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Abstract. We prove the rational egodicity of geodesic flows on divergence type
surfaces of constant negative curvature, and identify their asymptotic types.

0. Introduction
We discuss recurrence and transitivity properties of geodesics on hyperbolic surfaces
(complete, two dimensional Riemannian manifolds with constant curvature —1).
Every such surface has the unit disc as universal cover and can be viewed as H/T
where H is the unit disc equipped with the hyperbolic metric and I' is the covering
group of isometries of H. If & is a fundamental domain for I" in H then H/I can
be pictured as ¥ with some identifications on %.

Let N be a small ball in the hyperbolic surface H/T', I be a directed geodesic on
H/T and xel Let x(I, t) denote the point on I which is directed distance ¢ from
x. We discuss the property,

J In(x(l t)) dt =c0
0

for almost all geodesics I and in this case, we try to say something about the rate
at which [y 1 (x(l, t)) dt tends to infinity, as T tends to infinity.

This property is better viewed in terms of the geodesic flow of the surface which
is defined on the space of line elements on the surface (the set of points equipped
with directions). The space of line elements on the surface H/T may be viewed
as Xr=%x[0,27) and the geodesic flow, ¢r:X— X preserves the measure
mp = Hyperbolic area X Lebesgue measure.

The above mentioned property now boils down to

J 1, ¢oi(w) dt =0 for mp-a.e. w € X, where A= N x{[0, 27). (1)

0
In the case where the surface H/T has finite area (and m-(X) <), E. Hopf [6]
proved that the geodesic flow is ergodic which implies that Iff Iy @fdt=00
mr-a.e. for every N, and indeed, by BirkhofP’s ergodic theorem, that

T
J IA ‘ (P;‘ dt/TT—) mr(A)/mr(Xr) myr-a.c.
0 >0

In 1939, Hopf, using his ratio ergodic theorem [7], proved that geodesic flows on
hyperbolic surfaces of infinite area are either totally dissipative ([ f- ¢f dt <o
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166 J. Aaronson and D. Sullivan

a.e. for every fe L\(my)) or conservative and ergodic (j‘;,° [ of dt =00 for every
feLi(myp), [ f>0).

The 1939 result of Hopf is the only one about geodesic flows which we assume.
(A more accessible proof is given in [9]). These results extend canonically to geodesic
flows of arbitrary dimension.

If the integral _f;o mp(An or'A) di converges, it is immediate that the geodesic
flow ¢r cannot be conservative. It is more difficult to show that if this integral
diverges, then the geodesic flow is not totally dissipative. This was done by M. Tsuji
[18], using complex function theory. We shall give a simpler proof of this result
(which generalises easily to arbitrary dimension) by proving (lemma 1) that:

supJ Si(14)° dmr/(J Si(1,) dmr> < (2)

for A= N X(0,2#w) where S,(f) =L')f' ¢r ds, and then using a continuous time
version (lemma 2) of the Borel-Cantelli lemma of Renyi [14, p. 391]) to show that
if fo mr(An @r'A) dt =0 then ¢ is not totally dissipative.

Lemma 1 is proved by inspecting mr(A ¢1'A) in terms of the arrangement of
the lifts of N in H. The quantity m-(An @A) is closely related to the angle
subtended at points of N (lifted) by translates yN of N at a distance approximately
t from N, and indeed the integral §, m (A @r‘A) dt diverges iff the total angle
subtended by all translates yN of N at points of N is infinite. The angle subtended
by yN at points of N is approximately 4 diam Ne >’ where p, is the hyperbolic
distance between the centres of N and yN. In the case where N is centred at 0
then 4 e 2+~ 1 —~|y(0)|>. The series 2 yer (1 =]¥(0)])%, s> 0, is known as the Poincaré
series of I' (see proposition 1). We have outlined a new proof of:

THEOREM 1. The geodesic flow on the hyperbolic surface H/T is conservative and
ergodic if and only if the Poincaré series of T diverges at s=1.

Such surfaces are called of divergence type.
The main point of this paper (besides the elementary proof of theorem 1 - see
also [17, chap. 8]) is to say something about the growth rate to infinity of

St(lA)ZJ la-@rds

0
for ¢ an ergodic geodesic flow on a hyperbolic surface of infinite area. We do this
by showing that an ergodic geodesic flow of a hyperbolic surface is rationally ergodic
and identifying its asymptotic type (theorem 2). We now proceed to explain these
terms and their relevance to growth rates.
Let (X, B, u, T') be a conservative ( =recurrent) ergodic measure preserving flow
of a o-finite measure space. Set

t

S,(f)=J f-T°ds forfelL'(n).
0
Then, for fe L', S,(f)1c0 a.e. and one may ask for its asymptotic growth rate as ¢ - c.
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Rational ergodicity 167

If £ (X) =1 then the Birkhoff ergodic theorem states that S, (f)(x)/t .o x fdu
for u-a.e. x,fe L', and so the growth rate of S,(f)(x)(fe€ L)) is independent of
feLl, and xe X(mod p).

If u(X) =00 then the Hopf ratio ergodic theorem states that S, (f)(x)/S,(g)(x)~>
fxfdu/ly gdu for p-ae. xe X, f,ge L', [ g##0. This shows that the growth rate
of S,(f)(x) is independent of fe L, but the only ‘absolute’ information (w.r.t.
x € X) that can be deduced is that

S, (N(x)/t-0 for u-a.e. xe X, fe L.

A search for ‘absolute’ growth rates for S,(f)(x) (those independent of fe L', and
x € X mod u) leads to a study of properties like:

S,(f)/a(t)ej fdu in some sense, forall fe L', (3)

where a(t) are constants.

Unfortunately, when u(X) =00, there are never constants a(¢) which satisfy the
convergence (3) in the a.e. sense (see [1] for the analogous result for transformations,
which easily implies this). However, there are flows with p(X) =00, for which there
are constants which satisfy the convergence (3) in weaker senses. We say f,e L'
converges feebly to ge L' if every subsequence of {f,} has a subsequence whose
Cesaro means converge to g a.e., and write f,—~g. For some (but not all) ergodic
measure preserving flows on X, (u(X)=00), there are constants a(¢) for which

S,(f)/a(t)—WLfdM

for some, (and hence all, by Hopf’s ratio theorem) fe L'. (The analogous property
for transformations is discussed in [3]). For such flows, the a(t) are uniquely
determined up to asymptotic equality and their growth rate is called the asymptotic
type of the flow. A sufficient condition for (4) is the property rational ergodicity (see
[2D).

A measure preserving flow (X, 8, u, T') is said to be rationally ergodic if there
is a set Ae B, 0< w(A) < and a constant M so that

2
J. S,(IA)zdusM(J S:(14) dp,> fort=1. 5)
A A
The asymptotic type of T' is then
1
a(t)=—J’ S,(1,) du.
w(Ay o0

The inequality (2) is (5) for the geodesic flow. Our main result is:

THEOREM 2. (a) The geodesic flow on a hyperbolic surface of divergence type is
rationally ergodic.
(b) The asymptotic type is given by

a(t)~ ¥ e 270 any x, y€ H.
yel’
p(x,y(y))=t
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168 J. Aaronson and D. Sullivan

It follows from results of M. Rees [13] that for H/T" a Z* cover, v=1,2, of a
compact surface, ap(t) grows as 2 (v=1), log¢t, (v=2).

Theorem 1 (in dimension 2) was noted by Nicholls [10] who combined the results
of [18] and [8]. Independently the second author proved the theorem (in all
dimensions) ([15], [16]) using Brownian motion to get the equivalence of:

(i) ergodicity of the geodesic flow on X/T;

(ii) recurrence of Brownian motion on H/T;

(iii) the non-existence of a positive finite Green’s function;

(iv) the divergence of the Poincaré series;
where: (ii)< (iii) is well known in the theory of Markov processes, (iii)< (iv) in
dimension 2 is due to Poincaré [12] (see also [18]) and (i) (ii) is based on the
fact that a Brownian path in H has an angular limit at o0 almost surely.

Properties (ii) and (iii) make the ‘construction’ of examples quite easy: let A be
any closed subset of the Riemann sphere ¢ containing at least 3 points; then the
Riemann surface € —A =M has universal cover H and so admits a hyperbolic
metric. Brownian motion on M with the hyperbolic metric is equivalent to a time
change to Brownian motion on € stopped at A. Thus, Brownian motion on M is
recurrent iff A is invisible to almost all paths in €. This happens precisely when A
has logarithmic capacity zero (for every positive measure u on A:

G(x)= J log |x — y|du(y) is infinite
A

compare (iii)).

One knows that the hyperbolic area of M is infinite as soon as A is infinite. So
we have many examples of infinite volume, hyperbolic surfaces whose geodesic
flows are ergodic.

This article is about surfaces in order to preserve simplicity. Analogous
theorems hold in arbitrary dimensions. Divergence type in dimension d+1 is
Yo € 2%70Y = 00 and the asymptotic type of the geodesic flow on a divergence
type manifold is a() =Y, (<, € &7,

1. Notation
We establish notation by recalling the definition of the geodesic flow on a hyperbolic
surface, beginning with

H={z=(u v)eR%: |z| =Vu?+v><1}.
(Readers wishing a more complete recall are referred to [9]). The hyperbolic geometry
on H is given by the arc length element

ds(z) =~du®+dv*/(1—|z[*)
and the hyperbolic area element
dA(z)=dudv/(1-|z[*)%

(here z =(u, v)). The hyperbolic distance between two points x, y € H is defined as

plx, y)= inf{J ds: a is an arc joining x and y},
Y
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Rational ergodicity 169

and it turns out that p(x, y)=tanh™'|(x—y)/(1 —Zy)|, (here the multiplication is
complex). The isometries of H (i.e. transformations of H preserving hyperbolic
distance) are precisely the Mobius transformations of H (z-> (Az—a)/(l —az),
where |A| =1 and a € H) and their complex conjugates (z > g(z) where g is Mobius).

The geodesics in H (arcs in H for which the ds-length of any segment is the
hyperbolic distance between the endpoints of the segment) turn out to be diameters
of H and circles orthogonal to 6H ={zeR% |z| =1}. A geodesic meets dH at two
end-points, and is actually characterized by these two points. A geodesic can be
directed by ordering these points, and then the geodesic is considered as directed
away from its first endpoint (and towards its second).

The space of line elements of H is H X[0,2s). To each line element w =
(x(w), 8(w))e X there corresponds a unique directed geodesic passing through
x(w), whose directed tangent at x(w) makes an angle # with the radius (0, 1) = H.
The geodesic flow transformation ¢' is defined as follows at w. If >0, the point
x(¢'w) is the unique point on the geodesic at hyperbolic distance ¢ from x(w) in
the direction of the geodesic (away from its first endpoint). If ¢ <0 the point x(¢‘w)
is the unique point on the geodesic at hyperbolic distance —t from x(w) in the
opposite direction of the geodesic (towards its first endpoint). The direction 6(¢'w)
is the angle made by the directed tangent of the directed geodesic at the point
x(¢'w), with the radius (0, 1). For example: ¢'(0, ) = (tanh t e, ). Isometries g
of H also act on X in the natural manner:

g(w)=(g(x(w)), direction of tangent of g( I) wherever [ passes through

x(®) in direction 6(w))
It turns out that ¢’ > g=ge° ¢’ wherever g is an isometry of H. Both the geodesic
flow transformations and isometries preserve the measure dm(x, ) = dA(x) d6 on X.

Now let I' be a discrete group of isometries of H (i.e. I'(x) has no cluster point
in H for x€ H). The surface H/TI is defined to be H/T'={I'(x): xe H}.

A typical geodesic in H/T is given by I'(I) where [ is a geodesic in H. It turns
out that the space of line elements in H/T is given by Xr=X/I' ={I'(#): w € X}
and the geodesic flow on X is given by

erl(w)=T(¢'w)

The surface H/I' may be pictured intuitively as a fundamental domain for I' in H,
that is, a set ¥ < H with the property that for every x € H there is unique yel
so that y(x)e F (e.g. F={xe H: p(x,0)=p(x, y(0)) for all y#e, yeI}) and
Xr=F x[0,27).

Via this picture, the measures A on H, and m on X project naturally onto Ar
on H and my on X respectively.

For geometric constructions of fundamental domains, see {4].

2. Recurrence of geodesics and the Poincaré series
In this section, we prove theorems 1 and 2 by studying the amount of time spent
by geodesics in small balls of the surface. To fix ideas, let % be a fundamental
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170 J. Aaronson and D. Sullivan

domain for I'. Let x, ye %, and £ > 0 be so that
N,(x,3¢g), N,{y,3¢) < F.
(Here, N,(x,e)={ze H: p(x, z) <e}). Set
A, =N,(x, £) X[0,27) < Fr X[0,27)

and let A be the projection of A, in Xr. We first study the average amount of time
spent in A'; by geodesics starting in AL. Set, for 1> 0:

ar(x,y;0)= ¥ (1—tanh’® p(x, y(y)))=a(x,y; 1)
el’
P(X.:(y))Sl

ProposITION 1. o mr(ALn @*A) ds =0 iff a(x, y; t)>,.0%, and in this case:

t r2
im ———— LA o=sAF ~ae (mMr(A5)°
}1:2 a0 L mr(Axner’A))ds=e ( an? ) (2.1)
— 1 ‘ m(AL)?
1' r —sa D < 4e r X .
lim —a(x,y; 5 L mr(AinerAl)ds=<e (—472 ) (2.2)

Proof. Set a(t)={, mr(AY~ pr°AY) ds. Then
a(t)=j ®O(1, z) dA(zZ),
Ny(x,e)
where

2 t
O(t,z)= Y J' J 1,a, " ©°(z, 0) ds dé.
0 1] l

yell

Setting ®,(w)=z+w/1+2w, and using ®,- ¢*=¢’ - D,

(27 (1t
@(t,z)= Y lo1ya, - ¢°(0, 8) ds do
yell Jo  JoO ’
(27 [t )
= Z lq);'pr(y,e)(tanhse'o) ds d0
yell Jo Jo
("27 (tanht
0, drdo
=X Loztyn, e (re”) T
yel' Jo  Jo -
[ 1-|wf
=2 ). on Wl LN, @:'y.0) (W) dA(W).
vell J N, (0,1

Now suppose that we N, (®;'y(y), €), then
le(y(y), 2) —p(0, w)| <e.
Thus:
o(t, 2) = ZF (1—tanh® (p(y(»), z) +£))A(N, (0, £) A N, (P y(y), €))

= X (1-tanh® (p(y(»), z) +€)) - A(N,(, €))

yel©
p(y(y), 2)=t—¢
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and, since p(z, x)<e:
®(t,2)=A(N,(,¢)) L (1-tanh® (p(y(y), x) —2¢))

yel
p(y(y), x)=t-2¢

= e “A(N,(y, £))a(x, y; t —2¢)

since

2 2
6_23<1—tanh (¢x8) _cosh™t _ o5

= = for6>0
1 —tanh’ ¢ cosh? (¢£8) ¢ or ’

whence
1
a(t)=e *A(N,(0, e)’a(x, y; t—2e)=e"* = mp(A)a(x, y; t—2¢). (2.3)
T
Also:

®(4,2)=< ¥ (1—tanh? (p( y(»)) &) Ll oryone (W) dA(w)

yel’ N,(0,1) [w|

1

= x (1—tanh’ (p(z, y(y)—¢€)) dA(w).
yel' N, (02" v(y),e) fwi
plz,y(y))=t+e
Now, for y# e
1 1
— dA(w) = A(N,(y, €))
J Np(@3yier W] tanh (p(y(3), 2)—e) " *
= A(N,
=ianh e (N, (y, €))

Hence
a(t)=const. a(x, y;t +2¢).

This proves that a(t)f iff a(x, y; t)1. Noting that J'Np@;ny(y),s) (1/)w]) dA(w) -
A(N,(y, €)) as p(x, y(y))~ < uniformly in ze N, (x, ¢), we see that when a(t)7oo:

— a(t) ae 2 a ( 1 2)
—————=<¢"*A(N, =e*|— A)Y ). 2.4
ELTO a(x, y, t+2.€)< AN, (0, )y =e 412 mr(4) (2.4)
Now, when a(t)1, necessarily a(t+¢)~a(t) as t> for all >0, (0=a'(t)=<
mr(A), so (2.3) and (2.4) now yield (2.1) and (2.2). 0

Next, we prove slightly more than the inequality (5) for the sets AL,

LemMMaA 1. For every x, y € Fr and £ >0 so that N,(x, 3¢), N,(y,3¢) < % thereis a
constant M < oo so that

2
f S:(1A£)2 deSM(J S, (1,7) dmr)
Ay Ay

where
t

Se(1ar) =J 1ar+ ¢y ds.

W]
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Proof. Writing A, = N,(x, €) X[0, 27), and AL for the projection of A, in Xy

1 1
J ) S,(1,,)° dmr=ZJ J mr(AL o AL N erPAL) dudy
. 0 u

¥

=2 J (e, z) dA(z),
N, (y,e)

where

27 1 1
b(1,2)= 3 j I J Lga,* (2, 01,4, ¢°(z, 0) dudvdf
B,yell' Jo 0 Ju

t 27 t
=J- y I lozign(tanh ue®) ¥ Il¢;ryN(tanhve‘°)dvd6du,

0 Bell, Jo vel(B) Ju

where I', ={B eTl': |p(B(x), z) ~u|<e}, N=N,(x, £) and

t 27 t
I‘(B)={yeI‘:J J J' 1o;ign(tanh u €)1 -1 v (tanh v e®) dvd0du>0}

0 0 u
Denote by A, the angle (set) subtended by ®,'yN at 0. Clearly
T(B)={yel: p(0,®."'y(x))=p(0, P;'B(x))— &, A, N Ag # T}
Now one can calculate that for y € H, p(0, y) > ¢, the angle subtended by N,(y, )
at 0 is
_, (1=|y/>) tanh e}

6€[0,27): ||0—a <si
{oct0,2m): f0-arg yf <sin (LI 80

where y=|y|e”™®, O=<argy <27 and [|6~¢| =min {|§ —¢|, (27 ~|0—¢|)}. This
shows that if p(0, ®.'B(x))=<p(0, ®;'y(x))+¢ and Ag N A, #J then:
larg &' B(x) —arg @' y(x)|| < M e 2 *2'P)
where M is constant. Set
T(B)={yel: p(0,®;'B(x)=p(0,P;'y(x))+e and
llarg @' B(x) —arg ;' y(x)|| < M e 2° 28}

Since I'(B) = I',( B), we have that
¥4, z)SI T X J " J’ 15t~ (tanh v €) dv dé.

0 Bel', yel'(B) Jo u

Fix u,Bel', and yeI',(B). Then:
2 t

J J loz'yn,(xe)(tanh v e®) dv do
] u

2w tanhz
0, drdo
=J J In, @3 yx.e)(re”) >
0 t 1-r

anhu

1—|w]?
IN @7 y(x0.0) (W) dA(W)
N,(0,1)\N,(0,u) [wl

=(1-tanh’(p(0, @ 'y(x)) — ) A} (N, (P y(x), £) © N, (0, 1)\ N, (0, u))
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where dA,(w)=(1/|w|) dA(w). Hence, for u and B T, fixed:

2w t
J J 1o ~n(tanh ve®) dvdo

yel(B) JO u

= Z( ) (1—tanh?® (p(0, ®;'y(x)) = £) A (N, (P y(x), £))
el
p(o,d;/: 'y(ﬁs.ﬂ

=M Y e—2p(0,¢z“v(X))’

yeli(B)
p(0,@; y(x))=t+e

since A;(N, (0, £)) <oo and A,;(N,(x, €)) > A(N,(0, €)) as |x| > 1. In order to pro-
ceed, we need further information about I';(8). Suppose that u, Ve H satisfy
p(0,u)=<p(0, V) and |arg u—arg V|= K e % Let u'=(Ju|/|V]) V. Then, since
0, u', V lie on a single geodesic:

p(0, V)=p(0,u") +p(u', V).
Also, since Ju|=|u'|, p(0, u) = p(0, u'), and, by the triangle inequality:

p(u', V)=p(u, V)—p(u, u').
Thus:

p(0, V)=p(0, u) +p(u, V) —p(u, u')

To estimate p(u, u'), we integrate ds along the circular arc centred at 0 and joining
u to u', and obtain

1 |u] 2000 _ K
uu)s Ke "W =<—
p(u, u’) e >

Hence, p(0, V)= p(0, u) +p(u, V)—(K/2). If, instead of p(0, u) =< p(0, V), we only _
suppose that p(0, u) < p(0, V) +¢, then we obtain
p(0, V)=p(0, u)+p(u, V) —max {K/2, 2¢}.
Now set I',(8)=87'T(B). If yeT,(B), then ByeT,(B) and so
p(0,27'B(x))=p(0, ®;'By(x)) +¢

larg @' B(x) —arg ®;'By(x)|| < M e 28,

Thus, from the above,
p(0, ;' By(x)) = p(0, B7'B(x)) +p(®;'B(x), ;' By(x)) —max {M/2,2¢}
=p(y, B(x)) +p(x, y(x))—max {M/2,2¢} —¢,

(since p(y, z) < ¢e), which shows that

Z e—2p(0,¢;‘7(x))s M e 2p(nB) Z e 2Py
vel(B) yel(B)
p(0,® y(x))=t+e p(0,07'By(x))=t+e

Now, yeT,(B), p(0, ®.'By(x)) = t+¢ implies that
p(x, v(x))=p(0, ®;'By(x)) —p(y, B(x)) +max {M/2,2¢} +¢
=t+max {M/2,2¢} +2e.
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Thus:

5 e 2P0z V) < ppn o2 g (x x 1t +max {M/2, 2} +2¢)
yel'(B)
P07 y(x)=1+e
and therefore:
t
¥(t,z)<M"ar(x, x; t +max {M/2,2¢}+2¢) I Y e ORI gy

0 Bel',
To finish, we note that:

t

Y e 0P dy<gear(y, x; t +2¢); (2.5)
0 Bel',

ar(u, V:t) = 07220V (0! V4 p(u, u') +p(V, VY); (2.6)

— ap(x, x, t+ M)
lim ——————

e xy) — 27)

obtaining:
J S5,(1a,)? dmr=I ¥(t, z) dA(z)
A, Ny(y:e)
= M",al‘(y9 X, t)z
2
5M"”<J‘ S.(15) dmr) s
A,

by proposition 1. O

Proposition 1 shows that a hyperbolic surface with recurrent geodesics is necessarily
of divergence type. The fact that a divergence type surface has some recurrent
geodesics will follow from lemma | and the next lemma (which is a continuous
time version of the Borel-Cantelli lemma of Renyi mentioned in the introduction).

LeEMMA 2. Suppose that (X, B, ) is a finite measure space and that for t >0, A,e B
so that 14 (x) is a jointly measurable function of (x, t). If [; u(A,) dt=o and

lim Jl J’“(AumAV) dudV/(J”p,(As) ds) =K <o,
t>00 JO 0 0
p.({xeX: jwlA,(x) dt=oo})zl/K.

Proof. Set b(t) = [, u(A,) ds,®,=(1/b(1)) Jo 14 ds,and Ax={x€ X: [ 14 (x) ds=
co}. Since b(t)—> o0 we have that ®,(x) >, 0 for every x € A,. Also, there exists
t, > o0 so that

then

J & du=K, — K.
X

n—>oo
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Rational ergodicity 175

This means that the sequence {®, } is uniformly integrable on X (and hence on
A%). Therefore

J ¢, dp —> 0
AS n—>oo

o

(because ®, — 0 on AS). But, fx ®,du =1 for every ¢, so

j &, duy —> 1.
Aco n—-»>oo

By the Cauchy-Schwartz inequality:

J @, du<Vu(ANK,
A
and so
(ALK =lim p(AL)K, =1 U

Thus, we obtain that if AL < X where T is divergence type, then

mr({weXr: J 1A1; M (P;‘((l)) dt=00}) >0,
0

(i.e. there are some recurrent geodesics), and hence, by [8]:
the geodesic flow is conservative and ergodic.

This completes the proof of the advertised part of theorem 1.

Since we now know that the geodesic flow on a divergence type surface is
conservative and ergodic, the inequality (5) tells us that it is rationally ergodic. The
next proposition completes the proof of theorem 2 by identifying the asymptotic
type of the flow.

ProrosITION 2. Let T be of divergence type. Then there exists ar(t) such that

S.(f)
ar(t) - J'xrfdmr

for every fe L'(my), where S,(f) = L')f- ot ds. Moreover, for every x,ye H:
ar(x,y:t)~ar(t)/47°  ast->co.

Proof. Clearly, any such constants a(t) must be defined uniquely up to asymptotic
equality. Thus, to prove the proposition, it suffices to show that for any x, y€ H,

S.(f)
ar(x, y; t)
Choose x, y € H. Evidently ap(x, y; t) = ar(x, ¥(y); t) for y eI, t > 0. Thus, without
losing generality, we may assume that p(x, y) < p(x, y(y)) for every yeI', y#e.
From this, we deduce that there is a fundamental domain % for I" with x, y e %°.
Hence, for £>0 small enough, proposition 1 and lemma 1 apply to

> I fdm/ax? forfe L'(mp).
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A= N,(x, €)X[0,27) and A; = N,(y; £) X[0, 27). To begin, fix ¢ > 0 small enough
and set

a()(=a*(1)= J _S,(1,) dmr/ mp(8)%.

A

Then, clearly:
J (8:(152)/ a(2)) dmy= mp (A7)
ag

and, by lemma 1:

t>1

sup I ) (8:(1a2)/ a(1))? dmyp <co.

We show that S,(f)/a(t) -""’Ixr fdmy. To do this, suppose #, > co. There exists a
subsequence (also denoted by #.) and ® e L*(Af) so that

S, (1a2)/ a(t) > ® weakly in L*(A%).

Clearly [s: ® dmy=mp(A°). There exists a further subsequence (still denoted by
t,) satisfying:

I ((S.,/a(t,))—®)(S,/a(t,)) —P) dmp | <1/27,
Az

for 1 =m=n—1. In this situation:

-;7 "gl (8,(1x2)/a(t,)) > P a.e.onA;.

Now the set on which this convergence takes place is clearly ¢r-invariant, as is the
limit function .

By ergodicity of ¢r, the convergence set (containing A;) must be almost all of
Xr, and the limit function & must be constant. But _[A (Ii'dmr—ml-(A‘)2
®=mr(A;) and

1 N
N ; (S, (157)/a(t,)) > mp(A%)  ae.
and, by Hopf’s ratio theorem:

% g (S, (NH/a(t)) — fdm;  ae. forall fe L'

This proves that S,(f)/a(t) -~ J fdmy  forall fe L'
X

The above is true for a(t)=a°(t) for £>0 small enough. Thus, fixing g, small
enough, we have that a®(¢) ~ a®(¢) as t > o for every 0 < £ < g,. But, by proposition
1, we have that

—_— “(t €
fm—2 ) _eegnr i —2 O

—45 2
4
>0 ap(x, y; t) o ar(x, y3t) /
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Thus for & >0 small enough:
ar(x, y;t
ae(t)’“’__—r( 4L

a2 ast->0o0 O
o

If mr(Xr) < oo then, by the Birkhoff ergodic theorem, ar(¢) ~ t/ my-(Xr) and so, by

proposition 2, we recover the well known result that
47t 2mt

mr(Xr) A(Hy)

In this case (mp(Xr) <o) we can do better. Hedlund [5], proved that the geodesic

flow is mixing, i.e.

a(x,y; t)~ as t - 00.

mr(An ¢r'B) 'T: mr(A)ymp(B)/ mr(Xr).
In particular:

t+c
J mp(As N @r®A}) ds Ty 2emp(A)ymp(AT) me(Xy).

-

for ¢, >0.
On the other hand, a calculation along the lines of proposition 1 shows that
t+c
ao(t) e A(N)u(x,y,c~2¢,t)< j mr(A; N orAY) ds
t—c

< e*a,(Nu(x, y, c +2¢, 1) A(N)?,

where u(x, 3, ¢, 1) =Y yerpxyion-ti=c € 2707 and ao(t), a,(t) >, 1, from which
we obtain that

4
u(xa »G t) > T for ¢>0.

1~ A(Hy)

From this one can obtain that
e #{yel:p(x,y(y)=1} — @/ A(Hp);

(see Patterson [11] where this, and refinements thereof, are obtained by different
methods).
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