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Polynomial Diffeomorphisms of C?:
V. Critical Points and Lyapunov Exponents

By Eric Bedford and John Smillie

ABSTRACT.  There is an invariant measure 1, which is the pluri-complex version of the harmonic measure
of the Julia set for polynomial maps of C. In this paper we give an integral formula for the Lyapunov exponents
of a polynomial automorphism with respect to i, analogous to the Brolin-Manning formula polynomial maps
of C. Our formula relates the Lyapunov exponents to the value of a Green function at a type of critical point
which we define in this paper. We show that these the critical points have a natural dynamical interpretation.

0. Introduction

This paper deals with the dynamics of polynomial diffeomorphisms f : C2 — C2. To exclude
trivial cases we make the standing assumption that the dynamical degree d = d(f) is greater than
one (see Section 1 for a definition). It is often quite useful in dynamics to focus attention on
invariant objects. A natural invariant set to consider is K = K, the set of points with bounded
orbits. Pluripotential theory allows us to associate to this set the harmonic measure, 4 = 7 of K 7.
For polynomial diffeomorphisms this measure is finite and invariant, and we normalize it to have
total mass one. In previous papers we have shown that this measure has considerable dynamical
significance. We have shown that u is ergodic [BS3] and that the support of u is the closure of the
set of periodic saddle orbits [BLS1]. Further, u is the unique measure of maximal entropy [BLS1],
and p describes the distribution of periodic points [BLS2].

To any measure we can associate Lyapunov exponents. The rate of expansion and contraction
of tangent vectors at a point p by f is measured by a pair of Lyapunov exponents, A*(p) and
A~ (p). In the presence of an ergodic invariant measure such as p, these exponents are constant
almost everywhere and we denote them by A+ (u) and A~ (u). By [BS3] the (complex) Lyapunov
exponents of u satisfy A~ (i) < 0 < AT (). This condition is known as (nonuniform) hyperbolicity
of the measure ©. Nonuniform hyperbolicity implies that at i almost every point p there is a spitting
of the tangent space into complex one-dimensional subspaces E*(p) and E*(p) sothatforv € E¥(p)
we have ||[Df"(v)|| ~ exp(ni™)||v|| and for v € E*(p) we have ||[Df"(v)|| ~ exp(ni™)||v}|. In
this paper we will prove an integral formula for the Lyapunov exponents. In many ways our formula
is analogous to the Brolin-Manning formula for Lyapunov exponents with respect to harmonic
measure for polynomial maps of C, which we now describe.
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Let g be a polynomial map of C. We let K, denote the set of points with bounded orbits. We
denote by & = pg the harmonic measure of K. There is a single Lyapunov exponent A(x) which
gives the average rate of expansion along the orbit i almost everywhere. The Green function of K
is given by the following formula:

G() = lim d™"log" [¢"(@)] ,

which relates it to the superexponential rate at which an orbit escapes to infinity. The following
Brolin—Manning formula relates the Lyapunov exponents to the critical ¢; points of the map:

Aw) =logd+ Y G(c)) . 0.1)

The above formula was obtained in the case without critical points by Manning [Mn]; the present
formulation appears in Przytycki [Pr] and Sibony [Si].

Formula (0.1) takes an especially simple form in the quadratic case, g(z) = z> + c¢. If we write
G for the Green function of the Julia set of g(z) = 7% + ¢, we have

Douady and Hubbard [DH] observed that G.(0) = Lh(c), where h(c) is the Green function of the
Mandelbrot set. Thus, the Lyapunov exponent is connected to the potential theory of the parameter
space. The idea of understanding the parameter space by means of potential theory sparked our
interest in Lyapunov exponents. Some properties of the function A(f) = A1 (u) as a function on
the parameter space of polynomial diffeomorphisms were studied in [BS3].

In this paper we do two things. First we define a notion of critical point and critical point
measure for polynomial diffeomorphisms of C? and explore the dynamical significance of these
objects. Second, we use this measure to prove an integral formula which is the analog of (0.1).

One ingredient in our integral formula is a Green function. The function G has two analogs in
2
GE(x,y) = lim d™"log" | f¥(x, )| .
n—oo

We write K% < C? for the set of points in C? bounded in forward/backward time and we define
U* to be the complement of K*. The functions G* are zero on K* and pluriharmonic on U* and
serve as Green functions. The function G which describes the forward rate of escape is the analog
of G.

The function f is a diffeomorphism and hence has no critical points in the usual sense of the
word. For maps in one variable critical points of g with unbounded orbits are associated to critical
points of the Green function G. This suggests that we look for critical points of G*. Since VG is
non-zero at every point of U+, G* has no critical points in the usual sense. In many situations the
best analog of the set C for polynomial maps is not all of C? but is rather the set K~ of points with
bounded backward orbits. This suggests that we should look for critical points of Gt restricted to
K ~. We could make sense of this concept if K~ were a manifold. Now K~ is a rather wild set and
in particular it is not a manifold. On the other hand, for u almost every point in J the set W*(p) is a
manifold and this manifold is contained in J~ C K~. We define our set of unstable critical points,
C", to be the set of critical points of the restrictions G*|W*(p).

These critical points have an interesting dynamical interpretation which does not make explicit
reference to the function G*. In the region U™ points escape to infinity in forward time. In fact they
escape at a super-exponential rate. In U™ there is a plane field ¢ such that for v € t, Df"(v)
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decreases super-exponentially as n — 00 (Lemma 1.2). We will show that a critical point in
W¥(p) as defined above is a point at which the tangent space of W*(p) concides with z+. In [HO] a
holomorphic foliation G* of U* was constructed. We will show in Proposition B.1 that the tangent
space to a leaf of this foliaton is given by ¥, and the global leaves of G* are super-stable/-unstable
manifolds. Thus, critical points are points at which unstable manifolds W*(p) and super-stable
manifolds intersect tangentially and we can think of such a critical point as a type of heteroclinic
tangency.

The next ingredient in our integral formula is a critical measure 1, supported on the set of
critical points. In order to define this measure, we use the unstable current 4~ = %ddCGJ“. The
unstable current ¢, in some sense, serves as the current of integration on the unstable lamination
W*. Locally, 1~ may be thought of as follows. There is a (pairwise disjoint) family of unstable
disks D, and a transversal measure on the space of parameters ¢; and = is given locally as the
current of integration over Dy, integrated with respect to the transverse measure. We construct the
critical measure 1 by replacing the current of integration over D, by the sum of the point masses
at the critical points of G*|D;.

Another way to approach the critical measure is to fix (arbitrarily) a vector « and a covector B.
The variety

Zi(e, B) = {x : 8- Dff (@) =0

is the set of points x where Df* maps the vector « to the kernel of 8. If M ¢ U™ is a Riemann
surface such that GT |y, is not locally constant, then by Lemma 5.2, Z; («, 8) N M converges to the
set of critical points of G|y as k — oco. The slice of the current u~ by the variety f/ Z;(a, B) is
given by the wedge product u=~ A [f I Zi(ax, B)]. We show (Theorem 5.9) that the average (over «)
of these slices gives the critical measure:

up = tim [ o@u” A7k, B .

The set C* of critical points in J* and the measure p can be defined in an analogous way.

The main result in this paper (see Theorem 6.1 and Corollary 6.6) is a formula for the Lyapunov
exponents of harmonic measure:

Main Theorem.
AP(w) = logd + / Gtu;
{1<G+<d}
AT(p) = —logd—/ G ul. (0.2)
{1<G~ <d}

O

(We omit the conventional “d” from in front of the measure in the integral in order to reduce
confusion with the exterior derivative operator and with the degree.) The condition {l < G* < d}
in the formula for AT has the effect of choosing a fundamental domain for the action of f on the set
C". This ensures that each orbit of critical points contributes only once. Other choices of fundamental
domains work equally well. This is a consequence of the fact that the integrand G~ is invariant
under f. The invariance of the integrand occurs because G* multiplies by a factor of d, and u~
multiplies by a factor of 4~} under f. A geometrically appealing way of finding a fundamental
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domain arises naturally when f generates a real horseshoe mapping, and in this case the formula
may be given in a particularly simple form; see Appendix A.

We will briefly describe some of the connections between Lyapunov exponents, dimension of
harmonic measure, and connectivity for polynomial maps and polynomial diffeomorphisms.

The Hausdorff dimension of a measure is, by definition, the infimum of the Hausdorff dimen-
sions of Borel sets with full measure. Let J be the Julia set of a polynomial map g of the complex
plane. The Lyapunov exponent of g with respect to harmonic measure p 5 is related to the Hausdorff
dimension of u; by the formula A()HD(2) = logd. Formula (0.1) has the consequence that the
Hausdorff dimension of the harmonic measure of the Julia set is at most one and is equal to one
if and only if all critical points have bounded orbits. Thus, the Julia set is connected if and only
if the harmonic measure has Hausdorff dimension one. (It is a general result of Makarov that the
Hausdorff dimension of the harmonic measure of any connected set is one.)

For polynomial diffeomorphisms there is also a connection between exponents and certain
planar sets. Let f be a polynomial diffeomorphism of C2, and let u denote the corresponding
harmonic measure. For y almost every point p stable and unstable manifolds W*/*(p) exist and
are complex manifolds conformally equivalent to C. Given such a p we can consider the sets
W¥(p) N Kt and W*(p) N K~ (which can be viewed as subsets of the complex plane.) The “slice
measures”’ [L:htws/u » play the role of harmonic measures for the sets K = c WH/s. In [BLS1] the
slice measures were shown to satisfy the Ledrappier—Young [LY] formula

logd A () = logd
HD (17l ) HD (1%, ()

We explore the relation between exponents, critical points, and connectivity for polynomial diffeo-
morphisms in [BS6].

) =

Critical points play an important role in the dynamical study of polynomial maps. We have
defined two sets of “critical points” namely C* and C¥, but there are other possible definitions that
could be made. The critical points in C¥ and C* are points at which there is a vector v with the
property that Df"(v) decreases in both forward and backward time. If we take this condition to
be a characteristic of critical points, we can also ask about the set C of “critical points” for which
both the forward and backward orbits are unbounded. These are points in U™ 1 U™ at which the
super-stable and super-unstable foliations are tangent. (Such points of tangency were first considered
by Hubbard.) For a given polynomial diffeomorphism f, either of the sets C* or C* may be empty,
but we show in Proposition B.3 that the set C is never empty. In this paper we do not discuss the
remaining case of “critical points” with bounded forward and backward orbits, which is more difficult
(see [BC] and [BY)).

A question that arises for diffeomorphisms of C? is the relation between stable and unstable
critical points. The integral formula allows us to deduce (Propostion 6.9) that if f is dissipative,
then C° # {J, which by [BS6] is seen to have topological consequences.

Section 1 contains introductory material and an analysis of the growth of tangent vectors in
U*. In Section 2 we develop the laminarity of u* using elementary methods. We show that
for any algebraic variety X, the convergence of ¢d "[f"X] to u~ induces the geometry of the
laminar structure. In Section 3 we introduce results from Pesin theory concerning the stable/unstable
manifolds with respect to the hyperbolic measure . We show (Lemma 3.3) that the laminarity of
the convergence of f"X also respects the laminar structure of the Pesin manifolds. In Section 4 we
define alternative notions of average rates of growth and we relate these to the Lyapunov exponent.
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In Section 5 we introduce unstable critical measure p. and establish some of its properties. In
Section 6 we derive the integral formula.

1. Super-stable directions in U*

The polynomial diffeomorphisms of C? were classified up to conjugacy by Friedland and
Milnor [FM], who introduced a degree d, which we call dynamical degree, and which is defined by
the formula d = lim,_, oo (deg(f™))!/". They showed that the mappings with interesting dynamics
correspond to the case d > 2; and so, as in the one-dimensional case, we will consider only
polynomial diffeomorphisms with d > 2.

The inverse of a polynomial diffeomorphism is again a polynomial diffeomorphism, and for this
reason polynomial diffeomorphisms form a group and are often called polynomial automorphisms.
Friedland and Milnor showed that a dynamically nontrivial mapping is conjugate in the group of
polynomial diffeomorphisms to a mapping of the form f = fj o--- o fj, where fj(x,y) =
(v, pj(y) —ajx)and p;j(y) = y4 4+ 0(y%=?), with dj > 2. The algebraic degree of f is then
d =d - - - dy, and the iterates for k > 1 are given by

fk(x,y)= (ydk/dl +...,ydk +> . (1.1

Thus for maps in this standard form the algebraic degree coincides with the dynamic degree. In
particular it is an integer greater than or equal to 2.

Certain dynamical properties of f can be deduced simply from a consideration of the sizes of
the coordinates. We recall the following standard notations and results.

Vi={lyl>Ixl.Iyl= R}, V- ={lyl<Ixl.lx|= R}, V={xl.lyl<R}. (1.2)
There is an R sufficiently large that fV+ c V', fV ¢ VUV, and that for any point (x, y) € V™~

the orbit f™(x, y) can remain in V™~ only for finitely many n > 0. Further, if K is the set of points
with bounded forward orbits, then

o0 X
Ut=C—k*=Jf"vt, ad U =C-k =]JrVv". (1.3)
n=0 n=0

The rate of escape to infinity in forward/backward time:
1
G* = lim —log™ | f*(x, )| (14
n—o0 dn

links potential theory and dynamics. The function G* is continuous and pluri-subharmonic on C?.
We let 771 and 75 denote projections onto the first and second coordinates. So for a point (x, y) € V™,
we have mp f* ~ (mf”)d1 asn = +o0. Thus | f*| ~ {2 f*| as n —> +00, and it follows that

1
G* = lim —log" |m2 f"(x, y)| .
n—o0 d

In the remainder of this section we will analyze the growth rates of tangent vectors at points in
UT. For (x,y) e VT,

mfiG ) =y = 0 (") + o),
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where the O terms are uniform on V*. Thus, the following estimate is uniform in » > 0 and
(x,yevt

|712f"+1 - (mf")d' < ((ﬂzfz 00 fmo f1)H” ) +0(mifro--0 fmo f1)
< (( )(d1 2)dy - ) 10 ((nzfn)dz“-dm>
= 0(msm)).

For (x,y) € V* and any N, we have

1 o0
G*(x,y) = log|ma fV |+ 3 ( T 08 |n2f"+‘| — o log|maf" l)
n=N

By the estimates above, the nth term in the series is dominated by

1 m f1! 1 m fH — ()
g —log {1+
dmtt o fry dnt! (2 /)
A, o)
< O B — R
- dn+1 g |7f2 fn ld
C
< —.
dr Uy £
Summing the tail of the series, we conclude that
C/

1
+ N
G (x,y) — v 10g|ﬂzf (1.5)

- 2
dV |m fN (x, )|
holds for all N and (x, y) € V7.

Remark. The rate of convergence of numerical approximations to G and 3G can be understood
by (1.5) and the estimates that precede it. Suppose that f(x,y) = (¥, ¢ + ¢(y) — ax), where
degg <d—2. Wesety_; = x,y0 = y, and yu11 = ¢ + q(y») — ay,—1 for n > 0. We may
approximate G either by d " log |yn| or by the telescoping sum

N N
log [yel + ) d™""log |ya+1/y; | =loglyel + ) d ™" "log |1+ pul ,
n=k n=k

where p, = (q(n) — ayn—1)y; ¢ = 0y, 2).

Similarly, we set 0y_; = dx, dyy = dy, and 3y,4+1 = (d - y,‘f‘l + q'(yn))8y, — ady,_; for
n > 0. Thus, we may approximate G+ by (2d" yy)~!dyy or by the telescoping sum

N
-1
(2a%)  aw+ Y d™ (@d- o)™ Byner = @) By, )
n=k
which, after cancellation, is

N
dyk — 1 =Pndyn g n)0yn  adyn_i
+Y dm A+ o) ( -
2d* y; rg (4 pn) 2y, T 24 ye 2d - yd
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so the nth term in the summation is no larger than O(d ™"y, 2y,
For a tangent vector v, we will use the notation 3G - v for the pairing with the 1-form dG, and
Df (v) for the action of the differential Df.

Lemma 1.1. There exist C and R sufficiently large that

aGjL.v_ia(zrzf)-v < Clv]
dr  |maf"| dn | fr?

holds for alln > 0, all (x, y) € V¥, and all tangent vectors v € Ty, y)Cz.

Proof. We have estimate (1.5) in a neighborhood of fixed radius about any point of V*. Since
these functions are harmonic, we may differentiate this estimate and have the same estimate also for
the gradients. L]

The following gives a dichotomy on the growth rate of Df”(v). Either it grows super-
exponentially to oo as n — 00, or it decreases to 0 super-exponentially.

Lemma 1.2, If(x,y) € Ut andv € T(,C,y)C2 is a vector with 3Gt - v = 0, then there are
constants ¢ and N such that ol
Cc|v

o7 ) = 7

(1.6)
forn > N.If3G™* - v # 0, then
|Df"@)| ~d" || [9GT - | . (1.7)
Further, if (xp, yo) € UY and € > 0 are given, then there exist small § > 0 and large N such that
|Df" )| = 8a™ | f*| |Gt - v] (1.8)

holds in a8 neighborhood of (xg, yo) foralln > N and all tangent vectorsv such that|dG ™ -v| > €|v].

Proof. To make estimates, we may identify Df" with the pair (3(sr| f™), 3(m2 f™)). By (1.1)
and (1.5) it is sufficient to estimate o5 f". Thus, (1.6) follows directly from Lemma 1.1. Again by
Lemma 1.1, we estimate

Clv|
il
which yields (1.7) and (1.8). L]

|0 (m2f") - v| = " |9G™ - v||m2f"| —

For (x, y) € U* welet t*(x, y) denote the subspace of T(,,y)C? annihilated by 3G+, i.e., such
that 3G* - v = O for all v € *. We will refer to t¥ as the forward/backward dynamical critical
directions. If v ¢ 7%, then |Df" - v| grows as n — 00 at the rate given in Lemma 1.2.

Corollary 1.3. Ifv € t*, thenlim,— 1 ‘711 log |Df"(v)| = —00

Proof. By (1.6),
1
—10g|Df"(v)|_ (loglcvl 10g|f”|)

. . Inl g
which tends to —oo as n — %00, since | f"| ~ ed'l 6=, OJ
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Next we consider another way to measure minimal growth of Df". Let us fixn € Z and
(x, y) € C? and consider the mapping

[Df" - t]

—_—. 1.9
] (1.9)

T(x,,,)Cz ERSad

We let 7,,(x, y) denote the subspace of T, y)C2 on which this mapping is minimized.
Proposition 1.4. lim,, 1007, =t on U™ andlim,—, _oc Ty =7~ 0nU".

Proof. Letus suppose that there are vectors v,; € t,, which stay at positive angle from t*. Then
there is an € > O such that |G ™ - Un;| > €|vy;|. By (1.8) of Lemma 1.2, |Df7"i| grows as j — o0.
On the other hand, if v+ € tT, then Df" v™" decreases to 0 as j — oo. Thus for some large j, v, ;
does not minimize (1.9), which is a contradiction.

2. Laminar properties of the stable/unstable currents

In this section and the next we will discuss the laminar properties of the currents 4*. Laminarity
is a “natural” structure for = and has been the key for understanding the deeper properties of u*
and w. It will also be central to the definition of the critical measure. In this section we describe
an explicit approach to laminarity which will be useful in Section 5. In Section 3 we describe an
alternate approach to laminarity via the Pesin theory. Although we will work only with p™, it is
evident that the analogous properties hold for .

Let us summarize some notation and terminology about currents. More details are given
in [BLS1]. We let Dy denote the set of compactly supported k-forms (test forms). The dual space
D, is the set of k-dimensional currents. A sequence {7} converges in the sense of currents if
lim, o0 T,,(p) = T(g) for every test form ¢ € Dy. If X is a k-dimensional submanifold with
locally finite k-dimensional area, then there is the current of integration [X] € D;, whose action on
a test form is given by

[X1(e) :=/ v .
X

If S is a discrete (0-dimensional) set, then the current of integration

[S1=) 4

a8

is the sum of point masses at S. It will be useful for us to define the mass norm of a current as

M(T] = sup |T(p)|,
lpl=1

where |¢| := sup, |¢(x)| is the Euclidean supremum norm of a test form ¢. The mass norm of T
is finite if and only if T may be represented as a linear combination of k-vectors with coefficients
which are finite measures.

If ¢ is a smooth k-form, we define T L@ by (T L) (¢¥) = T(p A ). If Sis aBorelset, T §
will denote the restriction of T’ to S, i.e., T x5, where xg is the characteristic function of §. We
may do this whenever the mass norm of T is locally finite.

While the stable/unstable currents p,i = %a’dCGjE are defined as positive, closed, (1,1)-
currents, they also have special properties not enjoyed by general currents, and in fact it is these
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properties that are the most useful for studying the dynamical properties of u®. If M is a 1-
dimensional complex submanifold of C2, then u* induce measures on M, given by

1
'U“:th = (dd”)lM (GilM)
where (dd®) s is the induced operator on M.

If v is a measure on the space A, and ¥ is an integrable function on A, then we denote the
integral of i with respect to v as f Yr(a)v(a) or f v(a)yr(a). If{T, : a € A}is ameasurable family
of currents, we define the (direct) integral f v(a)T, by its action on a test form ¢ by

( f v@ Ta) (9) = / To() v(a) .

A current is laminar if it can be written as a direct integral of 7, as above, with the T, being currents
of integration over pairwise disjoint complex manifolds.

Our derivation of the laminar structure of y~ will be based on the following characterization
of 4. Let X C C? be an algebraic variety of pure dimension 1. By [BS1, Proposition 4.2] there
are positive integers no and k such that f” X has degree kd"~" for n > ng, and

lim 1 [f"X]=n". 2.1

n—o00 kdn—"no

All the constructions in this section will depend on the variety X and the projection 7y (x, y) =
a1x + oy for some choice of o € C2 with |a1 |2 + s> = 1. We may rotate corrdinates on C?so
that 7z, (x, y) = y, and we will not include the choice of X or « explicitly in our notations.

Let Q; denote the set of squares in the plane with side d * and with vertices on points of the
set d—°(Z + iZ). Each square Q € Q will be half-open, i.e., Q = [a, b) X [c, d), so that Q; is a
partition of C. We choose x > 0 and let Q} denote the set of squares Q' which have side of length
(14 2x)d~* and which are centered about squares Q of Q. There is a number m (k) such that each
point of C is contained in at most m{x) squares of Q). We let Qg denote a fixed square of Qp.

Let QO C Qg be any square from Qy, and let Q' € Q! denote the square centered about it. A
connected component I'' of "X Nz ~! Q’ will be said to be good if the projection | : IV — Q'
is a homeomorphism. We let

G(Q,n) = {F’ Nnz='g:.1’ good] .

Let us define

_ 1
Houn =t 2o 2 1

QeQ; TeG(Q,n)
For fixed Q¢ € Qp, there is a number R > 0 such that

ffXnaloh c{lxl < R} (2.2)

for all n > ny.
Lemma 2.1. There is a constant C, independent of Q C Qo, s and n, such that

M[(k71dm" [£°X] g, ) L7 0o < CArea(@) [1 —k71a ™" |mi) . @23)
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Proof. The number of components of f”X N7 ~! Q' is no more than kd"~"0, the degree of f"X.
If I is not good, then the number of branch points, counted with multiplicity, in I/ is one less than
the mapping degree of 7 |rv. Thus, the sum of the mapping degrees of components that are not good
is bounded above by (kd" " — Dm(k).

Now we need to estimate k~'d"0~" times the area of the components that are not good. A
property of analytic varieties (see Chirka [C]) is that there is a constant C depending on the R
of (2.2) and « such that the area of every component I'' of f”X N7 ~1Q’ is bounded by

Area(T") < Cpu Area(Q)

where y is the mapping degree of 77 |r+. Multiplying by d~2° the area of Q, we estimate the mass in
the left-hand side of (2.3) by the total of the mapping degrees coming from bad disks. Ul

For each good I' there is an analytic function ¢ : Q" — C suchthat {(p(y),y) : y € @'} =T".
Let A(Q, n) denote the set of all such analytic functions.

Let us define

$.ym= J o= |J rnz"'o.
peA(Q,n) TeG(Q.n)

The measures vg(y, n) 1= k~1d"0"[S(Q, y, n)] are the slice measures of Mo n with respect to the

projection 7. That is, vo(y, n) is supported on n~(y), and

- i -
T <5dy A dy) = L2 vo(y,m)
ye@

where £? denotes the Lebesgue area measure on Q. Since the masses of the currents ué'n are
uniformly bounded by (2.2), we may choose a subsequence {n;} so that

ué = lim ,ué’nj 2.4)
exists.
Lemma 2.2. The limitvyg(y) := lim;_, o vo(y, n;) exists foreveryy € Q.

Proof. Each vp(y,n) is a positive measure of mass at most one. If lim;_. vp(y,n;) does
not exist, then there exist subsequences {ng.k)}, k = 1,2 of {n;} with distinct limiting measures

vg) =1lim; 0 vo(y, ng.k)), k =1, 2. We may assume that there is a function ¢ with

|/¢(V}Q_vzg)|>e.

By the Cauchy estimate and (2.2), we have [¢'(y)| < R/« on Q for all v € G(Q, n). Thus for
any n,

‘/‘P(VQ(}’I’”)—VQ()’L”)) < SUP{I¢(a1)—<0(az)I:

R
laif, laz] < R, la1 —az| < P {y1 — yzl} . (25
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Now we choose § such that sup{jg(a;) — ¢(a2)| : la1l, la2| < R, |a; — a2| < R&/«} < €/2. Since
the limit in (2.4) exists, we have the limit v () = limj_, o vo (3, 1) for almostevery § € Q. Thus,
we may choose y € Q such that this limit exists and such that |y — y| < §. It follows from (2.5) that

k -
’/(p (v(Q) —vg (y,nj)) <€/2
for j sufficiently large. This is a contradiction, which proves the iemma. L]

Letus set S(Q) := supp vg(cg), and let A(Q) denote the set of analytic functions ¢ : Q' — C
such that g(cg) € S(Q), and there is a sequence of functions ¢,; € A(Q, nj) converging to .
Since distinct good components must be disjoint, we have ¢1(y) # @2(y) for all y € @', it follows
that with the R of (2.2)

h() = log (2RI [e13) = p2(0)1)

is a negative function on Q’. By the Harnack inequality, there is a constant independent of s, n, and
Q such that
h(y) < const.h(cg) forye Q,

where cg denotes the center of the square Q. We conclude that there are constants R and « (inde-
pendent of s, n, and Q) such that

lo1(») — 20| < Re1 (cg) — 92 (co)|* (2.6)
forally € Q.

The following may be interpreted as a normal families argument for sets of functions satisfy-
ing (2.6).

Lemma 2.3. A(Q) has the following properties:

(1) Foreacht € S(Q) there is a unique ¢ € A(Q) withp(cg) =t.

(2) Ifoy, ¢ € A(Q) satisfy p1(cg) # p2(cq), then p1(y) # ¢2(y) forally € Q.

(3) Foranye > 0, there exists J and § > 0 such thatif j > J, g1, ¢2 € A(Q,n;) U A(Q)
satisfy |p1(cg) — ¢2(cp)| < é, then |lo1 — ¢2]lg < €.

Proof. We will prove (1); the assertion (2) follows from the Hurwitz Theorem, and (3) then follows
from (2.6). Let us suppose that there are distinct functions ¢ and 2 € A(Q) with1(cg) = ¢2(cg).
By By [BLS1, Lemma 6.4], we may move the point y = cg, if necessary, to have ¢| (cg) # ¢5(c)-
Let us write t®) = ¢} (cp), for k = 1,2 and set € = [¢1) — 1P|,

Let {ng.k)} denote the subsequence of {n;} which produced ¢;. Now by (2.6) it follows that
there is a neighborhood U of (¢1(cg), cp) and a large number J such that if j > J, then for any
graph T from A(Q, nj.k)), the slope of I is within €/2 of %) at all points of U N T". But this is a
contradiction, for if we write ,ué in polar form, as a tangent 2-vector times a measure, then on U the
tangent vector must be within € /2 of both tD and 1@, ]

Passing to further subsequences, we may assume that A(Q1) C A(Q2) if Q1 € Gy, @2 € Gy,
and Q1 D Q. Thus, if we write ug5 = 2 0e0, g, then g < 1o,

Theorem 2.4. The currents Mo, increase to u~ ass — oo. Further each ., has a uniform
laminar structure given by u,, = faeS(Q)[Fa] vo(a)
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Proof. We have already that Kon = aeS(Q’n)[Fa] vo(y,n) forany y € Q. Now as j — o0
we have vo(y,n;) — vg by Lemma 2.2 and A(Q,n;) — A(Q) by Lemma 2.3, and thus the
integral representations converge. This proves that Ko has the uniform laminar structure. We know

that k='d™0~"[ f" X] converges to i~ and Mg n cOnVerges to i, as n — oo. Thus, the inequality
Ron < k~ldmo—"[ f* X]yields o < u- and thus ués < w~. Similarly, the estimate in Lemma 2.1
converges to M[(n™ — Més)ur“‘ Qol < Cd™*m(x). Thus, lim,_, o o =K. U

Our derivation of laminar structure up to this point has relied on the fact that, as a current, u~
has complex dimension 1, and thus sets of area zero inside each leaf are invisible from the point
of view of u~. For the purpose of defining the critical measure, we will need to know that this
laminar structure actually has leaves which are “complete,” i.e., conformally equivalent to C, since
the critical points occur on a discrete subset of the leaf. This will be done in Section 3.

3. Pesin-theoretic properties of the stable/unstable currents

We discuss some results from smooth ergodic theory that we will apply to the structure of the
currents u* and the measure x. This includes the existence of Lyapunov exponents and the Pesin
theory for stable/unstable manifolds. These dynamical methods lead us again to “laminar” properties
of the stable/unstable currents u* with respect to the Pesin stable/unstable manifolds. In Lemma 3.3
we show that almost every leaf in the laminar structure obtained in Theorem 2.4 already contains
the Pesin unstable manifolds.

We define Lyapunov exponents for an ergodic measure . for a diffeomorphism in dimension 2.
By the Oseledets Theorem, there is a measurable, f-invariant complex splitting F§ @ E¥ of the
tangent space for y almost every point x, and there exist numbers A* < A¥, such that the limits

1 1
A= lim -1 ‘Dk‘ \ A= lim - 'Dk| . 1
m leg [ D, (i loe|Dr L, @b

exist. In particular, the matrix norm satisfies

1
lim -1 ”D k
k—irfook 08 fx

=¥

for almost every x.

In {BS3] we showed that the Lyapunov exponents of the invariant measure pu satisfy A° <
—logd < 0 < logd < AY; since these are nonzero, i is a hyperbolic measure. In the following,
we may assume more generally that  is a hyperbolic measure of saddle type: i.e., the Lyapunov
exponents satisfy A* < 0 < A*.

Letusrecall the set R of Oseledets regular points. General references for the Oseledets Theorem
and the Pesin Theory are Pugh and Shub [Ps] and Pollicott [Po]. A point x belongs to R if for each
€ > 0, there is a constant y, . > 0 such that

M Yreet Pt (3.2)

=‘ka

IA

E;

Ai,u Df—k yvae—k(Au_e) (33)

IA

34

T 34

|
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By the Oseledets Theorem, R is a Borel set of full 4 measure. This means that we have strict
contraction in the inequalities (3.2) and (3.3) if € is small.

We note that the mapping f is said to be uniformly hyperbolic if inequalities (3.2) and (3.3)
hold for some uniform constants ye ¢, independent of the point x € J. It follows in the uniform
case that the angle is bounded below, independently of k£ and x. In general, uniformly hyperbolic
diffeomorphisms are quite well behaved.

A result of the Pesin theory is that for each regular point x € R the set
Wi(x) = {q € C?: lim dist(f"q, f"x) =0}
n—od
1
= {q € C?: lim —logdist(f"q, f"x) = )f}
n—oon

is a 2-dimensional imbedded submanifold. In the complex case, W*(x) is a complex manifold
(Riemann surface). For u almost every x € R the manifold W*(x) is conformalily equivalent to C
(see [BLS1, Proposition 2.6] or [W]).

Let us consider a coordinate chart ¥ : U — A% = {|x|, |y| < 1} for some open set U C 2,
and let us work on A”. An analytic graph T = {x = g(y) : y € A} will be called a vertical
transversal; we define a horizontal transversal similarly. We will define a stable box B* (with respect
to A?) to be a union of components I" of W*(x)N A% for x € R such that I' is a horizontal transversal
to A%, Thus for any vertical transversal 7 C A? there is a set E C T such that BS = (J,z I,
where I'} is a horizontal transversal such that I C W*(x) for some x € 'R, and the point 7 is defined
by {t} = I'; N T. It follows that distinct I'} are pairwise disjoint, and ¢ > I'j is continuous. We
define an unstable box B* = | J,.g« I’} in a similar fashion, with the unstable disks taken to be
vertical transversals.

If B® and B" are stable and unstable boxes in the same coordinate neighborhood A2 then the
intersection B = B® N B" is called a Pesin box. The stable and unstable manifolds give B the
structure of a topological product. By [BLS1, Theorem 4.7] the restriction p L B is the product
measure ¥ ® ¥ with respect to this topological product structure.

By the Pesin theory, R may be covered, up to a set of  measure zero, by a countable family of
Pesin boxes {B;}. Thus for a.e. x there exists e(x) > 0 such that W} (x, €(x)) is contained in the

unstable box B; associated with the Pesin box B;. We let R denote the points x € R such that
weeo c|J U By
n<0 i
The following allows us to ignore the subset of W* which is not covered by stable boxes.

Proposition 3.1. R is an f-invariant set of full 1 measure. Further,

Uwo-UJww

xeR xeR
has zero measure for every slice measure ™ |7. (And thus this set has zero |u™|-measure.)

Proof. Almost every point x is contained in a stable box B’, and there is a number r (x) such that
the stable leaf in B* containing x is the graph over a Euclidean disk of radius r(x) and centered at x.
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For0 < e and C < oo, we let S(e, C) denote the set of points x such that r (x) > € and (3.2) through
(3.4) hold for y, . < C. By choosing C large and € small, we have 1(S(e, C)) > 0. By Poincaré
recurrence, almost every x has the property that "/ x € §(e, C) for infinitely many n; — oc. Let
x be such a point and set x; = f"/ (x). Without loss of generality, we may assume that € = 1. Let
D; denote a copy of the unit disk, and let x; : D; — W*(x;) be a conformal coordinate chart with
x;(0) = x; which expresses the local stable manifold as a graph over D; in coordinates such that

the graph is flat to first order over the origin.

Now we have a family of germs of conformal mappings ¢; : D; — D4 of a neighbor-
hood of the origin which satisfy ¢; = xj_+11 o ffit1™" o x;. [ Thus, ¢;(0) = 0 and |¢'(0)] =
IDfnj+1-'1_f |E-"(xj-))]-

Given 0 < p < 1, we choose x such that ¥ < (1 — p)?/2. We may pass to a subsequence of
{nj}sothatn; | —n; — oo arbitrarily fast. By (3.3) we may assume that |<p;. (0)| < « for each j.
We let D; , denote the disk of radius p < 1 inside D;. For R > 0 sufficiently small, ¢; is defined
on D; g, and by the Distortion Theorem in one complex variable, the image ¢; (D}, ,z) is contained
in the disk of radius pR]qo} (0)]/(1 — p)*. By the choice of «, it follows that ¢ ; extends to all of
D ,,and ¢;(D; ) is contained in the disk of radius ,ol(p} (0)|/(1 — p)?. This number is less than
£/2, and so the modulus of the annulus D; |, minus the closure of ¢;(D; ,) is at least log 2.

Now we define

o8]
W= U fD; C Whx).
j=1

It follows that W is the increasing union of annuli of moduli at least log 2, and so W is conformally
equivalent to C. Thus, W = W*(x). It follows that x € R, and so the 4 measure of R — R is zero.

The statement concerning the slice measures u™ |7 follows because u has a local product
structure, with the factors given by the stable slices 1™ |7+ and the unstable slices u ™ |7~. O

If BS is a stable box in the bidisk A2, and if T is a vertical transversal to AZ, then the restriction
wF |7 (T N B*) of the induced measure to T N B* will be called a transversal measure. For two
vertical transversals 7} and 75 of A2, there is a homeomorphism x : 71 N B’ — T N B* obtained
by following an intersection point #; = T7 N I'; along the graph of a stratum I'; to the intersection
point 7> N T',. By [BLS1, Theorem 4.5], x preserves the set of transversal measures:

s (W¥l7, © (B NT)) = ¥y L BNT) . (3.5)

If B = {T'; : t € E} is a stable box, then in [BLS1] the restriction of u* to B® was shown to be
equal to

utLBS = / w13 (3.6)

where pt is any transversal measure. Likewise, for an unstable box B“, we have a similar repre-
sentation for u~ L B*. The transformation rule f,u® = d~'u™ corresponds to the fact that the
push-forward under f, of a transversal measure is 1/d times another transversal measure.

We may define a wedge product dd“U A T for any bounded, continuous psh function U and
positive, closed current T', where if £ is any test form, the product U£ is a compactly supported form
with continuous coefficients, so we may set

dd°U A T(€) == T (Udd“€)



Polynomial Diffeomorphisms of C2: V. Critical Points and Lyapunov Exponents 363

(see [BC] for further discussion of this wedge operation on currents). A related operation is the
intersection product, [ Z{]A[Z2], which gives the current of integration over the intersection [ Z N Z3].
By integration with respect to the transversal measure, we may define an intersection wedge product
A of a current of the form (3.6) and a current of integration [Z]. In [BLS1, Lemma 8.3] it was shown
that if Z is a complex variety, and if u* has the form (3.6), then these two notions of wedge product
coincide, i.e.,

(nTLB) A [Z]= / TGRIVIaFAR 3.7

Because of this, we will use intersection products whenever it is convenient, but we will just use the
notation A.

Proposition 3.2. There are countably many unstable boxes BY such that the splitting E* & E"
extends continuously to B;‘ , there is a constant C ; such that (3.3) and (3.4) hold on B}‘ withy, . < C;
forx € B;’, and such that for any complex manifold T, T N Ufnzl ft B; has full measure for the
slice measure jiy.

Proof. Let {B;’} be a family of unstable boxes as in Proposition 3.1. We may choose stable boxes
B; such that B; = Bj N B;’ is a Pesin box, and E*/* extends continuously to B? and (3.3) and (3.4)
hold. U

Another consequence of the Pesin theory is that there is a measurable family of Lyapunov charts.
This means that almost every x is the center of a (complex) affine image L(x) of a bidisk A2, and
there is a product metric on L(x) which is strictly expanded/contracted under f (see [Pr]). (We call
L(x) a topological bidisk in [BLS2].) I X is a complex variety, the cutoff image of X under f,
ie., f(X N L(x))N L(fx) is stretched across L{ fx) in the unstable direction. In fact, if X N L(x)
intersects W, (x) transversally at x, then there is a number N (x) such that if m > N(x), then after
m stretchings and cuttings-off, we have an unstable transversal to L(f™x), i.e.,

fAEXNLE) N IL(f N0 L (%) (3.8)
is an unstable transversal to L{f™x).

Let us take a countable family of Pesin boxes B; whose union has full measure and which has
the property that the constant y, . in (3.2) through (3.4) satisfies y, ¢ < C; for x € B;. Further, we
may assume that the inner radius of L(x) is bounded below by ro > O for all x € B;. Further, we
may assume that the axes of the bidisk L(x) are almost constant for x € B;, and we may assume
that the projection 7 is transversal to the unstable direction, i.e., 7 ~1(0) makes a positive angle
with the unstable axis of L(x). Shrinking B; if necessary, we may assume that there is a square Q;
with Bj C a! 0, and such that n_’q M L(x) is a vertical transversal of L(x) for all x € B; and
g € Q;. Finally, W;! (x) N L(x) is an unstable transversal to L(x), so we may assume that for each
stratum I" of B?, I crosses 7! Q ; propetly, i.e., the restriction of 7 from I' N 7 'Q jtoQjisa
homeomorphism.

Lemma 3.3. There are countably many Pesin boxes { B} such that\ ] B; has full u measure, and
for each B; there is a square Q ; C C such that the associated unstable box BY satisfies

- - u -1,
Ko, > u I_(Bjﬂar Qj> .

Proof. We take B; and Q; as in the discussion above. We note that we may take B}‘ such that
for each stratum I' of B;, I' N L(x) is an unstable transversal to L(x) for all x € B;. Let {P;} be a
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finite family of disjoint Pesin boxes with a family of disjoint open sets V; with V; D P;. Further, if
€ > 0 is given, we may assume that u(|J P;) > 1 —e.

For a fixed j, we will set B = B; and 0 = @, and will show that they have the property
claimed in the lemma. Let ¢ > 0 be such that lim,, o, cd "[f"X] = n~. We may suppose that

f (,ﬁij) Ae[XnVi] > A -eu(p)), (3.9)

replacing X by /"X and ¢ by cd™", n large, if necessary. For each m, let G(m, j) denote the set of
connected components I" of f™(X NV;)N 7 'Q suchthat w|r : ' — Q is a homeomorpism. We
let
Koy =cd ™" > I (3.10)
TeGim. j)
so that

m-—>0Q

Ho ZHmsup D gy, j -
Jj

The inequality arises since there are possibly good disks in f™(X) N w~'Q that are lost when
f™(X —JV;) is removed. We note that since each I' € B/ is a proper transversal to n~lQ, it will
suffice to show that

;LéA(;L+§_Bs) > (" LBYA(uTLB’) = u(B). 3.11)

In (3.11) it is the inequality that needs to be proved; the equality is just the product structure of p on
B.

Now we have

g A (nLB) = lim supz,ué(m’j) Aut L BY)

m—00

J
DA —eu(P)uB)
i

=

> (1-e’u(B),
where the second inequality follows from Lemma 3.4 below. Thus we conclude that (3.11) holds,
which completes the proof. ]

Lemma 3.4. Let B and P; be as above. Then

im fopg, o A(pTLB) > (1 —eu(P;)u(B).

m—o0

Proof. We note that each unstable transversal I" in L (x) gives rise to a unique good disk 'Nz 1 Q.
Thus, we will consider instead the current u,, (m, ) where the sum in (3.10) is replaced by ' Nz -1g
for I' which are unstable transversal components of f™(X N V;) N L(x) for some x € B. Since
Mé(m,j) > ;L\_)(m‘j), it suffices to prove the lemma for M&(m,j) replaced by ,u]_)(m,j). By [BLSI,
Lemma 6.4], we may suppose that X intersects W, (x) transversally for each x € P;. Let N(x)
denote the measurable function on X N V; with the property (3.8).

We define ¢; = [ ut A c[X N V;]sothat c; > (1 — e)u(P;) by (3.9). We may assume
(changing V; slightly if necessary) that w¥|x puts no mass on 3(X N V;). Thus,

Jim cd ™ [ (X0 V)] = e
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It follows that
Jdim fed™ [f" (XOV)]A(uTLBY) = « /;r A(utLB)
= B = 1 —-eu(P;)u®).
Thus, if we set
N (m, ) =cd™™ [f" (x O V)] = Wy

it will suffice to show that

lim [ n=(m, ))A(u*LB’)=0.

m—>00

However, if we puli back to X N V; via f™ and recall the definiton of N (x), we have

/n_(m,j) A(utLB?) =/ [XNV;]A (mLP;) :
{N(x)>m)

Thus, the right-hand side tends to 0 as m — oo since {N(x) > m} decreases to . OJ

4, Averaged rates of growth

Lyapunov exponents describe the behavior tangent vectors at i a.e. point. This is not, however,
the most direct way to get a hold of the value of the Lyapunov exponents. In this section we
consider various alternative notions of the growth rate of vectors and we relate them to the Lyapunov
exponent. We discuss a method of measuring the growth of Df* by taking the average with respect
to w and all directions; and we show how it is related to a type of critical point. Finally, we give
a formula for the averaged rate of growth by pulling back a form from projective space. This
last formula (Proposition 4.6) is of interest because it involves the projectivized image of the map
x> Dfl e L(C?, C?), and thus measures the volume of the (projectivized) image rather than the
size of || Df"||. This description suggests an analogy with the definition of curvature via the Gauss
map.

There is a certain symmetry between At and A~ which can be realized by replacing f by f~'.
For the sake of definiteness we focus on AT in this section, and our notation reflects that emphasis.

We let «, B denote constant, nonzero vector fields on (2, and define the quantities

« = mt frlpro] o,
A@ = Jim / log | D} (@) )
A, p) = lim % f 1og\ﬂ-Df,£‘<a)|u(x).

The first integral arises in the proof of the Oseledec Theorem as the first step in the proof of the
existence of Lyapunov exponents. From this we see that A = A (). We will analyze the other two
guantities.

We can identify « and 8 with vectors in C? — {0}. Itis clear that A{ca) = A(w) for any
¢ € C —{0}and A(c1a, c28) = A(a, B) for c1, ¢» € C — {0}. Thus, when it is convenient we may
think of identify A(-) and A(-, -) as functions on P! and P! x P!. On the other hand, it is sometimes



366 Eric Bedford and John Smillie

convenient to assume that | = 1 and |8| = 1. We let o denote the rotation invariant measure on the
unit ball in C2, normalized to have total mass 1. We denote by the same letter the induced measure
on P!,

In the sequel, we will use the observation that if 8 = (81, B2) € C2, then
1
[ togla plo = togpl - 5 @1
la|=1 2
depends only on |8|.

Lemmad.l. Foro ae. g € P!, A(e, B) = A(w).

Proof. For each x we have
k k 1
[ voelp - Drt@]o® = tog|pré @) - 5
BeP! 2

by (4.1). Now we integrate with respect to u(x), divide by &, and then take the limit as k¥ — oo to
obtain

/ Ae, Ho(B) = A@) .
BeP!

On the other hand, we may assume that |8] = 1, so A(«) > A(a, 8). Thus the lemma follows.
L]

Recall from Section 3 the measurable, f-invariant complex splitting E5 @ EY of the tangent

space for p almost every point x. We let x — efc/ “ be a measurable choice of unit vectors in Efc/ “.
Given a tangent vector o = a1 91 + 232 (using 9; and d; to denote a frame for the tangent space of
C? the point x) we may split it as

a=oaje, +arer.
Thus, for i a.e. x there are numbers Af’s/ “ such that

Dff@) = Af’saieska + Aﬁ’“a}‘e;kx .

Thus, we have represented Df as a diagonal matrix.
Lemma 4.2. Foro a.c. a, we have A(a) = A.

Proof. The function o in the splitting above is given by the Hermitian inner product («, 5 ) on C2.
For x fixed, [log|(, €5)|o () = —% as above. Since the integrand is nonpositive, it follows that
log || is integrable with respect to the product measure o x (. Reversing the order of integration,

we have
/u(x)/logKoz, e o(@ = //u(x) log |{, )| o () .

Thus, for almost every o € P! the function x > log lay | is integrable with respect to . Similarly,
we may assume that log || is integrable.

Letting yx ¢ be as in (3.2) through (3.4), we define S, = {x : yx < y}forfixed € > 0. By the
splitting above, we have

log |fo(a)’ = log |AkSase

+ A’;’"a;’e‘}kx =log|A + B].

s
frx
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Given two vectors A and B, which form an angle of opening 6, the square of the sum has length

|A1> 4 |B|* + 2|A| | B| cos @
= (JA] = |BD? +2(cos@ — 1)]A] |B| > 2(cos 6 — 1)|A] |B] .

|A + B

For 6 small, we may estimate 2(cos6 — 1) by 62, so we have

log ’ Df*) | > log ‘Ozaj)»’;‘saf PR

Thus by (3.2)), (3.3), and (4.1), and the fact that the angle between ejckx and e;kx is bounded below
by (3.4) and y > y, ¢ for x € S, we have that the quantity
A’l;,skli,u

1
Eiog(ka(a)‘ log62+10g

v

+ log || + log laﬂ
2 2
> <—2€ — Elogy) + <log la| —2¢ — T logy) + log |a;| + log |a§‘|

is bounded below by a function which is integrable with respect to .

For 1 a.e. point x such that o # 0, we have
.1 k
lim logIDfx (a)I —A,
koo k
so by (4.1) and the dominated convergence theorem, we have

<u(J—8,)(A+logM).

. 1
lim [ f (A —  Tog | D@
k—o0 k
The lemma follows since lim,, , o u(J — §,) = 0. O

Lemma 4.3. Fora.e. B we have
lim 1fa(oz)/log‘ﬂ-Df,f(oz)‘u(x) —A.
k—oo k

Proof. This follows from Lemma 4.1, 4.2, and the bounded convergence theorem. ]

Another way in which a family of critical points arises is as follows. Let us define

Zi(w, B) = {x €C2:p-Df¥) = 0] (4.2)

as the critical points of the scalar function x + B - f with respect to the direction d,. Unlike the
set of unstable critical points C*, which will be defined in Section 5, this set is not invariant. On the
other hand, it is quite explicit.

The following computation resembles the proof of [BS3, Theorem 3.2], except that now we
analyze further the integral term on the right-hand side.

Lemma 4.4. Leta, B € C? be such that the second coordinates a, B # 0 are nonvanishing. If
T = {x = 0} is the y-axis, then

1 1
[ 108]8 Drta| ut Az rriT) = toglaspadt| + [ 6* 1Zuta 1A 3z £2071
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Proof. Applying (f*)* and treating f™* f as the identity transformation, we have
*

/log I,e : kao:, zinddcm A d—lr;f;’[T] = /f"* (log |/3 : kaa‘) EI;ddCGJF AITT,

where we use the functional equation f"™*G* = G* o f* = d"G™*. Furthermore, G restricted
to T is the Green function of KT N T, so that %(dd“)TG‘*lT is the harmonic measure, which we

denote by /L;+ Ar» SO the equation becomes
1 1

[10g]8 - pta| _darct o pzirr= [ 5 (1ogp - Df*al) wier
From formula (1.1) for f¥, we observe that

B - Dff(e) = ﬂzolzdkydk_l +....

Since pg+nr is harmonic measure, we may apply Jensen’s formula [BS3, Lemma 3.1] to the monic
polynomial (ﬁzazdk)_l B-Df k(a) (restricted to T') and obtain

- log’ﬂzazdk|+ 3 d"G* ()
[c€T:B-Df fn ()=0}
1
= tog|paandt| + [ 6 (Zua 1 A g 121,

where the last equation comes from pushing [7T'] forward under f". This gives the desired formula.

O

Corollary 4.5. Ifay, B> # 0, then

Ao, B) =logd + lim 1/Gﬂr A Zi (o, B)] .
k—>oo k

Proof. We take the formula given in Lemma 4.4 and let n — oo. Then we divide by k and take
the limit as k — oo. ]

Now we find another way to replace the explicit dependence on « and B by the average over all
directions. This provides an alternative approach to critical points.

The differential induces a mapping
Csxi> Df, GL'(CZ,CZ) .

We may identify the dual space L(C?, CH* = C?Q (C*)*, where o ® B € C2 ® (C?)* induces the
functional £(C?,C%) > Z — B - Za. Let

(a®ﬂ)i=[Ze.c(cz,cz):ﬂ-Za:o},

and let [(@ ® B)*] denote the current of integration over (¢ ® B)* as a subset of £(CZ, C?). Now
the function V,, g(Z) = log |8 - Z| satisfies the Poincaré-Lelong identity

[eep?]= %dcha,ﬂ .
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Averaging the function Vg with respect to o and 8 we have

7(2) = f o@ [ o) Vup@), @3)

BeP

so that V(Z) is continuous off the origin, plurisubharmonic, and logarithmically homogeneous.
Observe that the integral on the left-hand side, as a function of Z, is invariant under the U (2) x U (2)-
action on L£(C?%, C?) given by (S, T) - Z — SZT~!. Thus, to evaluate the integral it suffices to
consider the case where Z = diag{)|, A;} is diagonal.

In this case Vi, g(Z) = log|o1diB1 + a2)2B21, and by (4.1) the first integration inside (4.3)
yields

1
f log lo1A181 + a2h2B2] o () = 3 log (|ﬂ1)»1|2 + |,32)»2|2> +C.
o

The (1,1) form

1 -
© = 7—dd°V (4.4)

on C?*% = £(C?, C?) represents the averaged current of integration. (Note that we are making
an abuse of notation, representing a current as a (1,1)-form.) By the logarithmic homogeneity, we
may also interpret © as a form on the projectivized space £(C?, C?)/C* = P?, and ® dominates a
multiple of the standard Khler form on P3. If we use again the notation Df* to denote the projective
image of the differential in £(C?, C2)/C*, then the averaged critical locus is the pullback of ® on
projective space:

[ [ c@o izapi=(pr) e. @5
aeP! JBe(Phy*

Averaging the formula of Corollary 4.5 over a, 8 € P!, we obtain:

Proposition 4.6.
1 *
= - +,- k
A—logd-l—khmk G u /\(Df) Q.

5. Stable/unstable critical measures

In this section we begin by defining the unstable critical points C* and the unstable critical
measure u_ . (The definition of the corresponding objects C* and u} should be clear.) We will show
(Theorem 5.1) that if 14 ( is the critical measure defined starting from the laminar current /Lés, then

M, s converges to u; as s — 0o. The rest of the section is devoted to showing (Theorem 5.9) that
p, is equal to the limit of the intersection product of u~ with the average over o and g of the critical

varieties £/ Zi(a, B) as j, k — j — 00, i.e., u~ A fi (DFYO — u.
We define the unstable critical points as
¢t = Crit(GY, W) — K) ,
xR
where Crit(G*, W*(x) — K) is the set of critical points, with multiplicity, of the restriction of the
function G to the open subset W*(x) — K of the manifold W*(x). The restriction of Gt to W*(x)

is subharmonic on W*(x) and harmonic on W*(x) — K ; thus, W*(x) — K # @. Since G vanishes
on W“(x) N K (which is nonempty since it contains x), it follows that G cannot be constant on
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a nonempty open subset of W*(x) — K = {y € W*(x) : G"(y) > 0}. Further, since x € R is a
regular point, it follows from [BLS1, Proposition 2.9] that the restriction G |« y) is not everywhere
harmonic, and so W*(x) — K # @. Thus, Crit(GT, W*(x) — K) is a discrete subset of W¥(x) — K
for each x € R. If f is uniformly hyperbolic, then C* is a closed subset of U*. In the general case,
C* is likely not to be well behaved.

We will now define the unstable measure u .. We start by defining its restriction to an unstable
box B*. For a stratum I'; of B¥, the critical points of G+|r,_ k are discrete, as noted above. We
let the current [Crit(G, ', — K)] denote the sum of point masses (with multiplicity) at the critical
points of G*|I'; — K. The mapping of currents ¢ > [Crit(G*, Iy — K)] is semicontinuous and
may be assumed to be bounded, so we may set

p, LB = f,g(r) [Crit (G, T, — K)] .

It is evident that this definition of u_ is independent of the stable box involved, since if we have
two stable boxes, the two definitions of 1, agree on the overlap. This definition of u_ may be
considered to give almost all of the points of C*, since by Proposition 3.1, we could work equally
naturally with the set R, in which case every critical point would lie inside an unstable box.

Defined this way, p_ is evidently o-finite, and in Section 6 we will see that it is locally finite
on Ut. The set C* is f-invariant. Since the transversal measures corresponding to 4~ multiply
by d under push-forward by f, and the function G* multiplies by d~! it follows that G  is
f-invariant:

fe(GTug) =GTu .

For a square Q € Q;, we let ué = f vg(a)[I"4] denote the laminar structure obtained in
Theorem 2.4, in terms of an algebraic variety X and a projection r,. We may define the corresponding

critical measure
pog= 3y va(a) [Crit (G, Ty)] .
QeQs

Theorem 5.1.  For all but countably many values of a,

m pu. =pn. .
s—>oo“c’s He

Proof. Let us choose Pesin boxes B; whose union has full u measure. Fora € C? we let S(a, j)
denote the set of points of B;f where the tangent space of the corresponding stratum is annihilated

by 7. If o’ and &” define different points of P!, then S(«', j) is disjoint from S(a”, j). Thus,
i, (S(e, j)) > 0O for only countably many values of . Thus, except for countably many values
of o, we have p_ (S(e, j)) = 0 for all j. Now we may subdivide the Pesin boxes to obtain a new
covering {B;} which satisfies the hypotheses of Lemma 3.3 with = = n,. Thus, for each B; there
is a Q; such that

uéj > (B;‘ ﬂn'_le) .
It follows that if s is sufficiently large that Q ; is a union of squares from Q;, then we have
Hes = Mg L (B;‘ nn‘lQ) .

It follows that limy 0o s, LY > ;LY holds for ¥ = Uj,n bié ﬁ;, where B;‘ = B}‘ nz1Q;.
As in Proposition 3.1, Y has full measure with respect to all transversals, so the theorem follows. []
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Now we start the sequence of lemmas that will lead to the proof of Theorem 5.9. For 8 € (C?)*,
we consider o > 8 - Df k(2)(@) and & +— 3Gt - & as linear functionals acting on @ € C2. We let
(B - Df¥(z)) and (3G*) denote their images in (P!)*.

Lemma 5.2. For each compact subset Uy C U™, the sequence (8 - Df*(z)) converges to (dG™)
ask — oo, uniformly in 7 € Uy and B € C? — {0}.

Proof. If f has the form (1.1), then the coordinates f" = (f(}), f3,) satisfy f(, = (f20- -0 fuo
f"‘l)(z), and f&) = (f("l))d1 +..-,s0d " log |f('§)| and d—"dj log If(’i)l converge to G uniformly
on compact subsets of UT. Thus, the normalizations of the gradients 9 f(’lf) |2 f('}) |=',i = 1,2 both

converge uniformly to the normalization G *|dG*|~! on compact subsets of U+. It follows that
on any compact subset of U™, the normalization of 3(8; f{1y + B2f5)) converges to aGHaG*|~ 1
uniformly in 8 # (0, 0). Since 8 - Df" () may be identified with 3(8, f(’i) + B2f(5) - @, it follows
that the projective images of these linear functionals converge uniformly. U]

Let P* = J,cr T be an unstable box as in Proposition 3.2. For each j > 0, we define
(ES (f‘fr,)) = [(E;) x € f—fr,] cPpl.
Thus, (E*(f ~/T;)) has diameter O(e~</). We set

VS, 1) = {a e P! : dist (a,(Es (f—fr,)» < %}

and V’f(j, 1) = P! —V*(j,1). It follows from (3.2) through (3.4) that Df/VS(j,t) lies in an
O(e™%)-neighborhood of {ES) atall x € T'y.

Lemma 5.3. Let P and V*(jj, t) be as above, and let us suppose that G* has no critical points on
oIy fort € T. Then in terms of the Hausdorff distance we have

lim dist (7% N 7 Zi(e, B), Crit (G*, T)) = 0
j—oo
k—j—o0

with the limit being uniform int € T, a € V*(j, 1), and B € (P1)*.

Proof. If jk—j — 0, then there are sequences k1(k), k2(k) — oo such that x1(k) < j <
k—iyk). If c e 'y N f/Zy(a, B), then y = f~/¢ satisfies § - nyk(a) = 0. Thus, ¢ satisfies
- Dff I (flay =o0.

F0r§ > 0, we may choose | sufficiently large thatif j > «1, ¢ € I'y, and @ € V¥(j, ¢}, then
distp1 (fia, (E 2‘)) < 8. Furthermore, for 2 (k) sufficiently large and j < k — k2, it follows from
Lemma 5.2 that distp1) ®Gt,B - Df k~Jy < §. Thus, the distance between the sets Crit(Gt, T';)
and {x € T, : B - Df*J(f/ @) = 0} is uniformly small. 0

Next we define

s/u _ j
XL p, 1) = / R [ren iz p)] -

The plan is to show that )«,7 (B, t) converges to the critical point measure [Crit(GT, T,)], and thus

the integral with respect to ¢ will converge to the critical measure p_ L P, and then to show that
Aj. (B, 1) converges to zero as j, k — j — oo.
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Lemma 5.4. Foreachte T, )L;‘»’k(ﬁ, t) converges uniformly to [Crit(GT,T',)] as j, k — j — 00;
that is if  is any test function and k|, K, — 00, then

/ v (x,08.0) - [crit (G, rt)])' _o.

lim max max
k—oo iy (k)< j<k—kp(k) teT

Proof. Asj, k—j— oo, TN f/Zi(a, B) converges to Crit(G*, I'y) uniformly in @ € V*(j, t),
t € T and B € (P!)*. The lemma follows since V*(j, t) approaches full measure as j — oo. ]

Lemma 5.5. Let " be conformally equivalent to the unit disk in C, and let T’ be a relatively
compact open subset of T'. Leth : ' — C? be a holomorphic function such that

max |h| < C min |A|
el cer

for some C < 0o. Then there is a constant 0 < b < 1, depending only on "', such that

m=max{¢ €I :h(¢) - a =0} 3.1
acP!
satisfies either Cb™ > \/3/2 or

/ l #{c el h(t) - a=0}o(@) <mn (2Cb’”)2 . (5.2)
aecP

Proof. Without loss of generality, we may assume that supp. |#| = C and infr |#| = 1. There is
anumber 0 < b < 1 depending only on I'’ such that for any holomorphic function ¥ on I' with m
zeros in [,

max Y| < b" max |y

Let us fix a9 with Jeg| = 1 such that the maximum is attained in (5.1). It follows that

max |h(¢) - ap| < B"C .
cel”

If 8(¢) is the angle between Ker(h(2)) and og € CZ, then
|| sin@(¢) = |h(Z) - a0l .

Since |kh(¢)| > 1, it follows that | sin (¢)| < Cb™. It follows that h(¢) -« # 0 for ¢ € I if the sine
of the angle between « and «y is greater than Cb™. If |sinf| < V3 /2, then 8/2 < |siné|. Thus,
if Ch™ < /3/2, then [0(¢)| < 2Ch™, and so & > #{¢ € I : h - a = 0} is supported in a disk of
radius 2Ch™ about ag. In this case, the integral in (5.2) is bounded by mz (2CbH™)2. U

Lemma 5.6. LetT” C T, h, b, and C be as in Lenumna 5.5. If YV C P! is contained in a disk of
radius 8, then

1
/ #le el () -a=0}o(a) < 82C"log <—) ,
3% )
where C' depends only onb and C.

Proof. Let us choose g which maximizes m in (5.1). If Cb™ < /3/2, then

7 log (ﬁ/zc) ;

. o — 2
/aev#{{el“ h(@)  « 0}0(a)§m7r8 < logh
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if Ch™ > +/3/2, then by Lemma 5.5 the integral is bounded by mm(2Cb™)2. We also have the
trivial upper bound mx 6. Thus,

. log (8/2C) m8?
#le e h(©©) o =0)o(a) < min (mx (2CH™) , mrs?) = =270
[ #eern a=o) (mm a0y mns?) = 2T
since the minimum is attained when 2Cbh™ = §. ]

Lemma A5.7. For ko sufficiently large, there exists a constant C such that fork — j > ko, h =
(Bo f*I)y"'Bo DfF=J : €2 — C? satisties

max |k| < C min |A|
T, T,
forallt € T and B € (P1)*.
Proof. This is a direct consequence of Lemma 5.2. L]

Lemma 5.8.
Jlgfolo A p(By=0.
k—joo0
Proof. LetI'; C I'; be a relatively compact open subset with no critical points in the boundary.
By Lemmas 5.5, 5.6, and 5.7, we have

b 4C

1, m log (8;(4C)~1)
, 2 j 2
A5 (B, LT < max (— (log —) 787, ~ logh s

where §; is chosen so that V; (B, ) is contained in a disk of radius 8;. The lemma now follows since
8; — Oas j — oc and since I'; can be chosen to exhaust I';. ([

Define
Zi(B) = f o (@) [Zi(, B)] -
acP!

Theorem 5.9. As j, k — j — oo the restrictions of u~ A fl Zi(B) to U+ converge to . in the
sense of currents on U™ .

Proof. We let P* = P be an unstable box as above. We choose an unstable box P’ C P such
that I'; is relative compact in I';, and there are no critical points on dI",. Further, we may assume
that u_ (U, 9Tr) = 0. By Proposition 3.1, it suffices to show that

lim (u‘ A f*jZk(,B)) LP=u LP.
1500
Using the notation above
WARZBLP = (WCP)AF 2B

- f AT

f 7 (8) / o(@) [T A fl [Ze(@, B)]
teT acP!

[ wo[ o@[rnsizaep)].
el acP!
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If we break up the inner integral as P! = Vj B, nu V;‘ (B, 1), then we have

u A 2B P =/

teT

pe (DX (B, D) + f

te

By (OA] (B, 1) .
T

It follows from Lemma 5.8, then, that the first integral on the right-hand side converges to zero, and
from Lemma 5.4 that the second integral converges to pt, L P. ]

We observe that as in (4.5) (Df @ = f o(ﬁ)Zk(,B), we may integrate the previous result
with respect to 8 to obtain:

Corollary 5.10. Let © be as in (4.4). Then as j, k — j — oo the restrictions of the currents
™ A fL(Df*)*® to U™ converge to u_ in the sense of currents on Ut .

6. The integral formula

The main goal of this section is to prove Theorem 6.1, which gives the Main Theorem. In
fact, Theorem 6.1 is a consequence of Theorem 6.2, relating the rate of expansion to the unstable
critical measure. This may be viewed as applying Corollary 5.10 inside the integral formula of
Proposition 4.6.

For a set P, we put P = | J,z f"P. We will say that a Borel set P is a fundamental domain
for C*if P O C* andif PN f"P = @ foralln # 0.

Theorem 6.1. Let P C C¥ be a fundamental domain for C*. Then

AT () =logd + /P Gtu; .

Remark. A convenient choice for fundamental domain is {1 < G < d}NC¥. This choice gives
us the Main Theorem.

For a domain P satisfying P N f"P = { for all n # 0, every point x € P may be written
uniquely as x = f"y, so we have a projection mp : P — P given by np(x) = y; it is evident that
s p is Borel measurable.

Theorem 6.2. Let P C J~ be aBorel set such that u_ (3 P) = 0, where 3 P denotes the boundary
relativeto J~. If PN f"P = @ for alln # 0, then

1 * .
GYuZ L P = lim (wp), (—Gﬂr A (ka) @I_P) . (6.1)
k—o0 k

Remark. Both sides of the equation put no mass on J ~ N K, so without loss of generality we may
assume that P C J~ — K. Indeed, the general case follows from the case where P is a fundamental
domain.

Proof of Theorem 6.1. We will show how Theorem 6.1 is deduced from Theorem 6.2. We first
prove

M0 = logd + [ Gt s
{r<G*<td}
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for some value of ¢. For this, we note that foreveryt > 0, P, = {t < Gt < td}NJ ™ is afundamental
domain for J~ — K. By the fact that G is pluriharmonic, we have 3 P, = {GT = t}U{GT = td}, so
that the boundaries 9 P; are disjoint for 0 < ¢t < d. Now since p_ is o-finite, we have u_(0P;) =0
for all but countably many values of t. So we may apply Proposition 4.6 and Theorem 6.2 to conclude
that the formula above holds for such ¢.

Now we conclude with the observation that if the theorem holds for one choice of Borel mea-
surable fundamental domain, it holds for any other. Given the fundamental domain P, the restriction
of the mapping p : {t < G < td}NC* — P is one to one and onto. Since G* u_ is f-invariant,
it follows that it is invariant under 7 p, and thus ‘

/ GTu; = f Gtu,
P (t<Gt<td}

which completes the proof. ]

By (1.1), B - Df*(@) = Brazd*y¥~! + ..., so that if @28 # 0, then the total mass of the
intersection current is

f woAZi(o, Bl =d* - 1. (6.2)
Lemma 6.3. Ifk,(k) satisfies limy_, o (k2(k) — log, k) = —oo, then

fim GTu~ A (ka)*@) =0.

k—o00 k {G+<d4k+'(2}

Proof. By (6.2), the total mass of u~ A [Zi(a, B)] is d¥ — 1 for almost every o, B € C2 — {0}.

Thus,
1

1
- f G u™ A Zi(e, B)] < —dF g
k {G+<d"‘+"2} k

so the lemma follows from the condition on «; after integrating with respect to o and S. J
For a tangent vector a € C? we define
Zoo(@)=UTN{3G" - a=0} .

We note that since Df* and dG ™ are nonsingular Z; (o', B)NZ(a”, B) = Pand Zeo (@ )NZxo (@) =
¢ for all &', ” which define distinct elements of P!,

Lemma 6.4. For each nonzero a € C? the currents [Zi(a, B)] converge to [ Zoo(e)] as currents
on U™, uniformly in B. That is, if { is a test form with compact support in U™, then

lim max yf ¥ A ([Zile, B)] — [Zoo(a)])’ =0.

j=oo B

Proof. Since by Lemma 5.2 the projective images of the defining functions of Zj («, 8) converge
uniformly, this gives the uniform convergence of the currents. ]

Let VT(R) = {ly| > |x|, |yl > R}. Since G*(x,y) = logly| + O(ly|™!) on V*(R), it
follows that @
3Gt a=240 (|y|—2) . (6.3)
y
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Multiplying this by y?, we see that for R large and « = (1, a»)
VE(R) N Zoo(@) = {2y + A1(x, y) + a24s(x, y) = 0}

where Ay, A, are bounded and holomorphic in V*(R). Thus, we have |dy/dx| < c|y~!| on
V*T(R) N Z (), and for |a| sufficiently small VF(R) N Zoo(a) is a complex disk {y = @g(x) :
x € D,} satisfying

/ "

< lpa(x)| < (6.4)
%] |zl .
Lemma 6.5. Foranyc >0
k *
lim Gt A (Df ) ®= / / Gt it~ AlZoo(@)] < 00
k=00 JiG+se) aeP! J{Gt>c)

Proof. We will first show that for every
lim o(a) G u~ A Zi(a, B)] = / G~ AZoo(@)] < 00.
k=00 Joep! {GF>c) aeP! J(GF>c}

Let us consider the regions {G* > ¢} N {|y| < R} and {G* > ¢} N VT (R) separately. The currents
[Zoo ()] put no mass on {G* = ¢} U {|y| = R}. Thus, by Lemma 6.4, the integrals over the first
region converge to the desired limit as £k — oc.

For the second region, we first check that the integral on the right-hand side is finite. For R
large, Zoo(a) N V*(R) is a complex disk as in (6.4). Thus, [Zoo(r) N V(R)] has total mass 1.
Thus, for o = (1, o) with |a2| < €, the integral over the second region is no larger than

/ log (L) o) < 00.
lotg | <€ |ora |

The convergence of the integrals holds because the disks Zi (o, ) N VT (R) are close to the
disks Zoo () N V(R) throughout V*(R), uniformly in k. Since this convergence as k — oo holds
uniformly in 8, we may integrate with respect to 8 to complete the proof of the lemma. L]

Proof of Theorem 6.2. Let us choose P to be an unstable box for which 1z (3'P) =0, and let

us write Ay = Gt~ A(DfY)*@L P. Since we may exhaust the P in the hypothesis of the theorem
by a countable family of such stable boxes, it suffices to show that

1
lim — (wp), M =Gtu L P.
k—oo k
We may choose k7 (k) as in Lemma 6.3 so that

Jlim % (TP)s ()»kL [G+ < d—k+K2}) ~0.

Now for any positive integer k1 we set ¢ = d~*1, so by Lemma 6.5 the integrals JGru™ A
(Df kY@, with k > 0, are all bounded by a number m (k). We may define a function «; (k) to
increase to infinity sufficiently slowly that k~'m (k1 (k)) — 0 as k — o00. It follows, then, that

.1 -
Jim L), (e (G > a7 =0,
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Choosing i possibly smaller, we also have lim;_ oo k= (kp + k1) = 0. Now for j = ji
satisfying k| < j < k — k2 it follows from Theorem 5.9 that

lim f; (Aka“jP) =GTuLP.
k—oc
Thus from the uniformity of the convergence in Theorem 5.9 we have

1
lim - (7p), (ka {d'k+"2 <Gt < d"“])
k—»oo k

k—Ky

T 1 j —j _ + ~
= lim - Zf* (Aka P)_G uILP,
Jj=k1
which completes the proof. ]
Corollary 6.6.
)f(f):-logd—f G‘uj’.
{1=G~ <d}

Proof. We can apply the integral formula to f~!. The corresponding invariant measure is the
same, i.e., iy = ps-1. Replacing f by f ~1 interchanges the role of stable and unstable directions
and changes the signs of the exponents. If we write A™(f) and A~ (f) for the Lyapunov exponents
of f, then we observe that A~ (f) = —AT(f~!). Thus, the integral formula applied to f~! yields
the formula above. ]

The following characterization is a consequence of the integral formula:

Corollary 6.7. The following are equivalent:

L AT(u) =logd.
3. Forp ae.x, Gt lwu(y_g+ has no critical points.

Proof. The measure u_ has all of its mass on the set G* > 0, so by Theorem 6.1 and the remark
following, if A,= logd, then p = 0. Thus, (1) implies (2). The construction of the measure shows
that if the measure vanishes, then G |yu)_g+ can have no critical points for u a.e. x. So (2)
implies (3). Similarly, if G*|wu(y)—g+ has no critical points, then the measure u_ is zero, so (3)
imptlies (1) by Theorem 6.1 and the remark following. L]

Applying Corollary 6.7 to f~1 gives:
Corollary 6.8. The following are equivalent:

L A7 (u) = —logd.
2. ul=0.
3. Foruae. x,G™ |wsu)—k- has no critical points.

In [BS6] we will explore further the topological consequences of the nonexistence of critical
points. In particular we will show that if ;Lf = 0, then W*NU T isin fact a locally trivial lamination,
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so that the critical points satisfy C*/“ = @ in a strong pointwise sense (not just on unstable manifolds
of Pesin regular points).

‘We close by noting some relations between the existence of stable and unstable critical points and
the Jacobian determinant of f. Recall that the Jacobian determinant of a polynomial diffeomorphism,
det Df,, depends only on f and not on the point p. If |det Df| < 1, f is said to be dissipative. If
|det Df| =1, f is said to be volume preserving.

Proposition 6.9. If f is dissipative, then C* # @. If f is volume preserving, then C* = @ if and
only if C* = .

Remark. When det Df = 1, then f is conjugate to its inverse so that the equivalence of the
conditions 7 = 0 and u; = 0 is clear.

Proof. It is a general property of Lyapunov exponents that the sum of the exponents is related to
the Jacobian determinant. We have AT (u) + A~ (u) = f log | det f|du = log|det f|. Combining
this fact with the integral formulas for At (u) gives:

/ Gtu; —/ G~ uf = log|det Df| .
{1<G+<d)} {1<G~<d}

The contribution of each integral is non-negative and is positive when the corresponding measure
is non-zero. When f is dissipative, the right-hand side of the equation is negative. It follows that
the value of the second integral must be non-zero; hence, the equivalent conditions of Corollary 6.8
are all false. When f is volume preserving, then the right-hand side of the equation is zero. It
follows that the value of the integrals are equal. Hence, the equivalent conditions of Corollary 6.7
are equivalent to those of Corollary 6.8. U

A. Appendix: Lyapunov exponent of real horseshoes

Let fz be a polynomial automorphism of degree d with real coefficients, so fz : R? — R?
has a real polynomial inverse. Let us suppose that there is a topological square D C R? such that
fr maps D across itself d times. A heuristic version of the case d = 3 is shown in Figure 1; the
horizontal lines represent stable manifolds. This situation occurs for the mapping

f:G, - (y, ¥+ a2y .+ o —ax)

in a non-empty real parameter region, for instance, if d = 2 and —cp > Oorifd = 3 and —c| >
lco|?/3. In this case, f has a weak d-fold horseshoe, and if follows (see Friedland and Milnor [FM])
that f is topologically conjugate on the set Kz := [),.z f" B to the bilateral shift on d symbols.
In this case fx has topological entropy equal to log d, and by [BLS1] K¢ = Jc = K¢ C R?, where
Jc and K¢ denote the sets J and K for the complexified mapping f¢ : C2 — C2.

We let Vi, ..., V4 denote the (vertical) components of D N fD. Then there are components
Bi,...,By_j of fD — J* with the property that B; intersects two distinct vertical components.
These are the fundamental bends; the case d = 3 is depicted in Figure 1. We let Co ; denote the set of
critical points lying in the jth fundamental bend, i.e., Co,j = B;NC*. Thus, Co := Cp 1 U---UCp a1
are all the critical points that lie in the fundamental bends. The critical points of the nth image under
f,n € Z, are defined as C, = f"Cp.

LemmaA.l. Let f be ad-foldreal horsehoe, as above. Foreveryx € J, the restriction G*|W" (x)
has the property that every component of {G*|W"(x) < c} is relatively compact in W* (x).
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Proof. Let W*(p) be the unstable manifold of a periodic point p. Since lim;_, ; G*(¢) = 0, and
since W*(p)NJ is aCantor set, thereis a Ay > O such that the component of wg of W*(p)N{G™ < g}
containing p is relatively compact. If » is any component of W*(p) N {G* < A}, then f "w C wg
for n sufficiently large. Thus w is relatively compact. Now the result follows since f is hyperbolic,
and J has a local product structure.

FIGURE 1

Lemma A.2. LetE be aclosed subset of C, and let L ; C R be disjoint, open intervals such that
R-E={ L;. Leth > 0 withh(x +iy) = h(x —iy) be continuous on C and harmonic onC — E,
and let E = {h = 0}. If each connected component of {h < c} is bounded, then for each j there
exists a unique critical point c; € L ;. Further, the {c;} are all of the critical points of h.

Proof. Let w be a component of {h < A). Since w is relatively compact, it follows from the
maximum principle that £ 0w # @. Since @ = {Z : a € v} is also a component of {4 < A}, and
sinced #@NE =wN E CR, it follows that @ = .

Now we claim that w N R is an interval. It is nonempty, and if it contains two components, then
by the fact that @ is connected and @ = &, we have that C — @ contains a compact component. But
this contradicts the maximum principle since 4 is subharmonic on C.

Next suppose that there is a critical point ¢ ¢ R. Let o', »” be two components of {h < k(c)}
which contain ¢ in their boundaries (possibly @’ = w"). Since these sets are invariant under complex
conjugation, it follows that ¢ is also in their boundaries. Thus, the complement of ' Uw” U {c, ¢} in
C contains a compact component, which violates the maximum principle. Thus, all critical points
are real.

Let us fix an interval L; = (a;, b;) and let wg; (1) (resp. wp; (1)) denote the component of
{h < A} containing a; (resp. b;). For A > 0 sufficiently small, @q; () N @y, (X) = @. If there
is a critical point ¢ € @p;(A) N L, then we may decrease A so that ¢ € dwp,(A) N L. Since
wp;(A) = Wp ; (1), there must be a distinct component @ of {h < A} such that ¢ € dw. But since
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oNRisaninterval, and w N E # @, we have a; € w. This is a contradiction, so we have no critical
points in L; N (wa; (A) U wp; () if @g; (A) Nwp; (X)) = .

On the other hand, if A is the supremum of numbers such that &, ;W) Nap; (M) = @, then
@q; (A) N@p; (A) = {c;} is the unique critical pointin L;. J

The following theorem shows that the critical points for a horseshoe are arranged in the fashion
given schematically in Figure 2.

c, .
(7733 ¢
'
5
iy — =
— Sl | | L___C.
= N //’— \n: 2
ws C,
y— Ny —1 o
] |31 ‘\\C-Z
a—t 55_5—‘ gt "\‘
CO
FIGURE 2

Theorem A.3. Letx € J be given, and let W§(x) denote the (real) unstable manifold passing
through x. For each connected component y of Wi (x) N B; there is a unique critical point c,, for
the complexified mapping fc. The union of all such critical points gives Cy, and C* = | J 7 Cy. In
particular, all complex critical points are real.

Proof. Let W"(x) denote the complex stable manifold through x, and let ¥ : C — W*(x) denote
a uniformization. Since f is real, we may replace ¥ (¢) by ¥ (¢/9¢) so that yg : R — Wi(x). Let
h=GY oy andlet E = ¢y !(W¥(x)NJ)sothat R — E = (UL;. Then & is a subharmonic
function on C, and by Lemma A.1 it satisfies the hypotheses of Lemma A.2. It follows that all of
the critical points of 4 are real, and so C* N W*(x) C R. Thus, C* = J, ., C* N W*(x) C R. Also
by Lemma A.2, we have that each critical point ¢ € W*(x) corresponds uniquely to an interval L ;,
and ¥ (L) corresponds to a connected component y, of We(x) — WS = Wi(x) — J. Nowitisa
property of the horseshoe that for each component y.,, there is an n € Z such that f*y. C B ; for
some j.

Remark. If fx has the form above, then the line {x = 0} will intersect the image of any non-
horizontal line exactly once. Under iteration, this yields that {x = 0} will intersect each component
of an unstable manifold in a bend exactly once. Since the total mass of the intersection measure
u#~ Al{x = 0}]is 1, we see by Theorem A.3 that . (Co, ;) = 1. Further, 4 has a balanced property
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that allows us to define it in terms of the “generational” structure. It suffices to define u, on Cp ;,
i.e., inside one of the fundamental bends. For this, we note that B; N f" D has d"~! connected
components. The intersection of any of these components with Co N B; has mass d —n+1 and this
defines p7 on all Borel subsets of Co N B;.

Theorem A.4. If f is a real horseshoe mapping as above, then the Lyapunov exponent is given
by
A =logd+/ Gtu; .
Co
Further, we have the estimate

(d—1DminG" < A —logd < (d—1)maxG*.
C() CO

Proof. The integral formula follows from Theorem 6.1 and Theorem A.3. The inequalities follow
since u_ (Cp)) = d — 1, as was remarked above. O

B. Appendix: Heteroclinic tangencies in U™ N U~

We discuss the behavior of f on U™ N U ~. Conversations with Hubbard have been helpful for
our understanding of the critical locus in this region. The map G : Ut — R has been studied
as a fibration in [H, HO], where it was shown that the level sets {G+ = c} are foliated by complex
manifolds which are dense and conformally equivalent to C.

It is shown in [H, HO] that we have an analytic function ¢ on VT given by the formula

:l"‘

¢*(x,y) = lim (w0 f"(x, )" ,

where we take the d”th root so that ¢t (x,y) = y + o(1) holds on V*. It is immediate that
¢t o f=(pH)?andlog|p*| = GT holdon V*. In particular, ¢* is locally constant on the leaves
of Gt.

For || > R,
Ag:={peVT:p*(p)=£}

is a complex disk, and fA; C Aga. By the trapping property of V* the global leaf L of G* which

contains Ag has the form
o0

L= ™A,
n=1 -
and it is evident that L N VT = | J L¢/, where the union is taken over all &’ such that £’ £ lisa
d"th root of unity.

Proposition B.1. The global leaves of G are the super-stable manifolds of f .

Proof. By Lemma 1.2, Df"|rg+ decreases super-exponentially as n — +oo. Thus, any two
points ¢/, ¢ in the same global leaf of G approach each other super-exponentially as n — +00.
Conversely, suppose that ¢/, £” € U™ are not in the same global leaf UT. Then for n > ny,
fn:;./’ fng-'// € V+, but

ot (1) =t ()T # ot (1) =0t (£18) -
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Thus ¢+ (f"¢’) does not tend to ¢ (f"¢"), and since ™ ~ y on V1, it follows that "¢’ does not
tend to f"¢”. U]

The 2-form dG™ A 3G~ is invariant under f, and its zero locus defines the dynamical critical
locus of f:
C={@,»eUnNU =17} ={0GT A3dG™ =0} .
Thus, the critical locus consists of the points where the forward and backward critical directions
coincide; thus, it can be thought of as the set of heteroclinic tangencies of the super-stable and
super-unstable manifolds.

For € > 0 there exists R, such that

. dxndy

(G, G7) =~ (loglyl,log|x]), and 3Gt A 3G~ ~ " (B.1)
y
for €|x| < |y| < € 1|x], |x| > Re, and so
Cﬂ{elxl<|y| <e x|, |x|>R€}=0. (B.2)
The inclusions of sets ¢+ : UT N U~ — U¥ induce mappings on homology
b, HL(UYNU,Z) > H (U, Z) . (B.3)

Lemma B.2. The mapping (B.3) is surjective, and Hi(U* N U™, Z) is not finitely generated.

Proof. For R large, consider the curve y : 8 > (Re'®, Re'?), which is containedin VNV~ C
Ut NU~. Now ¢y is approximately the circle of radius R in C — A, so it defines a nontrivial
homology class, and thus y defines a nontrivial element of H;(U*, Z) in the range of 1., Since the
range is nonzero and invariant under f¥ fork € Z, the maps (., are onto. Finally, Hy(UTNU~, Z) is
not finitely generated because its image is not. (See [HO] for these last two facts about Hy(U*, Z).)

Proposition B.3. C # 4.

Proof. We consider the fibration
G=(G",G7):U*NU™ —» Rt xR,
which has compact fiber. By (B.1), the fiber of G over points of {€|x| < |y] < € 1|x|, |x] > R.}is

a2-torus. If C = @, then dG* A dG™~ # 0, and the fibration is locally trivial. Since the base of the
fibration is topologically trivial, it follows that

H(UtnUTZ) = B (1,2) =22

But this is not possible since, by Lemma B.2, H{(U *NU,Z) is not finitely generated. Thus,
C £ 8. |

PropositionB.4. CNJTNU~ £PandCNI-NUT #0.

Proof. IfCNJ NU* =@, thenCisaclosedsubvariety of Ut. LetC’ = CN{|y| > R, |y| > |x|}.
By (B.2), m2|¢r : €' — {|y| > R} is proper, so it has some degree 5. This degree multiplies by d
under the mapping f. But since fC = C, this degree must stay constant. Thus, we conclude that
CNJ~NUY #@. The argument to show C N JT N U~ 3 @ is the same. ]
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