SINGULARITIES TN SPACES

p. Sullivan

Introduction

In this note we hope to outline a few results and intuitions gbout singularit-
jes smong various classes of spaces.

We will work in the context of topologicel spaces with some extra geometrical
structure. We may start with a piecewise linear structure, an analytic structure,
or some stretification of the space into equisingular manifolds.

We will be concerned with varicus geometrical and algebraic problems
associsted to the singularities. For example we consider the singulerities of

"geometric cycles and their possible stratified structure. One theorem gives a
canonical form for the singularities after resolving. These are join-like singular-
jties based on an & -priori sequence of almost - complex manifolds,

Another theorem gives an implicit description of the singularities in a
generic embedded cycle.

Finally, thers is a geometric obstruction theory for reducing the dimension

of singularities in a given situation - the most powerful application being to
homology manifolds,

These last two topics are very elementary and mostly interesting because of
their geometric appeal. The discussion of canonical forms is at the same time
geometrical and algebralc. One is led simultaneously to a geometric approach to
goneralised homelogy theory and to certain difficult questions about the algebraic

sig-nificé:nce of certain singularities,

Resolving Singularities . Canonical forms

First consider the genmeral problem of resolving singularities. We assume that

our space with singularities V 1is a geometric cycle, that is flor some trimgulat;-

jon V 4= the union of its top-dimensional simplices erd that these can be oriented
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80 that their sum 1s & cycle,

By = blowing p of V we mean an onto atratifiqble map of geometric yeles
w _{ v
such that

1) ¢ (singularity W) c singulardty v
i1) r induces an isomorphism

f-l (v ~ singularity V) - v singularity v ,

The investigations below s temmed from our curiosity about thase innatelz

singulay homology classes discoversd by Thom. What do they look 1ike gecmetrical 1y?

The firast "innately slngulap" example occurs in dimension seven, for example

the torsion Product
TR H7 (X(z/3 x 2/3, 1)) (Thom)

The theory below implies that this tlass containg a 8eometric cyele .V whose
singularity Zv is a two-dimensional equisingulay submanifold of v, In fact, a
neighbourhood of EV in Vv is isomorphic to

Zv x cope &p° s

E.Pz the complex Projective plane,

resolved, However, any seven dimensional geometric cycle can be blown up so that

the result has only this untwisted EPz - singularity,




198

The product structures and g-priori description of the links of strata for
‘these singularities allow these cycles to be treated as simply as manifolds in
some geometric contexts. *

Now we look at these join-like singularities, Con_sider any seguence of

distinct closed manifolds

Recall that the points of EI are the points of all possible r - simplices

whose vertices lie (respectively) in the disjoint union &, VI, V... Ul .
2 r+1

Suppose that one of the manifolds in the sequence {say the last) is a positive

dimensional spherse.

Then EI ja singular at those boundary points of the simplex not in the open

face opposite the vertex in I .
r+l ,
¥s can stratify EI according to the natural strstification scheme of &

closed quadrant in Euclidean space of r-dimensions.
The stratificetion is achieved by removing the closure of that open face from
each simplex and identifying the result with the quadrant.
There are certain points to be maede ebout this type of stratification -
i) each point p in [E; has s neighbourhood isomorphic to
(euclidean space) x (cone EJ)
with J C (11, rees ir). J is the set of indices for which the natural barycentric
coordinates of p (excluding ir-:-l) vanish,
ii) the natural (cone EJ) bundle giving the neighbourhood of the stratum of
p has a given product structure. This bundle and its product structe extend to
the closure of the stratum - giving a neighbourhood of the closure.
iii) along & stratum in the adherence of larger strata the various product

structures are related by the embeddings
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.

these consideration also apply to the inclusion of P and its
stratum into any larger stratum,

Actually,

has join-like singularities with respect to the sequence {mi} .

Now we can state the resolution thecrems, PFirst the more precise geometric
version,

Theorem A Let {Ei} be an irredundant sequence of almost-complex

manifolds Benarating the complex cobordism ring, Suppose our Space with sinsularit-
ies V has an almost complex structure on its non-singular points, Then there i3
blow up

the sequence {Ei}.

We note in rassing that the representation of Theorem B is unique up to a

Lobordism with Join-like singularites,

Thus if V € ¥ represents x & H%(H) the

¥ associated to X. Some of these classes are determined by dual co homology
tons,

For example we can assume for p a prime L epPL » and the
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closure of the stratum of V with a normal Ccone gpP" l)_ singularity represents
5,8 x e H,_ppe (M5 2/2) -
etch of Proof

Consider the cycles end cycles with bouhdary having join-like singularities
based on the sequence fﬂii .

Prom this geomstric material we can build a generalized homology theory by
forming groups out of the cobordism classes of maps V- X, X an arbitrary space.

One can show thet gll the axioms of Steenrod are satisfied,

The excision and exactness axioms are naturally proved by inductive tr.ansvers-
ality srgumenta.

The dimension axiom is more delicate. It follows by deriving an exact sequenc\‘e-\
relating this theory to that with one manifold left out of the seguence. We can then
peel off the singularities one by one and get back o the vacuous sequence, cobordism
theory, and the besutiful complex Thom cobordism ring.

Thus we have integrsl homelogy theory represented by quasi-complex manifolds
with join-like singulerities based on '{mi}.

This znd general position proves theorem B,

The first theorem is proved by looking at a nice neighbourhoed N of the
singularity of V . The inclusion OIN: < N 1is homologous to zerc so may be repl-
aced by & join-like homology in N. This homology is glued to the exterior of N to
obtain W, There is a natural collespsing map W — V which may be shifted slightly

to obtain the precise properties required of & blow-up.

Beometric Homology Theories

The join-like singularities construction may be considered from another point
of view,

Any such construction for any sequence of manifolds leads to a homology theory
satisfying all the Steenrod axioms but that of dimensaion.

For exammpla, consider any irredundant sequence of almost complex manifolds
generating the idesl of menifolds having zero Todd gemus., In this case we obtain a

theory (V‘, V‘) which is & version of connective complex K-theory,




201

v°(x) ~ complex K(X)
V'(x) = foi, n>dinX ,

Similar remarks apply to oriented manifolds,

the signaturse, and Teal K-theory
fignoring the prime 2},

{Ei} is a regular sequence.

Theorem C  Suppose {mi} satisfies

B,y 13 not a zero divisor of Q/(lll,...,ﬂk).

Then for the point the homology theory based on

{Ei} Join-like singularities has
the value

P eas i

n/(zl, E,,...) .

(Q the camplex cobordiam ring.)

We can generalize all this and contemplate constructing hordes of homology

theories from the geometric material of cycles and homologies wi

th specified
singularities,
Infict there is a functor

category of generalized

singularity —_—— homology

- The description can be

for example "the cycles have the ioc&l homelogy broperties of

folds for some coefficlents", The pPoint is that the apecification be essentially
tric in character,

This geometric approach to generalized homology theory is certainly distinct
“the homotopy theoretical one begun in the basic paper of G,W. Whitehead,

¢ considerations on the yele level seem more Precise than constructions
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with spectrs - the objects of stable homotopy theory. However one is led to a
Pandora's box of unknown and difficult questions relating the local and semi-~local
geometry of a space and its global algebraic properties. )

For example cne might try to analyse the Zeeman spectral sequence showing how

~
Poincare duality is affected by the singularities. One might then be able to solve

the problem of which singularities do not disturb the homology invariance of the

signature of a cycle (K-theory is the limit of all geometric theories based on these

singulerities ).

‘Another example is the functor w itself - what are the global properties of a

singularity schema as manifested in the corresponding homology theoryl

The Generic Cycle in a Homology class

We can try to find an embedded cycle in a homology class of high dimension, We
wannot dictate the singularities as in Theorem B because the algebraic obstructions to
& non-singular cycle are not understood at sll - there is only the homotopy theoretic-
al criterion of Thom in terms of a pair of finite Grassmannians, However, there is

a kind of generic represeniation theorem. The result and method is completely naive

but they lead to a certain pictorial intuition for singularities - even the idea of

a stratified space.

Suppose X € HV(M) corresponds to a handls in some handlebody decomposition of

=\

the manifold M ,

down,

Mo

If D represents the v-disc core of the handle, we try to conatruct a cycle
representing x by dragging (homologically) 8D down through M to a point, The

inductive obatruction to proceeding past a lower {(m ~A) - handle tums out to be
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the transverasal interssction of (2D)* (the inductively constructeq edge of the

deformation) with the boundary of the transverase disc to the handle,

Any homology in D';t

of this intersection glves the core of a deformation of

(op)’ allowing it to alip past the handle. If we use a cone on the intersection

{which creates the singularities) we obtain Theorem B' below.

leel m-A.¢

If we define a generalized handle to be

"attach cone V x @isc to Q along an embedding of V x disc in aQn

then we have

Dhearem B' Any homology class of ¥

contains an embeddad geometric eycle

constructed inductively from a disec by attaching generalized handles.

The singularities in Such & representation are almost general singularities.
B2y assume that the singularities have codimension at least three and that each

erse cone to a stratum has boundary irreducible geometric cycle of the

priate dimension, The theorem gives an inductively explicit description of

singularities "Look like ™.
“From a more algebraic point of view the "dragging down" process allows a

¢ interpretation of the differentials, indeterminacy, filtration, etc. in
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the bordism apectral seguence

H (x, 9) = 0x.

It might be interesting to compare this cycle with that obtained by forming
closure of the union of the descending trajectories through the critical point

corvesponding to D for s nice Morse function giving the handle decomposition used:

above,

The Loeal Obsiruction and Homology Mesnifolds

There is a geometric procedure for reducing the dimension of the singularities’
in a space V. The process is obstructed in general snd the value group of the

obstruction depends on the context.
Suppose V 1is triangulated and Z.‘v the singularity locus has dimension s.

For each s-simplex of EV we have its link, a well-defined (v-s-1)-manifold. The
link determines an element in the appropriste cobordism group. The sum of the

singular simplices with these link coefficienta is a cycle and defines an obstructbm
vv € HS(F‘V 3 Q) .

Theorem D The singularity elass in H.Q is zero, where Ev cQgv, it

and only if there is a blow-up of V (in the context)

WE:V

so that £ ig an isomorphism outside Q eand the singularity of W has dimension

smaller that 3.

So, given this W we cen lookat its (s-1) dimensional singularity

obstruction and so on. 4
Example 1)} (General singularities - oriented case) I
If V is a geometric cycle, the natural obstructions lie in -

| 3

H (V; nr) r+s+1=4aimV

where Qr is the oriented cobordism group. ;

If ¥V 1is a complex variety, the first obstruction vanishes because the

chain vanishes identically, The links are quasi-complex manifolds of odd dimension $

snd therefore cobordant to zero.
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Example ii) (Homology manifolda)

Let R be a subring of Q with unit and

suppose V has the local homology
properties of a manifold (coef‘ficienta in R), ’

the Then we can consider blow-upa
1 ¥ 3 v
d :‘

where W is also a "homology manifold" and f‘"l(p) is'R-acyclic" for each point of

V.

1 The local obstructions Ilie in

HS(V, vr) Tr+8+1=4din Vv

where 7; r is the group of H-cobordism classes of r-dimensional homology spheres

(namely r-manifolds having the R~homology groups of Sr). H-cobordiam means oriented

cobordism where the cobordism is R-homologically like & x unit interval,

a) In the case R is the ring of integers, we have ordinary homology

manifeolds. Then the coefficient groups are all zero (by surgery arguments) except

whan r dis three. The £roup '!93 is unknown except for a Tambus surjection

153 5 22, 1

If V happens to be a topological manifold the dual cochomology claag
(r, 1) & #'(v, z/2)

. is the obatruction to a combinatorial triangulation discus

sed by Kirby and
~8ebenmann , 2

b)  In case R = Q we have rational homology manifolds. The obstruction

Ups In this case are not even finitely generatsd in all dimensions of the form

=1. This is seen by using the determinant invariant in Q'/(Q*)‘?

akorn singularitiegs,

and the

!ervaire—Hilnor-Rocblin invariant 1is one

-elghth of the signature of W
*d wod 2, where JW is the homology aph

ére in question and W 1is assumed to

cally the classes 22 ang Bockstein (r‘w) were studied in 1967 by the
in work on the Hauptvermutung. Infact’® the desire to understand the
) Bockstein obatruction led to the discussion of this section,
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Sketch of Proof of Theorem D

- To see that the singularity chain is a cycle we look at the link of each
(s~1) - simplex. The non-singular part of this link provides just the cobordism

needed to deduce that the coefficient of the boundsry for this simplex is zero. 1

The resolution W -£; V 1is constructed by replacing the normal cone to various
s-simplices by s cobordism of its link to zero. {This assumes the chain is zero.
If it is only homologous to zero there is some initisl preparstory replacement along
various (s + 1)-simplices,) The rest of W is constructed by coning. f. is

conatructed by s natural collapse.

1 This cycle argument has natural extensions down through the singularities., It seams
that there is a host of a-priori obstructions with complicated coefficients some-
how related to the higher order obstructions encountered in this process.




