statement.
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q-plane.

FIGURE 11. Detail to the lower right of Figure 10 showing a small
Mandelbrot set. The internal ray of angle 2/5 (drawn in by hand)
lands at the center of this figure, at the root point of this Mandelbrot
set. Here Hg is the white region to the lower right—The other
white or grey regions are capture componemfs,8

Lemma 3.7. If b(¢?) = II(6 + i h) with h < hg, then the map b, oIl extends
holomorphically to a map from the sector ST or S~ into the basin Uq"is.
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FIGURE 12. On the left: the basin U, . In this example, ¢ >0
so that the critical point c4(q) is on the positive real azis. Points
which are visible from the origin are shown in dark gray, and the
two critical points in U, are shown as black dots. On the right:
a corresponding picture in the disk of Bdttcher coordinates. Note
that the light grey regions on the left correspond only to slits on the
right.

IIIIIII’IIIIII‘“\I\",;/]IIIII‘IIIII‘II
5

FIGURE 13. The sectors S~ and St in the upper half-plane.

Proof. This follows from the discussion above. [l

Now define the slanted rays Rjﬁ cStc U, by the formula
R;‘Z‘E = {bq_l oll(z+1dy) ; y=2bhg |x—9|} ,

with = > @ for R;r but = < 0 for R, . Note that the definition makes sense as soon
as bq_l oIl extends to ST. In particular, it makes sense when ¢ ¢ Ho or when

b(¢?) = I1(A + i h) with h < ho. If the angle 6 has period n under doubling, then
evidently these slanted rays Rf]t are periodic of period n for the map f,.

Lemma 3.8. The slanted rays Rflt land at periodic points qu: in the boundary OU,.

8The regions shown are roughly [-.8,.8] x [1.7,3.3] in Figure 10, and
[.347, .377] x [2.07, 2.10]  in Figure 11.
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Proof. For b~!(II(Z)) € R* we can write

—~ Y .
Z=0+—"—+1iy.
kg Y
The hyperbolic distance in S* between Z and 0+ 2”(:t ﬁ +iy) does not depend
on y > 0. Since the map bq’1 oIl: S+ — U, is a contraction for the corresponding
hyperbolic metrics, it follows that the hyperbolic distance in U, between z & qu
and f°"(z) is uniformly bounded.

Near the boundary of U,, the ratio between the FEuclidean metric and the
hyperbolic metric is comparable to the distance to the boundary. So, as z € Rff
tends to the boundary of U,, we have

s f;@"“)(z)‘ < o(d(z, 8Uq)) 0.
z—0Uq
The set of accumulation points of the ray R;t is therefore contained in the finite
set consisting of periodic points of f, of period dividing n, which forces the ray to
land at such a point. ([

Proof of Theorem 3.4. We now assume that ¢, = b~!(II(6 + ihy)) where
the angle 6 is periodic under doubling, and where hy N\, 0. If the sequence {|qx|}
does not diverge to infinity then, extracting a subsequence if necessary, we may
assume that

qx — q € OHo,
hi < hg for all k,
the slanted rays R,i have Hausdorff limits R* and

e the associated periodic limit points zi have limits 2+ € R*.

The intersection of R* with the basin U, coincides with the slanted rays R;t .
Since ¢ & U, , the Bottcher map extends to an isomorphism b;l D= U, It
follows that both slanted rays qu land at a common periodic point z, := z; =2z,
which is also the landing point of the associated unslanted ray. In fact the hyperbolic
distance between corresponding points in H is bounded, hence the estimates above
show that the Euclidean distance between corresponding points of the left and right
slanted rays tend to zero. This common landing point cannot be repelling since
otherwise, for nearby parameters g, the slanted rays Rfl'i would land on a common
repelling periodic point z4, close to z4. So, according to the Snail Lemma, z, must
be a parabolic point of f,. (See for example [Mi2, Corollary 16.3].)

Thus we have proved that every finite accumulation point of a periodic param-
eter ray is parabolic. Let n be the period of 8§ under doubling. Since the slanted
rays Rflt landing on z, have period n, each connected component of the immediate
basin of z, has exact period n. (Compare [GM, Lemma 2.4].) In other words, if
the period of this orbit is p and its multiplier is an k-th root of unity, then n = pk.
The set of all parabolic points with ray period n is a real algebraic variety, hence it
has finitely many connected components, each of which has dimension either zero
or one. Since the set of accumulation points of the 6#-parameter ray is connected,
it must either be a single parabolic point, or a subset of a one-dimensional variety
of parabolic points. This proves Theorem 3.4. O

The following closely related lemma will be useful in §5.
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Lemma 3.9. If s = ¢> € 0Hy is a finite accumulation point for the periodic
parameter ray Rg of period n, then the dynamic internal ray of angle 0 in Uy lands
at a parabolic point of period dividing n.

Proof. This follows from the discussion above. O

4. Semiconjugacies and Rotation Numbers

In order to understand the dynamics of maps in Hg we will need to compare
three different R/Z-valued invariants for suitable points z € C in the dynamical
space, and also two R/Z-valued invariants for non-zero points s = ¢ € [i] in the
moduli space.

e For fixed ¢ # 0, the internal angle of any point z # 0 on the dynamic
internal ray R§ C UY™ is defined to be 6 = 6(z). Note that 6(f,(z)) =26(z).

e The external angle of a point on the antipodal ray A(Rf) C A(UyY™) will
be defined as this same 6. Again 0(f,(2)) =26(z).

e There is a topological conjugacy z — &(z) from the Julia set J = J(f,)
onto R/Z satisfying f(fq(z)) = 3&(z). This is unique up to orientation, and up
to the involution & + £ 4+ 1/2 which interchanges the labeling of the two Julia
fixed points £(0) and £(1/2). We will choose the orientation so that ¢ increases
by one as z travels once around J in the positive direction, as seen from the
origin. For the relation between 6 and ¢, see Lemma 4.17 which uses the notation
(z)==.

e As discussed in §3, every point s = ¢ on the parameter ray Rg can be as-
signed the internal parameter angle (or critical angle) 6(s) =0(c;(q)) =0 .

o In this section we will work in the dynamic space for f, to define the formal
rotation number t € R/Z associated with any non-zero point s = ¢ € Ho.
Then we will study the relationship between the internal angle 6 = 0(s) and this
formal rotation number t. (See Theorems 4.27, 4.25.)

But first there will be a digression to describe some needed terminology.
Rotation Numbers and Rotation Sets.

Definition 4.1. Any continuous map g¢ : R/Z — R/Z will be called a circle
map. For any circle map, there exists a continuous lift, ¢g: R — R, unique up
to addition of an integer constant, such that the square

R—I R

R/Z —'>R/Z

is commutative. Here the vertical arrows stand for the natural map from R to
R/Z . This lift satisfies the identity

9y+1) = gly) +d,
where d is an integer constant called the degree of g. The map g will be called
monotone if

y<y = gy <9().
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Lemma 4.2. Any monotone circle map g of degree d =1 has a well defined
rotation number rot(g) € R/Z, as defined below.

Proof. Choose some lift g. We will first prove that the translation number

—~on _
i @)~z
n—o00 n

e R

is well defined and independent of x. For any circle map of degree one, setting
a, = min, (¢°"(x) —z), the inequality a,,,, > a,, +a, is easily verified. It
follows that ay,,., > ka,,+a, . Dividing by h = km+n and passing to the limit
as k — oo for fixed m > n, it follows that liminf a;/h > a,,/m. Therefore
the lower translation number

transl(g) = nler;Ogn/n = sup a,/n
n

is well defined. Similarly, the upper translation number
transl(g) = lim a,/n = inf @,/n
n—roo n

is well defined, where @, = max, (@\O”(m) — m) . Finally, in the monotone case it
is not hard to check that |@, —a,| < 1, and hence that these upper and lower
translation numbers are equal. By definition, the rotation number rot(g) is
equal to the residue class of the translation number modulo Z. O

Definition 4.3 (Rotation Sets). (Compare Goldberg [G].) Fixing some integer
D >2,let mp:R/Z— R/Z be the map mp(z) = Dx. A compact mp-
invariant set X = mp(X) C R/Z is called a rotation set for mp if there
exists a monotone degree one circle map gx such that gx(z) =mp(z) for every
x € X . It is not hard to see that such a map gx is unique up to homotopy. Hence
the rotation number rot(gx) is uniquely defined. The rotation number of X is
then defined as rot(X) = rot(gx) € R/Z.

Any connected component of the complement (R/Z)~\X will be called a gap.
A gap T of length ¢ will be called a minor gap if ¢ <1/D, and will be called
a magor gap of multiplicity n > 1, if its length satisfies n < Dl <n+1.

Lemma 4.4. Every rotation set for mp with non-zero rotation number has exactly
D — 1 major gaps, counted with multiplicity.

Proof. If T' is a minor gap of length ¢ then it is not hard to see that both
mp and the associated monotone map ¢ send I' to a longer gap of length D /.
Hence, after iterating we must eventually reach some major gap.

Now let I' be a major gap of length ¢. Then there are two possibilities: If
D/ is an integer n, then the image of T' under mp will wrap n times around
the circle; but T' must map to a single point under ¢g. But if D¢ =n+ ¢ with
0 < ¢ <1, then the image ¢(I') must be a gap I of length ¢ . One can then
check that the image of T' under mp must cover IV n+ 1 times, and cover
the rest of the circle n times.

Now it is not hard to see that a generic point of the circle has n preimages
under mp in each major gap of multiplicity n, and also one preimage in a minor
gap. It follows that the sum of the multiplicities of the major gaps is equal to
D — 1, as asserted. [
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I
FIGURE 14. A typical graph for g, in the case D =3.

For any rotation set X, it follows from Lemma 4.4 that the complementary
open set (R/Z)N\X contains D — 1 disjoint open intervals of length 1/D.
Conversely, given D — 1 disjoint open intervals of length 1/D | we can construct
an associated rotation set.

Lemma 4.5. Let T C R/Z be an open set which is the union of disjoint open
subintervals Ty, Ly, -+, Ip_1, each of length precisely 1/D ; and let X1z C R/Z
be the set of all points = € R/Z such that the forward orbit of = wunder mp

never enters L. Then X7 is a rotation set for mp .

Proof. The required monotone degree one map g = g, will coincide with
mp outside of 7, and will map each subinterval Z; to a single point: namely the
image under mp of its two endpoints. The resulting map g, is clearly monotone
and continuous, and has degree one since the complement (R/Z)\Z has length
exactly 1/D. O

Thus the rotation number of X7 is well defined. We will use the abbreviated
notation rot(Z) for this rotation number.

Remark 4.6. If we move one or more of the intervals Z; to the right by a small
distance €, as illustrated in Figure 14, then it is not hard to check that for each
x € R/Z the image ¢(z) increases by at most €D . Hence the rotation number
rot(Z) also increases by a number in the interval [0, e D].

Remark 4.7 (Rotation Sets under Doubling). This construction is particu-
larly transparent in the case D = 2. In fact, if Z. is theinterval (¢, c+1/2) C R/Z,
then the correspondence
¢ — rot(Z,) eR/Z

can itself be considered as a monotone circle map of degree one. Hence for each
t € R/Z the collection of ¢ with rot(Z.) =t is non-vacuous: either a point
or a closed interval. Let X be a rotation set with rotation number ¢. If t is
rational with denominator p, then each gap in X must have period p under the
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associated monotone map g. Since there is only one major gap, there can only be
one cycle of gaps, hence X must consist of a single orbit of period p. If ¢y is
the shortest gap length, then the sum of the gap lengths is

I = bo(1+2422+ - +2071) = (22 - 1)4, .

It follows that the shortest gap has length £y = 1/(2P — 1) ; hence the longest gap
has length 2P=1/(2P —1).

For each rational ¢ € R/Z there is one and only one periodic orbit X = X,
which has rotation number ¢ under doubling. In fact we can compute X; explicitly
as follows. Evidently each point z € X; is equal to the sum of the gap lengths
between x and 2z . But we have computed all of the gap lengths, and their cyclic
order around the circle is determined by the rotation number t.

Note that an interval Z. of length 1/2 has rotation number ¢ if and only if
it is contained in the longest gap for X; which has length 2P~1/(2P — 1) > 1/2.
Thus the interval of allowed c-values has length equal to

2p—1 1 1 5
-1 2  22r-1)"° 5)
One can check? that the sum of this quantity (5) over all fractions 0 <t =k/p < 1
in lowest terms is precisely equal to +1. It follows that the set of ¢ for which
rot(Z.) is irrational has measure zero.

Since the function ¢+ rot(Z.) is monotone, it follows that for each irrational
t there is exactly one corresponding c-value. In particular, there is just one
corresponding rotation set X,;. In the irrational case, it is not difficult to check
that X; has exactly one gap of length 1/2¢ for each i > 1.

Remark 4.8 (Rotations Sets under Tripling). The situation for the tripling
map mg is more complicated. For example, there are three different minimal
rotation sets with rotation number 1/2, namely

{1/8,3/8}, {1/4,3/4}, and {5/8, 7/8},
(There are also two maximal rotation sets with rotation number 1/2.) However,
if we restrict attention to rotation sets which are “self-antipodal”, in the sense
that X = X + 1/2, then the situation is completely analogous to the situation for
the doubling map. In particular, a similar argument shows that there is one and
only one such rotation set for each rotation number. This special case will play an
important role in our discussion.

Remark 4.9 (Semiconjugacy). By a semiconjugacy from a circle map f to
a circle map ¢ we will always mean a monotone degree one map o satisfying
g(o(x)) = o(f(z)) for all x. Lemmas 4.4 and 4.5 have precise analogs in the
study of semiconjugacy. Thus if f is the map mp andif g is monotone of degree
D — 4, then any such semiconjugacy has § gaps of length > 1/D, counted with
multiplicity. Conversely, given a union Z of § disjoint open intervals of length
1/D, there is a uniquely defined monotone circle map g, of degree ¢ which sends

9Using the identity 1/(2P —1) = 1/2P 4+ 1/22P 4 1/23P 4+ ... one reduces the required sum
to the form > o4, 1/2P*1  or in other words to >.9°p/2PT1. Differentiating the identity
S xP =1/(1—x), we obtain Y pazP~1 =1/(1—x)2. Now multiplying by 22 and setting =
equal to 1/2 the conclusion follows.
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each of these intervals to a point, but coincides with mp elsewhere.!® Evidently
this construction describes a semiconjugacy from mp to g, .

We now return to the study of our family of rational maps f;.

Example 4.10. Consider the situation described in the proof of Theorem 3.4. Let
s =¢*> be a non-zero point in the central hyperbolic component Hg, and let U,

be the basin of zero for f,. (Compare Figure 12.) Then U, is a topological disk,
and the map f; on the Julia set U, is topologically conjugate to the tripling
map mgz on R/Z. More explicitly, there is a topological conjugacy

n:R/Z = ouy , satisfying n3z) = fy(n(x)) ,

which is unique up to the automorphism z <> x+1/2 of R/Z. (Here we always
assume that 7 is orientation preserving, where OU, is oriented as the boundary
of Uy.)

Any visible point of this Julia set is either the landing point of a unique internal
ray, with angle say 6, or is the left or right limit of such landing points. (Compare
Definition 3.6.) Recall that the map f; carries the ray of angle 6 to the ray of
angle 26. Thus, if V is the set of parameter values x € R/Z corresponding to
points of U, which are visible from the origin, then there is a well defined semi-

conjugacy ¢y : V —» R/Z which satisfies ¢y (3x) = 2¢y(x) forall z € V.
Here ¢y,'() € V is well defined except at the countably infinite set of internal
angles which correspond to critical or precritical points in U,~{0}, but (é‘_,l has
a jump discontinuity at each 6 in this countable set. The left and right limits

a(0) = limey'(0—e),  b(O) = limoy'(0+e)

are well defined since (;S‘_,l preserves the cyclic order.!' (Compare Figure 15.)

Note that V is compact and invariant under multiplication by three, so that
V = m3(V). It follows that V is totally disconnected. (If V contained an
interval I of length ¢ > 0, then it would also contain successive images f;”([ )
of length 3™¢, and hence would have to be the entire circle.)

Each connected component of the complement R/Z~V is an open interval
(a(f), b(F)) consisting of all & such that the three angles a(f), x, b(d) are in
positive cyclic order. Here 6 varies over the countable set consisting of all critical
or precritical internal angles. Each such open interval (a(ﬂ), b(@)) is called a gap
in the set of visible points.

Lemma 4.11. If Ty = (a, b) is any gap of length ¢ < 1/3, then the tripling
map mg sends I'g homeomorphically onto the gap T'sp = (3a, 3b). However,
if Ty has length € > 1/3 (but necessarily less than 2/3), then its image under
mgs covers the gap T'a9 = (3a, 3b) twice, and covers the rest of the circle once.
Finally, if Ty has length equal to 1/3, so that 3a = 3b, then ms wraps Ty

precisely once around the circle. In all cases, there is one and only one gap Ty,

which has length £(Tg,) > 1/3, and all other gaps are iterated preimages of T, .

10T¢ can be shown that any monotone circle map of degree § > 1 is semiconjgate to the
standard map mg. This semiconjugacy is unique up to a choice of which fixed point maps to
Zero.

1 Three points w1, x2, x3 € R/Z are in positive cyclic order if we can choose lifts Z; € R
sothat T71 <ZTo <Z3 <71 +1.
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b(6)

D OU

FIGURE 15. Schematic picture after mapping the basin U, con-
formally onto the unit disk, showing three internal rays. Here the
middle internal ray of angle 6 bifurcates from a critical or pre-
critical point. The gap (a(@), b(@)) has been emphasized.

Here 6y can be characterized as the angle of the ray which bifurcates from the free
critical point.

Proof. First suppose that the gap 'y = (a, b) has length ¢ < 1/3. Choose
two neighboring internal rays of angle ¢ £ ¢ which land at visible points of 90U,
as shown in Figure 15. If € is small enough, then the interval

It = ¢y (0 —¢), ¢y’ (0 +6)]

between the landing points will also have length ¢T < 1/3. Let A be the
triangular region bounded by these two rays, together with this boundary interval
I*t. Then f, maps A homeomorphically onto the triangular region A’ which is
bounded by the internal rays of angle 2(6+e¢) together with the boundary segment
of length 3¢t <1 which joins their landing points. In fact f; clearly maps the
boundary 9A homeomorphically onto 9A’. Since f, is an open mapping, it
must map the interior into the interior, necessarily with degree one. It follows that
there can be no critical point in the interior of A, so the 6-ray must bifurcate off
a precritical point.

It follows that the gap I'y of length ¢ maps homeomorphically onto the gap
I'9 . Continuing taking forward images, we must eventually reach a gap I'y, of
length ¢y > 1/3. There can be only one such gap. For if there were two of them,
then every point of R/Z would have one preimage in each under the tripling
map. This is impossible, since every visible point must have two distinct visible
preimages. (A similar argument shows that T'p, must have length ¢y < 2/3.) It
follows that 6y must be the angle of the internal ray which bifurcates on the free
critical point. The rest of the argument is straightforward. (Il

Remark 4.12. It follows easily that the map ¢y : V — R/Z extends uniquely
to a continuous circle map ¢ : R/Z — R/Z of degree one which takes a constant
value,
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on every connected component I'y = (a(6),b(6)) of R/Z~\V . (Compare Figure
16.) In fact, the preimage ¢ ~'(6) is precisely equal to the closure I'y = [a(6), b(6)] .

Remark 4.13. For each gap T'y of length ¢, the preimage mgl(Fg) has three
connected components of length ¢/3. If ¢ < 1/2, then two of these compo-
nents are themselves gaps T'p, and Ty, , where ms(f1) = my(62) = 6. (Hence
02 = 61 +1/2 (mod Z).) The third preimage is necessarily a subset of the largest
gap Ty, . Similarly, for each visible x, the preimage mgl(x) consists of two vis-
ible points, together with one point in the critical gap. Note also that the largest
gap always contains one of the two fixed points, 0 and 1/2.
Lemma 4.14. If 6y is not periodic for ms, then the length of Ty, is 1/3. If
31
-1

Proof. Let ¢ be the length of the largest gap T'p, = (a,b). As noted above,
1/3 < ¢ < 2/3. In the case ¢ > 1/3, the gap I'zg, = (ms(a), mz(b)) has
length 3¢ — 1. Since every gap is equal to I'y, or to some iterated preimage of
Ty, , we must be in the periodic case, 6y = 2P0y € R/Z for some p > 1. Then
mg? " (Igg,) = [, , which implies that

0o is periodic of period p for mgy, then the length of T, is

R
3r—1"
In the remaining case, ¢ = 1/3, there can be no gap T'sp. In other words, the

internal ray of angle 26, passes through the critical value and lands at the point
©~1(2600). Thus, in this case, 6 is not periodic under doubling. O

3130 —-1) = ¢, hence L =

Remark 4.15. The length of an arbitrary gap 'y is equal to the length of Iy,
divided by 3™, where m is the smallest integer with 26 = 6, € R/Z. Whether
or not 6y is periodic, we can also write

(L) = > 13,
2mO=0,
to be summed over all such m. In all cases, the sum of the lengths of all of the

gaps is equal to +1. In other words, V =V is always a set of measure zero.

Remark 4.16 (Computation of ¢~1). Although it would be natural to work
with the continuous function ¢, it is actually easier to study the discontinuous
function ¢!, which can be explicitly computed as follows.

To fix our ideas, let us assume that 0 # 0, so that we are not in the period
one case. Then exactly one of the two fixed points of ms must be visible.!? They
cannot both be visible, since the map ms, has only one fixed point. If neither
were visible, then each one would belong to a gap, which would map onto a larger
gap containing the same fixed point under mgs. Since each gap eventually maps
to the critical gap, it would follow that the critical gap contains both fixed points.
But this is impossible: Since we have excluded the period one case, it follows from
Lemma 4.14, that all gaps have length < 3271/(32 —1) < 1/2.

12In the period one case the critical gap is either (0, 1/2) or (1/2, 1), and both fixed points
0 and 1/2 are visible boundary points. (This case is illustrated in Figure 12. However note that
the Julia set fixed points are near the top and bottom of this figure—mnot at the right and left.)
In this case, the visible set V is a classical middle third Cantor set. The computation of ¢~1
is not difficult, and will be left to the reader.
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a b

FIGURE 16. Graph of the function t — 6 = (t) for
the case 0 = 2/7. Note that ¢ maps the major gap
I'y = (a, b) = (6/26, 15/26) to the point 6. In this evample,

since @ has period p =3 wunder doubling, it follows that a and
b have period three under tripling.

After adding 1/2 to the coordinate x if necessary, we may assume that the
fixed point zero is visible, and hence satisfies ¢(0) = 0. The other fixed point 1/2
must belong to some gap, and hence must belong to the critical gap I'g. It will be
convenient to describe the coordinate z by its base three expansion

T = .xxoxz-- = x1/3 + x9/9 + x3/27 + -+,
where x,, € {0, 1, 2} . Note that the map = +— ms(z) € R/Z then corresponds
to a left shift. Let us introduce the temporary notation

min = min(@, 1/2), max = max(a, 1/2),
so that 0 < min < max < 1.

Lemma 4.17. If the internal ray of angle 6 lands on OU, then, assuming as
above that ©(0) =0, we have the formula'?

e N O) = x1/3 + 22/9 + 23/27 + -,

where ., takes the value zero, one, or two according as the angle 2™6 belongs
to the interval [0, min), [min, max), or [max,1) modulo Z. If 20 =0
in R/Z, then the function ¢~' has a jump discontinuity at 6 of size equal to

the length of the gap Ty ; but at all other points the function ¢~ is continuous.

Proof. Since the three points 0, 1/3, 2/3 € R/Z all map to the visible
point zero, it follows that two of the three are visible, and the third belongs to the

13Compare [Mi2, Lemma 2.9], where the same family of semiconjugacies is studied in a
somewhat different context; namely the study of cubic polynomial maps with one critical point
fixed but the other critical point outside its immediate basin.
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critical gap I'z. To fix our ideas, suppose that 2/3 is visible. It then follows
easily that

e(1/3) = 0 < ¢(2/3) = 1/2.
Suppose that © = x1/3 + x2/9 + -+, where we may assume that the sequence
{z,,} does not terminate with a string of infinitely many twos. Then a brief

computation shows that
X1 r1+1
2oy < 2T
3 - 3
Hence ¢(z) belongs to the interval

0,8) or [6,1/2) or [1/2,1) mod Z

according as 7 takes the value 0,1, or 2. Similarly, p(3™x) = 2"¢(z) belongs
to one of these three intervals according to the value of z,,41. The corresponding
property for ¢~! follows immediately.

It might seem that this expression for ¢~ should have a discontinuity when-
ever 2™ =1/2, and hence 2"0 =0 for n > m, but a brief computation shows
that the discontinuity in z,,/3™ is precisely canceled out by the discontinuity in
Tont1/ 3m+l 4 ... Further details will be left to the reader. O

1

Corollary 4.18. The left hand endpoint a(/O\) of the critical gap is continuous
from the left as a function of the critical angle 6 . Similarly, the right hand endpoint

I~

b(0) is continuous from the right, Both a(@) and b(0) are monotone as functions

o~

of 6.
Proof. This follows easily from the Lemma. (Il

Remark 4.19. In the aperiodic case, where the critical gap I'y has length 1/3,
the set V' of Example 4.10 can clearly be identified with the set X7 of Lemma 4.5.
Simply take the degrees to be D =3 and d =2, and take Z to be the critical
gap I'z. More generally, if T'z has length ¢ > 1/3, then we can take Z to
be any open interval of length 1/3 which is contained in the critical gap.

Lemma 4.20. If T s an open interval of length 1/3 which is contained in T .
Then the set V'  of visible points is equal to the set Xz of Lemma 4.5.

Proof. It is enough to observe that the orbit of any point that enters I’y
eventually enters 7. Let H be either one of the two components of T'z3\Z. Then,
RUa 1 1

Length(H) < Length(Tg) — Length(Z) = £/— -3 = 330 —1)

and therefore

(37 — 1)Length(H) < = Length(Z).

Wl =

It follows that
Length(m3”(H)) = 3" Length(H) < Length(H) + Length(Z).
Since the boundary points of T'p are periodic of period p, this implies that
mi’(H) ¢ HUT.

Since m;” multiplies distance by 37, the orbit of any point in H under mg’
eventually enters 7, as required. [
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We now concentrate on the case D = 3. Thus we assume that 7 =7, UZ,
where the Z; are disjoint open intervals of length 1/3. Let ¢ = t7 = rot(gz) be the
associated rotation number. Set X; = X7, , X9 = X7, ,sothat X = X7 = XiNX,.
Note that there are semiconjugacies

(plle—)R/Z, QPQZXQ—)R/Z,

both satisfying ¢;(32) = 2¢;(z). In most cases, X is a minimal set under
multiplication by 3, but there are exceptions:

Proposition 4.21. If the rotation number t =tz 1is irrational, then X = Xz

is a minimal set under the action of ms. If t is rational and either ©1(Z1) or
w2(Z2) is not periodic with rotation number t under ms, then X consists of a
single cycle for mg . However, if t is rational and both p1(Z1) and @3(Le) are
periodic with rotation number t wunder msy, then X may consist of either one
or two cycles for ms.

Proof. The semiconjugacies @1 : X1 — R/Z and @9 : Xo — R/Z send
X1N Xy to compact sets Y1 C R/Z and Y2 which are invariant by msy and have
the same rotation number ¢. It follows from Remark 4.7, that there is a unique
such compact set Y. (Compare [G].) Therefore V1 =Y, =Y.

R/Z D X, D X C X5 C R/Z
| N |
©P1 Y2
R/Z > Y = Ys c R/Z

If ¢ isirrational, Y is a Cantor set and the orbit of any 6 € Y under my is
dense in Y . It follows that the orbit of any = € X under ms is dense in X .

Assume now that ¢ is rational. Then Y is a finite set. If 6; := ¢1(Z1)
does not belong to Y, then ¢; : X — Y is a homeomorphism. In that case, X
consists of a single cycle for mgz. The result is similar if 6y := p2(Z3) does not
belong to Y.

Let us finally assume that ¢ is rational and both 6; and 6> belong to the
cycle Y of ms. Then gpfl(Y) C X1 is the union of 2 cycles: the two cycles of
the periodic points in the boundary of Ty, . Similarly, ¢, '(Y) C X is the union
of 2 cycles: the two cycles of the periodic points in the boundary of I'y,. Either
07 (Y) = p; (YY) and X contains two periodic cycles; or o7 (Y) # o5 (V)
and X contains a single periodic cycle. O

Self-Antipodal Rotation Sets. Consider a point s # 0 in the central
hyperbolic component Hg, and choose one of the two holomorphically conjugate
maps f, with ¢> = s. Let V4 C R/Z be the compact set of parameters
corresponding to points in the Julia set of f; which are visible from the origin.
(Compare Example 4.10.) Then V5 =V; +1/2 will parametrize the points which
are visible from infinity, and the intersection X = V; NV, will parametrize points
visible from both zero and infinity. (See Figures 17 and 18 for an example.)

Let T; be the major gap in R/Z~V; and let Ty = T3 +1/2. As in
Lemma 4.20, we can choose an open interval Z; of length 1/3 within T';. Let
Io =11 +1/2 CT'y. It follows from Lemma 4.20 that V; = X7, and Vo = Xz, ,
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FIGURE 17. Here Iy can be any open interval (z,x + 1/3)
with 3/16 < © < x+1/3 < 9/16, and I, = Iy + 1/2. The
associated rotation number is 1/4. The interior angles (in red)
and the exterior angles (in green) double under the map, while the
angles around the Julia set (in black) multiply by 3. Heavy dots
indicate critical points.

and it then follows from Lemma 4.5 that the set X = V; NV, has a well defined
rotation number under angle tripling.

Definition 4.22 (Formal Rotation Number: the dynamic definition). For
any point s € Ho~{0}, the rotation number t associated with the set

X = VinV, C R/Z,

representing points in the Julia set which are visible from both zero and infinity,
will be called the formal rotation number'* of s.

It is not hard to show that the image ¢1(X) = p2(X) C R/Z is a rotation set
under angle doubling with the same rotation number t. Intuitively, this means the
entire configuration consisting of the rays from zero and infinity with angles in this
my-rotation set, together with their common landing points in the Julia set, has
a well defined rotation number t under the map f;. For example, in Figure 18
the light grey region is the union of interior rays, while the dark grey region is the
union of rays from infinity. These two regions have four common boundary points,
labeled by the points of X . The entire configuration of four rays from zero and four
rays from infinity maps onto itself under f, with combinatorial rotation number
t equal to 1/4.

Note that the entire major gap I'y maps to a single point under ¢;. The
image ¢1(I'1) = p2(T'2) can be identified with the critical angle 8 € R/Z.

Lemma 4.23. The formal rotation number t is continuous and monotone (but
not strictly monotone) as a function ¥ (0) of the critical angle 0. Furthermore,

14This definition will be extended to points outside of Ho in Definition 5.4. (See also
Remark 6.13.)
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F1GURE 18. A corresponding Julia set, showing the four points
visible from both zero and infinity for a map with formal rota-
tion number 1/4. The white points are not visible from either zero
or infinity, The angles of the rays from infinity, counterclockwise
starting from the top, are 1/15, 2/15, 4/15 and 8/15, while the
corresponding rays from zero have angles 4/15, 8/15, 1/15 and
2/15. The heavy dots represent the free critical points.

as @ increases from zero to one, the formal rotation number also increases from
zero to one.

Proof. First note that the function 8 — t = (0) is well defined and single
valued. In fact, given 6 the associated major gap T' is well defined. (Compare
Figure 15.) The associated t can then be described as the rotation number under
m; for the set of orbits which never enter the set TU(I'+1/2). Thus t is uniquely
determined. Setting I' = (a(@), b(0)) , and setting Z = (a(B), a(0)+1/3) C T, we
have Vi = X7 by Lemma 4.20. Hence continuity from the left follows from Corol-
lary 4.18 together with Remark 4.6. Continuity from the right and monotonicity
follow by a similar argument. O

We can describe this function 6 — t = ¢(0) explicitly as follows. (See
Theorem 4.25 for a more conceptual description.) As in Remark 4.16, it is easier
to describe the inverse function, which is graphed in Figure 19.

Definition 4.24 (Balance). For each t € R/Z, let X; be the unique rotation
set with rotation number ¢ under the doubling map ms. If ¢ is rational with
denominator p > 1, then the points of X; can be listed in numerical order within
the open interval (0,1) as z1 < 3 < --- < x,. If p is odd, then there is a
unique middle element x 1)/ in this list. By definition, this middle element will
be called the balanced angle in this rotation set. (For the special case p =1, the
unique element 0 € Xy will also be called balanced.)
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FIGURE 19. Graph of the critical angle 6 as a function of the
formal rotation number t .

On the other hand, if p is even, then there is no middle element. However,
there is a unique pair {z,/2, T14p/2} in the middle. By definition, this will be
called the balanced-pair for this rotation set.

Finally, if ¢ isirrational, then X; is topologically a Cantor set. However, every
orbit in X; is uniformly distributed with respect to a uniquely defined invariant
probability measure. By definition, the balanced point in this case is the unique
x such that both X;N(0,z) and X;N(x,1) have measure 1/2. (The proof that
x is unique depends on the easily verified statement that x cannot fall in a gap.)

Here is a conceptual description of this function t+— 6.

Theorem 4.25. If t is either irrational, or rational with odd denominator, then
0 is equal to the unique balanced angle in the rotation set Xy . However, if t
is rational with even denominator, then there is an entire closed interval of corre-
sponding O@-values. This interval is bounded by the unique balanced-pair in X, .

We first prove one special case of this theorem.

Lemma 4.26. Suppose that the formal rotation number is t = m/(2n+1), rational
with odd denominator. Then the corresponding critical angle @y is characterized
by the following two properties.
e 0 is periodic under doubling with rotation number t .
o 0O isbalanced. If n > 0 this means that exactly n of the points of the
orbit {2k0¢} belong to the open interval (0, 8y) mod 1, and n belong
to the interval (8¢, 1) mod 1.

(Compare Definition 4.24.) Figure 20 provides an example to illustrate this
Lemma. Here 6 = 2/7, and the rotation number is t = 1/3. Exactly one point of
the orbit of @ under doubling belongs to the open interval (0, 8), and exactly one
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FIGURE 20. The circle in this cartoon represents the Julia set
(which is actually a quasicircle) for a map belonging to the 2/7 ray
in Ho. The heavy dots represent the three finite critical points. As
in Figure 17, the interior angles (red) and exterior angles (green)
are periodic under doubling, while the angles around the Julia set
are periodic under tripling. Angles are not to scale.

K
] 1
12 0 . 0
K2 1

FIGURE 21. Schematic diagram for any example with rotation
number t # 0. (Here, unlike Figure 20, angles are portrayed
correctly.)

point belongs to (5, 1). The major gap T'; for points visible from the origin is
the arc [6/26, 15/26] of length 9/26. (Compare Figure 16.) Similarly the major
gap I'; =T +1/2 for points visible from infinity is the arc from 19/26 = —7/26
t0 2/26.

Proof of Lemma 4.26. According to [G], there is only one mg-periodic orbit
with rotation number t, and clearly such a periodic orbit is balanced with respect
to exactly one of its points. (Compare Remark 4.7 and Definition 4.24.)
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To show that @ has these two properties, consider the associated mg-rotation
set X =V1NV,. Since X is self-antipodal with odd period, it must consist of two
mutually antipodal periodic orbits. As illustrated in Figure 20, we can map X to
the unit circle in such a way that ms corresponds to the rotation z — e>™tz.
If the rotation number is non-zero, so that n > 1, then each of the two periodic
orbits must map to the vertices of a regular (2n + 1)-gon. As in Figure 20, one of
the two fixed points 0, 1/2 in the Julia set must lie in the interval T'y, and the
other must lie in I'; + 1/2. It follows that 2n + 1 of the points of X lie in the
interval (0, 1/2), and the other 2n+1 must liein (1/2, 1). It follows easily that
n of the points of the orbit of & must lie in the open interval (0, 5) and n
must lie in (5, 1), as required.

The case of rotation number zero, as illustrated in Figure 12, is somewhat
different. In this case, the rotation set X for mgs consists of the two fixed points
0 and 1/2, The corresponding rotation set Y for ms consists of the single fixed
point zero, which is balanced by definition. ([

Proof of Theorem 4.25. The general idea of the argument can be described
as follows. Since the case t = 0 is easily dealt with, we will assume that t # 0. Let
I'; be the critical gap for rays from zero, and let I's = I'14+1/2 be the corresponding
gap for rays from infinity. Then one component K; of R/Z~(T'1UT3) is contained
in the open interval (0, 1/2) and the other, Ky = K; + 1/2 , is contained in
(1/2, 1) . (Compare Figure 21.) Thus any self-antipodal set which is disjoint from
I'y UT's must have half of its points in K7 and the other half in K5 . However, all
points of K correspond to internal angles in the interval (0, 5) , while all points
of Ky correspond to internal angles in the interval (5, 1). (Here we are assuming
the convention that 0 € T’y and hence 1/2 € T's.) In each case, this observation
will lead to the appropriate concept of balance. First assume that t is rational.

Case 1 (The Generic Case). If 0 does not belong to Y, then X
consists of a single cycle of mgs by Proposition 4.21. (This is the case illustrated
in Figure 18.) This cycle is invariant by the antipodal map, therefore has even
period, hence t is rational with even denominator. In addition, by symmetry,
the number of points of X in K; is equal to the number of points of X in
K5 . Therefore the number of points in Y in (0, 8) is equal to the number of
points of Y in (6, 1). (In other words, the set Y is “balanced’ with respect
to 6 in the sense that half of its elements belong to the interval (0, 8) and
half belong to (0, 1).) If {#~, 0"} C Y is the unique balanced pair for this
rotation number, in the sense of Definition 4.24, this means that 0~ < @ < 6+.
As an example, for rotation number 1/4 with Y = {1/15, 2/15, 4/15, 8/15}, the
balanced pair consists of 2/15 and 4/15. Thus in this case the orbit is “balanced”
with respect to @ if and only if 2/15 <6 < 4/15.

Case 2. Now suppose that 6 belongs to Y, and that the rotation set X
consists of a single periodic orbit under mgs. Since this orbit is invariant under
the antipodal map ¢ <> ¢+ 1/2, it must have even period p. Furthermore p/2
of these points must lie in (0, 1/2) and p/2 in (1/2, 1). The image of this orbit
in Y is not quite balanced with respect to € since one of the two open intervals
(0,0) and (0,1) must contain only p/2 — 1 points. However, it does follow
that € is one of the balanced pair for Y. (Examples of such balanced pairs are
{1/3,2/3} and {2/15,4/15}.)
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More explicitly, since 6 is periodic of period p, it follows that both endpoints
of the critical gap I'y are also periodic of period p. However, only one of these
two endpoints is also visible from infinity, and hence belongs to X .

Case 3. Suppose that 8 € Y and that X contains more than one periodic
orbit. According to [G, Theorem 7], any mg-rotation set with more than one
periodic orbit must consist of exactly two orbits of odd period. Thus we are in the
case covered by Lemma 4.26. (This case is unique in that both of the end points
of I’y orof T's are visible from both zero and infinity.)

Case 4. Finally suppose that t is irrational. The set X carries a unique
probability measure p invariant by mg and the push-forward ¢, under either
1 or (o is the unique probability measure carried on Y and invariant by ms.
By symmetry, pu(K;) = pu(Ks) =1/2. Therefore,

w«t[0, 8] = @.pul0, 1] = 1/2.
By definition, this means that the angle 6 is balanced. O

For actual computation, just as in Lemma 4.17, it is more convenient to work
with the inverse function.

Theorem 4.27. The inverse function t v+ 0y =1 ~1(t) is strictly monotone, and
is discontinuous at t if and only if t is rational with even denominator. The
base two expansion of its right hand limit ¢¥~'(t7) = limeo ¥ 1t +¢€) can be

written as
o0

0 = vt = D g (6)

where
0 if frac(1/2+ kt) € [0,1—1t),
bk = . (7)
1 if frac(1/2+kt) € [1—t¢,1).
Here frac(z) denotes the fractional part of x, with 0 < frac(x) < 1 and with
frac(z) = x (mod Z).

Remark 4.28. It follows that the “discontinuity” of this function at t, that is
the difference A6 between the right and left limits, is equal to the sum of all
powers 27%72 gsuch that 1/2+kt=1—t (mod Z). If t is a fraction with even
denominator 2n, then this discontinuity takes the value

AO = 2771/ (22" — 1),

while in all other cases it is zero.

The proof of Theorem 4.27 will depend on Lemma 4.26.

Proof of Theorem 4.27. It is not hard to check that the function defined
by (6) and (7) is strictly monotone, with discontinuities only at rationals with even
denominator, and that it increases from zero to one as t increases from zero to
one. Since rational numbers with odd denominator are everywhere dense, it suffices
to check that this expression coincides with ¢~1(t) in the special case where
t=m/(2n + 1) is rational with odd denominator. In that case, each 1/2 + kt
is rational with even denominator, and hence cannot coincide with either zero or
1 —t. The cyclic order of the 2n+ 1 points ¢y :=1/2 + kt € R/Z must be the



32 A. BONIFANT, X. BUFF, AND J. MILNOR

same as the cyclic order of the 2n +1 points 6 := 280 € R/Z. This proves that
0 is periodic under mj , with the required rotation number. Since the arc (0, 1/2)
and (1/2, 1) each contain n of the points ¢, it follows that the corresponding

arcs (0,0) and (0, 1) each contain n of the points 6 . O
5. Fjords

Let t = m/(2n+ 1) € R/Z be rational with odd denominator. It will be

convenient to use the notation 6 = 6(t) € R/Z for the unique angle which

satisfies the equation (f) = t. In other words, 6(t) is the unique angle which
is balanced, with rotation number t under doubling. (Compare Theorem 4.27
and Lemma 4.26.) This section will sharpen Theorem 3.4 by proving the following
result.

Theorem 5.1. With t and 0(t) as above, the internal ray in Ho of angle
0(t) lands at the point ooy on the circle of points at infinity.

(We will see in Corollary 5.5 that no other internal ray has this property.)
Intuitively, we should think of the 6(t) ray as passing to infinity through the
t-fjord. (Compare Figure 25.)

Following is an example to illustrate the proof.

Example 5.2. As in Figure 20, let f, be a map such that s = q*> € Ho belongs
to the 6 = 2/7 ray, which has a rotation number equal to 1/3 under doubling.
This angle is balanced, that is, its orbit 2/7 +— 4/7 — 1/7 contains one number
in the interval (0, 2/7) and one number in (2/7, 1), hence the formal rotation
number t = t(s) is also 1/3. The dynamic ray of angle 2/7 bounces off the
critical point ¢4 , but it has well defined left and right limits (equal to the landing
points of corresponding slanted rays). These have Julia set coordinates = = 6/26
and 15/26, as can be computed by taking left and right limits in Lemma 4.17.
Evidently these z-coordinates are periodic under tripling. Similarly, the internal
ray of angle 2™-2/7 bifurcates off a precritical point, and the associated slanting
rays land at points on the Julia set with coordinates 3" -6/26 and 3™-15/26 in
R/Z.

Now suppose that we let s tend as far as possible along this parameter ray. If
it accumulates at some finite point of 9Hg, then we would expect the two landing
points with coordinates = = 6/26 and 15/26 to come together towards a parabolic
limit point, thus pinching off a parabolic basin containing c; . Similarly, we would
expect the points with = = 18/26 and 19/26 to merge, and also the points with
x=2/26 and 5/26, thus yielding a parabolic orbit of period 3.

Now look at the same picture from the viewpoint of the point at infinity (but
keeping the same parametrization of Uy ). (Recall that the action of the antipodal
map on the Julia set is given by z <> £+ 1/2 mod 1.) Then a similar argument
shows for example, that the points with coordinate = =19/26 and 2/26 should
pinch together. That is, all siz of the indicated landing points on the Julia set
should pinch together, yielding just one fixed point, which must be invariant under
the antipodal map. Since this is clearly impossible, it follows that the parameter
ray of angle 2/7 cannot accumulate on any finite point of 9H,. Hence it must
diverge to the circle at infinity.
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1/4

3/4

FIGURE 22. Julia set for the landing point of the parameter ray
of angle 2/5, with some external angles labeled. The unit circle
has been cray in to fix the scale.

Note that this difficulty, with too many landing points which must pinch to-
gether, occurs only in the balanced case. Figures 22 and 23 show the Julia set
for the landing point of the 2/5 parameter ray. Here we have a period four cy-
cle of parabolic basins shown in red, which are accessible from the basin of zero
with internal angles 2/5 — 4/5 — 3/5 — 1/5; and an antipodal cycle of basins,
shown in green, which are accessible from the basin of infinity with external angles
2/5—4/5 — 3/5 — 1/5. There is no conflict between the required identifications.
The corresponding picture in the ¢-parameter plane in shown in Figure 11.

Proof of Theorem 5.1. The argument in the general case is completely
analogous to the argument in Example 5.2. Let f, be a map representing a point
of the 6-ray, where 6 is periodic under doubling and balanced, with rotation
number t = m/(2n + 1). Since the case t =n = 0 is straightforward, we may
assume that 2n + 1 > 3. The associated left hand slanted rays land at a period
(2n+1) orbit Oy in the Julia set, while the right hand slanted rays land on an
orbit Of . According to Goldberg [G], each such orbit O is uniquely determined
by its rotation number, together with the number N(QO) of orbit points for which
the coordinate x lies in the semicircle 0 < x < 1/2. (Thus the number in the
complementary semicircle 1/2 <z <1 isequal to 2n+1— N(O). Here 0 and
1/2 represent the coordinates of the two fixed points.) Since 6 is balanced with
2n+1 > 3, it is not hard to check that N(O) must be either n or n+1. Now
consider the antipodal picture, as viewed from infinity. Since the antipodal map
corresponds to x <> x + 1/2, we see that

N(OEf) = 2n+1 - N(OF) = N(O]),

Therefore, it follows from Goldberg’s result that the orbit OZ is identical with
ofF .
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FIGURE 23. Detail of Figure 22, with some internal angles labeled.

Now consider a sequence of points ¢ such that each s = q,% belongs to the
60 parameter ray. If this sequence accumulates on a finite point of O0Hg, then,
passing to a subsequence, we can assume that ¢, tends to a finite limit ¢. As
we approach this limit point, the right hand limit orbit (93 must converge to the
left hand limit orbit Oy which is equal to OZ . In other words, the limit orbit
must be self-antipodal. But this is impossible, since the period of this limit orbit
must divide 2n 4+ 1, and hence be odd. Thus the 6 parameter ray has no finite
accumulation points, and hence must diverge towards the circle at infinity.

In order to determine the precise limit on the circle at infinity, we make a
change of coordinate, bringing this circle at infinity into the finite plane. To this
end, let u = z/q, so that our map z > fy(z) = 2%(¢—2)/(1+gz) takes the form

= Jolqu) q2u2(1—u).

u = —
q 1+ qqu
Dividing numerator and denominator by ¢gu, and introducing the new parameters
1 1
)\ = g = i and = 72 = — N
7 s lq| sl
this takes the form
Au(l —u
Au(l —u) (8)
1+b/u

Thus, as b tends to zero, for w« in the punctured sphere ([AI\{O}, this cubic
rational map (8) converges locally uniformly to the quadratic polynomial map

u = Au(l —u) . (9)
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Here A, the multiplier of the fixed point at zero, lies on the unit circle. (Com-
pare Figure 24.)

FIGURE 24. On the left: Julia set for a map fq, inthe 2/3 fjord.
On the right: the limit of this Julia set suitably renormalized, as
we tend to infinity through the 2/3 fjord, is the Julia set for the
quadratic map w — e*™2/3w(1 —w) . In the limit the unit circle
(as drawn in on the left) shrinks to a parabolic fized point.

Now consider a sequence of points s, on the 6 parameter ray, with |s]
diverging to infinity. Passing to a subsequence, we may assume that the points
Ak = Sk/|sk| on the unit circle converge to some A, while by =1/|sg| converges
to zero. As in the discussion above, we can consider associated left and right slanted
limit rays in the dynamic plane for the map (9). There are two possible cases. If
one of these limit rays has an accumulation point in (E\{O} , then arguing as above,
both slanted rays must land at this point. Hence it would have to be parabolic,
which is impossible since a quadratic polynomial can have at most one non-repelling
periodic orbit.

It follows that both limit rays must land at w = 0. Since these rays are
permuted with rotation number t = m/(2n + 1), this is possible only if A is
precisely equal to e2™**. This shows that the 6 ray must land at the point ooy
on the circle at infinity, and completes the proof of Theorem 5.1. O

Formal Rotation Number: The Parameter Space Definition. As a
corollary of this theorem, we can generalize the concept of “formal rotation num-
ber”, as defined in §4, to all points of [I]\{0}. (For a possible dynamic interpre-
tations of this generalized definition, see Remark 6.13, as well as Corollary 7.12.)

Let I C R/Z be a closed interval such that the endpoints t; and to
are rational numbers with odd denominator, and let 4(I) C [iJ be the compact
triangular region bounded by the unique rays which join ooy, and oog, to the
origin, together with the arc at infinity consisting of all points ooy with t € I.
(Compare Figure 25.)
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FIGURE 25. Unit disk model for the circled s-plane, with two rays
from the origin to the circle at infinity sketched in.

For any angle t € R/Z, let 4(t) be the intersection of the compact sets
A(I) as I wvaries over all closed intervals in R/Z which contain t and have
odd-denominator rational endpoints.

Lemma 5.3. Each 4(t) is a compact connected set which intersects the circle
at infinity only at the point ooy . These sets Z(t) intersect at the origin, but
otherwise are pairwise disjoint. In particular, the intersections 4(t) N ([I1\Ho)

are pairwise disjoint compact connected sets. (Here it is essential that we include
points at infinity.)

Proof. The argument is straightforward, making use of the fact that Hg is
the union of an increasing sequence of open sets bounded by equipotentials. [

Definition 5.4. Points in £(t)~{0} have formal rotation number equal to t.
It is not difficult to check that this is compatible with Definition 4.22 in the special
case of points which belong to Hy. Furthermore, it is not difficult to check that
this formal rotation number is continuous as a map from []~{0} to R/Z (or
equivalently as a continuous retraction of [IJ\{0} onto the circle at infinity).

One immediate consequence of Lemma 5.3 is the following.

Corollary 5.5. For t rational with odd denominator, the ray Rg) of Theo-
rem 5.1 is the only internal ray in Ho which accumulates on the point ooy .

In fact, for any t’ # t the ray Rg«y is contained in a compact set (t’)
which does not contain ooy . ]

Remark 5.6. (Accessibility and Fjords.) A topological boundary point
sg € OHo C [
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is said to be accessible from Hg if there is a continuous path p : [0,1] — [1]
such that p maps the half-open interval (0,1] into Hg, and such that p(0) = sg.
Define a channel to sq within Hy to be a function ¢ which assigns to each open
neighborhood U of sy in [ a connected component ¢(U) of the intersection
UNHy satisfying the condition that

UoU = ¢U)DdcU").

(If Uy DUy D -+ is a basic set of neighborhoods shrinking down to sg, then
clearly the channel ¢ is uniquely determined by the sequence ¢(U1) D ¢(Uz) D ---.
Here, we can choose the U; to be simply connected, so that the ¢(U;) will also
be simply connected.)

By definition, the access path p lands on sy through the channel ¢ if for
every neighborhood U thereisan € > 0 sothat p(r) € ¢(U) for 7 < e. It is not
hard to see that every access path determines a unique channel, and that for every
channel ¢ there exits one and only one homotopy class of access paths which land
at so through c.

The word fjord will be reserved for a channel to a point on the circle at infinity
which is determined by an internal ray which lands at that point.

Remark 5.7. (Are there Irrational Fjords ?7) It seems likely, that there
are uncountably many irrational rotation numbers t € R/Z such that the ray
Rgty C Ho lands at the point ooy on the circle at infinity. In this case, we would
say that the ray lands through an #rrational fjord. What we can actually prove
is the following statement.

Lemma 5.8. There exist countably many dense open sets W, C R/Z such that,
for any t € W, , the ray Rg) accumulates at the point ooy on the circle at
nfinity.

However, we do not know how to prove that this ray actually lands at ooy .
The set of all accumulation points for the ray is necessarily a compact connected
subset of 4(t) N dHg, but it could contain more than one point. In that case, all
neighboring fjords and tongues would have to undergo very wild oscillations as they
approach the circle at infinity.

Proof of Lemma 5.8. Let V,, be the open set consisting of all internal angles
0 such that the internal ray Rg contains points s with |s| > n. A corresponding
open set W,, of formal rotation numbers can be constructed as follows. For each
rational r € R/Z with odd denominator, choose an open neighborhood which is
small enough so that every associated internal angle is contained in V,, . The union
of these open neighborhoods will be the required dense open set W,, . For any t
in (W, , the associated internal ray Rg(t) will come arbitrarily close to the circle
at infinity. Arguing as in Corollary 5.5, we see that ooy is the only point of 9[1]
where this ray can accumulate. ]

If the following is true, then we can prove a sharper result. It will be convenient
to use the notation X for the compact set [[]\Hg, and the notation X; for the
intersection X N 4(t). Thus X is the disjoint union of the compact connected
sets X;.
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Conjecture 5.9. If t is rational with odd denominator, then the set X; consists
of the single point ooy .

Assuming this statement, we can prove that a generic ray actually lands, as
follows. Let D, be the disk consisting of all s € C with |s| < n, and let
W, C R/Z be the open set consisting of all ¢ for which X; "D, = (). Then
W, is dense since it contains all rational numbers with odd denominator. For any
t €, Wy, the set X; evidently consists of the single point oo, and it follows
easily that the associated ray Rg(;) lands at this point. (]

6. Tongues

By definition, a tongue in our family is an unbounded hyperbolic component
consisting of maps with a self-antipodal periodic orbit, necessarily of even period.
Corresponding to each rational rotation number m/n with even denominator, there
are two symmetric tongues in the ¢ parameter plane. (These are the colored regions
in Figure 1.) As usual, we will find it more convenient to work in the moduli
space with coordinate s = ¢?>. Thus the two symmetric hyperbolic components
in the g¢-plane correspond to a single hyperbolic component, to be denoted by
H(m/n) C [, in the circled s-plane. (Compare Figure 25.) Here is a precise
statement.

Theorem 6.1. For each m/n € Q/Z with even denominator, there is a hyperbolic
component H(m/n) in the s-plane which has the point at infinity o0/, as a
boundary point. Any representative map fq for this component has a self-antipodal
cycle of attracting Fatou components of period n. These can be numbered as
Ui, Ua, ... Uy, with subscripts in Z/n, so that fo(U;) = Ujim , and so that each
boundary OU; intersects OUj if and only if j'=j+1,

(Compare Figures 26 and 5.) Briefly we will say that the period n Fatou com-
ponents are arranged in a ring with combinatorial rotation number m/n.
It follows easily from this theorem that m/n coincides with the formal rotation
number as defined in Definition 5.4. (Compare Remark 6.13.)

Remark 6.2. Conjecturally the tongues 7H(m/n) and the central hyperbolic
component Hg are the only unbounded hyperbolic components.

For the proof of this theorem, it will be convenient to introduce the rotated
dynamic coordinate

w = z/k where k= q/lq| -

Then a brief computation shows that the map z — f,(2) = 22(q — 2)/(1 + g2)
corresponds to the map

k , 1—
w Ftﬂ(w) = w — 62wztw2ﬁa;0 (10)
where |
a = 1/|q > 0, and where it _ /7 with ¢ € R/Z.

Note that any point ooy on the circle at infinity in the s-plane, corresponds to
the point (t, 0) on the boundary a = 0 of the (t, a)-half-plane (consisting of
real pairs with t well defined modulo Z and with @ >0). As (t, a) converges
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FIGURE 26. The Julia set of a map in the hyperbolic component
H(3/8). There is an attracting cycle of period 8 preserved by
the antipodal map. The basin of 0 1is light grey. The basin of
infinity is white. The basin of the attracting cycle of period 8

is colored. The immediate basin (yellow) consists in 8 simply
connected domains organized in a chain separating 0 and oo.
FEach component of the immediate basin is mapped to the one which
is 3 steps further counterclockwise. The red lines join successive
points in the attracting cycle.

to (to, 0), note that the map (10) converges, uniformly on compact subsets of
C~{0}, to the rotation w s >0y . (Compare Lemma 1.2.)

The proof of Theorem 6.1 can now be outlined as follows. The first step is a
more precise study of the asymptotic behavior of the map F; , as a tends to zero.
This, together with the implicit function theorem, enables the construction of two
self-antipodal period n orbits, provided that a is close to zero. The first of these
orbits is attracting, so that its immediate basin consists of n Fatou components,
arranged in a ring around the origin. The second is repelling, and consists of the
common boundary points for consecutive components of this immediate basin.

Rescaling Limits. Let V; be the open set consisting of all triples (¢, a, w) € C3
such that

la| < fw| < 1/lal,

so that w is bounded away from zero and infinity for each choice of a with
0 < |a] < 1. Then the map

i+ ol—aw
(t, a, w) = Fiqo(w) = e2mtw2w—+a

is defined and holomorphic for (¢, a, w) € Vi, with values in C~{0}. Now define
a sequence of subsets V4 D Vo D V3 D --- by setting

Virr = {(t, a, w) € Vi ; (t, a, Ft,a(w)) e Vi}. (11)
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Then the map (¢, a, w) — Foh(w) is holomorphic as a function from Vj
to C~{0}. Note that each V; is an open set which contains the product
R x {0} x (C~\{0}).

We will also make temporary use of two other coordinates changes. If we rotate
and change the scale by setting v = z/¢ = aw, then our map takes the form
omit, 1 — U

14+ b/u’
where b= a?. For u € C~{0}, this converges locally uniformly to the quadratic
polynomial

u = geo(u) = (12)

u = gi(u) = 2™ u(l — u)
as b — 0, as in equations (8) and (9) . On the other hand, if we introduce the
coordinate 1 = a/w, which tends to zero as w tends to infinity, then the map is
conjugate to
a — o 2mit (1 +7) .
Fia(a/n) n—>
In this case, the limit as b — 0 is the quadratic polynomial

he(n) = e > (1l + n),

with an indifferent fixed point at 7 =0 (corresponding to w = 00).

Now suppose that we fix ¢t = m/n, where m and n are always assumed to
be coprime. Then the polynomial ¢;” has a parabolic fixed point of multiplicity
n+ 1 at the origin, so that

9" (u) = u- (1+C’u"+0(u”+1)) (13)
where C' is a non-zero complex number. Similarly, the map hy™ has a parabolic
fixed point of multiplicity n+1 at =0, with

h"(m) = n - (L+C'n" + O("™)) . (14)
In fact, using the identity h:(n) = —g_:(—n), it is not hard to check that C’ is
equal to the complex conjugate of C' up to sign:

n — hip(n) =

¢ = (-1)"C.

We will sometimes use the notations C' = Cy and C’ = C} where \ = e2mim/n,

The Banerjee Polynomials. The following constructions are based on Baner-
jee [Ba]. It will be convenient to work with the function
FP(w) —w
O(t,a,w) = 71"’&( ) ,
w

which is defined and holomorphic for (¢,a,w) € V,,. For this section, n can be
either even or odd.

Proposition 6.3. Let m andn > 0 be coprime. For each k between 0 and n—1 there
is a unique complex polynomial By (a) of degree at most k , satisfying By(0) = m/n,
such that, for each fized w #0,

®(Bi(a), a, w) = O(a**1) as a—0. (15)
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A completely equivalent statement would be that the function ®(By(a), a, w)
can be expressed as a product a**t!1W(a, w), where ¥ is defined and holomorphic
throughout V,,.

The proof of Proposition 6.3 starts as follows. For the case £k = 0 we take
By(a) := m/n. The required estimate ®(m/n,a,w) = O(a) follows easily since ®
is a holomorphic function with ®(m/n, 0, w) =0.

Now suppose inductively that we are given a polynomial Bj_; satisfying (15)
for some given k — 1 < n. Then we can write ®(By_1(a), a, w) = a*¥;(a, w)
where Uy, is defined and holomorphic on the open set consisting of all (a,w) such
that (Bj_1(a), a, w) € V,. Setting ¢5(w) := ¥(0,w), it follows easily that
Uy (a,w) = ¢ (w) + O(a) , and hence that

®(Bi-1(a), a, w) = a® or(w) + O(af 1) | (16)

where the function ¢y, is holomorphic throughout C~{0}.
In fact, if & < n we will show that this function ¢ must be constant. As a
first step we will prove the following.

Lemma 6.4. For k < n, the function i is meromorphic, with poles of order at
most k at zero and infinity.

Proof. If |w|> 1> |u], then the triple (By_1(u/w), u/w, w) belongs to
V.. , hence the expression
® (B (u/w), u/w, w)
depends holomorphically on u and w . Expanding as a power series in u, we
can write

fI)(Bk(u/w), u/w, w) = Zﬁj(w)uj )
§=0

where each coefficient (;(w) is a holomorphic function on some region
|w| > constant > 1. On the other hand, according to the estimate (16), we can
write

O(Bir(ufw), ufw, w) = (uw/w)pw) + O /uhth)

- uk“"’;f;’”) + O(ub Yy . (17)

as u — 0 for each w. Hence the first non-zero coefficient is By (w) = ¢ (w)/w* .

Now recall that the map F} , is conjugate to g; 2 , where F} o(w) = g¢ 42 (aw)/a.
(Compare equation (12).) Substituting u/w for a and By (u/w) for ¢, we see that
® (B (u/w), u/w, w) is equal to

FE:(u/w),u/w(w) —w _ gg’;(u/w),uz/w2 (U) —u (18)
w u '

As w tends to infinity, this tends to (gfn”/n o(u) —u) /u which, according to (13) has
the form Cu™ + O(u™™!) = O(u™) . Therefore, all of the coefficients (;(w) with
Jj <n must converge to zero as |w| tends to infinity. In particular, if k < n, this
proves that o (w)/w” tends to zero as |w| — oo, which proves half of Lemma 6.4.
(For k = n, the argument shows only that o (w)/w¥ is bounded as |w| — c0.)



42 A. BONIFANT, X. BUFF, AND J. MILNOR

To study behavior as w — 0 we introduce the function
‘I’(Bk(ﬁw)a nw, w) ’

which is defined and holomorphic for || < 1 and 0 < |w| < 1. According to
(16), we have the estimate

O(Bi(nw), nw, w) = n*wpr(w) + O,

Expanding this function as a power series Z;io vj(w)n? , we see that the coefficient
w(w) is equal to w”py(w). On the other hand, using the conjugation identity
gl ¥

a
Foo(w) = o7
t ht7a2(a/w)
we see that .
(I)(Bk(nw)a nw, w) = Jon [\ L.
htmzwz (n)
where t = By(nw) hence, using (14),
. _ 1 . /..n n+1
&)lglo (I)(Bk(nw)7 nw, ’LU) - 1 +Clnn +O(77"+1) -1 = —077 + O(T/ ) .

If & < n then it follows that ~x(w) converges to zero as w — 0. This implies
that w¥gy(w) also converges to zero as w — 0, which completes the proof of
Lemma 6.4. 0
On the other hand, we will prove the identity

wr(Aw) = @i (w) forall w#0, (19)

where A := €2™™/" Consider the one-parameter family of maps
Ga(w) = Fp(a),a(w) .

Note that Gg(w) = Aw+O(a) and hence ¢y (Go(w)) = @r(Aw)+ O(a). Since

G (w) = FE a(w) = w+ wd(By(a),a,w) = w+ wabpy(w) + O ) .
It follows that
G (Culw) = Galw) + Gulw) a* ou(Galw)) + O

= Ga(w) + dwad" pr(Aw) + O(a*t1) .
Similarly, G (w)= X+ O(a), and it follows that
Go(G'(w)) = Go(w + wadbpp(w) +O0(a"t1))
= Gu(w) + G (w)wa®ep(w) + O(a*T1)
= Ga(w)+  wa® pp(w) + O@a**) .
Setting these two expressions equal, we obtain the required identity (19).

Thus ¢ commutes with multiplication by an n-th root of unity. It follows
that the order of any pole must be a multiple of n. Combining this statement with
Lemma 6.4, we see that ¢, has no poles, and hence is constant, for k < n.

Proof of Proposition 6.3. It is not difficult to check that
00 (t,a,w)

Fr = 2mine*™ ™ 1 Ofa) .
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It follows easily from this, together with the estimate (16), that
®(By_1(a) + 7a*, a, w) = d*2mint + @) + O(a*)
for any 7 € C. Thus, if we define ¢, by the equation
2riner + 9 = 0, (20)
and set By(a) := By_1(a) + ¢ a”, then
®(By(a), a, w) = O(a**).
This completes the induction and proves Proposition 6.3. (]

Thus for each k& < n we have constructed a polynomial By(a) = Z?:o c;a’

with the property that ®(By(a), a, w) = O(a**!) for each w. The statement
for k = n is slightly more complicated:

Theorem 6.5. There is a polynomial B(a) = By(a) =Y. cxa® of degree at most
n, with

®(B(a), a, w) = a” (C’w” — C'w™) + O(a™*) (21)

where C' = (=1)"C . Furthermore, the coefficients c are real, and zero for k
odd, so that B(a) is a real even polynomial.

Proof. Setting
®(B,_1(a), a, w) = a"p,(w) + O(a") |

and arguing as above, we see easily that ¢, (w) can be written as a rational function
of w™ of the form ¢, (w) = —2wic,+Cw™—C’'w™™ for some constant ¢, . Setting
B(a) = B, (a) + c,w™, the required identity (21) follows.

We will prove by induction that the coefficients ¢ are real, and zero for k odd.
The polynomial By(a) =m/n certainly has real coefficients. Suppose inductively
that By(a) has real coefficients. Then for real values of a the rational function
w = Go(w) = FB,(a),a(w) commutes with the antipodal map 4. Hence

G" (ﬂl(w)) = .ﬂl(w)(l +dFoy (ﬂ(w)) + O(akH))

is equal to
on _ A(w) _ W) (1 — a¥orlw) gkl
ﬂ(Ga (’LU)) - 1+akm+0(ak+l) - ’q( )(1 @k( )+O( + )7
hence

eu(=1/w) = —pr(w) . (22)
For k < n it follows that the constant ¢y, is pure imaginary; hence by the identity
(20) it follows that ¢ is real.  Similarly, for n even, since the function
w — Cw™ — Cw™" automatically satisfies the identity (22), it follows easily that
¢, is real.
On the other hand, since @(t,a,w) = ®(¢t, —a,—w), it follows that
(—a)*op(w) = a*pr(—w), and it then follows easily that c; = 0 for all odd
k < n. This completes the proof of Theorem 6.5. (]
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Periodic Cycles. From now on, we assume that n is even. Setting as before,
Ga = FB(a),av
so that Go(w) = Aw and

G (w) = w+ a™w <C)\w” - Si) + O(a™).

We shall use the Implicit Function Theorem to identify particular cycles of period
n for the map G,. Let us consider the analytic map

~ GO (w) — w
) = ®(B n_ &
(a,0) i= (B(a), a,u)/a .
which is defined and holomorphic on the open set counsisting of all (a,w) with
(B(a), a, w) € V,,. (Compare equation (11).) Note that for a # 0, if ®(a,w) =0,
then w is a periodic point of G, of period dividing n.
The map
CTJ(O, w) = Chw" — Crw™"
vanishes precisely at the points w which satisfy

an — g — ‘C/\P
Cy 2

Let us denote by wji, j € Z/nZ, the n-th roots of +|Cy|/C, ordered cyclically on

the unit circle, so that wj' lies in between w;" and w; ;. Note that

n Cy 2n|C)y|
= . |c, (w5 =+ 0.
O,wji U}ji < A (wJ ) + (wf)”) w.i 7&

J
According to the Implicit Function Theorem, there are 2n associated functions
(Ji (a), defined and holomorphic near a = 0, solutions of

0% (0, w)
ow

(/I;(a,Cji(a)) =0 and (Ji(O) = wji

Lemma 6.6. The point (;r(a), j € Z/nZ, form a cycle Ct(a) of period n for G,
and the points (; (a), j € Z/nZ, form a cycle C~(a) of period n for G,. Each cycle
is preserved by the antipodal map.

ProOOF. For a # 0, the points Cf(a) are fixed points of Gg". The map G,
permutes the fixed points of G2". As a consequence, G, (Cji(a)) is a solution of
d(a,w) = 0. If X = e2™m/™ then for a = 0, we have Go(wy) = wiy,,. It follows
from the uniqueness of solutions provided by the Implicit Function Theorem that

Ga(GH (@) = Cop(a).

Similarly, the antipodal map permutes the cycles of G,. Since it preserves the
cycles C*(0) and C~(0) of Gy, it follows again from the uniqueness of solutions
provided by the Implicit Function Theorem that the antipodal map preserves the
cycles C*(a) and C~ (a). O

Lemma 6.7. If a is sufficiently close to 0, the cycle C*(a) is repelling and the
cycle C~(a) is attracting.
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PROOF. Observe that
(G (w) =1+ (n+ Da"Crw™ + (n — 1)a" Cy/w" .
Using the estimate

()™ = £|CA|/Cx+O(a) ,

it follows that
(G2 (¢E(a)) = 1£2n|Chla" + O(a™FY). O
Remark 6.8. For odd values of n there is a similar pair of period n orbits near

the unit circle. However the multipliers, instead of being approximately 1 + €, are
rather approximately 1+ ie. Compare Figure 24 (left).

Proof of Theorem 6.1. We now give a more global description of the dy-
namics of G, for small real values of a. For each j € Z/nZ, denote by B;(a) the
immediate basin of the attracting fixed point ¢;° (a) under the map G". It follows
from Theorem 2.1 that this basin is simply connected.

Proposition 6.9. For a sufficiently small and for j € Z/nZ, we have that
CJ+ (a) S aBJ(CL) N 8Bj+1 (a)

More precisely, Cf(a) is accessible from both B;(a) and Bji1(a).

FIGURE 27. Some trajectories of the vector field =. The trajecto-
ries which go to the poles 0 and oo in finite time are emphasized.
The picture is drawn for n =4 and Cy/|Cy| = —1.

The proof will depend on approximating the iterates of GS" by a smooth flow.
Let = be the holomorphic vector field defined on C~\{0} by

Zi=w (C’)\w" — CA) i,
w” ) dw
and let T4 be the associated flow, satisfying
Y s(w Cy )
(;i ) = w (C’,\w" — wj;) , with YTolw) =w, (23)

so that Ys 45, = Y, o Ts, wherever Ty, o Ty, is defined. Compare Fig-
ure 27. Note that this flow carries the unit circle into itself. The fixed points,
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with Chw™ = C/w™, divide the unit circle into 2n arcs, each leading from a
repelling fixed point to an attracting fixed point.

For a close enough to 0, the map G may be thought as a kind of Euler’s
method with step a™ for the differential equation (23). In particular

G (w) = Yen(w) 4+ O(a™Th).

Intuitively, the orbit of GJ" from w converges to the flow through w as a — 0.
More precisely:

Lemma 6.10. Let X be a compact subset of C~{0}. Suppose that the flow Ts(w)
is defined for all w € X and all 0 < s < sg. Then as a tends to zero and as
ka™ tends to s € [0, sql, the iterate GS*"(w) converges uniformly to Ys(w) for all
we X.

Proof. This follows from standard estimates in the theory of ordinary differ-
ential equations. See for example [HW, Theorem 4.4.1]. O

Proof of Proposition 6.9. We will show, for example, that Cj (a) is accessible
from the immediate basin B;(a) provided that a is small enough. Choose a small
open disk DT centered at Cf (0) and a small open disk D~ centered at ¢; (0). Then
for a small, each fixed point (f(a) will be contained in the corresponding disk D*
which will serve as a Koenigs linearizing neighborhood, with

Go"(DT) o Dt and G"(D™) c D™ .

Choose a point wy on the unit circle which belongs to DT, and such that Y, (wo)
belongs to D~ for suitably chosen sg. Then for a sufficiently small we can choose k
so that G°*" also belongs to D~. This proves that ¢ J+ (a) is accessible from the full
attracting basin of (;° (a). To prove that it is accessible from the immediate basin,
we must work just a little harder.

For a small, the image GS"(wg) will also belong to DT. Let L C DT be a line
segment joining these points. If a is small enough, then

(1) the image Y4(L) will be contained in D~, and furthermore
(2) the image G2*"(L) will also be contained in D~.

Now the union of the k images G2(L) with 0 < i < k will form a path from wq to
the point G°*"(wy), all lying within the full attracting basin, and therefore all lying
within the immediate basin B;(a). This completes the proof of Proposition 6.9.
Evidently Theorem 6.1, as stated at the beginning of this section, follows as an
immediate consequence. ([

Here is an important further property of the associated Julia sets.

Proposition 6.11. For a sufficiently small, the immediate basin of oo and the
immediate basin of 0 for G, are quasidisks whose boundaries intersect precisely
along the repelling cycle Ct(a). Hence the same statement is true for any map f,
representing an element of the hyperbolic component H(m/n) .

Sketch of proof. Figure 28 illustrates a compact region W C C with the
property that the vector field Z points into W at every boundary point. (The
detailed construction is given at the end of this proof.) If a is small enough, then
it follows easily that G maps a neighborhood of 0W diffeomorphically into the

o
interior, which will be denoted by 1& . However, for the following construction, we
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D4 7
\

S éﬂ

FI1GURE 28. The topological disk W. Some trajectories of the vec-
tor field = are shown.

will need the sharper statement that there is a subset W' C W such that G,

itself maps OW’ into W’. The proof follows.
Let Wi be the intersection of the compact sets G/ (W) for 0 < j < n. Then
it is not hard to see that W3 is simply connected, with

G (W) C W, and with  GS"(OW,) CW; .

Let A be the intersection G,(0W7)NoWy. If A is vacuous, we are done.
Otherwise, choose Wy C W7 so that Wa D G.(W71) N Wy, and so that oW,
consists of the compact set A, together with one or more arcs lying within the

open set Wi NG, (W) . (Compare Figure 29.) Then we will show that

G OWs) © W .

For otherwise, there would be a partial orbit G, : wy — wg — -+ — w, which is
contained in W, . In fact these w; would all have to be contained in the subset

A C OWs. For j < n this follows since any point of Wy~ A belongs to Wy and
hence maps into W5 . For j = n it follows since all points outside of A in G,(A)

[e]
are contained in the interior W5 . On the other hand, if such a sequence existed,
then we could add an initial element wy € Wy with Gg(wg) = wy . This would
yield a partial orbit wg — wy — --- — w, of length n 4+ 1 which is contained in
OW1, which is impossible. Repeating this construction inductively, we find simply

[e]
connected regions W; D Wy O --- D W,, such that G°"*1=%(0W}) C W) . Thus
[e]
W, is the required region with G,(0W,,) CW, .
We may then perform a quasiconformal surgery to replace the dynamics of G,
within W, by the dynamics of the linear contraction w +— w/2. Since the region
W,, contains two of the four critical points of G, the result will be of degree two,

conformally conjugate to the quadratic polynomial map w + w?+w/2. This shows
that G, is quasiconformally conjugate to the quadratic polynomial w + w/2 + w?
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FIGURE 29. Schematic picture illustrating the construction of Ws.

on the set of points whose orbit never intersects W,,, in particular on the closure of
the immediate basin of co for G,. The conclusion of Proposition 6.11 then follows
easily for G, , and hence for any map in the hyperbolic component H(m/n).

To complete the proof of this proposition, we must describe the construction
of the initial compact region W C C. We introduce two new functions: Let
9:C~ {0} > C~ {0} and p:C~ {0} » C~ {=1,1} be defined by

C 1
¢ =9(w):= ﬁw" and T=100):= %

The introduction of the covering map ¢ has the purpose of eliminating the sym-
metry obtained by the fact that the vector field = is invariant under the rotation,
Go(w) = Aw. Letting ¢ = ¥(w), we obtain:

i _ dw e
: =n- and V.2 =n|C|(¢ 1)dC.

FIGURE 30. Some trajectories of the vector field 9.=. Note that
Figure 27 is an n-fold branched covering of this figure with n = 4,
branched at zero (indicated by the central dot) and at oo .

The Mobius transformation g takes the vector field ¥,Z of Figure 30 to a radial
vector field, equal to —7d/dr multiplied by a positive constant. More precisely,
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if 7=p((), then

-2 _ d
dr = md( and 0«02 = —2n\C’|TE .
In particular, the vector field (p09).E is radial, with a source at co and a sink at
0. Now let U = U(1/2, 1), be the disk of center 1/2 and radius 1. Then the set
W := (0o ¥)~1(U) satisfies the required conditions. (See Figures 28 and 31.) This
completes the proof of Proposition 6.11. (]

FIGURE 31. The disk U = U(1/2,1) of center 1/2 and radius
1, and the inward radial vector field —rd/dr. The branch points
at £1 are indicated by dots. The preimage W = (0o 9)~1(U) is
depicted in Figure 28.

Remark 6.12. For any map f; in the tongue H(m/n), let Uy, Us,... ,U, be
the periodic Fatou components, numbered in cyclic order as in Theorem 6.1, where
the subscripts are integers modulo n. Then each U; has a unique attracting
periodic point py = po(U;) in its interior, and three repelling periodic points
P1, P2, p3 on its boundary. These can be numbered so that ps(U;) = p1(Uj41).
(Thus p; and ps are shared, but p(U;) is a boundary point only of Uj.)

The boundary 90H(m/n) is made of three smooth curves of parabolic points,
which can be numbered as C;,Cs, or (5 according as py merges with p1, ps
or ps in the associated dynamic plane. The end points of these curves consist
of two cusp points in the finite parameter plane: one at C; N Cy, such that pg
merges with both p; and ps, and one at Cy N Cs, such that py merges with
both p, and p3. There is also a third cusp point where in some sense py merges
with p; and ps3; but this can never happen in the finite parameter plane. In
fact, p1 and p3 are distinct points of a common self-antipodal period n orbit. If
they came together, this entire orbit would collapse to a self-antipodal fixed point,
which is impossible. Thus the third cusp point C; N C3 must be identified with
the point at infinity in OH(m/n).

Empirically, the finite boundary curve C3 is always separated from the prin-
cipal hyperbolic component Hy by a cluster of infinitely many other hyperbolic
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components. However, the two infinite boundary curves C; and C3 seem to con-
tain entire bare intervals which have Hy on one side and the hyperbolic component
‘H(m/n) on the other. (Compare Figure 10.)

Now recall from Theorem 4.27 that the interval consisting of internal angles
with formal rotation number ¢ = m/n can be explicitly computed as

[p=t ), v ()]
(As an example, for the (1/2)-tongue as illustrated in Figure 10, this interval is
[1/3, 2/3].) Conjecturally the internal rays of angle ¢ ~!(t*) always accumulate
on the bare stretches of C; and C5. They may land at one single point of

C1 or (3, but it seems more likely that they oscillate, with an entire interval of
accumulation points.!®

Remark 6.13. Suppose that s = ¢?> belongs to the tongue H(m/n). Then

it follows from Proposition 6.11 that the n points in the Julia set of f, which
are visible from both zero and infinity are the landing points of rays from zero or
infinity having rotation number m/n, in precise analogy with Definition 4.22. Tt
seems likely that the same statement is true more generally, for any f, such that
¢*> has formal rotation number m/n (in other words, for points in the associated
crown). More generally one could consider the case of completely arbitrary rotation
number. Is the same statement always true provided that there is no Herman ring
which would serve as an obstruction? In particular, is it always possible to compute
the formal rotation number for a given map by dynamic properties of the map itself,
without comparing it with other maps?

Perhaps the following statement might be used as a step towards this goal.
Fixing some f,,let By and B be the immediate basins of zero and infinity.

Theorem 6.14. For any map f, in our family, either:
(1) The closures By and Boo have a non-vacuous intersection; or else
(2) these two basins are separarted by a Herman ring A such that one of the

two boundary curves of A is contained in By and the other is contained in Boo .

Proof. Assume By N Bo, = 0. Since Cis connected, there must be at least
one component A of (@\(EO U Bs) whose closure intersects both By and Bo. If
this set A were simply connected, then the boundary 0A would be a connected
subset of By U Bs which intersects both of these sets, which is impossible. The
complement of A cannot have more than two components, since each complemen-
tary component must contain either By or B.,. Therefore A is an annulus with
boundary components Cy C By and Cs, C Boo. Evidently A is unique, and hence
is self-antipodal.

Note that f(A) D A: This follows easily from the fact that f is an open map
with f(Cy) C 9By and f(Cs) C 0B .

We will prove that A is a fixed Herman ring for f. The map f: f~1(A) — A is
a proper map of degree 3. The argument will be divided into three cases according
as f~1(A) has 1, 2 or 3 connected components.

Three Components. In this case, one of the three components, say A’, must
be preserved by the antipodal map (because A is preserved by the antipodal map).

15 1n fact, computer pictures by Hiroyuki Inou illustrate such oscillations for the 1/3rd ray.
(Compare [IM] as well as [HS], [MNS], [KN] for analogous results in related cases.)
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Then f : A — A has degree 1 and is therefore an isomorphism. In particular,
the modulus of A’ is equal to the modulus of A. Since the annuli A and A’
are both self-antipodal, they must intersect. (This follows from the fact that the
antipodal map interchanges the two complementary components of A.) In fact
A’ must actually be contained in A. Otherwise A’ would have to intersect the
boundary 9A, which is impossible since it would imply that f(A’) = A intersects
f(0A) C (BoUBy,) . Therefore, using the modulus equality, it follows that A’ = A.
Thus the annulus A is invariant by f, which shows it is a fixed Herman ring for f.

Two Components. In this case, one of the two components would map to
A with degree 1 and the other would map with degree 3. Each must be preserved
by the antipodal map, which is impossible since any two self-antipodal annuli must
intersect.

One Component. It remains to prove that f~!(A) cannot be connected. We
will use a length-area argument that was suggested to us by Misha Lyubich. The
argument is based on the following observation.

Lemma 6.15. A generic curve joining the two boundary components of A has a
preimage by f which intersects both boundary components of A.

Here a “generic” curve means one that does not pass through a critical value,
so that each of its three preimages is a continuous lifting of the curve.

PrOOF. We may assume that By contains only one critical point, since the
case where it contains two is well understood (§3). Thus a generic point of By has
two preimages in By and a third preimage in a disjoint copy B, . The same is true
for the closure By (except that there may be an intersection point in By N Eg,
necessarily a critical point).

A generic path ~ through A from zy € Cy to 2z, € Co has three preimages.
Two of the three start at points of By and two of them end at points of Bs, . Thus
at least one must cross from By to B, passing through A. O

Let p be an extremal (flat) metric on A. Since there are points in A whose
image is not in A (otherwise A would be a Fatou component, thus a Herman ring),
we have!6

Areay, ,(A) < c- Area,(A)

for some constant ¢ < 1. Next, let v be a curve joining the two boundary compo-
nents of A and let v/ be a preimage of v which intersects both boundaries of A.
Then we can choose a segment v, C v’ N A which joins the two boundaries. We
can easily check that

Length, ,(y) > Length,(y') > Length,, ().

16The notations need some explanation. The metric 1 can be written as g(z)|dz|, where
g(z) >0 forall z € A. It is convenient to set g(z) =0 for z ¢ A. The associated measure
can be written as g(z)?A., where A, is the standard Lebesgue measure on the z-plane. The
push-forward of this measure can be written as > ,,)_,, }g(z)/f’(z)|2Aw , to be summed over
the three preimages of w. Thus, for compatibility, we must define fiu to be the metric

1/2
(Z \g(z)/f'(z)f) dlw]

f(z)=w
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As a consequence,
Length? 1 Length, (79) _ 1
ngthy ,(7) > = ngth,, (7o) > —modulus(A).
Areay, ,(A) ¢ Area,(A) c

Here fip is a non-trivial metric on all of A since f(A) D A Since this inequality
holds for almost all curves  joining the two boundary components of A, we have

1
modulus(A4) > —modulus(A4),
c
which is a contradiction. (]

7. The Herman Ring Locus

This section will prove that Herman rings are fixed and will describe the locus
of all such rings in parameter space.

Theorem 7.1. Let f be any cubic map which commutes with the antipodal map.
Then f has at most one Herman ring, which must have period one, and hence must
consist of a single self-antipodal annulus which separates zero from infinity.

(Compare Figures 4 and 32.) In fact Shishikura showed that a cubic map can
have at most one cycle of Herman rings. (See [Sh1, Theorem 3].) The proof that
the period of this cycle must be one in the case of a cubic map which commutes
with the antipodal map is inspired by [Sh2]. It will make use of the following.

Remark 7.2 (Some Elementary Topology). If the antipodal map 4 of C sends
a Jordan curve 7y onto itself, then it interchanges the two components of ((Aj\'y.
(The only other possibility would be that 4 maps each complementary component
FE to itself. But this is impossible by the Brouwer Fixed Point Theorem, which
asserts that every continuous map from the closed disk E to itself must have a
fixed point.) It follows immediately that any two A-invariant Jordan curves must
intersect each other. Furthermore, any two A-invariant connected open sets W7 and
W5 must intersect each other. In fact, each W; must contain an A-invariant Jordan
curve. To see this, choose a path P joining some point to its antipode within W.
The union PUA(P) will then be an A-invariant closed curve. This particular curve
may have self-intersections; but it is not difficult to eliminate them. In particular,
assuming that W; has a hyperbolic metric, we can choose an A-invariant curve of
minimal length with respect to the Poincaré metric on W. This will be a closed
geodesic, without self-intersections, and the conclusion follows.

Proof of Theorem 7.1. Start by considering a cycle of Herman rings H; of
period p > 1,
Ho s b o b om, = mH. (24)
Since f commutes with the antipodal map A4, it follows that

A(Ho) & am) & b oam,) = a(H,)

also forms a cycle of Herman rings. Since there is at most one cycle of Herman
rings by [Sh1], the cycle of Herman rings of Equation (24) is globally preserved by
the antipodal map. Let y; be the core curve of H;, that is, the unique simple
closed geodesic for H; with its hyperbolic metric, with j € Z/pZ; and let I' be the
union of these core curves.
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Case 1. Suppose that A4 maps one of these curves -y; to itself. Then it
certainly also maps f(v;) to itself. But by Remark 7.2 this is only possible if
v; = f(7;), so that the period is p = 1.

Case 2. No core curve is preserved by 4. In this case, there must be
an even number of core curves v, so p is even. Hence, the number of connected
components of ((Aj\F, which equals p + 1, is odd. At least one of these must be
preserved by A. In fact there can be only one, by Remark 7.2.

Since the open set V = f~1(W) cannot intersect any core curve, each connected
component V; of V must be contained in one of the p + 1 complementary compo-
nents. Note that each V; maps onto W by a (possibly branched) covering map of
some degree d; > 1, with Zj d; = 3. The entire set V' cannot be contained in W,

since otherwise the sequence of iterates of f restricted to the complement CW
would be normal. This is impossible, since C~V contains boundary components
of Herman rings, belonging to the Julia set.

Thus at least one component V; of V is disjoint from W, and its antipode
Vo = A(V1) must belong to a different one of the p+1 components. Since di+ds < 3,
with d; = do, we must have d; = ds = 1. Hence there must be a third component
V3, also mapping with degree one, which must be contained in W.

Note that V3 cannot be equal to W, for otherwise f(W) = f(V3) would be
equal to W, hence W would be part of the Fatou set, which is impossible.

But the hypothesis that V3 is a proper subset of W also leads to a contradiction,
as follows. Let § C W be an A-invariant closed curve of minimal length L with

respect to the hyperbolic metric on W. Pulling § back under f : V3 = W, we
obtain an A-invariant curve which has length L with respect to the hyperbolic
metric on V3, and hence has length strictly less than L with respect to the W-
metric. This contradiction completes the proof of Theorem 7.1. O

Lemma 7.3. There is a map fq in our family with a Herman ring of rotation
number t if and only if t is a Brjuno number.

Proof. Suppose that f; has a Herman ring H with rotation number ¢.
Then H = f,(H) by Theorem 7.1. We can construct a quadratic rational map
having a Siegel disk with the same rotation number by Shishikura surgery. (See
[Shl] or [BF].) Since this quadratic map will have a critical fixed point, it will
be conformally conjugate to a polynomial. According to Yoccoz [Yo], this implies
that ¢ is a Brjuno number.

The converse proof is also by Shishikura surgery; but we need to be careful
in carrying out this surgery in order to obtain a self-antipodal cubic map. It
follows from Brjuno’s work that for every Brjuno number [ the quadratic map
g(z) = 22+ €2™8 2 possesses a Siegel disk A, centered at the origin, with rotation

number #. Choose a conformal isomorphism 7 : D, =5 A where D, is the round
disk of some radius 7 > 1, so that the rotation w +— e*™#w of D, corresponds
to the map g on A. Let M = @\n(ﬁl/r), and let M’ be the same manifold
but with opposite conformal structure. Form the disjoint union M U M’, and for
each w in the annulus 1/r < |w| < r identify the image n(w) € M with the
point corresponding to n(—1/w) in M’. The result will be a Riemann surface
M U M’ of genus zero, with a fixed point free antiholomorphic involution A’

which interchanges M and M’. By the Uniformization Theorem, this surface is
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conformally isomorphic to the Riemann sphere, and it is not difficult to choose the
conformal isomorphism so that A’ corresponds to the antipodal map.

The inverse image ¢g~!(n(D1) C C consists of n(D;) itself, together with a dis-
joint simply connected set U . Then g is well defined as a map from @\U(Dl) cM
into M C M UM’ . We can easily extend to a C'-smooth map F from M UM’
to itself which embeds U into M’ and which commutes with A’. Now, following
Shishikura, we can put back the conformal structure on M U M’ to all iterated
preimages of U and A’(U) to obtain a measurable conformal structure which is
both F-invariant and A’-invariant. Applying the measurable Riemann mapping
theorem, I will become a cubic rational map with a ring of rotation number /3,
which commutes with the antipodal map and has a critical fixed point, and hence
belongs to our family. ]

Before going further, we need several preliminary results. Given h € (0, +00],
let

Ap:={2€C/Z; |Im(z)| <h} C C/Z

be the standard annulus of modulus 2h, Let ©; denote the set of univalent maps
®: A, — C/Z isotopic to the inclusion map, and satisfying ®(0) = 0.

Lemma 7.4. For all finite h > 0, the space Dy, is compact, using the topology of
locally uniform convergence.

Proof. We must show that every sequence of elements ®; € D) contains a
convergent subsequence. For each @;, since the image ®;(Ax) cannot contain
the closure Ay, we can choose a point z; € Ap~\®;(Ay). After passing to an
infinite subsequence, we may assume that the z; converge to some limit zg € Zj .
Next note that each of the perturbed maps z +— ®;(z) + 20 — z; takes values in
the hyperbolic surface C/Z~{zo}. It follows that these form a normal family of
maps on Ay, ; hence we can choose a convergent subsequence. Since the differences
29 — z; tend to zero, it follows that the corresponding maps ®; converge to the
same limit. (]

Lemma 7.5. For any € > 0 there exists a finite h > 0 such that for all ® € D,
and all z € Ay we have

|B(2) — 2| <e and |®'(2)—1]<e. (25)

Proof. Suppose for example that for each n > 0 we could find a map
®, € ©, and a point z, € Ay such that |®,(z,) — z,| > £. Choose infinite
sets I D Iy D --- of positive integers such that, as n tends to infinity within
any given I;, the maps @, converge uniformly throughout the annulus A;. Now
let I’ consist of the first element of Iy, the second element of Iy, and so on.
Then as n tends to infinity through elements of I’ the corresponding maps @,
converge locally uniformly throughout all of C/Z to some limit map in D, . But
it is easy to see that the identity map of A, = C/Z is the unique element of
Doo . Thus the @, with n € I’ must converge locally uniformly to the identity
map. Since the corresponding points z, all belong to the compact set A;, this
contradicts the hypothesis that |®,(z,) — z,| > €. The proof for the derivatives
@’ is similar, using the fact that uniform convergence implies uniform convergence
of derivatives. O
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Lemma 7.6. For all € > 0, there is an h € (0,+00) such that the following holds.
Let F : A — C/Z be holomorphic on some open set A C C/Z containing Ay,. For
J € {1,2}, assume that 7; € C/Z is such that F + 7; has a Herman ring H;
containing Ay with rotation number B; . Then,

|(ﬂ1 —f2) — (11 —7'2)| <e-|n -1l

Proof. Given € € (0,1/3), let h > 1 be sufficiently large so that (25) holds.
Let j € {1, 2}. By assumption, F +7; has a Herman ring H; of rotation number
B; containing Aj,. Let ®; : H; — C/Z be the linearizing map conjugating F + 7;
to the rotation z — z + f;, normalized by ®;(0) = 0:

H] F+Tj Hj
@ ®;
c/z—.c/z.

Note that ®; restricted to A is an element of Dy, .
On the one hand, the curve ®;'(R/Z) is contained in A.. Set

[ := ®,00, (R/Z) C C/Z
and let G:T' = I' be defined by G o @3 = Py 0 (F + 7):

31 D2

R/Z oY R/Z) ——T
z—z+ 1 F+1y k(}
-1

On the other hand, ®3(A;) contains A; .. If z € & (R/Z) C A., then z € Ho,
and F(z) + 12 € Ha,

(I)Q(Z) S AQE and &y (F(Z) + 7'2) = @2(2’) + 62 c AQE.

Since € < 1/3, we have Aa. C A;_. C P2(A;) and so, F(z) + 12 € A;.
Now, if w := ®3(z) € I', we have

G(w) —w — Bz = B2(F(2) + 1) — @a(2) — P2 = B2 (F(2) +71) — D2(F(2) + 7).
Since F(z) + 7 and F(z) + 72 both belong to A; and since

sup |D5(2) — 1] <,
z€AL

the Mean Value Theorem applied to z — ®o(z) — 2z yields
’G(’LU) —w — 52 — (T1 - ’7'2)| S - |’7'1 — T2|.

Finally, the rotation number 8; of G is an average of G(w) — w along the curve I,
so that

|(/31 — f2) — (11 —T2)| <e-|m — 7o
as required. [
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Corollary 7.7. There is an h € (0,400) such that for any map F : A — C/Z
which is holomorphic on some open set A C C/Z containing Ay, and any irrational
rotation number 8 € R/Z, there is at most one 7 € C/Z such that F + 7 has a
Herman ring of rotation number 5 containing Ay,.

Proof. Apply the preceding lemma with 81 = 2 and € < 1, which forces
T1 = T2. O

Definition 7.8. By the Herman ring locus we mean the subset R of the
g-parameter plane or of the (¢?)-parameter plane consisting of all ¢ for which the
map f, has a Herman ring H = f,(H). Any connected component of R will be
called a hair.

FIGURE 32. Julia set for f, with q ~ 4+ 3i. The inner white
region is the basin of zero; and the outer darker region is the basin
of infinity; while the colored region consists of a Herman ring H
together with its preimages. In general, the map carries each locus
of constant color into itself. However, the critical orbits have been
colored black to outline the ring, and the unit circle has been colored
black to fix the scale. Note that any configuration inside the circle
has an antipodal image outside the circle. The modulus m(H) is
0.08428, and the rotation number is p = 0.70013 (both truncated to
five digits). One interesting feature is the pair of repelling period
ten orbits, one inside and one outside, which crowd the ring. This
behavior depends on the fact that the rotation number is very close
to the fraction 7/10 with denominator ten.
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FIGURE 33. Curves of constant rotation number (roughly between
0.6 and 0.76), using the disk model for parameter space as in Fig-
ures 3, 25. We can think of these curves as typical hairs H#3’s.

Hair Theorem 7.9. For each Brjuno number (8 there exists a unique hair 3 in
the (q?)-plane consisting of maps with a Herman ring of rotation number 3. Each
hair s s analytically and regularly parametrized by the modulus m(H) of its
Herman ring; and this modulus takes all values in the interval 0 < m(H) < oo,
where |q|? — 0o as m(H) — .

Remark 7.10. The fact that the parametrization of each hair 3 is regular, that
is the derivative does not vanish, is due to Epstein in a more general context. For
completeness, we present the proof in our particular situation.

As a first step, we have the following statement.

Lemma 7.11. Fach f; having a Herman ring is contained in an analytic one pa-
rameter family of maps fqm) having a Herman ring with the same rotation number,
where 0 < m < 0o s the modulus.

Proof by Surgery. Let ¢ : H — A, /2 be an isomorphism, where mg is the
modulus of the Herman ring H for the given f,. Given any m > 0 we can replace
H by a Herman ring H,, of modulus m by a deformation argument, as follows.
Consider the diffeomorphism 9, : Ay, /2 — A/ defined by

m
Ym(z +iy) = +i—y.
mo
Pulling the conformal structure of A,,/» back under the diffeomorphism

Ymo¢: H — AIn/Z;
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and then back to all iterated preimages of H, we obtain a measurable f,-invariant
conformal structure of bounded dilatation. By the Measurable Riemann Mapping
Theorem, there is a homeomorphism Ay, which fixes 0 and co and sends this exotic
conformal structure to the standard conformal structure. The map

gm:hmofqohr;1

is a cubic rational map with a Herman ring of modulus m, and with two critical
fixed points at 0 and co. Furthermore, g, commutes with the fixed point free anti-
holomorphic map hy, 0 Aoh!, and hence is conjugate to a map fq(m) in our family
by a scaling map. Without loss of generality, we may assume that g, = fy(m), that
is hy conjugates fg to fo(m)-

We now prove that ¢%(m) depends analytically on m. The exotic complex
structure depends analytically on m. It follows that for any pair of points z; and 2z
in C\ {0}, the ratio hw(21)/hm(22) depends analytic on m. The map fq(m) has two
fixed points z4 (¢(m)) = hm(2+(g)) in C\ {0}. Those are roots of the polynomial
22 -2 Re(q(m))z — 1= 0. In particular, their product is —1. It follows that

q2(m) _ q2(m) _ hm(Q) . hm(q) .
zi(q(m)) - z—(q(m))  hm(24+(0)) hm(2-(q))
As observed previously, both terms in the product depend analytically on m. Re-
placing ¢(m) by —¢(m) when necessary, we may assume that g(m) depends contin-
uously (and so, analytically) on m. O

We now prove that the curve m — ¢(m) only depends on the choice of Brjuno
number /3, not on the choice of map f,; having a Herman ring with rotation number
B. Our proof is based on Corollary 7.7.

First, assume H € C\ {0} is a Herman ring of modulus m > 1/2. According
to [BDH], H contains a round annulus {z € C; r < |z| < R} of modulus m —1/2.
The Herman ring H is invariant by the antipodal map. So, if H contains the circle
C, = {z eC; |z = z}, it also contains the circle Cy/, and the whole round
annulus bounded by those circles. So, if m > 2h + 1/2, then H contains the round
annulus

0, :={z€C; e I < 2] < e%h}.

Second, let us consider the coordinate w = z - ¢/|q| in which f, is conjugate to

the normal form
2mit, 21 — QW
w B g (w) =e ™ w wta
with @ = 1/|q| and e?™ = ¢/q as in equation (10). Identifying C/Z to C \ {0},
Corollary 7.7 implies that there is an hy € (0, +00) such that for a given a € (0, +00)
and a given § € R/Z, there is at most one ¢ for which F} , has a Herman ring of
rotation number § containing Op,. For a given a > 0 and ¢t € R/Z, there are
exactly exactly two parameters ¢ on the circle centered at 0 with radius 1/a for
which ¢/q = €2™. So, within each circle centered at 0 in the ¢>-plane, there is
at most one parameter for which f; has a Herman ring of rotation number 3 and
modulus greater than 2hg + 1/2.
Let m +— ¢(m) be a curve provided by Lemma 7.11. If m = 2h + 1/2 with
h > hg, then |q(rn)| > e>™ since g¢(m) is outside the Herman ring H,, which
contains Oy. In particular, |q(m)| — 400 as m — +oo. It follows that all the
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curves m — ¢?(m) provided by Lemma 7.11 coincide for m large enough. Since
those curves are analytic, they coincide for all m.

We finally prove that the derivative of the map m +— ¢(m) does not vanish. We
shall proceed by contradiction, assuming that ¢'(mg) = 0. Set

P Ofq(m) . Ohy

f o 8m m:mo, h= 6m m:mo,
. Oom . Oy .y d
¢ o om m=mg and w o om m=mg a Zmo dz '

First, the assumption that ¢’(mg) = 0 means that f = 0. Second, h is a quasicon-
formal vector field. On Hy, we have ¢, 0 by = ¥y 0 ¢ with (¢, : Hy — Am/g) an
analytic family of conformal isomorphism. It follows that

¢+D¢oh=¢o¢
so that .
(b i ] "_*7'_*_L%
5 Hh=0"(W) and Oh=¢"(3)) = ( 2modz)'
As a consequence

. 1
Oh - ¢*(dz? :/ ———dzdz =.
/H o= [ o

mg /2

The assumption that ¢’(mg) = 0 means that f = 0. Derivating hy, 0 f, = Ja(m) © hm
with respect to m and evaluating at m = mg yields

hqu:f+qu0fL:qu0h.
In other words, the vector field & is invariant by fq, that is h = f;h It follows that
h vanishes on the set of repelling cycles. Since his continuous and repelling periodic
points are dense in the Julia set of f;, we deduce that h vanishes on the Julia set,

in particular on the boundary of H. Since ¢*(dz?) is holomorphic and integrable
on H, a use of Ahlfors’ mollifier yields (see the proof of (i) in [GL, Theorem 9])

/ dh - ¢*(dz?) = 0.
H
We have a contradiction since ¢ # 0. This completes the proof of Theorem 7.9. O

Corollary 7.12. If fi, has a Herman ring of rotation number [, then the
formal rotation number of Definition 5.4 is also equal to [ .

Proof. This follows since the closure of the hair J#3 is a connected set
containing the point cog on the circle at infinity. (]

Corollary 7.13. The complement X =[1~\Ho is not locally connected.

Proof. Let D, denote the disk {s € C; |s| < r}. Note that D, in-
tersects uncountably many connected components of X whenever the radius r
is sufficiently large. This follows easily from the fact that there are uncountably
many Brjuno numbers [, and that each hair 73 intersects I, whenever r
is large enough. If {z;} is an infinite sequence of points of D, belonging to
distinct components of X, then it follows that X is not locally connected at any
accumulation point of {z;}. O
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Density of the Herman Ring Locus. Given h > 0, again let A; be the
annulus consisting of all points z € C/Z such that [Im(z)| < h; and let D}, denote
the set of univalent maps F : A, — C/Z isotopic to the inclusion map, and
satisfying F'(0) = 0.

Given F € Dy, denote by ZF the set of parameters 7 € C/Z such that F + 7
has a Herman ring which is homotopic to R/Z in C/Z. Although this set may be
empty in general, a theorem of Risler implies that this is never the case as long as
h is large enough. Risler’s theorem can be restated as follows. (See [Ri, Théoreme
5].) Let © be the set of Brjuno numbers.

Theorem 7.14 (Risler). There is a function B : © — R such that the following
holds. For all @ € ©, all h > $(0) and all F € Dy, there is a T € C/7Z such that
F +7 has a Herman ring with rotation number 0 containing the annulus Aj,_ (g -

Here the product 27 % is a function whose difference from the Brjuno func-
tion'” is bounded. Let $H'(E) be the Hausdorff 1-dimensional measure of a set
E cC/z:

+ o0
HY(E) = ;i_r%.ﬁ};(E) with 93(E) :=inf > _|Uj]
=1

where the infimum is taken over all countable covers {U;} of E by sets of diameter
|U;| < 6. If EC R/Z, then $H'(E) coincides with the Lebesgue measure Leb(E) of
E.

Our goal is to use Risler’s result to prove the following statement, which gen-
eralizes a result of Herman [He].

Proposition 7.15. Given p < 1, if h is sufficiently large, then H*(Zr) > p for
any map F € Dy,.

Applying this statement to the family of maps {f,}, and arguing as in the proof
of Theorem 7.9, it is not difficult to prove the following.

Corollary 7.16. The Lebesgue measure of the Herman ring locus, intersected with
the circle |q| = r, converges to +1 as r — oo.

The proof of Proposition 7.15 will depend on the following remarks. Note that
each F € Dy, lift to a univalent map

F:{zeC;|m(z)| <h} = C
satisfying

F(0)=0 and F(z+1)=F(z)+1. (26)
Now given any compact K C C, if h is very large, then it follows from the Koebe
distortion theorem that F is approximately linear on K. In particular, the deriva-
tive F’ is approximately constant on K. if we assume that [0, 1] C K, then in view
of (26), this derivative must be approximately 4+1 throughout K.

Proof of Proposition 7.15. Fix p and set x := 1/,/p. Without loss of
generality, we may assume that 4/9 < p < 1, and hence that x < 3/2. For h > 0,
set

O, :={0cO; B6)<h}.

173ee for example [BC].
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Since Leb(©) = 1 and since © is the union of the sets O (increasing union as h
increases), we can choose hg > 0 sufficiently large so that for all A > hy,

Leb(0y) > 1/k. (27)
Furthermore, by the remarks above, there exists hy > 2 such that for all b > hy,
all F' € Dy, and all z in the compact set A;, we have
|F'(z) =1 < k=1 < 1/2.

Let hy € (0,400) be the constant provided by Lemma 7.6 with € := x — 1.

From now on, we assume that h > h; + hg, and choose some fixed F' € Dy,.
According to Risler, if 8 € Oy, then there is a parameter 7 such that F' 4+ 7 has a
Herman ring with rotation number 6 containing the annulus

Ah—é&(@) D Ah1 .

We denote by . = Ir C ZF the corresponding set of parameters 7 as 6 ranges in
O, and by Rot(F + 7) the rotation number 6 € Oy, associated to 7. Note that
the set 7 is a priori not closed.
According to Lemma 7.6 and our choice of hi, the function Rot : .7 — O, is
k-Lipschitz:
|Rot(F + 1) = Rot(F + )| < K - |72 — 71 forall 7,70 € 7.
It follows immediately from this with (27) that

1/k < Leb(0p,) = §1(Oh,) < k- H'(T),

so that
0 (%r) 2 H'(T) 2 1/ = p.
This completes the proof of Proposition 7.15. a
References
[Ba] K. BANERJEE On the Arnol’d Tongues for Circle Homeomorphisms, PhD thesis,

Toulouse, 2010.

[BDH] G. BLE, A. DouaDY AND C. HENRIKSEN Round annuli, in Contemporary Mathemat-
ics: In the Tradition of Ahlfors and Bers, III. Vol. 355 1. ed. USA : The American
Mathematical Society, 2004. p. 71-76

[Bo] K. BORSUK, Drei Sdtze tber die n-dimensionale euklidische Sphdre, Fund. Math. 20
(1933) 177-190.

[BF] B. BRANNER AND N. FAGELLA, “QUASICONFORMAL SURGERY IN HOLOMORPHIC DYNAM-
1cs,” Cambridge U. Press, 1914.

[Br] A. D. BryuNO, Analytic form of differential equations. I, II, Trudy Mosk. Mat. Ob. 25
(1971) 119-262; 26 (1972) 199-239.

[BC] X. BUFF AND A. CHERITAT, The Brjuno function continuously estimates the size of
quadratic Siegel disks, Ann. of Math. 164 (2006), 265-312.

[BE] X. BUFF AND A. EPSTEIN, Transversality for Herman Rings, in preparation. (See

http://www.univ-orleans.fr/mapmo/colloques/cody/Buff.pdf .)
[BFGH] X. BUFF, N. FAGELLA, L. GEYER, AND C. HENRIKSEN, Herman rings and Arnold disks,
J. London Math. Soc. 72 (2005) 689-716.

[Fu] H. FURSTENBERG Disjointness in ergodic theory, minimal sets, and a problem in Dio-
phantine approzimation, MATH. SYSTEMS TH. 1 (1967), 1-49.

[G] L. GOLDBERG, Fized points of polynomial maps. Part I. Rotation subsets of the circle,
ANN. Scr. EcoLE NORM. SUP. (4) 25 (1992) 679-685.

[GH] S. GOODMAN AND J. HAWKINS, Julia sets on RP? and dianalytic dynamics, CONFORM.

GeoM. DyN. 18 (2014) 85-109.



62

[GL]
[GM]
[HE]

(HS]

[HW]
[IM]

[KN]
[M11]

[M12]
[Mi3]

[M14]

[MNS]

[PR]

[R1]

[Sna]
[SH1]

[Su2]

[Yo]

A. BONIFANT, X. BUFF, AND J. MILNOR

F. GARDINER AND N. LAKIC “QUASICONFORMAL TEICHMULLER THEORY”. MATH. SUR-
VEYS AND MONOGRAPHS 76, AMER. MATH. SoCc, PROVIDENCE, RI, 2000,

L. GOLDBERG AND J. MILNOR, Fized points of polynomial maps. Part II. Fized point
portraits, ANN. ScI. ECOLE NORM. SUP. (4) 26 (1993) 51-98.

M. HERMAN, Mesure de Lebesgue et nombre de rotation, IN GEOMETRY AND TOPOLOGY.
LECTURE NOTES IN MATHEMATICS 597, SPRINGER VERLAG, BERLIN (1977).

J. H. HUBBARD AND D. SCHLEICHER, Multicorns are not path connected, pp. 73—102
OF “FRONTIERS IN COMPLEX DYNAMICS”, EDIT. BONIFANT, LYUBICH AND SUTHERLAND,
PRINCETON UNIV. PRESS 2014.

J. H. HUBBARD AND B. WEST, “DIFFERENTIAL EQUATIONS, A DYNAMICAL SYSTEMS AP-
PROACH, PART 1”7, SPRINGER-VERLAG 1990.

H. INoU AND S. MUKHERJEE, Non-landing parameter rays of the multicorns. ARXIV:
1406.3428 (2014).

Y. KOMORI AND S. NAKANE, Landing property of stretching rays for real cubic polyno-
maals. CONFORM. GEOM. DYN. 8 (2004) 87-114.

J. MILNOR, Rational maps with two critical points, EXPERIMENTAL MATH. 9 (2000)
481-522.

J. MILNOR, “DyNAMICS IN ONE COMPLEX VARIABLE”, PRINCETON U. PRESS 2006.

J. MILNOR, Cubic polynomial maps with periodic critical orbit I, IN “COMPLEX DYNAM-
1CS, FAMILIES AND FRIENDS”, EDIT. D. SCHLEICHER, A.K. PETERS 2009, pp. 333-411.
J. MILNOR, Hyperbolic Components, with an appendiz by A. Poirier, IN “CONFORMAL
DynaMICs AND HYPERBOLIC GEOMETRY, IN HONOR OF LINDA KEEN,” CONTEMPORARY
MATH. 573 (2012) 183-232.

S. MUKHERJEE, S. NAKANE AND D. SCHLEICHER, On multicorns and unicorns II, ...,
ARXIV:1404.5031 (2014).

C. PETERSEN AND G. RyD, Convergence of rational rays in parameter spaces, “THE
MANDELBROT SET, THEME AND VARIATIONS,” 161-172, LONDON MATH. SOC. LECTURE
NOTE SER. 274, CAMBRIDGE UNIV. PRESs, 2000.

E. RISLER, Linéarisation des perturbations holomorphes des rotations et applications,
MEM. Soc. MATH. FR. 77 (1999).

T. SHARLAND, Mating of cubic polynomials with a critical fired point, IN PREPARATION.
M. SHISHIKURA, On the quasiconformal surgery of rational functions, ANNALES SCIEN-
TIFIQUES DE L'E.N.S. 20 (1987) 1-29.

M. SHISHIKURA, Trees associated with the configuration of Herman Rings, ERGOD. TH.
AND DyNAM. Svs. (1989), 9, 543-560.

J.-C. Yoccoz, Théoréme de Siegel, nombres de Bruno et polynémes quadratiques. Petits
diviseurs en dimension 1, ASTERISQUE 231 (1995) 3-88.

MATHEMATICS DEPARTMENT, UNIVERSITY OF RHODE ISLAND, RI 02881
E-mail address: bonifant@math.uri.edu

UNIVERSITE PAUL SABATIER, U.F.R-M.I.G, LABORATOIRE EMILE PICARD, 31062 TOULOUSE
CEDEX, FRANCE
E-mail address: xavier.buff@math.univ-toulouse.fr

INSTITUTE FOR MATHEMATICAL SCIENCES, STONY BROOK UNIVERSITY, STONY BROOK, NY
11794-3660
E-mail address: jack@math.sunysb.edu



	1. Introduction.
	2. Fatou Components and Hyperbolic Components
	3. The central hyperbolic component  H0.
	4. Semiconjugacies and Rotation Numbers 
	5. Fjords
	6. Tongues
	7. The Herman Ring Locus
	References

