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In this thesis we consider the problem ol deforming

& homoctopy equivalence

M. : : Y

between compact PL-manifolds- ¥ and L into a

phism., If M is simply commecied and dim ¥ 26, an

obstruction theory is developed Tor such a defornation from
1, L

two points of view - onc geomeiric, the other homotopy

theor

4]

Tical.
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"The obstructions lie in

wnere :
P, == o i odd

Z.. iz 2(mod i)
)

Z 1= C(mod

P. arises in the geometric point of view as a cobordisi

3 : s - e o gn : :
theory and in the second point of view as the homolopy groups
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Intredueti

-~ Consider

£: (L,

& homotony equivalence

BL) ——> (i, bii)

-

betveen two PL n-manifolds. I§ £ homofopic (as a man of
pairs) to a PL-homeomorphism?

Suppose M -Eﬁx and L=L'xI wvhere L' znd M' are closed
and f is a homotopy between two PL- homeomorphisms ¢ and cl,

Ci:L'xi 31t xd i=0,1 .
Can /Lx(u,*) be Qefo%meu to a pseaqo 150»0; between
o and Cl?
he purpose ol this thesis is tordevelop a framevwork
for answering such questions,

The sfarting‘poiﬁt is. the opservation trat these
probleris are equivalent to a certain Yeobordism® problem.
Ye illustrate this for the probiem of deforming a homot e}y
eguivalence |

th————3 M, b=
into ; PL-homeomoruvhism . '

Let ¥ Dbe the PL-rormal disgk bundle of HC int D
(D__“n+r ¥ large) and form v'=f v, Let b(f) be a bundle
map v! _m£_29V'covﬁr1rb e

Suppose we can build an_ (nei)-disk D! contzining v!
in Ivs interior and extend D) to & homotonv guivalience



(01 101) e (9,50)

vhich carries D'-v! ivic 0-v . Then if dinw =6 and TH (1) =0

by

" L

The basic idea here is o choose & houmotony H belween

™

and a Pl-homeomorphism C. Then change H/D'x(0,1) so

that H is t-rezular to M<Cint D and ¥-1(11) is an n-cobordism

between HL(H) /1D'x0 =L  and H™N /D x1 =C™H() . Then
we can straighten out (J) the h-cobordism to obtain the
desired homotony

DYxT - ,,!_/"‘D

L

in order tocarry outl thesc operatvions we nced to work

o]

with manifolds with non-emnpty boundary.

th]

is 1s ess
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ntially the uniqueness theorem in the
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vider~fovidov Theory,
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Hote that b{f) defines a homotony

lefines a oobordism between bv and

It is easy to see then thal The problem of cconsiructing

DY and ¥ is eguivalent to the vroblem ol constructing a-
cobordism Q' between bv' and the-Somegﬁﬁﬁ—l)— sphrere St

Lomotopy equivalence

FY:(Qf,pv',81) ——3 (Q,bv,8) .

(Q',F') 1is called a cobordism consirvedion for (Qibvift).

. .
f e .

This indicates how the problem of deforming T inio a
Pi~nozecmorphlism is reduced to the problem of making a

certain cobordism construction.

Thus in section 1 of Fart I we comnsider. the general

problem of making cobordism constructions,
- _,—-—"’F'M_dm‘ﬁ )
M1 M
e
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for some triple (W,d3%). e
looks like the complement of
some (M,bH) in (D,DD).

Under -These conditions we

i

treat the case vhere (V)

the normel disk bundie of

where

(See Theorem 1.12)

Geometrically, Py, 1s the set of

of fremed k-manifolds (¥,bH) din - (D,1D

where bl (Pk becoues a

along the boundary.).
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framed cobordism clasgses

T
(D=D"" n large)

group by forming connected sums
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ililustrate hoyw P

case wneh WelMxl

our case P has high codinmension

the core sphere and fxi 1s t-regulaxr
Iremed submanifold of

and

- ir
to 8%,
Txl. In

can e constructed

so that P-int DK is. a contractible su manifold‘of Lv :Thps_
r detbrz;pes an elenent in‘PK. his element is the precise
obstruction to_chﬁnging flbyla hoﬂ‘;otopyﬂt so that H,

is a PL-homeomQrphisﬁ on & neighborhobd Qf Hil(Si).

(Lemna 1.5)
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/(nuhd of

cobordisms using “t on IxT and th

Thig indicates how a coc“w*n

deiined Do
construction over the (+1)-]
to T
possible extensions of
(Theco

main pu

rem 1.18)
rpose of section

prove the followin

-

'Ts-"l(z:)——“

o & PL-homeonorphism 1if71

this property we can ail

D

o,
[V

5
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to form the desired

Then I extends to a homotony equivalence of

identity on the

with values in P, may

ssibility extending a given partial-

theory. arises from this

there are (curd fktl)

over the (k+l)-handle

2 of Part I is to

et £:(L,bL) —-=(i,bi) be a homotopy eguivalence.

.

Then 1" iz howmotoplce

obstruciions in



lii(J--; l)

~ I3

vanish, i< dim M.

This. theoren is proved vy relating cobordism constru thQS_.
To the Ynormal invariants™ of Browder and Novikov (l},.
This relati ionship (esuen*i“llv described abpvej'ﬁas
other applications to problems waere.”nofmal invariaﬁtsﬁ
. enter. |

It follows_immediately from the existénce,of‘the
cbhsiruction the eory. aﬂd Theoren 1.14% of section 1 that

L

1 _1s horoconic Lo & Pl—ho;eodu+o*ﬁsm if

1) EYTE(,7

. 5= 0 bir2 < n

4
hL( ,Z) is free

iii) f is a corresvondence of rational Pontryagin
classes. f*pi(ﬁ)::pi(L)).

.

Tote that this theorem applies when £ is a homeororphism

because of Novikov'ls res (2u)

There are other theorens where more 1s known. about. T

The discussion o J

£ the psevdo-isotopy problem is also

reserved for Part 11,

“he exislence of the above obsiru n theory sugzests

PR
ni
L R AL 3 s - - o [ . S, JPR. E2 T
chat tne provlem of defcrming o homoltopy esulvalence ITiL-—>1

-

into a FPi-homeomorphisy shouls be Yelassified! by a mar



Cf o H into some uni versal space X. Ve should have
“ﬂi(x}::fl and Ci,ﬁznt man iffi T is MONOLODIC to 2
~hor ‘e0nor ?sn;
Tﬁis suggestion is correct, a‘& Pert II is devoted to
developing this point of_view; _ -

A Plhegtructure on I is a pair (g,g) consisting of =&

PL n-manifold L and a homotopy equivaelence g:(L,bL) 2 (¥,bil).

Jﬂ

ture (Lg,go) 2nd (Lq,51) are concordant if there

T n -

exisis a h~ccooru15m W betueen Lo and Ll and a houotouy

equivalence G:W—>ixl which extends Eo U §q, and preserves

nF-,-"

BT
F v N

M0
EIRE 2 £ s ERT - . 1., . % 2 A4
JLev /77 denote the catezory whose objects sre
PL n-manifolds (3,bM)  such that
n=5aé
Nl(m: 775 (b)) =0, DBH# O
ng b

X2

wnose mornhism are

-

JOVS, T I 1T Samd BT ey e S 77 LT -
enoefdln CS i‘alC, ity i‘.g SuC: That «i( 12 lul) 0.
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condition BME Q.

denote the caterory optained by drownning the

In chapter 1 we show thot the corressondence

defines a contravariasnt functor

-3
8‘

Iom catezsory O

=y

preserving tunctions. The ey techinical lemma
provided by Browder (Z). This enables cne

PL-giruciure

-‘_L

on I, by & coacordance so that it "induvces® a Pl~siructure

(e8]

hus we can define. an induced map

e would mow like to "elassiiy" elements in FPL{¥) by

deflining sone qatu al transiormati on

~vhere X is our universal space. Lhis is hard to do on the



9’:

level oi representatives so we have Lo employ an intermediate

functor 3, .

B, is defined on i~ the category of countable , comnected,

K

locally finite, simplicial complexes and PM_'aps.
To each K in & we;asszgn the set of eguivalence

classes of diagranms

eguivalent if there is a diagram over Exi which restrictls.

To the GUHPOGr ¢ diagran on ExhI. Su uch a diagram is

The induced 1 unqle consiruction makes Bk into a
\/- . T N -
L functor on {- .

In chanter 2 we define a natural transformation

PL i3s3

of functiors on A . {(C is sctually defined Tor any ¥.)

/n

Let a in PL(M) be rep3asented by (L,bL) - 2 (M, bH) .
approximate ,
Let g!' be & homotopy inverse for g andAg’ by an ewbedding.
g T i > 4T T M- _*1: 4
(34, bl) ——3 (L,bL)x int D7, k large .
Choose i and-.2 closed tubuliar neighborhood

- 1.
% I int D
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(Lemma 3). - Then chocse r:D-—= D™ sgo that

S t P RS iy
B s 1xF ot e pF i D

defines an FP-trivialization of E(Lemsa &), The pair

P

(E, rp,Jj) is.called a classifyinz bundle for the Pl-struciure

(L,2} and the correspondence. . SRR

“PT,’ , 7 1 T -
PL ".{ 4 - lal‘be

If ¥ is embedded in bW and z2={(L,g) is a PL-structure
on B we say that a tends to 2 Pi-structure on W if there

ER

is embedded in ©% and G/L=g.

5
ii) (Q,G)/L"d Tines a Pl-siructure on M'=Ddl-int ¥
)

lost extensiocn problems for PL-giructures redbce to

‘one of ihis type. (e.g. the cobordism construciicn probvlen

Tvo extensions of a =zre said to be eduivslent (rel M)

i the nroduect concordances of a extends 1o a COECO“O-ZCQ

: 10 i BaRha—- T, R S—



ecuivalence classes is denoted by PL{U,Hsa).
Tyo F/Pl)lnnv dles on 3 widen vesiriet to the sanm
Lo . ; ‘

if the_product ecuivalience o to an eduivialence.

clos es is denoted by

fud
)
=y
9]
o

betyveen them. The set of ecuiva]

'B?(wgﬁ;v).
Note that there are natural projections

PL(} f,Hsa) —2o 7500 and B, (}a‘,I{;v} B B, (W) .

Theoren 9:  Let (W,1) be as above. Let a = (IL,8)
be a Pl-structure on ¥ with k-~dimensional classifying
pundle v=(&,p,t), % large., Then there exists a one-to-one

correspcondence

o
L

is defined above.

of contravarisnt functors on 57? . (not 727 )

Theorerz 9 is stated in a relative form so ihat the

is closed let o= i-int DU.(IF DH$#0, let M= M)

I-'\

i



Then M C i defines a map
T _

4 .
= L, |
777 -

In chapter 4

we construct (using Brown's theory(k)) a

space ©/PL which classifies slable equivalience classes ol
F/PL)k-baﬁdles over {inite simplicial complexes. Let
( ,F/7L denote the funcior "sﬁc“ assigns to finite X th

set of free homotopy classcs of maps X — F/PL . Then
Theoren § imnlies that there is g netural ecguivalence

of contraveriznt Tuniors ol yfﬂ (LPGOPEM 257,
-
In fact, 11 follows Irom resulls in caapter & thet

1=

cne-to-cne

rragaondenes with

-
COr

L

F/PL)

(W V. (ccne ¥,

deforming The homotony eguivalence

TO & Pt-no,eo:o““ﬂ=31 in classitied PV & nan
Fal .
A VP L - .
I > F/FL .  (Theorem 26)




131

The problen of deforiinz & homoiovy

KL e Mz

between tuo PhL-homecmornihisms Lo a pseudo~igotooy is

classgified bv. & man

PL e3> (L, F/PL)

38 natural to develone axn obhsiruction theory Tor delforming

=%

(L,bL) ——--«-—+—-‘7‘ (.u, D”)

b

e
L]

to & Fu-homegmoronism PYover the s»e?ebons QLLJ‘(Je.ixiiion 2

Cne skeletal version of this ovstruction cheory is

2

FPa

e+
et

ey

decribed in chapter 6. (Compare secction I,

y,

The obstruciions iie in
-.-j. TE AT
) H (1‘10 ’Ti (.L‘/P.’J) ) )

and are just the obstruclions to deforming C_, to the point

Hd Fy

map, We prove in chapter & that . s (F/PL)=1

Fow there is a map

7/PL 3 By

vhich is essentially the [ibre of Byo; —=Bs



L) T
ST

(Theorem 1) It.follows from the cconstruction of Cf that

the composition

M L o F/PL

iy

e

. o . . . i - . o G . - :
assia the norusa mdle of (i, bl L, Jx
classities the nors % bundle o logbi )~ (L ,DL Jx

where 1, is an embedding so that
i 1 (f/LO) p:;_

- g -
i . ri e e . "-,-3
i > LO}; ) : VO

Cis nomobopic to the identity (as a map of pairs), Thus
by making tangential hypothesis -on I we can prove,

triviality thecrems for the obstructions. See the corollaries

Using facte about (K,F/PL} we can give an upver osound

or the number of PL-homeomorphism classes of manifolds within
a given btangential equivalence class. For exemple for

crP this unper bound is 4., In The examvples in chanter 6
-y - Y

in the Corollaries

in Theorem 27 of chapter 6. This Theorem relaites th

Iny

oromorniiisns determined by the obsiructions to 2 seguence .

of Bundle Problems,.

A Bundle Probnlem 1s the proulem of shouwing that a

Plestruciure on & k-G1sk bundlie B over M "comes Trom® a




The Bundle Problem per se is discussed in chenter 5 ,

The sitvaticn is very nice when o is in 4fﬂ or vhen I

v s L
in in ﬂ?n, ¥z 3, and n is odd. (Taeoveg 23, Corollaries
1 and 2). The cose M in 7/, k =.3, and n even is discussed

"f‘ﬂ

T

‘in Theorem 24, Here it is shown that {W,G) in PL(B) “cones
from“ FL(E) ifT1 the "index' or “HKervaire Invariant' of a
certain f/LL)P—uLnﬁle vanishes. A "forsula! for the

rveire Invariant” of an F/PL);-bundle is also described.

The formule for the "Rervaire Inva jant! of an

o

F/FL), ~bundle over M arises from o homom p‘msu

=5
Y
&
\
v
=1
i
é
Y
+l
o]

which is defired 5eometrlcallf (¢1e0ﬁeﬂﬂ 14,17.)
This homomorphism 1s used-to study homotopy nroperties

- o] i T e ~ ES LTy e
neoren 1o vhich asgserts vhat

* . = IR B R g — b - S T gy b T -
is an isomorohiom if n=s, As a corollary we show for

for example that the k-inveriants of F/PL (resduced mod 2)

E] . N R - i . -+ ~
are zero . 1Ihnis fact enables us ‘vo ccmpute the

HCO¢010705 zlgebra of F/PiL.(3ee Corollaries to Theorem 20.)

there is an analcozous Snootih Theoly




167

"These two theories and that of Hirszsch (8) are related

PLJO —= T/0 —> T/PL .

-

This smooth theory is omitted for reasons of space.
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Let :f:.L~—1}¥ he a honotody egulvalence of  PL

.o

n - manifolds. Let (W; ¥, M) be a cobordism
¥ and another PL n - manifold MY 3
]
M W M
A .
Pt .
R
, t
Lo Q |
Vie wish To consider the problem of constructing

(23 L, LYY such that  extends to

Fr (Q; L, LY) w—s (W3 X, I»II").,_

~

a homotopy equivalence of tTriples..

I certain hypotheses are satisfied by the

3

belween

a cobordisn

pai

H

(W, ¥) , we will show that an obstruction theory: for

e

this problem exisits. The obstructions lie in

k41
H (W,M 5 B,

o
i
o
iy

odd

™
e
2%

= 2 (mod &)

NN
amd
1

= 0 (mod L) .



Section I

“E e

- First we define Py geometrically. Let f, bM™)

‘be an oriented smooth parallelizable  k-manifold

P

w o . il T N C e - Ty
embedded in (DL~ &, pbD~7 ") ‘with boundary in the

‘boundary and interior in the interior. Suppose -that

1) r is greater then X

2) Wi is PL - homeomorpvhic to the siandard

PL - (k-1) sphere
3) the mormal bundie of M. has a given

product structure F .

The pair (,F) will be cailed a framed almosi-closed
' : A k+ T
{(f.a.c.) Xk - menifold in D™7 7,

Definition 1.1 = Two framed almost - closed

10

w-manifolds (g, F ) and  (¥y, Fy) are fremed cobox

)
if there is a framed (k+ l)-manifold (¥W,G) in D&

sueh that

1) (0,0 M EFTF x 1) = (4,

2) WN(FTT x I)  is'a h-cobordism between

-




11

Tnis defines an equivalcnce relation on the set of

framed almost-closed k-manifolds.

Definition 1.2 Let Py denote the set of framed

-

cobordilsm classes of -frauned alnost-closed k-manifolds

in DT, rrk,
m - . . N 4 Y4 -r—1 . . k+1‘
Two f.a.c. k-manifolds {M7,F4) in D4 and
. + e e o ‘
(i,Fy)  in D2k T may be added by identifying a
framed (k-1)-cell in Dy To a framed ~ (k-1)-cell

. + . ‘5{
bi,. Thus Djkrr is attached To Dz'*r along

(gar=1) - ce$1s in their boundaries. ITf orientations are
4 ~ m-l-I‘

respected, an oriented f.a.c. k-manifold in ‘5 w.Dl D2k+r

results. This operatbn, cailed Yconnected sum along the

boundary,” induces an Abelian group structure on P
¥ k

1 the cperation "connected sum along

&
¢k

Lemma 1.1 ke

the boundary,"

Pk is isomorphic to O 1if k is cdd



12

Lemma 1.2 Py 'is‘genergﬁed by

i / . : o .
ra) (DK/? X Sg 2 - int Dk) with a certain
framing = if k=2,6,071k .
‘b) the Kervaire manifold ‘obtained by "plumbing

together' tvwo copies of the tangent disk

| £2.6,0r 14 .
¢) a certain (k/2 - l)—coaﬁecied manifold
with_index ay, and;any fréming
if k= 0(mod &)
(a4=-16,'a%fﬁ & for:r greater than 1.)
4) any k-disk and any framing

if Ik is odd,

1? - i3
Lemma 1.3 I (M“,F represents the Zero element

in Pk’

-

then there i1s a framed cobordism (W,8) between
k i Tk Y A - - a4 ) . l
(D ,bl) and (M,F) where W is the trace of surgeries.

on M of dimension £ k/2 4 k#3,h (« ?*1,k=3,4}.

These leumas are proved in ( 11)  except for k=3

and k=4, For these cases see the appendix to Section I.



Now we w111 alscuss Lrwnsve rse regulerity in the
'PL-CaLegOAY. ihe theory in this case is analogous to
the smooth theory if the pbrtlnenu submanifolds have

?L Anormal microbundles (3%).

Definition 1.3 et i M—=3}' be a map of PL

manifolds. Let W' be a submanifold of M' with a

normal microbundle. Then £ is %-regular’ on M

~

if Nf="“1(N‘) is a submanifol

[eh

of "M with a normal
microbundle, and so thal £ resiricted to a neighborhood
of N 1s a bundle map of normal microbundles,

-

Theorem 1.4 (HMazur , Williesmson) Let f©: M—>I?

cdﬁpact Pl-menifolds. Suppose K'. .ds a
closed submanifold 6f MY with a normal microbundle.,
Then f can be apgroximate& in the ¢° topology by a
napping g* teregular on N'. Furthermore E==gJ(E‘)
and HN' have PL normal bundles, and g resiricied to
a suitable neighborhood of N is a map of PL nommal

bundles.

Proof: The approximaticn part is proved by Williamson

in (3). By Mazur: %the normal microbundlé of ! contains

“n

a unigue PL bundle ' ., Then Z=g*B!' is a PL

ot

normal bundle for H. The lasi stalement follows from

1

the U-regularity of g and the construction of g*B',



There is a relative version of Theoren 1.4 (to the

Ca )

effect that  need not be changed on closed subsets
where it is already t-regular) and a form for éubmanifolds.
with boundary. |

Now we‘relaﬁe't-regularity and’ the coeliicient

groups P, . The lesmma will be used to define the

obstructions in the cobordism problen.

Lemma 1.5 Let f3 (M,bd) —s-(M', bH') Dbe a map of

oriented PL n-manifolds with degree 1 . Suppose that
M and M' are (x-1) connected, that 2k+l<n, and

k= 1. Then f determines a homomorphism

Ty (1) —> Py

Cf:

with the following iwo properties.

1) If £ 4is homotopic to g (as & map of

pairs), then c.= ¢
‘ : o k k Sk f e intnt I
2) Let S1y ¢ « « 5 S, Dbe disjoint k-spheres
. o " k aFy s
in M' representing elements (Sl), .+ oy (8) in
'ﬁ'k(H’) . Then f is homobopic to g - such that g
- }: = ] ' 5 '-"1 iy .
is t-regular T each Si and so that each g '(Sg) is .

1

Xy .
(Sr) - Oe

PlL-homecomorphic to sk irfis cf(Sﬁ)f=..e = ¢
Proof:  cu is defined as follows:
let- x© be in,'Wk;(M‘). Embed S¥ in ¥' <o represent

; ' jie . I A | S
x ., Make § f-regular to S and censider I {S?)—lnt B



T

‘We can assume -that this is a framed submanifold

of M which is contractible in M « Ve may assume 3ls0

by = general. ‘position. that 1it] is.

n-cell of M . Thus

y in Py . Let

e (x)= 7 .

y 1is the precise obstruction to changing
. _ R
homotopy so that £ (87)

contained in an

T oA 1{ ha] »
£ 1 (8™) determines an element

f by a

becones a__PL k-sphere ,

In the appendixz to section T we will give a-

detailed proof that c;

‘is arwell defined homomorphism

1o W (M) to Py and satisfies 1) and 2).

Now ve describe the cobordism vproblem more precisely

and develope the accompanying obsiruction t©

Definition 1.

PL-panifold pair. A (smooth) admissable

¥

heory.

Let (P,bH™Y) be a (smooth)

cobordism of

(3.bM) is a (smooth) PL (n+l)-manifold

satisfying , ' “

1) n=zh
2') ' wlcm)l: (W) =0
3)  bWw=MuUM
BN = AN = DM
4y there is an integer s <
H, (i1,) —2> ;3 (D)

is an isuvmorphism T

so that znzi(w,zf;):o for 2i+l = s .

pair (W,oW)

n S0 that

and

1



- - ) : '
Let j:jgé_sl X D?wn - (int ') x 1 be a (gmooth)

“ 4
- E =R du A e \r »‘k—. - n_'li_. L i
enbedding, Let A= ] (E%Lbi =Dy 7). A { smooth)

(1c+ 1) ~clenentary cobordism of (M,bM) dis a (smooth)

admissable cobordism of (¥,bH) where W is (diffeomorphic)
2

~

PL-homecmorphic to

oM x I (J}(LJ DT x D

t

gn'admissable cobordisﬁ of (M,bM) by W will be
denoted by ,(W;M,Ivi‘) . | |

Hote that admissable cobordisms, (Wy; EO,Mi) and
(Vo3 Hy,Mp), _mayrbe'"composeé” to obtain a third

admissable cobordism, cwl+w2; MO,MZ)' by.setting

WpHip = W U Wy

" The following decomposition lemma discusses smooth

samissable cobordisms and implies inparticular that they

are closed under composition.

"\(T‘IJ]_'? War by M.OMY)
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Lemma 1.6 TLet (W; M,M!') be a smooth admissable
cobordism of (M,bM) o Let r be such that I (W,M)=0

for i>»r . Then prone“"les 1) , 2) , and 3) - of

- Definition 1.5 imply there exist smooth keelementary

cobordismé
(1]{54}& 15 l;-,) k23‘327°°" r
with M= ﬁo and M'= HI so ithatb

(W5 3,H0) = (Wit oo ot W Moot)

The deccomposition satisfies

a) the inclusion i3 M-—**Wif,.,+wk
induces an 1somorphlsr between Hi(E) and
Ho(WotreoodW, ) for 1>k
. -~ L ) , 7

the inclusiorn dp: M _~>W .. .tW

b) [ 1{ % 1 -+ lk
induces an isomorphism between H;(3) and
E;(WpteoetW ) for i< n-k ,

e¢) property &) dimplies H, is (k-1)

connected when r is minimal,

"Proof: wr_ite b= MU B x T U N by choosing
& collar neighborhood of bl in M!' and setting

i_J

M¥ = MU (WM x (0,1)). Define f£: TW —=R by

f(x)=( % X in M
Ty x=(my) in DM x I

(\ iy . X in MY .



Extend f %o a nice Horse function’ g . (i.e. g has
finitely many critical points in int ‘W ard g of
(criticéi point of index 1 ) equals 1 ) with critical
points of index =< r . and set _

= gl (e, R K=1,ee., T
Such a g exists by (21) . . '

Now the wg ray be moGified siightly in a neigaborhood
of Wi x I {(using & local product structure) to

obtain the desired decocnposition
(I’J; - i,};' ) = (1‘"}1‘%—3 © o'}“iu“rr; T’i,l“it) @

Now a) and b) follow from the lact that Uptr...+l
haé the homotopy type of ¥ with (1 thru k)-cells
attached or M with (nil-k <hru n)- cells atlached.
To prove ¢) note that the inclusion
i V. oW e W
is a hoﬁotopy equivalence of The respective X-sieletons.
Howevér, 2) and L) imply that W is (k-1)- connected

‘for each .k 'such thatu +l <« 8 o Thus Wite . otl  is
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(k—l)-—connecteﬁ if (2k+1) < s .. Therefo

H

&, by the prool
of" b) M is (1) ;conpected if '(2?+1) é s and J
7_fk'< n-k . If we take 1 such that 2r+l < s then
-?;k $jr implies Sieil < 5 and k< n-k . This complete$

the proof of c¢) and the lemma.

Lenma 1.6 shows thét an admissable cobordism of
essep%ially %he tratce of surgeries on the irterior of
¥ which kill the lqw_dimensional'homologj of M.

The Lemma could have been stated in a much sharper
‘form. The pairs
| (Hpt oot M) K= 1,...,r
filter the pair (W,M). This filtration of (W,H) gives
us a ¢hain com?lex whose hdxology is He(W,¥) . Furthermore
this chain cozmplex has an explicit geomeiric description
in terms of the hendlebodies W .. = = EEDE

Conversely, if we are given any chain complex vhose

]

it) as a

homology is H.(W,}), we can write  (W; M,i

sequence of elemeniary cobordisms vhose geonetric (or
filtered) compléx is chain isomorphic to the ziven complex.
wefwill use some of this information in the oBsiruction
theory to follow. The facts used willl be discussed in
the appendix to Section I. | |
Note that the filtration of (W,1) by the pairs

(wi+...*%%ﬂﬁ) is, homotopically speaking, just a skeletal

decomposition of the C.W. pair (W,}) .



Definition 1.5 Let £:(L,bL)—>(Ii,bld} be a homotopy-

iy

equivalence of PL manifold pairs., Let (W; ¥,1') be

an admissable copordism of (i1,bM) . A cobordism construction

for the triple (W,M; f£: L—>M) is an admissable cobordism

(Q; L,L") of (L,bL) and a homotopy eguivalence of pairs
‘7 3 X bl &

such that

F/L induces T3 (L,bL) —> (,bH)

J
&
jor

F/L' induces £': (L'9bL‘)f4”(M‘,pE‘) 5

where £ 1s a homoltopy equivalence of pairs.

To be brief we whall write (Q.F is a construction Tor

Definition 1.6  Suppose that (W; M,M') is a smooth

admissable cobordism of (M,bl) « Let (Wk; M”’Hk-l)"

K=1y eoe 5 r 4, deline a skeletal decomposition of

Wi HT) y dee.  (W3M,M') = (W o ol Moo ) .

Let f: (L,bL)——(3¥,bM) be a homotopy equivalence,

A cobordism construction for (W.M; ) over the

k-skeleton of (W.M) is a cobordisnm construction For

.

(.w-l—{_ e s+1“fk,:t"j-; f) S
Let (Qg,¥, ) De such a construction. We say that

(G;,F)  extends to a consiruction over the (kt+l)-skeleton

(Whep1,My s g)

iy~
An




If (R,G) is a construction for (wk’Mk—l3 g)
chen by setting Qk+1;z Btﬁ%ﬁgk and Fk+1'*:Fk kjg‘ G
wve get a constrﬁction for (W,H; 1) over the {(k+1)-skeleton
of (W,H) which naturally extends (Qk,Fk) . |

‘Hote that ihe partial‘conatructions of Definition 1.6
are defined w1th respect Lo a specific skeletal decomposition
of (J’ M,M!') . We fix now a Qecomnou1t¢on with minimel T
and discuss the stepwise extension of & construction for
(W,H; £) over the skeletons. of (w,M) . |

Let (Q1.F.q) be a corsiruction for (W,M; 1)
over the (k-1)-skeletom of (W,}) . Let Lk_iz' bQy_q = int L
| hen according to Definition 1.5 kal induces |

ot w T — G A ‘ . T it N - 3 Y
2 (In g 90T 7)) b'(“k—l’bhk~1) & homotopy equivalence
of PL manifold pairs. By Lemwa 1.6 ¢) ¥_ ., is

-2)~connected since the Ifixed decomposition has minimal r.

Thus Lemma 1.5 applies to g
Definition 1.7 (The obsiruction cochain) Let
¢, = ¢ (Qk 78 S 1) in .Hom (Hy (W My 1 ) Pk«l)' be

defined by tne composition
. T 3 - s b - Iy h . ) CQ‘
Hk(ﬁkahkml)-ﬂ“”-%knl(”k—l) T (M 3) —5-Py g

where c¢_ is defined by Lemwa 1.5 , and h is the

Hurewicz Isomorphism s
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Theorem 1.7  Let (Qk~17Fy—l) be a cobordism-
(W,M; £:L—>M) over the (k~1)~ skeleton

constructin for

of (W,H) . Then (Qk—l’kal) extends to a construction

over the keskeleton of (W,H) iffi .
i 1
(G 3oF 1) =0

- O . :
Proof: Let ,t_,,k“l::: le{_l-—L and set g = Fk-l/LK-l o

We want to show that there is a construciion for

Gt 13 gy o ¥ ﬂl) iffi ¢ (Qk ¥ 1) = 0

Now 'K(kal?kal) is zero iffi c¢_= O » In fact 4

g

in the composition
c

b § h £
By (st g ) o Ty g (e ) = Wy g Ol ) Py

: = = 7
Cy, '

D and h are isomorghisms .

Suppose Iirst that c, = 0. - Write
: e g
. ) k n+l-k
T o= W 1
W= nlﬂ_l}c..l U, ( \J /Dy x Dy R
LY o | n+l-k,

vhere A= j(Y4 77T x D) in o dnt(Gh_y x 1) .
L — ( Kx) ﬁ]'-{"’l -0 ) k] e_n . . t

et Ty 4 aljj ; XD where p. 1s a poin

in D?+;wk . By Lemma 1.5 ¢ = O dimplies there exists
Hi (I _q,bL 1) x I —> (My_1,bi ;)
so that H/(Lk_l,bLk_l) x0 = g and

so that g =H/(L,_ 50y ) x1 iis



t-regular to N g. with g7 (m_ ) = R,

PL-homeomorphic to Hk«l e'FZSihce Rkul is a disjoint

undon of (k-1)=-soh weres, E/R 1 : Ry q > Nkml is

nomotopic to a Pl-homeomorphism. Thus by using

the 7
PL-covering homotopy théorem (19) and the homotopy
extenSiOﬁ,theorem we can assuce that g/ﬁ _1 is-a
PL-homeomorphism. .

liow Ry_1 has a product neighborhood

T : )
p:( U sf™ ) x 0" s Gt 1) = 1
=1 - Tl nek-1,
so that Eep = j. Let B = p((LJ S5 ) x D ) and
form R= L, xI U g ((, LJ D Yy xRy Define.
Gt (R, bR) —> (¥,_, bif, ) by G-# H x I U, 1 where
. T k ntlel ¥ k ok i
i ( %%L Di) x D -f—w%»jg%L(Dl % D, )
is the obvious equivalence .
Beer 2 Mg * D
O\ 72N
J’p V Y v v
g M X I
kalﬁ_z
\ L ek .
;R G I%{

We claim that (R,G) is a cobordism construction
£ N e o T = TR e Lt = .
for (Jk’“kml’ g) . Let I,= DR Lk—l « Then G induces
H
gi: (L ,bL ) *w~>-(h 3blnl,) .
We need to show that G and g!' are homotopy equivalences

of wpairs .



Wé proceed in - steps:
1) g‘/bLk is a " h.e. by constiruction.
2) 1t follows from a standard lemma in
-homotopy theory that
G: R-—¥
. k

L "

is & h.e. (Sec Lemma H in the e ppepdjx to section I.)

3)  G: (&,DPR) —- (M_,bW, ) has degree one.

This follows from the commutative diagram 3) .

W) 63 H (WLl ) —H (B4 ) 1is an
isomorphism » This follows from diagramn 2), diagram )
and the {ive lemma,

5) Gyr (W i) ——= Ha(R,L) is an
isomorphism. This follows from 3),4) and-diagram 5§

62 gt H*(”k} T H$(Mk) is an
isomorphism. . This follows from 5) and the 5-lemma by an
argument like that of ).

7} Therefore g' is a h.e. whén Lk and Mk

are sinply connected by the Wniltehead Theorem.

8) (G/bR)s: H,(bR) —a E (b1, ) is an
1somor3hi This follows from 6) and diagram 8).

9) Therefore G/bR is a h.e. vhen DR  is

simply connected,

1Y

This takes care of all cases excepl possibly when

=1 or k=2 ., For these cases see the Appendix to

sectlon I.
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Thus ck(Q 17 P l)'" O implies that there is a

construction for (WM ;3 2) .

3) - e - . | = . .
Hp g (RyDR) = H, 4 (R, PRU Iy ] X I);;INl (R 10150 b(’% xD))
!Gn+l ' : . l i,
L4 . .
]i,ﬂ‘]‘l(hka ‘f}k)m?'}lﬂ"’l(hks DL‘I},UIJ.!, 1XI):}—"CI‘In+1(qq XD?b(Nk—l}ﬂ)))
%) . .
i U Y o -1 1 T
% * - ~ : 4
R 5
e—HI(R) - gi(R,L, ) < ETh(L, ) e
' S sl k-1
2) .
H (U My q) - . HY(R Lo 1
Hy (W )2) el H*(R,}I@{)
8) i ) - ) o
—> H; (L) @ Hy(Ly_ ;) —>H, (bR} —s 1, (L) —
\&; S b eromys l= I=
e H, () @ Hy (o) > Hy (01)) — N

Now suppose that (R,G) 1s a comstruction for
(Wi ¥y 13 8) - We want to show that ¢, is the zero,
homomoryhism . Represent x in Tfy 1 (M ) by

k-1
_ - - 1{""1 - . AL SR
- an embedded S . Suppose that



G restiricted to a collal neighborhood of bR Vis
equal to (G/bR) = I , where we assume that

G/oR is t-regular to Siﬁl . ‘Then fthe class
determined by gﬂl (Sk"l) = (G/bR)“l(Sk“l) in

Pp_q 1is the -same as the class determined Dby

¢ l(s¥t x 1/2) .

‘This means that

m k-"lcl\!ik“l) \ |

P
i}{c i k"’l

v / -

) ¢
. + G
fﬁ‘kml(uk) |

‘is  commutative . But Wy ()= 0O .
Therefore,

ck(anl7 Fl'{-l) = cg' = 0 .

I ————



Recall that the filtering pairs My oo tH N)
K= Ly0ees? _give us a chain coﬁple: wkose homOIOﬂy
is fﬁgﬁ(w,N)ﬂﬁ .The kﬁb.chain group is ﬂ1(w-%oo,,wk,wi‘,...uk“ )
and the}boundary map iji’ck~l is the boundary map of
the triple

(wir,,,+wkﬁul+,,e o qoWyree Wy 2)

Using excision we identify Hy AWM, ;) and Cp o Thus

Ck(kal’FV—l) determines a cochain in the cochain complex

Theorem 1,8 i)'ck (kal’Qkul) is a cocycle., Letb
1, b 3 el i "’k aF

(cy) be the cohomology class of ¢ in H (W,¥; Py 4)
ii) (Ck) determines the zero

homomorphism in Hom(H%(w,M)gPK_l) iffi Cy vanishes

on the image ol the cemposition
—> Hkml(N) oy l(vl,,,.ﬂfl, 1) -r-_~1a.1, 1(111 )-.e Ug 1(111{ RE

Proof: 1) We want to show hat'ck vanishes on the
image of
S s Hp (Mg ,H) — H},(T. ol 1)

3! > H
(W) > Gy (W,M)

k+1
But this follows from corsutative diagram i) since by
T e - Ay - . R -
Lemma 1.6 ) 1 7 is an isomorphism,
To prove 1i) mnote that (cy) determines the zero

vanishes

homomorphism in . Hom(H(W,M); Py _5) iffi ¢



n
o

onn thé kernel of

a H i—}: (‘i I.Ll{ 1) JORT hl\ l 1, J}{_.

2
C (W) .Ck_,lcw,m ‘

Thus ii)follows from commutative dimgzram ii) since

1) image j = kernel k and
2) i, s an isomorphism by Lemma 1.6 a) .
. cy
1) T T
: «&.

I‘lk(lfl,,lq, 1)WH 1(“}& l)—-a—-p:r 1(1‘11 1 >—

Nzrcxc ' m“

H, (lJl_}‘eo»‘i* Jk?‘”“l ewe"‘”’ l) """"“'":}""}ilr l(. "i“‘t:cn'i“‘r! 1)

.;i-wl_

N
Hk_:_l(l';"irl'%‘oco"f“zli‘i‘lﬁnl"i"eue iu k—) 0
‘{{ (Sp. 4
HK 1 (L-Jk+ 10 M)
ii)
B o (o et o)
g i cXC
=y
E}:-.‘L("’“Tf“ o U 45V eo it o) . H, 1 ()
AL ¢ .
a n b b \ ﬁ/ | \10
- i-i'),.( ‘]f-ﬂeoJI‘tr l‘%‘oao’i‘dh l) --—-~>—J.“Ll l(T.I +ewe"i“’!1 1) =

7 J\ A

A - N
o~ | exc %@i o (Ul'“ oot .T 2)

iMoot g) = e O 0 e 1 05 )
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the )
Now we want to show that cohomology class determined
by c'(Qk 1,ﬁh 1) depends precisely on the construction
;’\.

over the (k-2) skeleton of  (W,H) .

We need two preliminary definitions and lempas,

Definition 1.8 Write W, as

- Tk n+l-X
. H N
I_ﬂlxg y (jg Dl‘xDi )..
— 3 . :
Then the D%.f-_: Dlj‘f U (ng_i X I) 1% lyeeesT with
‘orientations generate Hk(‘v.fkgifik 1)e  Let Di,  denote
W Uy W, » Define the cw"'olzng homomorphism

Y-l
ds H (W My ) — H (DW)

on generators by

. =K =
d(D) = (4D o D

'
p\f

)

;_I

where (x) denotes the homology class of a chain x and
g

i, and i, are the two inclusions of W dn Dwk v
Lemma 1,9 The following diagram is commutative.

e

\‘_3‘112‘ h'2

Hk(l"rk_) _
T i, (OW,) : \

Proof: Let x be a cycle representing (x) in
e e J “ . 7

Hk(i‘:}l{) .« We may choose X so that
X = a, Dite..+ B D% ¥
= - t o ae rr

vhere y is a chain on My 5 .
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o 7 . : =k =K
Then dj(x) = a(a, (5 ... ar(Dr) )

| o | =k =k, =k L =k
and (11-'13,) (K) 7‘_"7 ai (15 D|‘L it llDl) " o0 ar(llDr"’ 12‘Di )o

Therefore aj(x) = (i,-i,0x) . C.E.D.

Let (Qk—l’Fk—l) be a comst?udtion for (W,M; 1)
over the (k-l) skeleton of (W,¥). Suppose that (R G)
and (R',G') are wocmmmmduwsfm=(%ﬂ% 1 @

g=F__ 1/Lk_l,_ ka 1~1ﬂb L) def n1n5 extensions of
(“k—l’ﬁy 1) over the k-skeleton of (W,M) . Then by
using Van Kampen's ineorem, the Mayer Vietoris sequence y

and the Hurewicz Theorem we see that

' oy g e .
R UI’k-lR and W, uhk 1wk DWK

a1

are (k-l)-connected and hat

G U_G's (RU R‘{b(RU © R))~=(DW, ,bDW,_)
| - K
g - Dby L1 .

has degree one. Thus Lemma 1.5 -applies to G ugGi .

Let ¢p gt denote the homomorphisa glven_to us by Lemma 1.5,

cay G : -Wk(mfk) o Py
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Definition 1.9 (The differeice cochain). .

ir (R,G) and (R',G') define extensions of
.(Qk-l’Fk—l) over the k-skeleton of (H,ﬁ) , let
a(G,G*) denote the composition

. o A oy CoUG ! -
1 LM - I, (DY, )= 1)~ Py
1, (Wt o) > H, (D, )~ ﬁﬁmk), > Py

a(G,G') is called “the difference cochain associated

Lo the Two extensions (RqG)' and (R'.G') .

Lerma 1,10 If {R,G),(R',G') and (R",G") define

three extensions of (Qk 195, 1) over the k-skeleton
wa Ty, =

of (W,4) , then

a(e,e") = a(G,e ) +ale',e" .

Proof: Let W, and D? be as in Definition 1.8 .
Let g ::Fk-l/Lkml . By Theorem 1.7 , Cé: 0 . Therefore
we may change g by a homotopy so that it has the nice
form of £ in the proof of Theorem 1.7 . We may

suppose by the homotopy extension theorem that G, G',

and G" extend this nev g e

£

How we may_approximate G by & map which is t-regular
g :r'nli "‘1; V L3 A .; X Y "-1 -'-l{ .
to (D3, bDy ) '1n (Uk’hk—l) . Then G (Di) is a
framed submanifold of R whose boundary 1s PL-homeomoTrphic
K .
to § , and which is contractible in” R , Let
G(ﬁi) genote the element in 'Pk determined Dy

""l _-’._,: T S - - - o s o 3 el
G (Di)‘ ‘Make similar definitions for G' and GV
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) 1 1 ""i + 1‘; : :B}{ - . -
Now (CIJg G') (1suilJ iy By ) 1$ equal to

b . Thus iv is clear that

i

a (G,G=?'<ﬁ§) c(55) & @ (-BF)

i

=k Fit =K '
G(Di)—'h (Di) ©

The 1e & Iol¢ows immediately .

Theorem 1.11 Let (R,&) and (R',G') define

extensions of (Qg_4,F, 4) over the k-skeleton of

(W, H) Denote the extensions by (QK’EK) and (Qi ,Fi) .
Then
Ck%l(QkEEk) = Ck+1(k‘ F” )-* % d(C Gt) .
Conversely, suppose that (R,G) defines an extension
(gk,rk)- of (Ok l?FL l) and that u in

Hom(Hk(WR,Mkwl); Pk) is - given . ‘Then there exists

(r?

N

') so that
u o= 4 (G,6') .

we may change (Qh,ﬁk) on the k-skeleton of

so .that ok%iigkﬁﬁk) varies by an arbitrary

cobou qaury .



Proof: For the first part we consider the diagran
a?;ﬂ‘“‘“.m"ww e T e T, o
/,.—-' . et

(w el ,“l..,w,) —H (&1.,11 )w"ﬁk(f ..,U )

lb o iy Tz

) ) ComCrt o
lII:(TiIJfa [ 1;.’1"}__ 9 le o'[\ )-‘“k.-*“""'"‘ H (‘{"LT ) “‘n‘-““—-—-’"""“" Tyk(lh ) . —-—-——-‘""""“\:!"'"F—G-N = k

N, a Y . v
H, (M _g) = E (D)~ (DU )
where g= G/Iy = Q- int L.  and

ol vt /T - o 3 T T
= C /1_71:—— Q};{ ..Lnt L o

Commutativity around region I dis just Lemma 1.9 .
Commutativity arouwnd region LI is easily verified on
represedtaiives . Commutativity around région ITT is
juét the naturality property of cq deménstrated in
the proof of Theorem 1.7 o

Therefore the diagram is coamutaczve and this proves

the first part of Theorem 1.1 .

For the second part suppose that (R,G) dis given

and that g = G/L L1 has the form of g in Theorem 1.7
Let (RO , GO)_ deniote the construction given in the

o

sroof of Theorem 1.Y with H=g x I .



If x:(xl,e..,xr) denotes &

sequencé of elements in
L
Pk’ let ‘(GX,RX)

denote the construction of

Theorem 1.9 with H= g x I and 1 replaced by i_  where
-l ﬁk . )
. . represents X,
iz O x pl) ; i

and i, 1is & h.e. of pairs. (For a proof that 1
exists see Lemma F in the appendix .) Then by the

formula derived in the proof of Lemma 1.10 .

4Gy y G ) (D) = G (D) ~ G (D))

"-“—‘I.Xie

Ir (R,G) and u in Eom(HKCWk,Mkﬂl)? Pk) are
given, let x = (G(0)) - wd®),..., c(®L) - (G5 )

and set (R',G') = (By,G )

« Then
T ae,6) (D = (A€6,6,) + a(Gy,6,) YD)
= 6D - @ED -« u® )
= u (5D .
So a(Gc,Gt) U .

-This completes the proof
of Theorem 1.11



We sunmarize the a

thecren .

Theorem 1.12 Let

admissable cobordism of
decomposition

(W3 M,M

where 2r+l <= n .
homotopy eguivalence of

exists an ODSuTHCthﬁ v

=1 SLeowlse cobordism constiructi

bove results in

Let

@sgmmmewm_

the Tollowing

a

(W3l,14') be a smooth

(ii,bi) with the skeletal

V)= (i MM

toeotll
I.?

£ (L,bL) —=QL,bH)  Dbe a

¢

PL-manifold palws, Then there

heory for the problem of making

1 for (W,}; £) over

the skeletons of (W,M) . The obstructions ey 4) lie in
1{%"‘1,!., e
H \H,L, Pk)
where
— 4 3
Py = </ 0 kK odd
Z, = 2(modk)
Z  k=0(modd)
Corollary Let (W,M; £} be as above and suppose
that
Ll :
1D BN 2) = 0
Lk ,
2)  BEY Mg oz =0 .
Then there exists a cobordism construction for (W,M; f£)
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From the statement of Theorem 1.12 it appears
that the obstruction theory depends on the parﬁiculaf
skeletal decomposition of (W,%) . This is not the
case, however . In fact ore can use Smale's theory
of-handle decompositions tc pass from one decomposition
to another and thereby relate fhe corfesponding
obstruction theories,

We will not do this because there is ano.i;her
interpretation of the obstruection th weory in terms of
an extension problem in homotopy theory (see Part TI Yo
From this point of view the independence of the theOFy
from particular skeletal decompoblbﬁo*s,f ilows from g
lemma in homotopy theory. |

One can also &8k 1f the obstructions described in
Theorem 1.12 are actually representable as obs»ructlons
to making particular cobordism constructions, There are
hany examples . (See Chapter &); .For - e e

instance the following lemms is .easy ito prove,

Lerma 1,13 Let p be an element of P Then

kﬁ
there exists a smooth admissable cobordism (W; M}

a h.e. f: (L,bL)“ﬁ%ﬁn(MﬁbM), a construction (QK,EL)

for (W,M; £) over the k-skeleton of (W,M), and an

|-

element =z of Hq (WM) . so that

i
e

1 (O F) © %



\ k : n k. D '
s - : DU ox I T
Proo Let lp 1 X Dl e 1) D n > k

be a homotopy equivalence oif FPl-manifold pairs so that

igl(Dk X %) repfesents D e Then there is a product

oo
neighhorhoocd

52 85 g p? e b x D)

so that iy j is just the natural inclusion of

$51 x 5% in bOF x DM so that, § s WF x % .
- k

Define L = D¥ x D3 U, Dy x D, by identifying
D

: ]
b(OF %) x DB with (87 x D). ILet

~;*'Dk+1 -1

Teen (U,H,1) has a construction over the k-skeleton,
nemely (Lx I, £ x 1) j, §H W) = Z and
( < ( 9 ) Jj. i\:“'i’:l.( y ) ‘5
cent S D. E.D,
Cpq * (gen) = p Q.E.D

. - - .. . T
Now we relate ithe obsiructions in H 1 b

to (L,bL) .

Let p;{(N,G) denots the 1" rational Pontryagin

be the evaluation map.

(W,¥3 P, )

x D% . Define f: L—>M by f= iUt

1 - . - ' 3 41 ‘r"’E:‘ - - -
class of the PlL-manilfold H . Let B: H (X; A)— Hom(H, (X),A)



Theoren 1,1%  Let (Qk7Fk) be a construction

for (W,M; f) over the k-skeleton of (W,M) . Let

wr

e = Corg Qo Fic) -
Then

a) if k> hr , then p.(L,Q)=0

b) if k= 4r , then pr(L,Q)m 0
iffi

(%ﬁﬂ.qo,

Proofs: - Le? (Q_1sF5.7) be a construction for
(W,M; £) over the (i-1)-skeleton of (W,4), where

i=kr ., Let
Lioy =BGy 5 - int L
g = ¥4/, -

Consider the diagram

C:

5, (#,9) 20, 5 (Peslly 5, Q) = Hy Gy 1,Q )«?*TT (1, _)e Q
A A :
o ff = Fial g Yq. 1T
X L.(Li 1)
Hi(LSQ -iL_O—zsaB (Q _T,Q)—w——w—‘H (T 13@) T l:’”Q =%
\A

: = ‘ ] 2. Y n i3 - . s -
where L_(X) denotes the r Hirzebruch polynomial’

of any Pl-manifold X .

38
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o
N

We show Iirst that the commutafivity of this diagram

implies Theorem 1.1k . |

) Suppose that hr < k and that ~ .
pl(L,Q): .,,:épr_i(L,Q)ﬁ:O. Let i=hr and choose
’(Qiul’Fihl) so that 'ci(Qi_l,EE_lsrx 0. Then.
cg:-og an& the commutativity of the'diagram inplies
L (L) = 0. Thus pu(L,Q)=0 .

b) By Theorem 1.8 b)), B(ey, )= 0 iffi

e c=0. By the diagram c e=0 ifii LT(L)_”—“- Q. By
a) py(L,0)=0 for 4i < %r=1k ., Thus p.(L,0)=0
iffi L(L) =0, | ‘

Now the commutativity around region iI is wverified
impediately on representatives. The Qommutativity around
I is established as folliows :

For each k:(L,bL)l—ﬁ>(Sn-i,p) there exists
X and k' so that

(L,bL) k

2 T~

(Qq_7,bL) K — (" p)

'('3:,\5 bL; 1) /1;'_,

“i~17 1

is commutative. (}1:3(@1;_? ,-L;.'"ﬂ"j l(Sn""l)) =0 for j> n-i.)

Suppose that k,k', and K are t-regular to in
bx PR :

-p . Then XK X(¥) is a cobordism between kwl(y)

_ , . , n-i, n-i
and ¥'"H(y). Thus if u generates H (8 Typ3 Q)

e
Q o+



and ILdx denotes the Lefschetz Dual of x, then

Li(L)(LDk*u) = index k"l(y)

— mon -1
~=  index k!

(y)

!3$
Li(Li_l)(LDk u)

B!

= L,(L; ) oK)

“Therefore I is commutative for elements in
- -\-. n B3 - = * B
Hi(L,Q) which are of the Torm Dk u  where
- n~i |
k:(L,bL) — (87 ,p) .-
It foliows from a theorem of Serre that these

cenerate 'Hi(L,Q) .

This completes the proof of Theorem 1l.1% .,

_ “g5Tm”wdmmMm_



Arvendix to Section 1

In this appendix we clarify a Few points raised in

Section 1.

-

1) Proof of Lemma's 1,2.2n4 3 for k  3.b,

" Proof: k::3:P3:= 0 by ( 27). The proof of Lemma 3
ame as that for k= 4%, Lemma 2 is clear.

s
o b Iﬂdex
k= Y%: There is a nonouorg iism %-w—w— Zie

By (1%) this is onto 16(Z).

}_,_ - .
Sunpose Index (I )= 0. Since bH'= y ﬁl = cone bM ﬂ

L. - . PP . PO i o -‘,.-}’1!' .
is a PL-manifold which is smoothable. By (25) M. is

1Y
I

i
o b . —— frr 3 re SR
cobordant to S' by Wy where nl(ﬂl)::o and Hi(hl) = 0

el

for

e

S 13 - -
ST and M) and extend the embedding of I
k.
XJ_;(

ﬁo an embedding

),
- bo7 T Eyxo,

¢-

of (W-EL,buq,Dq th,u xI) in (D' btk

btk

(o7 ,dD‘%'k)xl v Y ), Since HE(W JiL T,;.1(80))=0,

) T

‘extends over We Thus

is a morgmiorphisnm,
Using a nice MHorse function on W whose critical points
e L N n _5
are on the interior of W we can write W =W U D'xI U D7,
. i=1 4
vhere Hb is the trace of Iramed surgeries begirming on

ki | % bk

mnose spheres have dimension <= 3. low bwo-m =5L=D L)i S |

# 2., Let W= W,~(tubular neizhborhood of arc connectin
‘l [t

28



S0 we can make L connected by framed surgery to get a four
disk. Thus Lemma 3 is verified for k = 4, - The proof for

= 3 is identical.

W

-~ 2)  Proof of Temma 1.5

Proof: Let x be in T, ('). Choose an sKC int MY o

. K ' ron
represent x. 8 has a normal microbundle by (6). Make

f t-regular to Sk, assune f“l(Sé) is connected and let

T = f“lcs”)-int DX,  (£7H(8%) is non-void because f has

dezree one.) T is a con faclelg subcomplex of M, so by

genefal position we may assume Tl at is contained in the
interior of a closed n-cell D¥ of M. Choose an embedding
1

_ . s i H T ‘11;“ 2
- k 4 noo S 1x0 goes into bT and 8 “x1

lies in wD™., Let T = T ) image (Sk"lxl).

- o . : ‘ . koo
How I 1nduces & null-homotopic map T —> 5 & K', We
czn change T by a homotony fi S0 ft is t-regular to Sk,

5 L iis
F8T) =7 l(S ), and £ () = p in 8*, By the t-regularity

~ aa o n-x n oo .
£, there is an embedding ©:T x D° "= D < M extending

the inclusion T< K so that f,F = ip, wvhere i: D¥ s

T

is.a normal disk at p. Using ( 8) we can shange ¥

)

| i

(and 1

by an wblent isotony of D™M(fized on bHDW) end put a smooth

structure on T so that F becomes a smooth emueddlﬁg,

’

£

Thus we may assume that T7 is a smooth F.a.c.

subhnanitold of DB, Define

(x) = (framed c000“ lism class of T°) 4in Ek’



Now we show L e. (x) dis well-defined. Suppose
e &
1.—

: ) ' c .. - I
“fo: H—»Ml dis t-regular to 37 <« ' and fol(S ) is

connected, SuUpPpose ft is & homotopy between £ and 7

ihen we can change ft for t in (o,1) so that TexIs HxI-> MF

= 3 1 I PR I ) N am '\{- N . 7-
is t-regular to gk and so that (Itxij L (8% is connected.,
(The cormeeted part follows from the technigues described

belov. ) iﬂen if we have ade constructions to produce

s LoE -1,k - Al . o ‘
T0  and T, Trom fll(olj anq_fo'(Sk) as above these can
. et Iy T S - o : . -
e extented To (LﬁTL) 5™) to procduce a Iframed cobordisum

e Fe
1
Thus Ck(X) is unchanged if we alter £y by a homotopy.

between T

¥ow any two choices ofn'"Skc:ﬁﬁ’to represent x, the t-regular
pproximation to i, the fO“Ou0CY'F King f"l(Sk)'connebted;
D* « vf"l(Sk), the isotopy of Dn, ete. are related by
hcmotopies of f. Thus ck(x) is well-defined for each x
in @Y. : - |
That ck(x) is a homomorphism is verified by an easy
gepmetf;c argument:'withfrepreséntives.
‘Now we show thac.cy(x);: 0 if7i we can change f bv a
homotopy ft so that £y is t-regular to Sks and letsk)::sk B
The "only if follows from property 1) of Lemma 1.5
and the construétion of ¢, | _
- ¥ow suppose that ck(g 0. Then by Lemma 1,2 there

is a Iramed cebordism (uﬁu) of (T ) in,D?XI so that



1) wn D™ is a k-disk
i1) W is trace of surgeries on rmspheres, rg;kﬁl,
and
iii) Wis the product cobordism on a neighborhood

- .3
of T

We may éuppose that the neighborhood in iii) contains
T -1 so (f“;(Sk)eT)xI U W'defines a cobordism of f_;(Sk), W
in M x I, and WNHx l)lis a Pl-homeomorphic to ¥,
Define fy in (M-int D™M)x I by £ x t, on W by £(W) = p, and
on N, a product neighborhood of W by ing"l; -

Kow we want to extend ft over ) Dﬂximﬁ so that
‘fil(sk)==W'P\MK1. Using a nice Morse function on W we can
writé W as:the composition of traces ol single surgeries and
reduce the exﬁenéion problem to nis case, We may haVerto
change DM (and thus the embedding of W in ¥MxI) to make the
extension.

So let W be the trace of a framed surgery on sone
s’ cint T, r=k-l. |

;) The embedding.of's? ¢ T extends to an embedding of
pal + in Mxo so that

T+ P N
i) D intersecis T 1(bk)

transverselly along ST
ii) © f may be changed by a homotopy which is constant

= . = L e . 11{- N ol . | el .

on a neighborhood of f (s ) - so that a neighborhood of pt +1

is mapped to the normal disk at p.



Engl
N

Proofl: i}y follows from general position since M is

i

k-1 comnected. There is no obstruction to deforming T

as required by ii if r+1 < k-1 since %' is (k-1)-connected .
If r=%k-1, the obslruction to doing this may be identified
with én element of Tﬁk(ﬁ'—SK) which is ;somor§hic 1o
'TTK(M‘) under the inclusion_M’-SkC: 14 (k is small wrt n).

.

How fo: W (1) —J?T;V(M‘) is onto since T has degree one,
. L'

V1 3 J - .l‘:. H I+ E 3,1 = 1{ ;T
Thus we may alter D= D 1 by addling some S to ihe

Anterior of D* (connected sum) to make the obstruction zero.

Now let D7 be an n-cell which intersects f"l(Sk) in

a product neizghborhoed of 5 and whidh containg pr+l in its

[

interior, Then we may thoose our enbedding of W in MxI

so that W is the product cobordism with the product

framins outside D? x I,
T n‘"”k B . . EE T | ) s '.'J-ﬂ -
et N =1xD be a preduct neizhborhood of Lz'wf\(ﬁi xI)
and deiine a partial fy = g as above on the complement of

(D’If x I)-¥ where D} plays the role of DP, ILet

X = (0F x D-(Lx.int D7) ,4 = BX-int(X A ¥ x 1),
- — n"'k O | . = - g o - T ‘ . L. . P
end D= D be the normal disk at p. We -may - S

assume that g . maps & to DD.

-—




The obstructions to extending

o
A e LD

over X lie in

e
o BT, a T, D))
. Now L is just a k- 1 disk so using excision, the

exact sequence, and Mayer Vielorls we see that

At sy = gt 1@?}:1,1‘1 U BDTRI U DPx0)

= H+{( v (bpglxi v DIx0))

=L Uglatl)-aisk) .

whlch is zero if i # l,r+ 1. (D)= 0 1if i< n-k-1.
But r+1< k< n-¥-1., BSo the desired extension can

be maée.

We proceed in this way to construct the homotépy
required by Lerma 1.5.

Ve can carry_dut these stepsrindependently for a

number of S£ 's so this ccmpletes the proof.




3) Theorem 1.7 for k=1,2.
Prooi:  There is an easy direct proof that G is a
homotopy equivalence., Or one can appeal to Lemma @I of

Part I1, Chapler 2.

LY Lemma (Homotopy theory) Let

?—'!; )

: X'*—_-—“"-%“"Y

be a homotopy eguivalence of CW complexes. Let a:Sn"1ﬁ¢’X,.

Then if X.= X U_D°, ¥ =Y U_ D" and .= fuU id.
: Ta bl 1 .8 7‘ a ¥

1 1

then

_flz Kl-~} Yl

is a homotopy equivalence,

Proof: This also foliows from Lemma H Chapter 2, Part II.

5 Smale Theory: No Smale Theory other than Lemma 1.6

was needed to develope the obstruction theory. However if
ore uses explicit minimal handlebody decompositions for
(Ui,H) then attractive geometric prools of the theorems can

be given.

- w a1 . N X i's
6) Leuma Fr Let (F,vP) in (D,bD) (D =D™") represent

en element of Pp, k+2>n. Then there exists a homotopy



e(‘u_l. V C'—lence

. . . N - ] 5
wvhich is t-regular to Dx0 and such thav

s ) y L SIS " oo I\'i'l:

Proof: fLssune thereis a small disk D ;. C D so that
- ke T v o e s
PNADy T = (ano)f)D§+L:: n~-disk., Defline t_ to be the

s N+X ; e
nitity % = Wi, fo—= 1t /8., Then
identity on Dy . Let S5,=bDyTT, L=t /Sl The
Il‘f‘ L{ - . | i»] Fa T i) i -
D-Di " F=8,xI and PN (81xI) defines a framed cobordism of
g l(D{n»disk))o low we proceed as in Lemma 1.9 to construct
a homotOny H:SyxI—>54x1 ‘so that 1 is iteregular to (D"x0)A

S.xI end H 1(3%@) N 5.xI= PA5zl.. Then HUt  is the

o R

The condition on k& is needed to nmake the obsiruciion

Al

groups venish. Ve can actually construct by for highly
"4 . 5 B n . in )

connected gENerators oerr Wilel Lﬂ“’§ . Py the same

argument., By a different {and much more complicated)

argunent we can construct tp for trese gzeneraiLors when



Aonlication to the Study of Normal Invariants

Let M be a c¢losed connected PL n-manifold with PL normal
k-disk bundle v=v(®), k¥»>n. Let T(v) = v v (cone on bv)
be the Thom complex of v. Then an important invariant of M

is any homotopy element e, in ﬁTnﬁpb(T(V)) which can be
) iy

obtained by collapsing onto T(v) vwhere v CfSnﬁ'L.

¢y 1s a very strong invariant of M., In fact, if M is simply
,connected and n = 6, then ¢ determines the PL-homeonorphism
type of M. :

Ve make this last statemenl precise in Theoren 1.15 .

Definiticon 1.10 A homotopy equivalence g:l ——

preserves normal invariants 1f g is covered by a bundle map

and tnere exist normel invariants cL and Ci5 SO that

T(v(L))

ght k / _ T{b(g))

T T(v ()

is homotopy commutative, where

T(b(g) = blg) U (cone on b(g)/bv(L)) .

wgémwm_“wmmamm



iy -~

Theorern 1.15 If H is sinmply connected and n >z o, then

g:L—>1 preserves normal invariants iffi g is homotopic
t0 a PL-homeomorphism.

Proof: This is essentially the uniqueness thweorem
in the PL Browder-liovikov theory. We indicate the proofl

below,

In this sectiion we will try to construcit Pl-homeomorphisms

from homotony eguivalences, g:h

% M, Thus by Thecrem 1.15
this problem is equivalent (when M is simply connected and

n =6) to the problem of showing that g preserves normal

We first show how the latier problem is related to a
coerytain coberdisi qonstructi . oince Theoreﬁ 1.1Y% can be
stated for manifolds with boundary we conéider that case.

So let g:(L,bL) ——= (3i,bM) be a howotopy equivealence

) . i : . : . 1~
and assume that (v(M),v{(bh}) is embedded in (Dn4'k,bDn*"“),

Then ihe colliansing 127
n-++x I %i ' '
(D ", bD ) e (v (35) , T (bi) )
defdines a normal irnvariant for (M.bH). Let W= DRV E.
(open disk bundle of v(i)) and 8= sphere bundle of v().

e o % . . - N - ] '
If R =.-g 8= sphere bundle of g (v()) then we have a

homotony eguivalence

£:(R,PR) —> (5,b8),



given by the bundle map b(g) covering g.

b}

) \\
g :‘cv . .

L __,_-...w'.a-n—«m--zw}

Thus we can consider the problem of making a cobordism

construction for (W,S5;f).

. ] 1 - W s
“Theoren 1,356 Let g:(IM,pL) — (M ,bH) be a

homotopy equivalence and let () and b(g) be as above,
Consider the propcesitions
. i) g is homotopic to a Pl-homeomorphism

il) there is a cobordism construction for (W,S5;f) =

(02 * X interior. v(3) ,sphere bundle v(3);b(g)/sphere bundle g v(1))

1ii)} g preserves normal invariants.
Then 1) = 11) ==3iil), and iii) =ri) . if nz 6 and

Ty () = Ty(pk) = 0.

Proof: i) =3 1i): Suppose g is howmotopic to a
Pi~nomeomorpnism. Then by the covering homotopy theorem so

is blgl). Let

Hi (R,bR)x I ————> (5,D8)



be a homotopy between b(g) and a PL-homeomorphism c¢. Then
(Q,F) = (W v RxI, id U H)

is a cobordism. construction for (W,S;1).

ii) =2 iii): If (Q,F) is a ceanstruction for (W,5;F)
consider , ' B Ca

FUDBE): QU bWED — WU v(H).

It follows from Lemma H of Cnapter 2 Part II that

F wb(g) is a homotopy equivalence of manifolds with

boundary. Now there are natural collapsing maps so that

| | 1 |
(W v v, (W VU v(E)) ——— (Iv(1), Tv(bi))
A | Y
FVoplg) - | T(b(g))
°L

(Q Ug*v(D), p(QVg*v(i)) > (Pgiv(i),. Tgrv(bM))

. ,,N.,.; KRS - 55 . . Dn+ k 16 1hav ch

is commubtative. - W v(¥) is just so we may choose

a homotony inverse ¢ for FUb(g) which is a PlL-homeomorphism.

Then (g*v(¥)) = v(L) is a normal bundle for L, cL-s'clc

[y

is a normal invariant for L, and

- Ci o
P E) R (v, Tv(B)

¢y, T T(b(g)).
(Tv(L), Tv{bL))

~Ant k
(D=,

-

is homotopy commutative., Thus g preserves normal invarisnis .




RS
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iii) = 1) if nz 6 and T ) = T (pH) = O:
We first consider the case b £ 0, Suppose there is a

nomotopy

H: (D,bD)xI —» T(v(#),v(¥¥)) , D=D¥E

between 'cﬁ and T(b(g)) « Cy, L

Hote that H is t-~regular to
=}

O-section
(.L-’i, m) B (H\T(Il) TV(b

Ton -Dné”kxo and Dn%'kxl. Thus wé can change H slightly in
Dn4‘kx(0,l) so that H is t-regular to (M,pH) on all of
Dl’l'%‘kxz' - '
Fow we apply the technigue described by Browder an@
Hirsch in (1 ) to change H in DPT ¥x(0,1) so that
H—l(N) defines an h-cobordisik between HM!' = L () N Dn*"kxO
and L' = H"l(H) P;Dna'kxl. Here we use bl # O when nis odd.
'Let JrLixl —> K l(”} be a PL-homeomorphism winich carries
Lxi onbo HHGD A DT ¥xi, i=0,1. Let .¢f = J/Ixi, i =0,L.

Then H.e J defines a honmotopy between

(CM/M)cd and (T(b(g))/0~section)(CL/L)ci

(CM/M)CO and g(cL/L)c1 . .



B0 g 1s homoltopic to a PL-homeomorphism,

4

ot

T s closed let M, = M-int D% and L= Leint p™

pen

Change g Dby a homotony so that 8,

= g/LO induces a homotopy .
equivalence
oI by W 5
gO.ELO,bLO)fa?(uogbho)
and g/Dn is a PL-homeomorphism. (see Lemma 21)

Then il g preserves normal invariants we get a homotopy

B P iy > T(v(D)

" between cy

g and L(b(g)lep which is t-regular to

a4

1@ _O=section, = T(v(i)). Then we can remove a tubular neighorhood

* ‘I\"{"‘}i e - -r~<— o . A wr o
n ST %I of an arc in H () connecting L and M in

2L(1)  to show that g, Preserves normal invarients., Then

g is howmotopic to a PL-homeomorphism and thus g is. (Lemma 21).

-

HNow the cbstlruction theory of SectiOﬂ I may be apolied
to the construction problem for (W,835f). Ve need to satisfy

rv

the conditions of Definition 1.%.
1) First write W as the composition of admissable
cobo;.msAa WU W where Wy & SxI U (2~handles) and
ard W' are each simply cormnected. We can
hal U S R K . - N 1 b K . . n + 1’: . -
do uthis using standard surgery techniques in DV since
N .

(W)= . (" *Fn complex )= 0 and T (S) is finitely

generated., Since P)= O'we can nake a conscructi@n (Ql,Fl)

Tor (¥,s;f). Then if f'= 7 ¥ /3, ve have redu ced the problenm

to making a construction for (W',H';{') ‘where “T'(V‘ =



2) (W',8') is a smoothable admissable cobordism.
’ ‘ * ™7 L] - -"-}“ < V
a) W' is an n+k~PL submanifold of D™ h.
i)

1 . ; e 3 -V{L
hus ' can be smoothed by ( <),

D

_ ) Using excision and the exact sequence of
- . .’i‘ k w . V
the pair (OO *,ux

}  where M¥ = .v() U w1=: v U (2 handles)
we see that

. Hi+ l(wt ’SI } = Hi+ l(Dn‘*‘ii ',', '!,H;k) |

= HEQE)
= HL(M V 2 handles)
= 0 for i> n.

e o n4k “ .
Furthermore since W' = D “w(n complex), W' is (k-1)-connected,

Thus if we take k large the conditions of Definition l.hk

are satisfied. This proves

Iheorem 1,17 Let g:(L,bL)— (H,bH) be a homotopy
equivalence of connected PI manii

PL n-manifolds, n3j»l. Then the

‘cobordisn obstruction theory may be applled to the problem

of showing that g preserves normal inveriants. The obsiructions
mey be considered to lie in

Hl(l.-i*,Pi), C<i<n

=1
)

is any simply connected finite complex obtained fro
J £ ) .

¥ by attaching 2-disks.

-

Theorem 1.17 for non-simply connected manifolds
becausg there is some hope of proving an snalog of iii) == i)



Fy
3|

Q\

o connected
o7 Theorem 1.16 for cervain non~simply,nenifolds (see  30.).

|

We will apply Theoren 1@17 to construet PL-homeomorphisms
 from homotopy equivalences. Other applications may be made to
Yeonstruct normel inverianis® needed for certain embedding

' : .
and isotopy Theorems (seg 2,3 .

Corollary 1: Let g:(L,pL) —= (M,bY) be a homotopy

equivalence of PL n-manifolds and suppose that n = 6,
() = 0, and T4 (bt} = 0. Then there exists an
-obstruction theory for the problem of deforming g into a

Pi-homecmorphism. The obstructions lle in

Hl(M,Pi), O<i<n .

Coroilary 23 . Let g:(L,bL) —>(li,bl) Dbe a homotopy

equivalence , M ag above, and suppose that

-

Then g is homotopic to a PL-ho:eomorphism.

Coreollary 2 1s almost best possible if one only demands
T g be a homotopy equivalence. See Bxamples, Chapter 6

Y

Part IZI. There are countsrexzamples to Corollary 2 for most

Ral

values of It and 4 wiren i has the honolopy type of

2 . Cmlilel e
5 el W ) dez. a e S



:(L,Qq)—~v»(“,b ) be. as above and

4
1

Corgilary 3: Let

=

b

F—}« ou

lev pi(K) denote the rational ronurya'ln class of tle
PlL-manifold X, Then if |
1)
2) I—Ilﬂ(M,Z) is free

3 e ) = p (L)

#1+‘2(” Z. ) o ., Li+2 < n

then g 1s homotopic to a PL-homeomorphlsm,
- Proof:; ~ By Coroiigry 1 tThe only possible non-zero

obstruction to deforming g into a PL-homeomorphism lie in

- -

These are related oy thne is ouorphﬂsms in b) above to thos
in making : cooor 1sm COQSufUCllOﬂ Tor (u S ;) Condition 3)
implies that the raticnal Pontryagln classes of the tangen
vondle of giv(i) are zerd. Thus Theorem 1.1% applies
to show that ﬁhe.above cpbsiructions are zZero.

.

Coroilary W: If h:L-—=¥ dis a homeomorphism,

)= 0 , 4Yi+2<rn, and BV1(4,Z) is free,then

h 1s hcmotopie to a PL-homecmorphism. (dim Mz6, Trl(M)



The condition H ¥) is free in Corollary % may
be vealened somewhat. See Corollary 6 to Theorem 26 in Part IT.
It way be weakened even more if g is known to be @ PL-tangentlal
equivalence. This is siili not enough, however, to conclude
even that ¥ and L are PL-homeocmorphic, For example wien M
is complex projec%iye h-space this is not true. The crucial
point here is the fact that
CL6 et 2
B> (CP,7,) 7 O.
In general the obstructions in

H%i+2(M,Zg) are hard

to handle, and litile is known.
Triviality theorems for these obstructions . ( in

FaY

ritles of the Hurewlicz

0}

1
ﬂeometric arguments to hoped fqr prop
homiomorohism for PL/O or By, bul this is not too‘helpfﬁl
because these pr&blems are quiie hard.

Also there ié a Bockstein operatlion releting the
obstructions in the anve theory to those in an analogous
smoctn obstruction theory. This relationship would be

.
useful when 6414,1(“2WT) is a non-trivial direct summand

- . -

Some. of Lhese relationships can be readily seen from the

viewpoint of Part II.

Now we give a briel sieletal descripticn ol the

to 2

obstruction theory. Suwnpose that g is houmotonic

o - - o

I,-ho.eomorohisn over the X-streleton of i in the sense of




w using the fact that g/“k is a PL-homeomorphism we

caen moke a partial cobordism construction for (W,851)

over ﬂxa”mskejemmlon (“o |
-Byzﬂaikggﬁxaammment in Theorem 1.16 relative we can prove

that this construction can be exbended over the (k+1)

siteleton of (W S) iffi g can be changed by a homotovy in the

- 7 1,

complement of Mk so that it beccomes a PL~ 10meOmOLpﬂLS” over
the (k-+1)-skeleton of I,

In this way we show that tThe obstruction theory of
Section 1 corresyonﬂs preciéely to an obstruevion théory for
the proolem of deforming g to a PL~homeomorzhism "over the
skeletons of .M (Such an obstruction theory is derived in
a different manner in Part IL.) |

Cne can see the geometric significance of the obstructlion

by viewing the cobordism construction for (W,S;f) as 2
- - i as s wRT K o s ({3 s
orocess for building a disk, D around gv(v(m)) and

extending the bwndlc map covering g to a howmotopy egulvalence
- '

of (pRTE Dn%‘”) which carries the complement of g*(v(i))

. -

to the complement

_:\-
O

()

‘This point of v1ew nrovides the geomebtric motivatioh

4

for proving lemmas about the obstructions and provzaes a good

model Tor werking m1th the obstruction theory.
- & ¢



Enother geometric point of view may be obtained bj

working direcily in the manifold. ReCall that is a

an

Pl-homeomorphism over the k-siceleton of h, and ﬁi denotes

a bth&Cmed 1—s"e1eoor oi H.

We cen think of Torming i 4 from M by attaching

(ii+i)-handles to bl . Tow change gz in the complement of

X, so thet it is t-reguler to the fram d core disizs of the
Fasn .
. _ 1 )
hendles and then look at g of these. Ve get a secuence of

framed submanifolds of I, which intersect DK, in a sequence
of k-suheres. . ' ;
These Framed submanifolds may be constructed so that they

are contractible im L and thus determine elements in P»%i

A careful look at the constructionfor (i,5;f) arising
frow g/th. shovws that these submenifolds correspond in Pigq

P

to the values of the corbordism obstruction cochain on a

o P . s
‘pasis oz Mka:(nkfﬂjlﬁi},



£

This computation of the obstructicn is useful vhen g
is known to De a bvangential eguivalence. In Tact, the

essencz of Coroliary 7 Theorem 26 can be seen this way.

e
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Piecevwige Linenr birveturss on Poincare Snaces

A cormected CW.pair (X,A) 1s called a relative

3

H
G
I_.

v
O
}..'-
=
O
[N

space of dimension (m+l), if Hh+i Zh)=12,
O tHp,1(X,A)— Hp(4) is-an isomorphisit and the vertical,

meps in the diagram

—;—'}- Hk(}{’A) om0 I'Il(;(X) "_‘:;’ HlC(A] e L] -- »

ngl| = ng | Cindg
Y v Y
1{(.&.)——3" IIIJ:Fl l;:("{ﬁ'”{\l)'u—b

- - ' .a-—-P'H (-i:\l)"‘ﬁbo ) L]

ﬂfl“ n=k

are lsowmorphisms o -
If we suppose that A and X -are simply connected,
then Spivak (33)has shown that (X,4) has a unicue siable

nernal bundle in the category of homotopy objects .

Tnat is,there is a unigue (up to fibre hozotopy equivaleice)
stherical fibre szace over (X,4) whose (relative) Thon

space has spherical Tundamental homology clasgs.

map for this

Hy
e

E‘J'

.

#q

Let E‘X”*QF he the classi

spherical {ibre spacc.

2 DB
i T Ph
’ X RN Baa

The probtlen of factoring I  througn U e cl seiiving

- o~

speace BPL is escentially th:e probler of finding a



Pl-manifold with bounaary (“,bh)
equivalent to (X, A)
simply comnected A # O, DBrowder

(26)- 20a7(1)) have shown that if

vhich is homotopically

n: end (X,4) is
and Hirsch (Compare

£ is a 1lifting of I,

then there exists a PL-manifold pair (M,3l) and a

mep g: (M,bM) — (X,;A) so that’
equivalence and fg classi fie

bundle of M .
In the next
(,g)

assume then

pairs by

We that at least

1,

Thus by
(X,%)

the
by
We will work in the ca
consistingA

pairs

(£,1)

complexes . K and .a subcomplex L

o]

~

are PL-naps

i (lL,L)
(f: K-»K!
= - - = -,,'fh oy
of K, X-X so that XK-~K- =X

of ¥ linear

o

- By & homotopy of I~ we
the category, th

. subspace during the homotony.

LY

is a homotepy equivalence if

es the stavle

a PL manifold with boundary
tegory’

of a locally

1y into a simplex of

mean a homotopy of T

g 1is a homotopy -

PL normal

three sections wve will classify the

the different 1iftings f .

+

one 1ifting exists.

and lesch we may replace

(M, 0H)
C +whose objects are
Tinite

and whose .morphisms

(K' Lt).

. maps each simplex

LQ )

<din

2t ig the subspace is mapped to the
Thus

£i (E,L) == (K',L")

there exists

simplicial

‘is ‘PL if there exists a rectilinear subdivision



gy (R',LY) - (6, 10)

so that fg is homotopic to the identity of (X',L')

(keeping L' in L') and gf is homotopic to the identity
of (&x,L) (keeping 'L in L) .

Remerk Let f: (&,L)-—=(K',L') be such that

f: EKE—=X' and f/L: L — L' are homotopy equivalences,

Then I 1is a homotopy ecudivalence in - C,

¢

Prooil: We prove this in the catezory of 'CW-compleXes,
Thé result then follows by simplicial approximation-,

By taking the manping cylihdér of T we may sunpose
thet £ 4is an inclusion So‘that L'M X =L,

Step 1 X is a strong deformation retract of L'V K.

valence and I'n E = 1.

s

edu

"

tep 27 M (E', L'VX)= 0 for all i. This
Tollows Trom the exact seguence Tor the triple EKe L'V iRei',
Thus LW X 1is a sirong deformation retract of &',

- Step 3 Compose the deformation of step 2 with

eformation retractlion

o

that of step 1 “to get a strong

of (K',1') onto (X,L) (?Pegerving subspaces) .

Let < C be the subcategory of compact Plh-menifold:
A -
pairs ((, D) with or without boundzry and Pl-maps.

We wiil define what we mean by a PL-sbtructure on  {(i,bi)

-and inen compute These on certain subcategorys 7T , N 5.

18123 -



el
5.1

(3.1

homotopy equivalence

is a

we call the pair

Definition 2.

is vprone

rlvy emnbedded

‘interior of- W
o M bW ds an

2)

*

MNote that if ™

PL-manifold pair

<L3g

ear

A piecewise lin

o5

homotony structure

g: (L,bL) — (3,bM),

a Pl-structure

We say
in the

is

PL embedded

(L,bL).

PlL-manifold

PL-manifold

and a

To be brief

on M .

n
¥t

¥ , k=0, 1 if

PL-embedded in the

in W so that

dimensional submanifold of ¥ .

is PiL-~enbe

is properly embedded in

is a Pl-manifold with bourdary in case

j..S =4 P:i:l"".h

on W and

We say

anifold

with

= {(Q,8) Dbe

s properly

bt

PL-structure

bou:iary

dded in bW,

‘W, W-int M.

1) .and

in case 2),

a PL-structure

enibedded in. V.,

‘o1 M if.

ere is a Pl-mapifols

g/L

N

pronerly embedded in

Q@ so0 that

Lo
(=t

is commutative and

' g/Q~int L




(Lpg/ﬁ_l) is a Pl- Structure on: M

(Q-int L, g/G-int 1} is a PL-structure on W-int M.
in case 1) .

(bQ~int I, g£/bG-int L) is a PL-structure on bW-int M
' in case 2),

We write a/if for the induced PL~structure on N,

We will show later <%hat in most cases any structure
on W may be changed Sli“h ly so that it induces a
PL-structure on a properly eisbedded submanifold M.

Y

Definition b Let a be a Pl-structure on M

which is properly embedded in W. A PL structure

b on W is said Lo extend a if b induces a PL-structure

-

and b/M = a.

(5

on M

Remarit  We note here bfat if Mn is ?roperqy embedded
in W ana a = (L,g) is a PL—sbruct%re on 1, then
‘the provlem of extending a .to a Pl-structure on all of
W o is precisely.the cobordisa p?oblem-discu§éed‘in section 1

for aduissable pairs (W,M).

Def ition 5 (Conco¢dan001 Let .ai:: M, fi)

i= 0,1 'be two PL-structures on (M,bH). Then 2 and a,

induce a PL-siructure on (M x OJuv (M x 1) waich is properiy

mbedded in o x I. We say that &y 1s concordant %o ai

,__-

17 this Pl-structrue extends to a Pl-~structure on.élltdf

>l

i x I,



Concordance defines an eguivalence rel:tio“ an the
set of - PL- structures on . Let PL(¥) . denote the
set of equivalence classes. Let 0 in PL(¥). denote the

1,i8) . (%) See Lemma H

concordance class of

‘Definition 6 a)(The cétegoryfﬁ?n) For

let ;ﬁ? denote the category
1
1) whose objects are

‘such that bM#0, W (M)=0 and M (bH) =0

in Chapter Z2..

n= 6

PL n-~manifolds (i,bM)

2) vhose morphisms are embeddings

i: El;m¢=intiM2' so tha £ Tn(Mzli)::O |
For n< 6 let /7, be the void category.
b) (The cﬁuegorj‘22n For n= 6

iet é%n be the enlzarzed category aellﬂeu by conditiors
1) and 2) without the assumption that bil# Let ??5
be the category of cleosed simply connected PL  S-manifolds
and PL-- homeomorphisums. t 7%5 ve the voidlcatego:y
for n< 5 . ; .

N

An application of Van Hewmpen's shows that

-

A

We will compute PL{i)

are categories.

for M

in'%fp

Our applications io the problem of deforming a

PL=hcmeomorpihism and

pseudo—isotopy ol

he PL- h cobordism *heoremnfat??r1,

:hfr and

{(and theniﬁfn)q

hometopy

the study oi

PLm homeonors “hisms L¢ll maxe use of



Theoren . (h-cobordism) If M is in,}%n) ~then
the relative h-cobordis: theorem 1s true for (M,W).
(The rclaulve - CODOTQLSW theorem asserts that if
(W,W') dis an h-cobordism of (Hgb“) then W' is
equivalent to the product cobordism' bM x I and any such
equivaAeﬁce extends To aﬁ equivalence of W wich the “

product cobordism M x I.)

If ¥ is smoothable this theorem Tollows Irom
Smale (21) . In the gemeral PlL-case it is indicated
in work of Mazur (13 Y and Zeeman (32).

We will use this theorem in the applicatiors o

straighten oult concordances.

Lemez-1  Let g:(L,bL}-+—(H,bE) be a homotopy
equivalence. Then if g is homotople to a Pl-homeomorph
(L,g) is concordant vo (¥, id).

Conversely, if (L,g) 1is concordant to (¥,id) and

0Nism,

M Dbelongs to %7n then £ is homotopic to.a PL-hor “eomoTphism,

Proof: - Suppose there exists Hi(L,bL)xl—— {2, p00)

so that H (x,0)= £(x) and H(x,1) is a PL-homeomorphism

T

) ' Hx I ' . ,
Lx I | ﬂj e Mx I
y PR

el

ildentity

Ce



Then (W,¢) = (LxI A X, Hx Ut identity) gives‘a
concordance belween (Lﬁf) and (1,id), Thus if £ is
homotopic to a Pl-homeomorphisni (L,1)

TO ZEIro.

is a coqcoraance be tween (L I)

llow suppose - (1,C)

and (M,1d)

- 1
id ' T .
T T,
LxI g ¢ MxI
e S
id o
C

Wow W defines an h-cobordism between (I,bL) and

(#,pM). By the h-cobordism theorem for K we may choose

a Pl-homeomorphisn

so that H/L x 1 is the identity mep of L and
c= H/ILx 0 is onto M. Then G-H 1is a homotopy -

petween T and. the. Pl-homeomorvaism ¢ . Q.5.D.

Let PL Dbe the function which assigns to each

¥ in 97 . the set PL(M). We will now shov how &
hes

induces a map
3 PL(M,) —> PLK



m70_nwmw;_m_

Theoren (Browder) .Let i: Ini-‘lm> ¥, be & morphism

of 77, and suppose g: (15,0L,) hh,Dﬁz) defines

a PL- structure on M., Then we can change g by a
homotopy so that g dinduces a Ph=~siructure ‘Om‘iﬁlﬁﬁ-ﬁg.

"The.induced Pl-structure is unigue up to a concordance

which is embedded in L, = 1.

Proof: This is a restatement in our terminology
of Browder's relative codimension one embedding theorem (2 ).
He has a further hypothesis on H, which has since Deen

-

removed by J. B. Wagoner . (2%),

v define

@

i3

i, - o T A H -J/ .
Therefore give kg >k, in ?n we

oy

using the Browder Codimension One Theorem. This is
well-defined on concordance classes by the.uniqueness
part of the‘Browder Tneo:e“. (The corstruction of the

concordance only uses theféctﬁhaiﬁlg x I is an h-cobordism.)

Corcllary 1: If we let S be the category of
pointed sets and base point preserving functions then

the assignment

makes
PL
.
P ~- 3

into a contravariant functor.



Proof: Let 0O ©be the preferred element of

FL(). On representatives we verify that
%
17{0) = 0.

m : - "3 gy e M EY —_—
;o show naturality let ho | o Jl and hl h2

be morphisms of 7?Zn' and let (L,,z) define a
Pi-structure on Mo, Change g to g' by a homotopy
so that g'/Ly = g'ékml) induces a PL-structure on Ml{

Change = g‘/Ll by a homotopy so that f/Loﬁ;f'l(Pb)

induces & PL-~structure on No. Extend the homotopy of
£ +to a homotopy of g', then g' induces a PL-siructure

on }My. Then the naturality is verified on representatives,
We remark that the Browder theorem actually implies

i PL{Hp) — PL(,)

may be defined for proper embeddings

. 1 n
A I‘il B =l b 2

sueh that L= bl A by =t O if the further conditions

end L is in 77, 5 are satisficd.
£ iz Mo— M and i, : M,—M
I iq My 1. nd i, Il' 5

are two such embeddings,. then one can show just as in

Y



the corollary that

in case  Dbiy N iy A B, = 0 .

In the mext few sections we will show that' PL /77
is naturally eguivalent to & functor which is defined on’
a category of topological spaces and continucus maps

(containing 47, ). We then apply Brown's theory (L) to

represent PL as

or some space Y. With this approach we can get a

Hy

airly good hold on homotopy properties of Y .

Hy

Another appreach might be the following. Define
, s P v KM ox T M I i ~> ]
772_"1'3- ')7"711-;'»1 by H Mx I Mx 31..,' i~ ix7I.

o)
4]

Let ﬁﬁg=: dir 1lim nd replace exbeddings by isotopy

n?
'},ﬁ')

classes of -embeddings. fet & be the category of
finite simply connected coumlexes and continuous maps

and define a covariant functor
79
, gj S ??2

by mapping objecis to regular neighborhoods in the. interior of

n : . . ' . L .o
e DrPx1 .. . and maps totlsotopy.classes’ of embeddings
. _ . . . n_'.n_ ..
which are covered by ambient isotopies of DD xIS, o o0 o

One . can show that PL is well-Gefined on 77 (see

Theoren 23). Therefore we have a contravariant funcier " H

R PT.
)g = 07 > S
e e

=



rron ;;-ﬁo ,S< ﬁhiéh_we can wry to fepreseﬁt as
i ;Y ] using Brown's theory.

The homotopy groups of Y can be computed directly
using surgery, Theqrem 23 implies that PL 1is
determined by its behaviour on imége (RH), thus we
have obtained quite a bit of jinformation about PL.

,VOne difficulty-is the fact tha% ;3 cbntains only
simply connected finite complexes. lSo there'mayFbeaa
problem applying Brown's theory.

This can probadbly be overcome. A more serious
drawback is the fact that this defimition of Y is
somevinal remote, and a closer study - of 1ts homotopy
prope?tiés and its relation %o BPL - seems narder.

Tils approach can be used to study the concordance

)

‘classes of smoothings of & Pi~ manifold.,



ihe Cleszsilving Bundle of & PL-Structure

Kowv we consider a bundle theory which will be used
-to study the funector

. PL
?@n'»«w~w.s.

Definition 7 Let X be a locally finite simplicial

coxplex. An F/PL)n- undle over X-dis a pair (E,t}

consisting of a PL n-dislk bundle E-+X and an F-
triviplization t . That is, we have

t

3

e St D 11.

‘:N G

) Kl

vhere U induces a homolopy equivalence of each Tibre

pair with (D%,pD7),

Definition 8 Tuo F/PL), ~bundles (Bat;) 3=0.3

o SR W EEP

] | - 1=0,1
M % i .

X > w1 X

-

is commutative where bo and by are FL bundie maps.
et o eguivalence ‘classes of FVPL)n-bundles

A

Let B,(X) denoie the s

over X,



Definition 9 (The Induced Bundle)

if f£: XY is a piecewise linear mnap, define

3 . V) == B y resentati b3
Bh(f). Bn(*) B, (X) on representatives by

B > B o DY
Voo
X e ¥ ,
that is | o -
_ (E,t) = (B, v I) .

Its easy to show that B (f) 1s well defined on

egquivalence classes.

Definition 10O (The Whitnev Sum) If =x., in B_(X
: L n

is represented by (Eq,t9) and x5, in Bp(X) 1is represented
by (Eg,ﬁgj define the Whitney sw X%y & %, in‘anm(X)'
on representatives by Lot
/_:;j . - ﬁ“%&
— oy Q - wa el Lo I
5@ By — By x B, DM x DI
E |
N e v
x SE8Be_ sy o ,

¥

wvhere B

o8, = (diag)™ Ly x By and tlaatz is the

- . - : . n

Let 0 in B (X) be represented by (X x D7, pg),
Let iﬁ be the category of counbtable connected locally
firite simplicial complexes and PL-maps and S the category

of pointed sets and base point preserviang functions.



- Lepme 2 The association

X s B0
by e o e
(X—Y)y - (Bﬁ(Y}F_aﬁBn(K) )

. . . , La .
defines a contravariant functor ifrom b to 9.

oS

B satisfies the following properties:
1) B (pt) = 0% .
2) Bn(Sn) is countable. _Bn(Si)t={0§ , n> 2.,
3}, If x::{dixijxg\inc?easing subcomplexes of X,
and if there exists x; in Bn(Xi) so that /X, =X 5

then there exists x in Bn(X) so that X/Xit: X
B) If X=X U X, with ZnZX, = 4 ,

and xg in By (X3), %, in B,(Z,) satisiy

Xl/A = Xz/A

then there exists x in B (X) so that x/Xi:in , i=1,2.

5) Bn(f) only depends on the homotony class

rooi: The first stetement 1s clear. Now for
- the properties.
1). Bn(pt) =z §o§ because any nomotopy equivalence

noooIy L PP T .
(D7,vD)  is homotopic to a Pl-homeomorphism.

o
ly



Lé) The statement about ’Bn(Sij. follows from:
Lemma 1.5 and Lexma 19. |
Bn(Sk) is countable because
a) B= Ty _j (PL avtoworphisms of D7)

is countable, (D" is a Tinite simplicial complex).

3
!

b) = the set of homoltopy classes

S

of P-trivializations of the itrivial n-disk bundle over

e : ' ok
¢) A subset of B x T maps onto Bn(S Ve
3) Consider X' = (Xi xD) U L, xIU, .o,
where X, x 1 is atitached to X. < X. . xQ. I we
i . i i
choose representatives v, for the Xy and apply the definition

of eguivalence we see That there is an F/PL)n—bundie

Vv over X' so that V/X; x O :_Vi . ‘Now there is =

is commutative . Sd 3) followus ffom 5).  (Let x in,
(X) ©be such that p'x = (v).)
k)  Comsider X'= XU Ax IUX, where
A x 1 is identified to A4 in X;;q. Now proceed as in_3).

5) If £ is homotopic to g by H then

Je

3

. - . # ¥
H(Vv) gives an equivalence between £'v and g v .

TN



~F

o

Let a belong to FL(HM). We want to Melassify® a

by an element in Bk(M)) k  large.

Definition 11 Let £: (M, b} )wm»(b bL) a map of

Py n-manifold pairs., A k tuvulcr nﬁluﬂDOThOOu of £ is

a pair (E,i) consisting of & PL k-disk bundle over M (E”bm)

and a PL embedding of (B,B/bM) in (L,bL)x int DX so that |

(B,B/bM) —=  (L,bL)x int DX
0 : : D .

R y

(M, bH) e (L, DbL)

£
is homotopy commutative,

To what follows I denoctes a bundle map covering

'f, and f' denotes a homotopy inverse for £ if 7

happens to be a homotopy equivalence

Lemma 3 Let g:{(L,bL)—>(¥,bl) be a homotopy
equivalence, Then g has a k-tubular neighborhood
(8,1) ) if k=n 4 3. Furthermbre, incan be chosen so
that |

(M,pM)x 0 < i(B',B'/bM)

where E' denotes the associated open disk bundle.

Proof: Approximate by an embedding

o

o 3.

. 1- -
1: (D,bL) —(M,bl)x int D* ., By the stable PL-tubular

- _—
bundie E-—~>1

)

neizhborhood theorem (6) we cen find



3
R

= o

and an embedd ing 1 exterding T (p/O-section). Then

(8,1) is a “tubular neighborhood of

o
®

Let J:(¥M,pM)-—(BE',B2'/DM) be an exnbedding approximating
Tgl's Then J and the inclusion

=0 . c
(i‘-i,'b.u) S (117011)}( int DL
are homotople and therefore isotopic since Xz n+3. By
(31) we may choose an ambient isotopy I. of the
P . M ’ r ) .
identity of (M,bM)x D¥ relatin rg x O end J. Then

(E, I(X,l}"l i ) has the desired property.

Lemma & Let g:(Ln,bi)ﬁﬁw(ﬁn,bﬁ) be a homotopy
equivalence. Let (BE,i) be a k-tubular neighborhood
of g' which has he additional property of Lemma 3.
Then if L  is  compact,there is a k-disk Oc D’l < int D%

so that

[ 1S

. . k
fibfe e E -—= M x D"-—D"

induces a homotopy equivalernce 'tx

G, b)) 5 (0%, Dk D:p

for each x in L.

Prooi: Using the compactness of L 1t is easy to
see that Dy may be chosen (independent of x) so that

t is well-defined for each x in M .,



O
-y
o
oy
(]
3
[
3
W
(e}
e}
B
Q
H,y
L
=
~
e
b
™
&,
jas L
L
{
o
-t
~
o
LY.}
g
t_.{
L
=t
Q
=
'_l
~
o
A Y-
jo))
t.{
-

tien
i ., P
- k
fibre -—> M x D mmgﬁy Dk

induces the desired relative homneology isomorphiism in

dimension k. The lemma follows.

Piron Lemma

-

we sec that a "good" k-tubular
neighbornood of g:(L,bL) — (i,bH) (with the additional’.

properiy. of Lemia 3)_yiel@s:aﬁ,E/PL)k bundle, namely

(B; rp.i)
T2

wnere

_. “ o
roisa hooe. (0, DD (0,05 |

Definition 12 Let (L,g) be a. PL- structure

on M and gt a homotopy inverse for g. A

vinz bundle for (L,z) is an F/PL)k-ﬁundle’
(E,t) where

i)t is given by the composition

1 T r
B o dos I ox DF i o DX
1
wnere (&,j) is a Ygood! tubular nghd of M-—L and,
| . o V1
ii) r is an F-trivializstion of L x D —s1
. 1 ; . kp:" X
sueh that »+{(0) = L x O and r agrees with L x D" -—D

on & neiznborhood of LxO. .

-



[e39]

) is

Theorem 63 Suanose k¥ >n +‘3 and (L,
) PL~structure_on M.  Then the equivalence class in
Bk(M) of any k-dimensional classifying bundlé for (L,é)
depénés énly on the concordance class of (L,g).

The correspondence

PL{structuare) > (classifying bundie)

defTines a natural transformation of coantravariant functors

Proof: The Tirst statement follows immediately

from Lemma %' below applied to (Mx I, Mx 0 V M x 1).

> ¥, is a morphism of ?ﬁ%y and (L

-

)

P " F
.Ll '1.1 2?g2
is a PiL-structure on M
1,,8,) on My, then any classifying bundle for (Ll7g1)
restricts to a classifying bundle for (bng g-/bL. ) .

. 1
Using Lemma L' we can extend the latter classilying

undle over Mzaint ﬂl so that it is cléssifying for
int 1 €5/ T.—int T
(L2 110 _.Jl’ 2/ Ld 1T ..al).

The conditions of Lemma %! imply that these it together

w®

to give a classifying bundlie Tor (L2,g2). (See first

o~

part of prooci. of Theorem 9 for umore remarks on this.)

LA |

The naturality is then verified for these representatives.

which restricts to a Pl-structure



PL-structure (Q,G) on W. Let (E
k-tubular neighborhood of g, k> n + 3. Then there

exists a "good" k~tubular neighborhood of G,(E,]),

-

and a bundle map El~%>E' covering L C Q@ so that

.

E/ (Q3L,bL,L1,bL1) — % o (W;H, 1M D0 )

’ o P : Pl

v Y
(Q3L,bL,L1, L) ¥

e (WM, M, MY DR
is honotopy commutative and
J/(B/L) = b =i

(L' = bQ~int L, MN' = bi-int M)

2
<

"

LS

Furtherpmore, we may assume that there is a ocnotopy
between 'plj and Gp which extends (using b) a given
homotopy between pqiqg and  Egp.

Proor: Let 1 Dhe a given homoiopy between .p.i
FLO0L s S 171

and £p. Recall that ¢ defines & map of 5S-tupleés
I ples

waich is a homotopy egulvalence on each factlor,

e



1) There exists (E,jl)9 a tubular neighdborhood

of G, so that

i) )
. i .
B/(Q3L,bL,Lt,bL1) & o (WM, DM,MT,BM') % int DX
Q- »
R »L )

(Q3L,5L,L¢,bL1) S o (U, BT, b )

a
is homovopy commutative Dy, hounotopy extending h, and

i) (E/L, 34/ (£/L)) defines a "good¥

tubular neighborhood of g = G/L,
g: - (L,bL) ———— (H,0H) .

Proof of 1):

i) Extend X ?hll/e" section to a homotopy

HY  of  (x03G . Chanze Hi by a homotopy which is
L

Tixed on the O-section of E. to an embedding. Let

1
Et be the sum of these Tvwo homovoples,
Apnly the PL-tubular neighborhood theorem to find

-

T - S - - - e
a PLai vnule I and an <mbh

1

-
fats
Loty

-

10

0%

: T ~ -— “ T L . wE ;:\ x -v‘ 3 l. 1‘:
31:‘1/(J;L30L,ijob‘) —— CH;M,OM,M‘,DM‘) ¥ int D

‘so that i1 / O-section is the embedding

o n - .y ar 3 . ke
Hy/(0-section): (Q3L,bL,L',bLt) —> { n;“,b‘,j‘ M‘) x int DT .



L

e

There is no oostﬂué jon to finding a homotopy
~ between pljl end Gp which extend;‘ e
Now we deform j; so that ii) is sabisis
Kow lil and,jlkﬁ/(L,bL) define two tubular.
neighborhoods of il(Omsecﬁion) ﬂ:jl(O-section) .

So by the PL~tubular neighborhoo& theorez there

]

i , . s . . 1
is an 1sotopy I, of the identity of (hﬁum)A int D%
which 1s constant at infinity and so that I, carries

1
-

.3'1(E/(L,bL)) onto -il(El/(L,bL)) . Thus

L (B/L, 1131)
defines a "good". tubular nelghborhood of g.

Now we apply the IEP (Isotopy Extension Theorem)
successively to extend I, to an isotopy . of the
w
. ot . k \
tity of (WM, bM,M',pi!')x int D~ . Then

(E.K;3.) is the desired tubular neizhborhood.
5

(M:'? ) ,_..-_.‘-f» (”‘ bt )x int Dk

so that

i) BE /oM constant isotopy
1) R (G, mEt)x0) < 3, (B1/(LY,500))

(vhere E'7is the associated open disk bundle of I).



b) KI  dsfines an isotopy of

(bW =1 U.1!') which is the constant isotopy on M,

4

There exists an extension of K% to Kt , an isotopy of
: L T XO . --V n - » ) : }F
(W, ot} ——> (¥,bW) x int D~ .,

¢} There exists an isotopy It of

(4. DY)~k (W,PW) x int DX
3 ?

L .
S0 TLRAav

i) 'It/bw == constant isotopy

a) Mrst ve orodiice a homotony E! of
- & g

Now DM!' x O == DM x O which is contained in
J-(BY /L) < jl(E’/bL‘)j Ly 1%). Therefore we may

nsider the problem of deforming

vhile keeping bM' x O fixed. This problem gives rise to



&

sequence of obsitructions in

B (0, pHY) x 05 T, (' x int

However the coefficient groups all

. E/L)) .

iy
iJ
71

vanish by la).

Therefore H% exists,.

To getd K% we fapproximate! H% nsing general
position.

Proof of b):  Apply the IEP.

Proof of ¢): Kl(tﬁﬂ < jl(E’/bQ} by construction

so we may proceed just as in the proof of

2a).

3) There is an isotopy Jt of the identity
of (uyM,m,H!,pH') x DF so that
b
ff 4+ i . . ks = -
&) Jt/(M,om) x DY e coristant isotopy
b) Iy (W3, bi, Y, B )R0) € 3y B1/(Q3L,b0,L0I)) 1,
- Prooi of 3):
Step L)  Apply the IEP to gel an isotopy
ML of the identity of ¥' x D vhich is fixed on the
boundary and covers K% .

Step 2) M% -extends to

the iGentity of b(¥ x DY)-int (!
extended to an isolopy Wl T the
using the IBP.

Step 3)  Apply 2¢) to
an isotopy of @f/ w0 which cary
e agpiy the IBP to extend this

T

an isotopy bw% of
i -
X D). bWl may be
' L
C- [E B =3 *1{
identity of W x D
m1::w3/(HXO). Ve get
ies Wx0O into 'jl(E‘).
to an isotopy wt ol



Then

J. e W! 0 £ t £ &
-C 21‘ A
W + B + < %
2t~ iR
is the desired isotopy.

o

Now 3) means that we can take a tubular neighborhood

ey o G or
(D°L, DL?.LI'aQLI) ”"“'W;’(E\T 113 DL’}.?:_J. ba.xl)
whlch restricis to a “good" tubular neighborhood of

= (I, i)

(L bL)

and change it by an isotcpy (of H-tuples) which is fixed
on L so that it becomes "good" everyvhere (Isotop
-3, )

We apply the Pl-stable tubular neighborhood theoren

T . A= N b T IT ) - -, =3 - i
1o produce a bhundie map El““” E/L  covering the identity
and an isotopy Li between

!
> (M,pM)x int D& and
?

(8,5, /L)

T .
(24,8, /0L) —> (B/L, B/bLY-> (¥,54)x int DK,

\ L 2 m.»-w—'—"f‘:?

Kow .
x Ie By x I (U biix I x int DV

n

~defines a tubular neighborncod of



- .
(IxT; IxC, Ixl, bloec(0,1) ) (MxI; }xC, Mxl, pHx{Cy1))

waich is Ygood" when restiricted to IxO v Ixl, (f::pl(LtzI))o

We apply 3) to this situation to isotoyp thi to

»

PL~ embedding
-—; e . ,- . ) i .
Hs LTXI“%*(m,bM) x I x int D
80 that

h/nlxs = 1.4 s = 0,1

A& /(1xI; Ix0, Ixl, bIxI))e (MxI; ¥x0, Mxl, bixI) x 0,
Now let us suppose that over some product neighborhood

¥ of (L;bL) in (Q,5Q) I is identified to the product

bundle (E/(Lybl})xi so that j; on this subset is just

(3,/(8/ (L, 01)))xT: B/N —= W'x int DE s Wt = (,0M) x I

is & coller neighborhood of (M,w4) in (W,bW). Suppose

also that I is fixed on N'x int DX,

jlz)y = i jl(x) % in E/Q-N
-1 ' -
Z2(p I % in E/N

Then '
a) 3(B'/(Q;L,bL,Lt,bL1)) o (W3M,bH,H!, b )x O

E/T voo oy b o= 1
b) J/(E/L) - b= H(x,0) (b "x0) b = i,



c) Jpp.and Gp are homotopic (as meps of S-tuples)

by a homotopy extending bh+b“l. These are clezr from the

w

e

construction . This compietes the proof of ILemma 3.

! ) | aaa g
Lemma -lpt Let M be embedded in DWW l Let
(L,g) be a PL-structure on M which extends to a .

jav}

L-structure  (§,G) on W. Let: (El,r i) be a

F~-dimensional classiflying bundle for (L,g). k>n+3,

(1

Then (Q;G) has a classifying bundle (B,rj) so that
1) (E,rj) restriclts to a classifying bﬁndle
for (L',G/L1)
2) 3/ B/ b=y v /L% = r,, where
b: B, —»E ig.a bundlie map covering HMelW ,

3) - There is a homotony making

3 i r h
E/ (W3, b, M4, Bt ) — > (Q;L,bL,L7,bL1)x int DY
v ) o
(U3M, BT, BT ) e (Q3L, DL, LY, DL)

commutative vhiech extends (using b) a given hom Ouopy naking

i
B /(H,bH) 5 (L,bL)x int D
| @ D1
k' .1 ¥
(,018) B (1,310

commutative,



[
-
=

¢

-

Proof: By Lemma H below there is nouotO‘" inverse

11y

G s (W53, M, M0, D) — (23L,bL, L0, bLT)

0 & given inverse g!' for

which ve may assure resiricis
g = G&/L,
How (El,il) is a Ygeood" fubuler neighborhood of

-

g'. So by Lewma 3' there is a Ygeood" tubular ne:b borhood

(8,j) of G' and a bundle map B -~>E so that 3) and

the first part of two are satisfied. 4Also (E,j) restricks

to a "good" tubuler neighorhood of Gf/M'. Thus i

can fin@ & F-trivialization

-

RO, .
such that r7{0) = Q x ¢, r agrees with p, on a neighborhood

It foilows from Defirition 12 Lhat there is a small
concentric disk DI aboul the origin in DX so thet
L x D7, Buppose the

radius of DI is 2z, .Let

Xk K
r!: D —— D
L _
be defined by 4 -—3 a{ldlid, where




(df< a
La.]
a + a®id|g 2a
2a
lal=z 2a
. : e T : P
Then ©_: LxD™ i defined by (x d)= rI{a)

i
e - - . .
As an FP-trivializaticon of Io™-» I, vhich satisiies

all tﬂc appropriate properties and is ca51ly extendable

2

(e
I K
@QwD ——>D,
ko . E
Define H: L xD  x I ~w3 by

=
Q_J
o
N
[\
o]

7 E v ) z 7-— -r'"‘"‘"’
- {r(‘*a D] At ) ry (5 (- Y

Irl(l‘:ja)} 4 \I‘ (,q.a(.L""i, ) d)’ Si I

-t
. . "
} 1
1""—6“}' LEL L) SO
- idl
H{x,d,t) efines & Homotomy(ﬁhru Petrivializations)
5y _ I >
between r, and ry. Furihervore,

2 _‘x::w,wi = |r, ) .




bundle of ®.)). Then M. i, deflines = homotopy betveen
1 .
r. 1 and r_i_. Let. r_, also denote
11 a "1 a -

Then define

-
0y

r=(H on collar reighborhood of

r, complement of collar neighborhood .

Then its ea:zy to check that r has the desired properties.

Lexma I Let
. f .
(A yeos ) stz (Y, B B.)
_A."idl‘,- e o 9-’5\1.1 i P o e SN 3-Jl?a e ey N

be a mapping of (ntl)-tuples. Suppose that X and Y are

couplexes, 4; and B; are subcomplexes, and X= UA; Y= UB..

If & 1is & non-void subset of §’15..,,n§ let Ag= M 5
: 1in S

B.= ./l Y, 3B.. Suppose I induces a nomotopy eqguivalence

5 :

3 B {for each non-void S,

Then I 1s & homobony ecuivalence of (n+l)-tuples .



vie yant

valence. By forming the mapping

of £ we can suppose that £ is an inclusion so tha

BS N X :;iS .
Using the exact sequence of an appropriate triple

chapter 1) we can ghow tha

Trus XU 34N 32 is a strong deformaticn retrac

¥, and thus so is X,

By induction we obtain that £3% —> Y is &
ecuivalence for any n.

How we can finish the proof by a similar
trne manping eylinder. (See i?)

)

O SIOW

cylinder

L

(see Remark

4.
L

G



C Is @ atr“aﬁ bCElV&TQﬂCG

- . : - v - ' +k
Let M Dbe properly embedded in w? h, k=0,1.
Let (i,g) be a Pbmsbrhc’“ff on MY, We want to

censicer the problem of exiendiﬂg This PJ structure

Suppose K=0 and ' is ewbedded in the interior -
of W. Then DN~ is properly embedded in b(W-int 1)
. e T . B N =11 r—:-!‘ '
and (og,g/od) defines a Ph-structure on bM?Y, The
'“oblem of extending (L,g) over W is eguivalent to
bﬂe QrOQTem of extending (bL,g/bL) over J—ln Mo

Suppose k=0 and. o\ bU=N#0. If ¥ and

XA

say (L',g') on Dbi-i

o
]
L—l
UJ
C?v
3
o
[e)
(—l-
5
:.J
o]
ct
f
-3
,’::
©
ko]
)
O
[ey
....!
@
L

&
of extending (L',g') over W-int M is equivalent to

the problem of extending the concordance class of (L,z

B
g

Then (W,M) is called an admissable nair it nzs,

b - M % 0 if n is odd, and T (;,f) = Ty (bU-1) = O,

ffgﬁmmg;”.fw



How we give an equivalent formulstion of the extension

problem for admissable pairs.

S

. . o n+l
Theoremn Let ¥ be embedd ed in by .. Ln*

a={L,g) be'a Pl-structore on M with L~Q;UGDQ¢Oﬂ 1
classifying 'gndle ,V::(El’tl?“ ’lnen if a expends to
a PL-structure on W, vfﬁor extends to a F/PL)k*rébundle
over ¥ for some Te Convefs =1y, if v&or extendé and

'(H,M)‘is admissable, then a =(L,g) extends to a PL-structure

on W,

Proof:  Suppose that (L,z)

o
"
-l
4]
)
s
0
C
Q
w
‘g
o
i
[}
c..l
k|
o
o
o
[
[

Now the converse. Suppose (bq,tl)ﬁ9b extends

( ) over Y so that

-~ 3) there is a PlL-homeowmorphism c¢:L-—> ¢ 1(0)
so that p(incl)e 1is homotopic to g, (p is the projection



dlej,

Proof:  Since (Eq,%)) 1s a classifying bundle for
(Lyg)y (Eq,%7) = (By,ri;) vhere (El,il) defines & -
Heood™ tubular nelzhborhood of g’:(ﬁjbﬂ)m*(L?bL). IT
we change notation end replace B by Ey @ (trivial Dfbun

by i d D, and r by © x .id DY, ihen

tubular neighborhood of

of L x 0.

¥
=]

o,

A

I+ ,7i7) where (B-.i,) defines a Ygood"
12+~1 121

r=p; in a neighborhood

By hypothesis there is bundle (E,7) over W and

a bundle map {El,ril)
H<W, (That is, S

i

D

> (5,T)

covering the inciusion

is a bundle map covering the

o)

)

identity an rilu«
Let t=1/(8/H). How b is a PL-homeomorphism, so
o . o=l v e s - o - '
L= riyo . Thus 1t is clear that t is t-regular ‘o
) s . . o - e - y o
O in D”. Since 1i7(B{) > Ix0 < Ix int D% we may define
L —=1
¢ = biT (x0) .
. 1
Then
P ‘ S
p(incl.)ec = i\;LCL,)Dll (x0)
Ll L .,
= gy (x0) (vhere ¢ is the
projection nmap of El
which is homobtopic to g (as a wmap of pairs) since (El,i
is & tubular neighborhood of g'.



let {(v,T) Dve
L n ?‘3 If

to O in DX.

is clear that Theoren 7 follows from Lemma o.
SR A R o S S s BN SR 1 . 5
Let (WW7+,i7") be an admissable pair and

an '/;g)l bundle over V witn projection map p,
. M .

e

M 0, suppose tvhet t=T/(v/i) is t-regular

and

—l/O} < V/:LL -

.

defines a Pl-structure (L,g) on M. Then there exists

-—'.! ¥ = T
P00} o B o Y
i
defines a PL-structure on W exiending (L,2).

Suspose tiat T i1s t-reguiar to 0 in D

-3
-
3

is a 1“st apPTos lmELlOu to a Ph-stiveture on W vwhich

extends the I

By ihis

induces g,z',

L-structure on ¥ defined by (L,g)

we mean that L is embedded in bQ' and G



.
e e ettt SR RS-, I:l

is commutative. However we do not Imow that g!',bG! , and

G' are homotopy eguivalences.

kN
(¥4

First we examine the algebre of the situation., Le

LV =Dbl'-int L and K'= bii-int ¥. Then we have

L 1 .,,.k.,-,._,..‘.;.l‘,_,__,_m_m_}'y‘_ .1[‘_:{ 1
N,
B! e DY

y o J
Q' e W

T 'u J:-O_.‘_.LOTJJ‘ .C Hi L'”':u_ :‘.;t‘; uz_a F AL ] [ I .;-..A.!. v "'L;“ I i
It follows from Lefschetz Duality (ID) in v/ (¥W,bw)
tihat

t there exists i in Haq(Q4y1QY) so th

o

2k 11 —
T Gl J_Ql e
a generator of H

£ H L), Thus we have the diagran
‘ ,

v

;I’:a-ﬂ—'o
3
=
i
Y
o
QO

. e e = o
i P '
| 4 b | i
v v
T H;‘:(L‘ ) s i e o E-,};(L:_‘ ) e a.x:i?(’:.)_t ,Li
: gk PGl 61 Gl
ol ‘.\\!j )5 ‘,\\.;, 3 \\f O
e H (Y ) i o (W) > H,(W,51) ——
{ -
¥ £V
O H



99

T s A ;'.___',_.‘- V —_ A —
vhere  A=(ker g'),s By=(ker G')_, Cg(ker Gl and

- g . - - o H 23
i denotes the various inclusions. ¢, 2, and f{ are

jas
™y
¥

~
T
'J
ﬁ
[
,w
U
\3
i
fae)
;...
f'\

Ll .(w.... - P

U‘
il
—t
JI’
=
-

where the vertical maps come frem the exact segquence

=y

e
o

o

pair or a triple. (e.g. H (H!',0M1) 2 H (bW,H).)
_ exc :

From 211 this and the fact that

"g: (L,bL) > (3, blf)

is a hormotopy ecuivalence we derive the following

2) B (L) = A& & H(HY) , glch =
(@) = By @ H (W) Gl g =1
He(Q1310) = Gy © I (W, G 1



3} A, satisfies Poinceare!

"’1-'( o

dimension n (i.e.’ Aﬁ~f A qom(n

B, and C, satisfy Lefschetz Duality w

Let x be in Hp(HM'), then

Y -~ -
::/ﬂm,ii,u for some wu .in

But

- a.c
gk( e M (gt ) = gl

Duality wrt

dimension n+1  (i.e. Biy1=C 4B =0 )

.~y
. G’:\:l -«
OL

'}i'

FF G b )

Therefore gl =1, Similarly G!4=1 and G!' ¥=1 .

e,

H
o)
nis onroves 2) and shows that g&, Gi, and Gé» are

et

Fa #

Now 1) follows from 2} and the comy

Je also have

mulativity of

o



& homotopy equivalence, Dbii=Dhil'! and

Jo
B

(
‘ o

gl . Lyt
\

) e T (3

L, bL) —>

i
]
o~
=
-

i
\'{f
fais)
~
gl
L)

O q(-—;.. ,.—\ P A

g/bLy  DbL —>hii is.

iefined (like of was) so that gld ;1. Thus ker gl). =

er gl)y, and ker gllx is a direct swamand of H, (L',bL').

Therefore H,(L',bL")= 4,9 I, (M7, b ),

I8

L

We use this to show that

AgeH; ()= Hy (L)

= E1(11,pLE)
= Hom(H,, 4 (L ,BLY) Z)gh.;:t(hn_ -i(.,, ,DLY) , %)
= Hom{h,, ;9 H,,_ 5 (HF,bH7)

@ Ext(hy_, 1©F - (H',1o4"),7)

= Hom(h,_,,2)e Ext(i, . ,Z)@”n T, )
S
= a7 o I; (1')

e
ol
e
o
ct

nis means

ot

Since everyining is finitely generated



m

To prove the sccond statement of 3) we use

> (BQT,L1) et F(Q1,D1) e (Q1,DQ)

I
o i e 7 l Gt ;ﬂ ' Gl
::‘..".: V. é:}c ] '. .\? O:‘: ﬁo \ ) -

—> Hp (DW,31) B Hy (W, F) e Hy (W , D) =

N N J 1'
define #_ so that G! f? =] and conciude that

Lri,}} B !w [
i
H (Q1,pQ') = Hk(w, pW)S Gy . (By excision g, is an

O

__’LSO‘“orao:Lsn since gy 1s.)

Tnereiore kafkik(d) =" H(Q")

== iﬂ"f”"'lxcr}l Hat)
= nom(l“?ﬂ“;q _é 150 ;) L2)0Bxt Hn-_nglﬁbQ‘)s'Z)
= hom(C WL 5 pRE "i'"(a_a_;‘,bg.g) S %)
( B H L G ,z)
= Cn-—lk PN ,:u+l-‘_(.t'.,bjh

LX) B
= oo S (V) .

8
This completes the proof of Lemma A,
1 A
Lenoa 8:  Suppose that 8% ezint LY (8% <= int QY)

renrcsents an elenent of A. (B.), Then a neighbcrhood

M

of 8% < int L' (8T<Cint ¢') is smoothable.



- i
L < v/int H

. i
Proof: Consider thecase 8 < int L'. S

is conuractible o So by reneral nosition we mAY Suppose
- o = N Py o 2 AT

: i
L) L3 ™ :1:? ; - : - - - - -
that & neighborhood of 5 < v/int H' is contained in a
top di nsional cell of v/int ', Then

T el R :
Tt /80 @ vy /87 = normal microbundle g top

of 8Y & cell

where %= tangent microbundle of Lf

v == normal microbundle of L' in v/int L',
T, v, 1is trivial.
L

Thus t.,/Sr is stably trivial. Similariy tD,/Sr is

Therefore uwe may smooth a neighborhood of 8Te int
i w
or S* «-dint G, Q.E.D.

~10

Pi-fremed submanifoid of
v/(1i,bi) which contzins L' in its boundary. Ve say
that R¢ v x I is an elementary framed cobordism on the

intérior of (g,L'), where L'= DbQ-int L, i

. l'-i)

1) there is a closéd (n+k)-cell U in the

a) (U,bU) N g=(sTxD%,b(sTx%)) -
where 148 =ndl
p) (UxI)na=(U'xI) N gxI

*.A.-'here' U‘# v-int U _
¢) (Ux1,n(UxI)) N'R =(Dn+25b3n+2),

. n+2 . -
vhere D < is the (rf2)m;¢ Siie



QAT ))xI) U (Fr raming of Qx0) to a Iraming of (R,bR)

in v/(W,bl),

We say thét Rcvxl  is an elementary framed cobordiém_
on the bouﬁ@ary of (§',L') if theve is a closed nik-cell
U in v so that o

1) U v/bQ = UNV/int¥= Uy, an (nvk-1)

cell in L*, | - | ‘ .
i1) a),b),e) and 2) hold for U.

111)  (U3,501) N bg = (sTx DS-1 ,p(87x D°71))
and (U % I,0(U; x 1)) 1 bR= (DL upn+ly

Let Q= R N'vXl. Then it is clear that
- o N
(Q1,0Q) < v/(W,bW) —— (W, 0W)
has degree one, and
(Li bb‘)c: v/ (3t bﬁ') —= (M, M)
has degree one. Thus Lemma A applies io QICi v x 1,

in e.f. (elementary Tramed) cobordism on the interior
or the boundary of (Q,L') can srise by doing Fframed
surgery on the interior of (¢ or by dolng Iframed surgery

on bQ and then thickening.



: L .
¢ v—>DU  bhe an F-trivialization

R < v.x I be an elementary framed cobordism on the

interior or on the boundzry of (¢,L'). Then there is

k
HivxI — D
- . " _ . i ~1 — q
so th I is ¢ ular to O in D&y, H ~{0)= R, and
=T x I on LxI
Proof: Consider the case vhen. R is an e.f,
cobordism on the interior of (Q,L!). We define

- —- 1
H: v X I —>D

1) define HonU' xI by T x I
2) map DFP=RA( x I) to 0 and map 2
product nelcqbo nood N of D 2 using the framing 6 
3) if T=:DD&2 X Dk, we ﬁa* assume that
(Tx 00Ul x I) (DﬁT2A int DE)  is mapped to bDT,
Sxtend H over UxI u ipglobstructiOL theory to man
'Ef@(D?*ETint DE)  to 1S (See Lemma 1.5'in the appendix
to section I for details.) |
Thus X can be COﬂSbruCE ed To satisfy the geometric

ditions., That H is an F-trivialization follows



4.9,

from vhese conditlons and the nature of R using lefshetz
Duality as in Lemma !,
To prove Lemma T wren R is an e.f. cobordism on
the boundary of ‘(Q,B’) ve apply the sbove process %o
— . :

lefine H on v/bW and then we are essentially reduced

to the interior case,

o . . A I | ' :
Let (P,bP) .in (DRVIFE ppiFltiy represent an element

n odd. Letg Q%bP denote the oriented connected

sun of § and P along there boundaries.
. P e . . .
bP = (D" 1xDE) coincides

n - U <'c o S s S
= D'xI, and that the

e
e DPx0

2)

neighvorhood D'xI of D'xl in int LY, that is

. e e n+l Kk el . ; ” R

identified with D xD = DU =, and that the {raming
nrlt+lc . . C o s IR o 3 D+l

of ¢nD Fltk is the standerd framing of D in DUTATE,

e ) B : ) PR T ot HEY = + . b -
IT we let Q'= (Q-int D“*l Vr , then Q'= QLP

and (G',b3') " - is maturally framed in v/{W,bW).

'ﬂiéémm'
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04l otk -

(O D ) representing en element of P_ 4, 1 odd
Let ?%kG denote the natural framinz of Q#bP in v, where
G and P are Corlerad in the interior ol L Then (Q,I)

'\

and (G P, G) are related by a sequence of e.f

cobordisms in v x I.

Proof: Assume  has the form .of 2) above.

-

Define a cobordism R between Q and Q#bP in vl by

]

R=\0Q x I in (v—iﬂibn*1+k) = I

vhere C is a submanifold of DTy T vhich is constructed

as follows:
2) Write D T U= D xIxD and asstme P is

1
Jl’l-i*.L‘i"._- -

enbedded in zl as ahove.

b) Then -P is naturally embedded ( by inter-

chenging coordinates) in D x{(d™1)xI so that -
T . 1 el Tm i e e “‘\n .
P M (-P) = bP N b(-P) = bP-int D7 .

b?
}-—J
vl
-
N

¢) P U (~P) ¢ (D)1 U D% (D

! - . . Y 1 F o s - . -
(D 1 PKL) is just P (uP) vhich is framed coborda

5n+< L.

to the n+l-disk in XL. Let C be such a framed

-

cobordism so thalt DU = C Ah{HHTL 1KI)-‘ (Pub( ~-P)) LJ

((D«AO)X¢) U (P,
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) - . o~ . . - - u. T
that the framing of C is standzrd on D +1L}D?x

d) Then the product framing of QxI(\(v-intDnTl%h)xI

extends using the framing of C to 2 framing H of R in
O .

vxI. Lri*ermo: (Ry5) n (vx0) = (Q,F) and
(R,5) N (vxl) = (@GP, 2760

e) We factor R inte e.f, coberdism on the
boundzary snd interlor using general position and a

and I has distinct critical values. The critical points

of £ on the interior of C yield interior e.f. cobordisms,

and those in (~P) yleld e.f. cobordisms on the boundary.
Fow we use Lemmzas A,5, and P to consiruct a sequence

. copordisms in vx FL,lTl] '
2t 2D Rn. W - 44T A -g.

) S0 WRLT 3t }.!j )-‘(\& v = (~""—LJ - (Al T l+l) fi v }‘- (1+—L)

-

= R.Av z (p+l) and



.7}_—'-,) - ov/( f,:l' —ae (}jj}{l)

Lemmzs 4,3, and P providé the mein ingredients of the
constructior, -
Then we use Lemma T r-times to build a horotopy of

1

the reduired nﬁope“*¢es, it T. denotes the end

3
-t
iy
e
et
o)

o The homotopy then
(Qp3 L‘,O.b 2 Lx(r+1)) & v/ (W5 I, pMT,H) > (W MY, bR, M)

induces a homotopy equmva¢eace on each factor. Iv follows

from Lerma H of Chapterj_2; - that ~

homovopy equivalience. Thus

)
w
m

P
> 1

Q.= T--(C) <« v = (r+l)—

defines & PL-structure on W extending (L,g). This

ompletes the proof of Lemmz 8.



Let ¥ be proyperly eidcchLAixlI e want to

consider the different possiblc extensions of a given
Pl-structure on ¥ to Pl-structures on W. We will clessily
vhe extensiohs for admisseble pairs such that bi-il +# 0.
4
Definition 1% . Let ¥ TDe properly embedded in W

and let a=(L,z) be a FPl=structure on .. Let b= Q:aG-)
i i?7i
Tine extensions of a to Phestructures on W, 1==0,1.

(s

8]

there are embeddings e;: Lo Q;  so that Giei:;g.)
Let bOLJaXIL/bl denote the PL—structurel- on

- : g 1. T -
w*O\J;hJ_Ula‘- < Yxl derined by

Dwaxl bfol exevends To = P;—su ueture on all of

Mya) denote the set of

) ks - fT,
of extsnsions of a. Let FL{VW

ecuivale ce clesses.,

Definition 15 Let (X,A) belong to C, and let

v=(E,t) be an F/PL), bundle over A.. Let vo= (8;,1)
define extensions of (&,%) to F/PL)k bundles over X.

(i.e. there are Pl-bundle mapsrbi:&-w>Ei*covering the

'

l Sec Lemra E of previous chaplerl.



to M il w U‘vxﬁLij exten

o

his defines en equivalence relation on the setb

bundle over ZxO Y AxT Ul eixI,

e -

e

- )

extensions of v over X. Let B(X;A,v) denote the set of

equivalence classes.

We remark thait there are mans

defined on repr

of v{or aj as

£ e e e
i

PL(WMya) e PL(Y

esenvatives by considering an extension

W
(o3

sundle over X(or a PL-struclure on

E

i

TaF

).

Ir 7y ({,A)—>(¥,B} is a PL mep, then the induced

-

: : - - A
bundle czeration inmduces F : B(Y,Bs;v)— B(X,A;L v)

vihere = F/A, an

is commucative,

L) <« (M,¥) is an exmbedding so

-
~
?

v
w
Lam
[
P4

s

Fop ome T e 7l S
(d?m ) e 2L, L

ia) may b

wolies Lo L&l and QaVY in a relative

s To an F/PL); ~bundle over XxTI.



defined

,vhere 1= 1/L and iYa  is

Pi-structure on . An analogous

Theoremn Let (W+,1)pe

Let a=(L,g) Dbe a Pl-siructure
classifying bundle w=(L,t

a C o”""e S'C} ond ence

PL(W,M;a)

so tha

PJ
ct

C

), n+3,

a specific resiricted
diagram resulis.

a PL-manifold pair..
on M wvith kedimensio“al

Then there exists

PL(M') —rm— ?nr(1r!)

A
e C, T
PL(W u?a) .——MM~J'B(1‘.';T,

is commutative, an
Cq is injective if (W ,i") is admissable
C, "is onto if (W,1) 1s admissable .
(1) = (W x I, Wx QUM x T x 1).)

Proof: Le b::(Q,G) define an extension of
a={(L,g) over W. Let: (¥,ri)be the 013881f*“ﬂg oﬂﬁdTe
for (L,z), z' a homotopy inverse for g, and H a honotopy
bevueen g'p and ali.

Then there exists a ciassifying bundle vy, for (G,G)
which extends (Aﬁﬁl) in the sense of 2) and 3) of Lemma W4/



end wvnich has an associsted homotopy whi ich extends
h as in 3) of Lemna %'. Define C_=C,(L,g,¥,r,1,2%,h)

on representaiive by

Hote then that the desired commutativity nolds if

4

-

Claim: Cc is well-delfined and injectiive,

Proof: If b and bl ienote Two extensions of

T

a over W with classifrin

tindies Vg end vy xiending

B

V, ThEn VoWV X I‘JYl is a classifying bundle for

bova x TUD..

s=0,1. Let z! and Té dznove honotopy inverses for g
and G, s=0,1l. By Lemuz H we may choose Gé so that
(GL/3 1)« jo=g' . -
Then 1= i W, i x Iuv. i defines an embedding
(=]
o D D=3 !
. O i
i * T = I k) = 2o - ——
of E=1Dh v 5Ix 1{Jb B, in g x int D =
i o] o) 1 L
- - 1
(QO\J Lxl Uj— Ql)x int D™ .
=N KR
e £

b

is a bundle over ¥ with »rojection p”::poxipxlxjpl.

m

If we let G''= Clugi=iVE]; and apply Lemma 4! 3)



£

3‘4--\ , -iil‘.. ) e ] ‘m_;)_‘;y;’“ ( Q‘# . bQ:I:)

-

is ho:Ouonv commubative. (Let h be a2 fixed h ﬁoﬁcpy
between nll_and gip, H, the extended homotoples between
p1ig ond G'pg. Then EF=H UL x TUH ' is a homotopy
between ppi* ‘and cFip™y, |

Also A¥(E¥,EF/m) o (QF,00%)x , SO (L‘,i")

defines a "good” tubular neizh bornooa of G,

Thws if r'=1r V1 x IVrq, then VOU‘V x Ivwvy
v

(E%,r™1") a classifying bundle for by a X IV b,,
Thus by Theorem 7 C4 is well-defined for all pairs

(Q,K and it is injectlve when (U ¥') is admissable.

Proor: Let wv=(& ,T) revresent x in B(W,i;v).
We will use Lemma 8 to construct a FYl-sipucture b=(¢,0)
on W extending a..(L50) where Q is embedded in E,.
.E' g}

Then we carefully deform EO over iitseli until 1T has

24

the form of soue Ve The process 1s complicated by

-~

the subspace M.



4

Let b: E—>BE_. be a bundle map covering the inclusion
S(T/(B/E)) b=t .

I {=ri ve make tThe Tollowing asgumpiions about
(L,g38,7,158" ,h)

A) g:L-M is given by the composition

. XO 1{ lj p .
L—>1 x int D7 = E
B) there is an embedding
L o= Dk AN,
so that . i) el is the identity on a neilchborhood

t

of the O-section of

L

11 rie=p, on sone neignborhoocd of

L x 0 in L x D%,
C) gl: M->I is given by the composition
O-section i x  P1
Y~ > B e I X int D e I,

h! =7

D) h is given by the composition

i i P

*

X —> B ——> L x int DX —L» I,

-

et

-

vhere H 1

B

tionl retraction of I onte its

v

a deforza

zero section.

L3y _’1

The prcof that €, is onto proceeds in steps.



1) There is a PL (n+l)-manifold Q, an F-itrivialization

mo. o s ‘!’;_ o v I - )
I N or B , an embedding

b e D,
and ar enbeddin g , .
| hi eo
Q x D*——% E,
so that |

1) eo(q x 0) = T21(0)

ii) the composition

defines a Pl-structure cn W extending
i I fan )

iii) Toeg= pp and be = eolk x id,)l

Proof: Ve apnly Lemma & and change

-

=
ct
O
)
O
O-l
g

a hoemotopy ghich'is fimed on EO/MT so that T, is
i-regulaé te O in Dk and
//k”*“ﬂwww‘ é_mam“j;xmi'
Q=13(0) € By —Ze U

defines & Pih-structure on W vhich extends the PL-structure

(1) on a neighborhood of Gx0 .

y



b H0) @ B/l — 3.

Let k: L < bQ be defined by the composition

x0 - . i b=l
L e— L x int D™ > B — (?O/M 7 b9)

Ll

S
\__\\Wwﬂw

k

A,

Then from A) we get that

G/xL = gk~Ll
Now iv) is clear from our constiruction, 80 oniy
iidi) is left To prove.
s 2 - e ’ 1 - -
Let e, be defined on XL z DF by be(k™lx id)., Then .

-

on kL x Dh we have that
£l

ioeo-_ o

— rie(k”lx id)

- pz(kblx id), by B)

Po, on some neignhborhood of

!

Lx0 inl x Dk.

Because oi the t-regulariiy of TO we can exvend

the embedding of @ € By to an embedding

e!
. o
Q x DX —> E
o
.. N ' s . - I
so that Toe,= p,. Thus our partial e, and el/kKL x D

V i '[." . - - - T - L
represents XL x D™ as tubular neizhborhoods of eé L .



NiiéMMMmewum

The PL-tubular neighborhood Theorenm and the equation

TO(;arﬁi&L e ) = To(eé/ﬁL s DK)::pZ,

1.

lnnly tThey dre related by air amblent isotopy of the
L

fixed on eékL,

LRI T 4

identity of uO/(n?b 1) which 1

€2}

We can use tinis isotopy to alter T, and el on a
colliar neighborhood of . /(h,bﬁ) in EO/(wng) and
kL, bkL)x p¥  in (Q,pQ)x= DY so that 1ii) is satisfied.

2) Let Eg denote the "enlarged" bundie whose

space 1s B, U (sphere bundle)x I and whose umaps (the

o]
rojection and the F-irivializatvion; are induced by
. idvp,=1
s, i T
Then there exists an isotopy M. of the identity of

1) My /(By/Q4,bH)) is the composition s

b~ i . €ollxid). _
B/ bm)mw-u/(m,gh) :>(A bL)x D > B /(M,bM)C:Ei/QM,bM)
t

o
ii} Mt(gé/(ﬁ,bﬁ)):M%((L?bL)XO), in I,

) - . d i -—xe T k)

Proof: s and the inclusion E /M < ﬂo/m each
represent B /(H,b¥) as a tubular neighborhood 'of the
zero sectlon of Ei/(ﬁ,bﬁ). Since s may be written as

(inclusion) b e i b“l.j

ese emheddings agree on a neighicornoocd of the zero-

section of EO/(EabM). Thus it Tfollows from the PL-tubular
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neigk bo rhood theoren thed

that there 1s an ambient i v
s o gy :‘ [ ) i -2 fr8 1o . - ) - H
Ml of the identity of no/\pﬁsm) relating them. Ve nay

L
P ' oy [ O T A o PR B R P R W - o
alver ki so that 1i) alsc holds using the technigue o

in the prodf of Lemma 37, .

"-4

3) There is an isotopy W, of the identity of

c
Eg/(}-.";l",bM,II‘,bm ) so that
) W/ (RS (H,BH)) = Hy
ii) 1»'.73_(30/(}\!‘;}-1,bi-’i,?-.i‘ b)) e ((Q3L,5L,L fgL; Y Yxint
) e ((Q3L,bL,1t ,pLY)x O ‘.:eft(Eé/(i-f;zE,bz-«;,z-;! , b))
Vfor esch © in I -

F

irst we comstruct VWi so that 1) and ii)

d
i
o
o
A
b

ere satisiied. This consiructlon proceeds in sieps —
a) Extend My to an isotopy W! of the identity
. (Y
s DI, DET) o

b} Deform (first by a homotopy, then by an

isotony) vl(h ¥, bM,H!,bHT) over E /(h,u,bh,L 5Dﬂ‘)
so that it is co:r_ltai»;ed in e, ((Q;L,0L,L , bL! )x :,_m_z). ).
Keep (M,bH) fixed. '
¢) Cover thé isotopy by an ambient isotopy
to get e’f—ta |
Ve gel We to Satlufj iii) by doix aﬁ,b)g and ¢)

abaln in B, x I. See prooz of Lemma 3 3%, 2) and 3),

for details.



%) Let El-_—,wl(Eo); tet qi: By~ W and

, e,
L ] s k - O a0 L T T
JiBy—~Q = D pe defined by pely 1 ang wl(bo) ”o' Q;CD1
respectively. Let blri Ml' b. Then there exists
. 1 %
LTyt G = D¥ s D
so that o , | .

i) ry=p, ona neighborhood of § x O —ril(o).,
ii) El.glﬁ,Wi is a PL- pundle and blrla D
is an F-trivialization
i11) Dby is a bundle map coﬁering k, in fact
¢l(k:{id)=: r and by = (kxiddi |

V) '?Elﬁrlj) represents  C,(Q,G) .

-
£

) - o , _
Proor:  Let O<;DEC:D be such that . .- -

l{ 3’.( t oA -1-.,, . | ..r'- -
2D1'c D= - TO(Jl(s;ne4e bug&}e of bl))

- . L . . o . .
and /L x Dl is the identity. Let ri::r‘p2 where

i Dk,Dk»2DK)V—4» (D- bD“) be a homolTopy equilvalence

the identity on 31 Then rlg is an .-
F-trivialization of 31.  e can now alter ri o1l a
collar neighborhood of k(L, Du) in (Q,bQ) so that
4rl(k}iid)-::r . Thus 1i),ii),and iii) arec sat tisfied by r;.

it is clear that_El l Vodis a PL-%..disk bundle,



Now

L ‘ " "'l { d | - ST -,
J— Tell! v T i
Jbl = e (inclusion) Mooob

@)

= l(lnclﬂswon) ek x 1 Yi, by 2)

-

= (x x id)i .

So only iv) needs ic be nroved.

Recall that b HpoT -1 is a deformation retraction of

l“ L
b onto its zero section. The obstructions to
extending blﬂbzl to a deformabtion retraction of By
onto its zero section vanish since TT*(Elng'b’O section El)=0,
- So let Hj be a deformation retraction extending blﬁbi
Then if we let G' = plg(o section), pyiH; vields
an homotopy between Gigp.and p1j. Thus (£1,3) defines

a “good” tubular neighborhoocd of o S
' Gtz (Wi, M, MY, ) —> (Q;kL,kbL,T,bLY)

which extends the "good" tubular nelghborhood ,

- N v; o -
(blb,(k x 1d)i by ), of kg': (,p) —=(kL,kbL), in fact,

1

Gt/ (3, b = plj(O~S@CblOﬂ)/(ing)
== Dy bl(Omsection)

‘pl(k x i6)i {(O-section)

I

(O-section)

\
5
o
and
pds

AT



J‘/blE = (k% id)i b

and
/DB =y fb bt
Ppdtly /g == Dy JPqHDy :

~whnich is the prescribed homotopy beivween k(pli}bzl

i
Thus (El,rlj) satisfies all the properties of

‘Lemma 14 and so represents c,(Q,6).
5) V(Elﬁrlj? is equiyalent in B(W,X;v) to (EO,T),

Proofs Consider the diagram

. it e Sk

A

/""‘M .- 4{: “M-MM“‘M~ X

¥ (&%;jzniL):

e

: P
E \ Hfbei'_ =1
R e

i L e

- R

7
P
4

&1

7

Te
v
1




A1l 1 E)»é"iOIlS are commutative except % because oi c‘f) ?))
=] sl H
and }":'} .

Let (B,T.) denote the pair
(BxTU B . , D TKI)(rXI)gCH£~1ncl)XI))

Then B is & bundle over UWxI which contains the

" - - P '——| vw,’-": X () K WL . X a
pundle B U, ExI W, L. = & so that T! restricted
0 Db b1 B

to BY gives the F-trivialization TU. txIv, T..
, : F Y by 1

for a neighborhood of

o
<
=
A
[N
453
g
Q
E
y
¢k
g
e
£
<
®

)

0x0 in OxD¥. So 3 3ii)  implies T) induces 2 homoiopy

eguivalence of each fibre palr with (Dh,Dk-O).. Thus

. .ot o ' . #
ve can modifly ié, slightly on the complement of ol
so that it becomes an F-trivialization

m 11,
L

B . en

is ontvo, Now we show thet this result is independent

of our choices of (L,g) and (E,ri). This follows from

Pl

6) 1) We can change a ziven (L,g) and (E,ri)

E5

by equivalences so that & and B ar

[

atisfied

4]



11) Suppbse (L,87, (E,riy,1g' anid h satisfy
A,B,C, and D. Buppose (L,g) end {E,ri) ere respectively
equivalent to (Ll,g ) and (Bq,r.1 Yo Le Ci denote“
a mep defined as above using Lemme h' . (Tow someAchoice-

of g! and hy). Let C, denote

Then there is a commutative diagram

PL(W, By (L,2)) > B (W, 25 (B,ri))

he

| x - N
(D) e ' 1 e™

e A " )

PL(W, ¥; (Lg,87)) = B (W, K (81,74i9))

vhere e and e are bijective maps.

~ . " 2‘; ™ s ] [
Proofl: i} Iet e: IxD™—> B be defined by the

composition C 1
idxr i
c o K Lok
L x D% —— 1 x 5(B%) —> B
where n  is chosen so that i~ is Gefined and
- 1 3 . v i a ~
r: D HD" is the identity -on scme neighborhood of 'O.

We can change g - by a homotosy so thati A) is satisfied.
ii) Let. (®,f) be a concordsnce belween

(L,g) and (Llﬁgl)" Define



25

-

on represencuulves by

Can (Q UL$3 G--

(Q,G)

where _ '
, . C—l
WU Ml e W
is a PlL-=homecnmorphism which restricts to “x¢-¢lﬁ on Mx1
ty on the complement of a collar neizghborhood

T

N OIf (8,T) is an equilvalence between (E,rl) and

% [ £
By,7q147 define

— .e":

Bk(lfﬁl-ls(rj,ri)) e BK(E‘I,I:’;;(EI,,I'lll))
on representatives Dy

L - Ny =g
(B, T )~ —> (e (BV 8), (I u.T))
vhere ¢ is z bﬁndle map covering c.
IT we chodSe, (s »T) = (8,r,i,) to be & classifying

bundlie for (H,f vhich extends (,ri) v (Iq,r 134 ) with

Lo g‘u g and hvh) using Lemma LY, then

an easy bul tedious argument shows that (D) is commutative.
This completes the proof of Theorem 9.

~

Corollarv: C is a natural ecuivalence of contra~

variant functors on %5?n .



E/PL

The Classifving Space

Theorem 9 implies thatl
C
B

B

is a natural equivalence of funciors on 7@n’ k>> n.

ey

We now study the funcior
' Refinitio Iet X be a space, Then ( LX)
denotes the contravariant functor on C which assigns

free homotony clasgsses of mans

the selt of
the induced map

to X in ¢
from X to X and to: T:E=>L
(L,X N ¥,X) defined on representatives by g—>gf.
If X ds in € and u is in Bk(X)’ let w
i _

denote the natural transiormatio:
a |
B = Bk

(K—+X) —> (£%v),

representing .

deifined on representatives by

an /P')K- bundle

b

sere v is

PL-maps.

EY

be the category of countable

¢t

.

Tinite

Le
simplicial complexes and

v

Theorem 10

connecited locally
there 1s & space FV?L)k in

Then if k%= 3,
and an element w, in B, (¥/PL),) so that
8 i i ]
- Y
( 3F/PL)y) == By -
functors on ?i .

s a natural ecuivalence of contravariant



l2?mw.

Proofl: One can carry ithrough 3Brown's construction

a’la Hilnor (19) +to construct F/PL)y using the
properties of By described in Lemwa 2. We can forget
base points because Bk(Sl) = 513} .

"Lerma 11 ~ Let v be an F/PL)kébundle over D"

and let Vi represent the universal bundle Vg Suppose

by

":bDn-——ﬁ-F/PL)k is such that f*vk is embedded
"(as a subbundle) in v .. Then there exists an extension

T

g of f over D" so that the bundle

v L)(f*vk x Iy U g$vk

over DRUDLDY x IUDR extends over D% x I,

Proofs Let. A be a subcomplex of X. Lel u
be an F/PL)y. bundle over A and I: A-»X be such that

f*vk is egulvalent in Bn(A) to u. Then Theorenm 10

implies that 1w extends over X 1ffi 1 extends over X,

Hy
e
o
n
f
et

In our case f'v) extends over D" so

least one extensi C Then vg= v v (ffvx Dugh
east one extension g. en v = Vv w v x Dvgivy

extends over DR x I iffi a cerbtain element Ce in

e

TTil'(F/PL)k) vanishes ( Cg s the classifying map
for vg).
v IfT CL# 0, we merely alter g in the interior
N o
of DB by adding ~C_. If g! 1is the new map,

1 -1 ’ n
then anzr Q and v extends over D x I .

g!.
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~r

Theorem 12  Let X belong to £ and let A De a

subcomplex of X. Let v, represent The universal

bundlie 1wy over F/PL)k, end  let I A~é-F/PL)k

A3

be given. Let (X,A37T denote the homotopy classes

(by homotopies fixed on A of extensions of T over

X. Then the induced bundle consiruction defines a

one~to-one correspondence

she

- ) ™ , ﬁ.-.fp"
(X A5F)  ——esin BKCX,A;I vk) 0

‘Proof:  Its easy to see that * is well defined

end injective.

Let v Dbelong to B (X A;f7w ). Let X.= 4 'U.

-

(r-skeleton of ). Suppose inductively that there is

an-extension, gp; of f over X, so that g vy is
= ~ A

equivalent to v/X, in Byp(X,,A;f%vy). This means that

.

v/Xp U vy x I U gp vy o

extends over X, x I. E144 extending En is constructed

with thiis property by applying Lemma 11 to each T

cell of X ~ X, . I we let g:[/gr, then g extends f

)
]
o,
¥
Fan
o
j
1
<
a
=

hus % 1s onto.



Fow we relaie F/PL)n'to certain other universal
spaces.,
Definition 17 Let F(n) denole the set of

homotopy equiValences of 8

of degree -+ 1 endbwed

with the ComDaCb open Lopologya

Let Bpry, denote the universal SD&C@ for PL
n-disk bundles (19).
denote the universal space for (n-1)-

o
Let _ BF(n)
spherical fibre spaces
Theorenm 13 There

'—‘/DL) bzl, B .
F/PL), —+BpL)n s

and

0
¢, F@)) S

is an exact sequence of

—

g £ g 2 -
Proofs Let Vi

universal bundles over

Let b

respectively. n

bundie of pp;,

is fibre homotoplcally eqguivalent

and by pp is,

(22).

0
n
exist maps F(n) —== F/PLY_,

J.
B o, so that
Ph)n (n)
b J;
F/PL)n)”"E'( PpL)g ) s 37(n))

functors on zz

(Byytn)y b, 5 and £ ‘denote
and Jn' be defined by

to the sphere

PL-tundle ecguivalent to Er'

ES

Now it follows from (22) that F(n) is
homotopically eguivaleat tokgn element of‘?f._ Define
B(ny x Do DM by (f,ﬁ)»:%r(come'on £3(&). Then
(F(n) x DM, tj defines an F/PL)& - bundle over TF(n)
vhich is classified by Op: F(n)—*PE/PL)n



Exaciness at D..- : Let X be in ¢ and . T be
_ " i Ll)n ) ) f
in (X, BPL)n)° Then Jﬂ(f*pn);:, iffi f*pp admits

. . . A . - s
an F-trivialization t. (£ pp,t) is classified by
e ;o Y ] o) F - e L e F
g&: X=F/PL)y - and (b,g) pp = g bn'p = & Ep=f p. So
i

bng ~ ., Thus Jnf:: O 4f7i

Exactness ai EVEL)H : Let £ belong to
(X,F/PL),). Then b f=0 iffi {'B, is the trivial
“bundle. Thus b =0 iffi 1"v, is eguivalent to
al

(X = D®,% ) for some trivialization t, . Assume

to(x,djzz (cone on g(x){(d) where g: X-> F(n). Then
(0p8)™ (Bp,t) = &F (Fln) x DB,%)
= (X x D", t(g x i3))

= (X x DB,t,)

since ©(g(x),d) = (cone on g(x))(d). Therefore O

o

, n
is homotopic tc f. The exaciness follows from the

Lemma: Let (X x Dn,t) be an F/PL)nmbundle,
Let g: X—>F(n) be defined by ‘
(ezN(y) = t(x,y) , ¥y im bdDY,

Then (X x DP,t) is equivalent to (Lx D™, cone on g).
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o+

Proorls A homotopy between  and the cone on g

fal tlx, = ) Ar, }dfz1-s or s=1 and
H(x,d,8). = it . lal £ o
(lﬂS)t(fg'Irg ) it |4} <« l-s,s =<1
o if s=1, d=0.
e aTSO have maps so that
. by In

> F/PL) —— BPL)n > BF(n)

susp. i, | W.sum W. sum W, join
v ¥ '
bﬂ“ : ‘ Tn+i v

F(n—r—l)«—»F/PL)n T By, T Dene1)

is homotopy commutative, These are defined respeciively
by suspension, Whitney sum with the trivial one-dimensional
bundle, and Whitney join with the trivial O-dimensional

1

bundle.

DefiniticnflS By forming mapping cylinders we can

suppose that the vertical maps are inclusions. Let
F= U Fn), ¥/FL =V F/PL)n, Bp

M.Q’B F(

nj°©



]
(OS]
o

Then by successively applying the homotopy extension

theorem we can make the diagram actually comrmutative.
L - ) o — r_l ket 3 — T .
Let O=V On5 b= bIN ars J dn
We get a sequence
]
¢ b
n 5 - ) 7 h B
l‘ ] /PL e -BPL -"""'"—v-'-wl_‘;? BF e
. Theorem 1%  Let X be a finite complex. Then

a) FP/PL is the classifying space for stable

‘eguivalences cliasses of F/P')Fubﬁﬂﬂles over X.

~

p) If f:¢X—>TF/PL is the classifyving

map for the class of (E,%), then‘ bf dis the claszifying
nap for the stable eQuivalence ciass'of E. |
¢} The sequence
0. ” ) . i J .
(X,5) —> (X,5/PL) ——> (X, By) —> (X,B,)

d) The Wnltney sum operation induces a  H-space
structure on  F/PL.
e) This Hespace structure on F/PL makes

(X,7/PL) lnbO an Abelian group.

Proof: It AzzL!An9 then any map of a finite
complex into- A. 1s homotopic to & map into An for some n.

Trzs  a) follows from Theorem 10, D) follows

cl

from the definition of b, and ¢) follows from Theorem 13.



13k

i) b and J are homomorphisms (vhere the

operations in (X,BPL) and (X,BF) are induced by Waitney

sum)
ii)  (X,Bpp) is an Abelign group, (see (15) and
(12) ) |
iii) (X,F) is finite. (The howotopy groups of
F are finite (22).) |

¢), This

Ca
o
0]
[
w3
iq

Now inverses are easily coastructe

proves e).-:



The Homotopy Properties of F/PL

J—
it

B
Lema 15 (Stability) T3 (F/PL)y) i(ﬂ/?b)n+l)

is an isomophism if 1« n - 6, .

Proofs Its easy to check that

Ret

n (8% % DI =2 r (3P0 )

c . B
7

PL(Si X D3) :eéol } i
_ s v
. a . M _ s
O B (st x 03) <25 (w/p

1

n+1)

is comrutative, (here we identify (Sl X D3, X) with

=5 - . i - “|3 H_.;" j‘ " 5~ 17
'-ﬁ“i(_.i) Dy Pyt ST x D > 57 ). Iow U.n and ul"l-n“‘l

-1

&r'e isomorvhisms and € is an isomorphism 1

n—-3 > 1+ 3 by Theorem 9. .

+ s o 7 M et o) s %o Al oy
Let (3,3 # (ngfg? denote the pair (hlirmgjilwa2),

where ., & M denotes the oriented connected svm of




fL ~
i
(4),F/PL) % (M,,F/PL) ~> (W 7 N, F/PL)

o g

by choosing representatives which satisfiy N (D.):;p,
If My=M,= 8, then 7 is just the group operation

- LT
Theoren 106 Let Iy be simply cormected closed
oriented PL n-manifolds 1= O,1. Let f3 in (4, ,7/PL)
. i
classity the F/PL)Pmbuadles E¢, ), d= 0,1 ;
X >> n. Then ere exists an element
¥ . f. : if i ad
g(hl,_l) in 0 if n is odd
Zy 1f nz 2 (mod %)
Z if n=0 (mod &)
so that
i R R T SR R — 31 ' 7
1) if axh; ol ,fe) + n(hl,il) = n((hongJ (Il,L 1)

ii) if nzb, n(i ,f:) = 0 4ffi ¢, "splitst, i.e.

t is homotopic (Through F-trivializa

where ti is t-regular o O in D and the composition

is a hozotopy equivalence,



change 'ti- by & homotony through F-trivializations
so that .
G .
s s T -
X . O Coan fa. U, ) s
i - Lo i
igh
i
. Il--j_ —”i o ¥, - s - o - .
is i3 ~corneched., I n=%i, then n{i,f,) 1is
- . . s . . . 4 .
tihie vrecise obstruciion to making L. 3 ~connected (and:
T
trus a homotopy egquivalence) when nzj, (see 1 ).

= v
Ext

M).

bly the technicue of Lemma 8

and

no obstruction.

obstruction (the

7L (0)) > =

2kl 1L P41
. - NP &4 P
nlies T can be made 5 ~CONnECcTed,

137



fn easy application ol the proof oi Lemma & +here

Y

(W,1) there corresponds to (¥ x I, ¥ x 0} here shows

the converse., A similar epplication shows that the

obstruclion only depends on the eguyivalence class of

(B,t).

.

‘Thus we can define n(i¥yf) so that 1i) holds

-

using this obstruction. i) ~will also hold, in Tact

this is used in the prdéof of Lemma 8 (see 1~ ),

_ n+
Theorem 17  Let WAL

be a sinply connected

Pl-manifold wnese boundary components El,ﬁ2jeoegﬁs

are simply commnectsd, nz L. Let M, be oriented by
the boundary of an orilentation of (W,bW). If

P: W™ — B/PL,

)
O
cl
Hy
1
b
+
5
o
it
!....!

s

»
L]
L)

R -

n
L3

i
(-]
o

Prool: A homolozy caleulation takes care of the

case nx= bk (indeed n = 4i). Ve proceed to the case

It follows immedlately from the definition of n(i,T)

that . n(-M,f) = -n(,f), where -~} denotes M with
the opposite orientation.
We use this to reduce Theorem 17 To the case wvhen

‘a1l except possibly one of the nf

Then
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Chocse an arc £ in int V. conrecting a point in

I to a point in hg. I ¥ dis an oriented n-rmanifold
e

:‘)_‘
Ty

rom

A (M;MI5M2) # M denote the manifold obtained

LR b -\' el 7 ) . W ERE R |
W-(open tubular neighborhocd of £ «). and. (HM-open disk)x

e
x

bj the obvious 1dcq icztion of €

;_w,

To be more precise do this in an orientation preserving
manner so that the oriented COqﬁoﬂblt of b{({W;H >M2) i 2M)

are M, @ M, M, @ =M, My, ... 5}

p in F/PL ,

iy
rey
I.._I
iy
e
b
pe
'
b
™
v}
gl
=]
o
oW
o
Y
48]
™
[}
-
0
c.*.
o]

M) # M, say

there is an obvious extension over (W 517‘2 Moy

since ﬂ/PL is simply connected),

oy (s
by (W ,FN) = (W3, M) #. (<K 1)5

(F;fl,fg) F fl) . Then 1f DY has components e
Ki-, ML, Ké L oeee GML T and fit;Ff/Mi , e p ve .
n(igl., £ = © ‘
n(Hé 5 fé) = n(ﬁl . fljf-n(ﬁé, f2) . and

n(it] , £1) = =l , £) for 2<i<s .

Es

¥e continue in this marmer, and we get a pair

i) W is simply COLQCCbed



1L0

ii) bW consists of simply connected couponents
W M |
‘1 i 7 e € e 'I
l b “'2 b) 7 I3
iii) if I = F /M. , then
) i;—,: s
B3 3
T e =
Il(.ui 9 .L:L) e |
N ) L
ﬁ(l\'llg—i—l)'r‘o e o b 1L (l‘lsg 'LS) 1= 5
#* o, . . T, .
Let ¥ determine the bumdle (E , t7). Let
— .,.1':. Fee . N S . ) N -
(B,0)= (B" , t7) / bW =~ M, .  ALpply Theorem 16 to
7 7 S &
each component of DW - Mg and “split" t. Use a collar
neighborhood of bW =~ M, in V¥, to chenge t on the
complement of BT M, so that /8 is Ysplith., Tow
let (W, My 5 bW - M, t7) correspond to (W,1,M?,T)
i - ST .
of Lemsa 8 to sce that v / (8 / 1 can be Hegplit,?

' L o . _—
ThuS n(}isﬁls) ) "ﬂ(l’i ?f )—':‘ ¢ ° & '%-n(l\l-’r\S?f )_-— O o

1
Let (] FLOU(E/PL)  denote the nth oriented .
) 1 : : ,
Pi-bordism group of F/FL . Since T (F/PL)= 0, each
rL -
bordism class-inujzn‘ (F/PL) contains a pair (M,7)
vnere M is simply connected, nyp k. Furthermore any
cobordism between two such simply connected pairs may bé
replaced by & simply connected coberdism., (Any oriented
n-manifold is oriented cobordant (by one-dimensional-
surgery) to a simply connected manifold, nzb .)

Thus Thecorem 17 has the



}_J
i
j=s

-

Corolliary: The correspondence (1,£) > n(l,) '

defines & hnomomoryhisn

(LY N P
Ll | P

for nx b , where oo .

P. s 0 . n odd

"y

' 2 7. n= 2 {mod &)
. 7z n= 0 (mod )

(

Ve remark that X has a natural de

o<l . Tnis is uvnicue for n=1,3. For n=2 de
- : 3

(£~ (8,t)). The additivity of K <Tor this case follows
exactly as in the case n=6 or n=1%, -The Tact that

K is well-defined on cobordism classes follows from

i

(F/FL) denote-

H

h' ' PT

- s o - : TATT N et L

T_QEO..L en 3_67 Let ”ﬁ'n(ﬂ/fm 7"’,_0.. n
- .

£ H P 0 b CR Y - « LY, .
the #_{i "“-Burewicz Homoumorphism." Then if n#k, the

composition

ol PL o :
‘}Tn(F/f'L-) — () . (8/PL) —— P

i

is &n i1sonorphisn,



k2

ey e

If n=Y4%, In' is 2 monowmorwhism ontoc the even
7 - .

Proof: Ve make use of the foldowing

. . . ‘_.{ﬁakL?’

Lepma 19:  Let (E,t) denole an F/PL)?«bundle o - 2
i . ) e

" sk o . - : - s
-over closed 7, k>>ri. Then T splits so that S
_ 7 _ _ oL b

el c e . § e . X
t7+(0) is PlL<homeomorphic to M . iffi (B,%) is equivalent

L + - TSy bl oo i ;i 17. -
to the Trivial E/PL)kaouna¢eﬁ (- x D, p2).

Prool: Externd the embedding of ¥ x Oz t“l(O)c:E x O
S i T - o

to an embedding i. of: (M x I, ¥ x (0,1)) in ¢ - .

L)

E' x I, B' x (0,1) so that M x 1 goes onto the "zero
scetion of B, Now M x I has a trivial normal bundle

T ] b

in BE' (because M x O doss) so0 by the PL tubular

It foiilows from Lemma 37 , or by an easy direct argument,

. . / 1
L) L LIS JEy - A3 B on o - - - J.{ v —
that there is an embeddinz ¢ of Mx I xD in !
80 thatv
1) e/ x I x0 = 1
o % N L — . ,
2) e/i x 1 x D* = is a Pl-homeomorphism C

3t (e/(Hx 0x D)) = p, .



Then define Tv B x I - I on thie Image of e union
L x 0 using v and T  and on the complenent of image

o -
o DY x 0 and n

(D%, D7) x O

oastraction theory so that T

is an F-irivializetion. Then (B x TUGM x D“ T g pz)
‘ - - .! -.'TTI L. iy J e - 1( -
gives an equivalence between (B,t) and (M x D%, 92),
The converse follows from the FL covering hipy. theoren.
ﬁow we prove Thboram 18,
Let (L,,bL,) be a Iramed, almost closed, almost
pafallbllZaDle n ~1 ~ comnected n-ranifold in
(DL mp*tEy  imiich generates P (Definition1.2). Let
b o n g
L, denote Lju (come) bL,. Let
bLn
. 3 T k e LN ]
nn: (D SDD ) X D' e (D ?bD ) X D‘Lg
be the map given by . Lemma . F so that b, 1s {w-regular

o e o e e, 1
We may assume that %n/ (“j of bL  in bDP = DF)
n
is a PiL-homeomorpnism ¢ vwaich 13 the identity on
g1l x> 0 = bL.. Let
el
B Ik byl X ; . ji¢
. E= (D ,pD) x D U (o™ , D) x D
: C(b."hl b 3*“)
and
o= p, (h id).
(¥ By (.ln U id)

(Ln,bLn)C (0™, 0% x D,



EYRY
Thb

v

a

in  easy epplication of the PL-tubular ancighborhood

i

Theorem shows E 1s the totael space.of a PL k-disk vundle

~ 7 - - . - ' — - - - .
over 8. Then (E,t) is an b/PL)F bundle over 57,

—
1

H

t is t-regular o O in D, and t71(0) = L.
Suppose (B,t) dis classified by i S —F/PL.

fhen if n=%i, -

i

A
}
1
")
-
H
e
\n’
;__J

Ly
RS
r
[N
[
E,_!
i
;...I

L]
—_—a — 1 b\}‘6 "
17 an=4i+2, n= b, then
n(s™,£) = 1,. by (1.
Thus Eh' dis onto if n=% and onto 2(Pn} if
n =,

R s P s = ;
Suppose f: S=» ¥/PL classifies (£,t) and

- Ao . | . - - ]
Kt (8,8) = (8%, )= 0. If n=Y%, ve may change”

-

¥ by & homotopy  so that ot T({0) is Pi~Yomeomorphi

to 8%, If nx»5 , Theorexm 16 and the Generalized
Poincare Conjecture inmuly that € can be split so that




Lemma 1.5 and Lemma 19 imply ‘Wi{F/LL)-m‘ﬁE{? PL =
2 ( r/PL can be CQEUUueu in a muumpber oi ways. COne
“way 1s to use the exsct sequence ¢f Theorem 1k to show

at ﬂé\F/PL) has, elexents, Lemaa 19 imnlies

ch

! is an iscomorphism. -This completes the proof.

=

_Corollarvz

Fow we a@ply Theorern 16 to study the k-invariants

Zy=cohonology -of F/PL,

Let Xi denote the space which'is hometopically
ecuivelent vo F/PL over the lnokcleLOQ and such that

to the Tipration
- (O : /7:\ T o~ Ar e <r
...N(l “i’“lg ii j_“:“-i i_-../;. _u)) ,‘Lj."i"‘l rrmn s ""A“if
in “a . Postnikov tower for F/PL, (see 23).
The k-invariants are closely related wo the Hurevics

h denoge the

Theorem 20 Let LUfeWiCZ hronomors
he: T (8/PL) —> He(F/PL), and h, the (mod 2) Hurewicz
homomorphism ?2 T L (F/P50) —» H (¥/PL; 22)0 Then h
is a monomorphism,and in ail positive even - C'hggSlo;S

h

n is non-irivial,

3

24y



Proof: We first study the mod 2 Hurcwicz honomornhism .

b 2 . T InWavh
T, (F/PL) —— ﬂn(ﬂ/fbjzz),

Let _ﬁln( /PT) and 4? (F/PL)  denote the oriented
and unoriented-(smooth) bordisn groups of F/PL, respectively.

Then h2 may be factored as follows:

o dem

- 1 fan - - C ) _ [y Seipe P
T, (#/PL) —=_{L (F/PL) iz B (F/PL,2,)

p B (/LY A

2 -

i
e b ek b e 5 e A

N

Sow h' has a left inverse if n# % by Theorenm 185,

Therefore h' has a left inverse, n# %, The kernel of
b

! consists of elex

1 _ - * . - —y . L - L Ca P 1 —, I Y
that r'a'' is 2 monomorvhism, If f£i8%-—> F/PL,

represents a gemerator of - (F/PL), then we have
shown that (8%,7) is non-trivial in L (F/PL).

Thus there exists a polynoninal w in the Stiefel-Uhitney

. . i o
classes of 5% and an element u in H (F/ﬁbgég) S0

. 2 7 ; - n . . o
that (T w) v w)#F 0 in ﬁ~(6“,32)0 This can only
happen when w egquels 1 and w is in EWMNF PL,Z.).
Thus hé is non-triviel. FPor n=U see Corollarr 5o

This shows that h ig a monomorphisa (onto a direct

p.
0

sumeand) in” dikensions 3 4i. To see that 1 1S & [MOROROT

in d:mongloﬂs i ve can ooz at zin numbers of

He
(s, 5.

Ci"i

.r.:



ik

pJ
e

For the facts about bordism theory used hsre see ( 5).

Corgiisry 1 - The n“ k-invariant of F/FL is
zero if n#bi,
Prool: Ve make use of Theorem 20,

There is an exact seguence

' ' = i . 7 t A
a -1 wrl g e e L I ST AP :
wiere 1 1s the inclusion map, T 1is the transzression

i - ; . . [ ST ST
(i, 7.), then u 2> (k-invariant).

Thus we need to iook at insze 1. Considen

P
b
N
‘
4
!
.
N
g

1M
bR ,
? 3 :
B ) E
h.g‘r : 1 h
v LT . v
i wr pan

the hanotopy equivalence with

A over the i-skeleton and the result ahout h2 in

dimensions # bk . I (e} in I (X, ‘W&) determines

Tthe homomorphism T2 Hi(Xi) ~«>'ﬂ‘i(Ki) , Tthen the

L}



-

homeroronism Hi(Ki)*éﬁ‘ﬁ“ (X,) determined by ()

witi i

jo]

- may be identirie i.. B0 r'h is essentially
vh. (See proof of Corollary 2 for details.) If 19 bi,
hr is the identity so - (r) goes To the Tundamental

;‘

class of XK(i, T 4) since its associated homomor phisn

is h’l, fhe Corollary follows from The éxaciness 0¢ (8).

' : . . .
Corollary 2. The Li%= k-inveriant of F/PL

is & torsion element, and its.redtetion mod 2.4

- - gt P .
Proof:  There is a ciass in H ~(X,4,Z)  which
restricts to some non~zZero multiple of the fundamental

ass of ¥K(4i,Z) where the latter space 1s the fibre of

-0
P

By — i

#/PL, This foilcws {rom The fact

1
]
-
5t
(@)
"C
U)
ot
ol
H—l
by
(@]
<
ct
2
(D
e
=%

is a Toqomorfi4sm; The Tirst statement now follows Ifrom




-

atenent we

2

second. s

-

Oick

-~

Pt

-

the

-t
e

Bie die Dy

Serre seg

proceed in the sane

juence.,

vhere B, = (2:-1) 1(0s+L, 2), the Boit index
Ajk‘:ﬁ. index (ker( T, - (0)—>Ty, ((¥)))
Dis = index of the imaze of the composition
i coeff P,

A7
- - - ~ - . G - . KR I -, : ¥
Tnen the order of the W™= k-invariant of F/FL divides

3 D= = O : ==
S"Ir:- CS.L U, 82
Proof: One shos that there is 2 class 1w in

A i s - - 5
E*(Bwy,,2) such.ihat u pulls back to S.(gen) under

the composition

.



Lo wae. . (gen ker 337

S AT T .1L
HYE™) o BB )

RN \(bagen o f/fl);k% ‘
I .M( TRl . S e E1 A"(:}PL)

is commutative., So

. a .
T ~ F :.l.. 2 - - -r—.-}“‘i"i o
ord P, = ord( @ (ﬁ v (aﬁég)éﬁ Torsion H —(X,2)))

ary e,

1=~
-
O
O
;
be
w2
O
(D

o]
H
o
O
b~
]
o
L]
O
1
fout
ja)

3 T oA “r

- - T - 2 - EO - ey 3 o S
Corolianry & Let A be & Iinive ccmpliex and

jot
o
ot

Tx denote the kernel of

.

e ~

(X,7/71L) = (ZiBur) .
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Then Ty ¢ Py, and there exists a seguence of integers

51955, +.. such that

o s EREL -
%N ZQ)AB (Torsion i L(i,Z)@)LSi))),

w7

S. 1s deseribed in the Addendua to Corollary 2,

Prools . It follows from a speciral sequence

To gel The estimale on the orders of T, and 2,

ct

he Postanikov tower of E/PL,

b
~ s
iy P L

X - ST, (F/PL), D) = X,
A - - ,~( “ l+l( / )y £ l) a\-l‘%_l



- - 14 4 . o
Wemr el * - ERN P 353 e
Now Xy .4 —— s K is a principal Tibration so
1 ) o s oaa A s o .
the homotopy classes of 1iftings T of © are in one
R - . sy T PR T o e » _
to one correspondence with (X,Xi.1). If T is one

where the sum is taken over

o3 P P, T PO B
L0 Zet an unper sound on

0

.[.."_} T i”'_‘.

s o=

these to T+l =

these estinates.by ord(X,X,

Ly +2

1ifting then any other 1ifting is homotopic to the
composition
Q .
X g ) AL
X et K W OE; a3 A -
i 4 4L 11
where g: A —FK;.q and #is the action.
e L oy S e o -
if fu belongs to I (X,2),. ©-¢g :;;ﬁ(l X E),
and i K. B is the inclusion of 2 Fibre
and it Ky, 4 o Xi+1 1s the inclusion of a Iibre,
then 1t 1s easy to cneck ihat
- 2, AE s - f
(e) Teg) v =( + (ig) ) n
T b - T"‘L:":L T 7 2.
Now choose vy; in H™(B.-,Z) so that
" Vi ) N (nlgen Wy (F/P1)) = By .
- . o PP ,
Let . denote the lzmaze of (b v&i) in Xﬁi . JThen
1 {w..) = 8. (fundasental elass of Bl
Suppose by inducticn that the estimates of Corollars
end Corollary L areé valid for nans of X .into X,

cohouolob

k{

t}_l(—l' ;C{_,"‘.',’_b@r lift:‘ "

™y
Lz,

L

ve merely

152



-
ut
(A

- b . C‘ -~ - »
and covers f: X=X, tThen I -g covers £ and is in

Py only if i

2 <l
. -

£ 2 P
o+ (dig) o
) 1

A(fg) ™

R ) A R . 1_}.-? . i . .;J.:."!'

has finite order in H™(X,Z2) for all u in E (X Se1s 3Z4) .
If we take u = W, then we see that we need only multipl
o ) e h ' fal Y = g .

£ by the subset of (A,A g,.ﬁ)) CO““CSgOﬁQlﬂé to som
subset of Torsion(HHi(X {,7)) to construct all elements
of P, Tor Xk4~1 vhich project to I, I 1is completes

the inductive step for Corolliary 3.

We prove Corcllary % in the same way. The inductive

DN S . . . R . .
stew uses the fact that [ is in T* of X . 1 only if
2K " - a}:- ’ A P2 A -"'F-_ N"‘ . _
Ty = 0. So if (£-g) Ui g = C then g (1 Gy, 4 '::Si(g i) = 0.
A

Thuve ve only need multipliy £ by certain may g;Xma-hhi
- = L] - —}'I i - o R} o1
(corresponding to elezents in H ~(X,%2) of order S.)

1

to get the ouner liftings of I vhich are in I, of X

For k large,

is an iscomorphism, where p,: F/PL-—>'X_ is the nrojection,

Similarly for T,.. This ccupletes the proof.



1
Ay
K:

K(Zg,2)x (2, .. x X(Z,,hi-20x R(Z,h)x .. .

Then  H (F/PL;Z%;) end H (i32,) are isomorphic as algebras.

T e -

Prool: We first fill The gap remalining in the prooct

Teoran 20, namely thet the reduction of Xk to Z
coefficients is zero.

et k ‘denote the reducticn of ¥ te Zp coerfficlent

.t—{

Then k belongs to Bs( Zy,2)32,). LT w denotes the fundapental
G

class of K(Z,,2) then X rust equel

vhere & and b are in Zn. e LT m¥ denotes 2 co-mul tiplicati on
in 4'(1(22,2) Z,) which 1s compatible with that coming

in
ot

. . . .- ; 1.
i.e. k must be primitive. Also we must have SE (x) = 0
N oh

3

-

since X 1s ithe reduction {(mod 2) of an integral class.

-

SO
wE (S 8 u) =

(1)

o
g
it
-~
[ 1
&
}..J
e
}-.J
3
e
A
P
U

L : g o1
= (v Ll veltieu 5T wtlve 3f C+ ST u®u).
G g ¢ G



n
|

}_J

. .
=]
~

fLdn

€2

gy e

The first set of equations implies (a,b)={(0,1) or

(2,b) = (0,0} . The.second set implies (a,b)=(1,3) or

(a,b) = (0,0} . Tus (a,b) = (0,0) and k=0, (I am
;o J. Milnor for this argument.)
How consider a fibration in the Postnikov tower for

F/PL,

. e L, . N ; a4 o . .
since there exists v .in E (£i$7322) which restricis to

the Tundamentel class of Eiog (redueced mod 2) the restriction

H*(Xs.1,%9) onto E (%,

afete
—

-

no
R
&

1hus ~the Serre spectral senence (with 4, coefficients) collapses
and ”2 =5 e . ;
Then it follows that E™(Xi.4,25) is isomorphic to
P My 3
By b
™ o T = r
i (_l\_. Z ) ® Fys (‘ii,.ﬁxg)

bra (since
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The PL-Structures on 2 1H@ic over o

Let @ = ¥ be a PL L-disk bundle over the

PL nemanifold ¥, Then T is a PL{n+k)-manifold and
1 .

2 )

PL{E) is defined. We would like Lo consider the

relaetiornship between PL{E) and FLD.

) Definition 20 Define

g
PL (M)

on representatives by

(L,g) ——2 (g%B,ble)) ,

S 2.7 iy LI s i 2
denote The mep induced ¥ _ < M, let

~denote the mep defined on rejresenia

(Lgr8) ——3 L}(ccae on bLO),g ) {cone on g/ol ).
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f

the identiity of PL() and cr equals the identity of

N
(o)
[

L —
*

-

2 £

on the level of

The second statement I ilOIS from the following:

simply connected Pl -n-manifolds. Then { is homotopic

ck
O

fy:H-»1 where ,/D%C K is a FL-homeomorrzhisn

ja)
)
O

£, 00" @ 3-rq 07,

This follows from an easy argument usin

o
£
N

framed rvobordism of finite discrete seis,

M =T f ) '\-v-
(M?F/y}_;) = (&,F/PL
{}e a.e.i. i.':e{i by 1 JERE— fqd T}gen
PLGI) e (2, B/PL)

q S , ? q b
b Y

L(E) o {2, 7/71,)

b

is cot::tﬂfivee



=3

N, (T o) e n T e s o
Prooffs Let (L,g) be a Pl-struciuve on ¥ with

classilying bundlie (v,rj). (v,J) is 2 good tubular

-1 e XA T
gls: H e Loy

a homotony inverse for g. Fow in the diasranm

¥4 '
E -
14 e et e I:

each map.is & homotlopy equivalencs. Thus we may 1ift

thls diagram using

p* B < g% B oz int DY
Yoo obg")
B gk

vhere b(f) denches a bur

is a bundle projection sincs » was, and b{(J %)

=
6]
40 )

embedding (since j was), Fow the open disk. bundie

contained L x0. “Thus (p'Z, bB{J)) is & good tubular

|9



=4
N1
G

—= 2% e GFE, 100))

is a classifying bundie for (g B, b(g)) ; C(¢™(L,z)).

i

| . j
M J Voo ~
v s S I % Dl’.. / .

2

is’ commutative. Also, there is a bundle mep I so thatb

=
jo]

W< : 2
B s b

bt
w

commtative. (Let I be the identity.) Therelore
.'C(CL:::(L;%‘)) == (P:kgﬁ r gb(j))
= C'-quzis'“
= (¢, r1po3b{a))
= ¢ (C(L,2))

i (n]

since the choice of r doesn't affect the equivalence class,



Tnecrem 23  Let M be ia 747, and suppose B ——> M

¢ over ., Deline

Bt

be a k-4islk bund

591 represeniatives by
giL—— 1) —> (p(g)ig'B —E).

. 4

Then ¢g© 1s bijective.

. Proof: Ve first show that (E,bE) is a simpiy-

<
+

connecied manifold vair. Now

£

1

i

b
]

‘ﬂ’l(gs) - and W (Bg/pil) are senerated by
the fibre sphere vwhich goes to Zero in bE, For k = 1,

(63)=0 by

DE = (¥ x I) = double of ¥. So in all cases T,



o
Oy |
p

¥

. Van Xampen's Theorem. ( T-(8) and 77 (B/vl) are clearly

1
—_ e

N

ero., )
o ¢ o ,
By Tneorem 9, PL(E) ——> (E,F/FL) and
e C . g e e e e e a® g e
PL(E) —— Q4,7 PL) are biljective. jm,F/BL)~—¢¢»(E,F/fb

is bijective, So the theorem follows from Lemma 22,

jal]
}_!
h
)
®
i
D
]
i
},_I.
jol
}_J
%
CH
R
o
=1
ct
O
ol
O
}__l
0
e

-The Bundle Prohlem: Let M be a PL n-mapifold,

A AP a PL k-disk bundle over M, and

or e G - -

(W, v¥) ————s= (E,DE)
a homotopy equivalence. The Bundle Problem for (E,i;G)
is the following: find a PL n-manifold L, a homctony

ojection

".i

equivalence  g:{L,bL) —= (i,b¥), a bundle p

W'mga-L; and change G by & homotopy to b so that b

is a bpundle map covering g..

W

|

|
-V

b

e
o

I <
o
L]

o



Ve nat ixf 1=~cobordisn theor
(%,0')  then the Bundle Problem for (8,5

KN
[

ne problem of changinz G Ly a homotopy

v-regular to-the O=gection of B and.

T, I
—— In/ (%, blf)

(), o

AR Y

ﬂ“l l
C (J;;))

A

is a homotdpy ecuivalence.

Corollary 1

- . PR 3 -4
Let X be in ﬁ? and
bundle over . Let

g
s
o©
)
o
Fe
@]
3

be & homotopy equivalence,

1
Prooi: By Theoren 23 {(W,G) is ¢
(2¥8,b(g)) for some g:(l,bi)—> (i4,5il).

Thieoren

hten out this

l.e. if (G,J} is the concordance choose
Hf: Wx I g

50 that v
BYWx O = identity
Hi/W o= 1 is onto

62

to

is essentially

HY

So that it is

[

i be & k-disk
& scolucion ©o

oncordant

Ye D13

e

¥

b2
[= p

concordance,

— . .
a PL-homeomorphisn

of "W and
.



e
&

>
el
o
}’/'
-

g = g (».

o
il
[
P
oG
A,
«
et
i
~
b
=

H = it
. .
1]
] - | — - T e TT b R
then ¢ and b are as desired and I is a homowony

between G and bo

Corollary 1 is true in such geénerality because .

= )

hii ¢ O. Tow we consider the Bundle Problem for closed "I,
PR N ¥ S SRS 4 T e T/ 17 ~ N, P .
Let H,= Heint DV and By = BE/Hg. We can apply

the Browder Theorem to gel a map

b

k=23, & i belongs to /7.

if ; Its easy to checlz that

= By
B
2 T

PL (E ) . AM,,T._..*:,_-:;,.- PL ( E()

i -

e

PLEH) s PL(g)

is commutative.

Corollary 2 If ¥ Dbelong to/7)_, n odd and
ey
k = 3, <then the Buandle Problem for - (H,E;G) has a solution.



rools Consider the commutative din

o
i
Cany
1=
.
E
{

Y
o
N
&Y
]

.b(r) i =
v - C v
PL(Bg) —ommmm—=re (T, T/PL)

vhere 1" is induced by EO < B,
Since the Hurewicz homomorphism is a monomorphism

is onte. Since T, (F/PL)= 0 when n is

— S - LI .-'._., . T P S
T and gy - are bijective by Lemma 21 and Theorem

Thus g7 - 1s bijective. The proof is now completed

The case-vhen n ig even is harder to deal with.

sk

Ve must have additionl hypotheszis on G in order that

the Bundle Proble Tor {(4,M;G) be 50¢vab¢v°

where A= Q or Zg.' Let ©p denote a monomial in the

Ja

rational Pontryazin classes of M and w 2 monomial

nd

e Iy
H

[, Then (p Vv £%u) (G

Fot

in the Stlefel-Whitner classe

1951

of

ey

is called <the Pontrysgin number (u,p) of (,£) (waen

g
A T o

A=Q) and (v v T u)(D) s called the Stiefel-Unitney

murber (u,w) of (i,_)(hA A=2Z5.0)

Mo

)

{2

Let £ M —> F/FL  and u belong to H*(F/FL,A)

16k




b=

3 n T - V - r :- )
Let B3 bhe & ha@islk bundle over M in /7 and

. G _
VD) ———>  (E,bE)

a homotony equivalence, X 3. Let (u,oﬂj~4?(“jbu)

be a homotowny inverse.for G. Iet T dencte the tangent
. it 2 B o

fos
=y
Q
i_J
Q.t

bundle of X, vhere X 1s & PT-ronii

o

Theorem 24 Let M be in /¥ and %z 3. Then

SO Tthat

classifies \C‘)“( (i) @ - ©(®) and . S0 it

of Pentryagin nmumbers of (i,f) vanishes
1i) n=bhir2 ad M is smoothable Iffi a certain

il P

iinear combinaticn of Stiefel~Whiin ey numbers of (LT
* 7

Proof: First let I: H-—3F/PL correspond to the
F/PL). ~bundle, (Dg,%t), &> n, and consider the sign-
A
ificance of n(l,f). Then
- “ 1
Pg * BT Ly T A X D

i

'c"iett:“:;rnes » Plh-~structure on X ox DU,



e WA
LD

How n(i,f) ‘is defined so that n(,{)= 0 iff:
© may be changed oy a homoltony I so that it Vsplitsh,
Then Do X H is a homotony betveen By 2 T and b say,

is a ﬂOmObOpv equivalence.. liow it is easy using the

n—coao dism theorem to alier b slightly so that (L,z,b)
is a solution to the Bundle Provlem for (&D5,M; » xi).
Let <=E denocte a high dimensicnal inverse for

E 2o ., Then (=B}, »™(»)) is a bundle over E

and (p¥(-E)= E e -E ,P* D *(9)) may be identified with
. an . 17' -_i_,— .
the bf*Vlal bundie (i t}.) over I.
s b(G) , p(id)
- (2G)7 (-B = (-E) > 1 x D&
;z’//// { .
' " o (p)
194 =

\J’
3
R
.

S For

- ‘- * . N
How Dp(G) and ¢=1p- 3 (p) are homotony equivalcnces

. } w0
so we can find an embedding 1t I - 1n“(pG) (-E}) so



o
]
-\J

- SR R ) 5 L e A - . v U RIS S e W
sing the h~cobordlzcm thecren we may identily

~E) with the normel mundie of 1(3) in G (-

- B - ¥ L n‘.g‘: LI L T 3 -
(vhich exists if (pG) (- hos larze enough dimension.)

gh
Thus (pG)*(-E) is a PL-bundle over . ¥ and

= b(;a) p(G) is an | P-iriviclizetion. Let

ri(pG) “(~E) =>1 be the projection of this bundle. T

% gb(e) x Dp(p(ia)) B(E)
= Py BB x pg(b(wd)) b6

= pid) bla),

where the homotopy is & homotony of maps of pairs,

i

i
wve can solve the bundie problem Tor (I, (»G)7(-B); bl{G)
Let (L,z) be such a solution.

Now consider the colmutaulve diagran
I
PL(p"(-E))

A
f.

PL(E) .

(o™ () )™



fome

A e e -
JJ is bijective, iow

Since kz3 (p (p

¢ (L,g) = (B (-B), ()= () ()

Thus p¥(L,g)

1
¥

is concordant to (W,G).
. .- n as i, , ;,
Vi (p) = vormal bundie of M 3 (pG) (-E)

the tengent bundle of X. 7

Then

= AM((gn(@))7(-E) @
(e*<p*<§>>3*t(w>>>

= (ab(e)i) (-B) €9(G'(O~section})¥t(w}

H

(~E) @ (G'» O-section) (i)

So

T‘#: - sk
Povi()

@ YE) @ oo

i
—~
1
“L

3

v
N
B

D
i

(£(2)) .

This snows that (I,7) has almost all of the desired
provervies. The i

we since n(M,f) is given

£

i
(L (F/rL) e P

: PL '
y Py and elements in (] (F/PL) @ §  are

= s e -y b Ly - e " =
noryagin nmambers. Lhus K nay he



expressed as a ratvionald Iinear combination of Pontryogin

=
o
&
cr’
')
L
m
|
o
]
i}
I
[N
A
b
il
Q\‘E
[A¥]
=
=
.

L1 (F/PL) may be
. _ [ — ey . . . = '
a) kernel ({1, (3/PL) —> /o (F/PL)) is divisible

b)‘z?n(F/PL = direct suu ol Z2’s .

£

Then the factor homonorpnism
. o .
) o) J.'rj\ e 7
l{ n(-’-/ii) ‘{’2

nay be expressed as a linear combination of St*e+el~ hitney

UmDETS .

iddendums: The form of the-linear combinations
appearing in Theoren 2L depends only on the dimension of H.
We remark that there ig 2 similar soliution when
Ve LI T N T - N
n=4Hi+ 2 and i is mereir o PL-manifold.

In case n=4i, the classes of U (F/PL,9) occurring

=

V '-1'* i~ - - -
in i) core from H (BP" ¢) so tangential informalio:

about G is sufficiant (&nd necessary) to solve the

Ihis has an imvortant De;»inb on the obsiruction
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Anplications to PL-Homeornorophisms

- How we may apply the results of

the previous sections
10 study ithe manifolds within a given homolopy eguivalence

¢class,

dheorem 25 Let I belong to 3?ns Then there is

a one to one correspondence

PL(M) — et (3 /o1

If ¥ is in i?yfn' end b= 0, then PL(¥) is in one
to one correspondence with (Mg,F/PL) where M= Maint Dh,
Such & correspondence is given by the composition

T C

PLEY) e PL(MO) e ime (3 F/PL),

o’

A

wbere r is induced by M, <= M.
C 1s natural with respect to inclusions Mlczint'ﬁz

n g, end C(f,1d) = pt map. In gemeral if (I,z)

Lo

is a PL-siructure orn M and g! is a homotopy inverse for

i) C(L,g) = O iffi g is homotopic to =




S
.
o

o T i

i1)  bx(C(L,z)) classifies

) @ ~(gh) (L) iE b

(V1D @ (g 6L/, i b=

<

where () 1is the tangent bundle of ¥ and F/PLL—ﬁfBP

PR ., . J
is the fibre of 3PL'“”*”BF R

Proof: This follows from Théorems 9,10,14 and

Lemmas 1 and 21,

Definition 22: By & Lk-shieleton of ¥ we mean a

subcomplex L —%> ¥ where L has The homotony type of a
- k-dimensional complex and i is k-connected i.e., the-
relative groups T ;(I,L) are zero for i < k.

vWie say that the k-sheleton L3> is = thickened

i =

¥ 15 a morphism of 7 .

-y
Pt

k-skelieton of i if

Ve say thatl g:(lL,bL)—> (3.%4) is homotonic to a

1 £

Dizhomeomorshism over the k-skeleton of M if for any

thickened k-sieleton Lk — L there is a homotopy
. m fe Ty T At - ERY.
equivalence :(L,bL) = (I4,b:) such that

is homctonic to g

o
~
Hy

T induces a honmoltopy equivalcnce (LE,bLﬁ}w—4»(M§,bHQ)B




-

- ' - 1 - - &q‘“ . - - 0
Theorem 26: Let ¥ be in 7 and let M, denote

MAf D0 and M-int DP If  BM= 0. Let g: (L, bL)-> (i, DbH)

o
L6
m

homotopy equivalience,

Then there is a map

Co e
Heg ot B/PL

with the iOllO‘lﬂ two properties @

a

" Cy oy B
¥ —lh o 3/PL ~M_¢-BPL clagsifies

i) o

GO CE R TEh 7

ii) Cg/(lzmsieleton of M) is Homotopic to the
point map 71 g is homotopic to a Pl-homeomorthism over

the k-~skeleton of M.

Proof: Let 'Cg:: C(L,g) and suppose 1. ¥ is a-
. Fa

thickened k-skeleton of 3. We can change ¢ by a howotopy
so that it induces a PL-structure (L. _,z. ) on M. Since
- 1 N

C dis a natural transformaﬁiom, C(L, ,g )= Cg/ﬁb, Since
. i, 5 4N
C

is injective. (L_ L. )-—H}(h1 ¥ ) is homotonic
A4 F 3 ? .L:;‘_ &~
to a PL-homeomorphism 171 t/ is nomotopic to zero, Wow
g/

- C,/(k-skeleton of ¥ ) is homotopi to zZero iffi C /i
. 7 gl K

Py

is homotopic to zero(by osbiruction thecry) and g, is

nomotopic to a PL-liomeomorphism iffi z satisfies i).2)
ey - o ?

and 3) of Definition 22 above »y the homotopy extension

o

Theorem., This completes the proof.



- A vroq : e . .
Corclliary: If ¥ belonges to ﬁ?ﬁytnere is an
“ ol

obstruction theory ror the problem of deforming a hormotopy
~ ' .
eguivalence (L,bL) —2(1, b)) into a Pl-homeomorphism.

The obstructions lie in

.-2 e 'ALI
O ,2,) 1

Eopl)y wee (M, TL(E/PL))y eeey

Y i .3 I 7 . é C b ’ ."'«‘E o 5 - '-'I
Suppose l*l.c_; int ¥, < 1.42 int Hy Coeee CH i

7

form en increasing segquence of thickened skeletons of M

and g 1s homotopni

0

to £y a PL-loweomorphism over .

-

4 r ATl g oA o =] - R T:i'lr TE I Iraryy
here is a cgﬂomokoay_b¢gsolok+lj in n*f'l(n, nk+l(g/Pb))

vhich is the precise cobstruciion te changing £ oy a

g

Then

homotopy on ther complement of M s0 that it becomes a

L
K-l
ol

DTl rinaen T B N o 4o R
i=homeonorphisin ove he K4 leskeleton, M .
11 }_J.x LiL - L [ o ) L:‘I'{ + 1 ‘

™

The obsiruction class O, - may be computed as follous.

L i
Let & . = M . -int iL. and L} =l o =int L
el k4], E el Kl Kk

Assume I/L-int L, induces a PL-structure on

"l’?-
My
................. ™ s Hm\




[
6]
[A¥

/ol

Yt
fo
"
il
~
—
po
o

iy
{
Ll
e
&1
s
bl
<
k-t
b
Ly
_t‘_ t
o
S
}
L)
-

and define

by (identity U f)x identity D™, r large,
’ - L ... . ) B . _r_\,_:
Now hy (ﬁi+lﬁoﬁy) corresponds to thie kYt chain.
Y .
group of  H,(¥,) and is naturally embedded in I (3i.).
(a B B a4

Bach class u in Hwé,l(“ -1) may be represented
v -= +
1

by a relative (k-+1) disk in (I[. 1,b“ Ox Dr and thus
- - - - o “ 1- - W -
correspends (by doubling) to an &1y D° in M., vhere

&

gemd

K+l4+s = n41.
How change £y by & homotopy so That it induces a

, '+1 .S o '
Pl-structore on & XD and let

e

oo d B s b o
(B,t) = (1 1(5 Tl %), net (F T p%))

Then (Egpgt) rey be identified to an F/PL)T-bundle over

and thus corresponds to some element €y, ,(w) in

i kﬁ*l(F/PL)” The cpchain ‘ck%"l<u)

&) is & cocycle

h
- JJ
<
&
)
2
o
[y
o}
8]
]
3

b) vanishes iffi £ can bhé chance

("'\

\....J

{vhich is constant on R to a PL~noimecmorphism over i



¢c) -is cohomologous to zero if7i T can ne
cranged by a homotopy (which constant on T to a

Fl-homecmorphism over Mo, i.

%
““'*D

This may be proved ~ - using the cobordism oDJt: uction

Fow we relq e iue obstructions to deforming

gil -~ 1 into a Pb—uOHCOHO phism to a sequence of

Bundle Problens.

Lemna {Stability) (AﬁbL)-_>(“§1T) is homotopic
to a Fl-homeomorphilsi over the K-skeleton of ¥ iffi

] - - T '\r. R - 3 e ' S
x 1G:(L,bL)x D" —> (¥,B)x D* is homotopic to =

on

fL-ﬂO“OeO‘Ofu iism over the  k-skeleton of ¥ x DF

Proof: This follows from Lemma 22 and Theoren 28,

The lemma shows that it suffices to consider the obstruciion
in dimensions which are small with respect tb that of
the ambicnt manifold. -
HorZ)

or Hni+2(ﬁ 22), Using ( 5 ) we may represent scme 0dd

O

multiple of = by an embedded submenifold ¥, o int .
-~ ) . 1

Ve may assume that Mi is simply comnected (since K is),

smoothablie, and that M. heas a normal digk bundle &
? 1



Loh
=]
N

(Ve may cross ¥ with D" to comstruet L if necessary. )

Now chaonge

by a ﬂO’OtODJ so that it induces a LdusbrthLLe on E

and let (W,G) = (L,g)/E. Then (u, G) dOllnes a Burndle

Preblen for E . (E,Mi,G)_ is called a Bundle Problem

associated to x by g.

Definition 23:  We say uﬂat %-in Hy,. (,Z2) or
_ ¥ b MRy
. 2(H52 ) U"splits" the homotopy equivalence

Q
.
r-\

A)-*“P’(h, ) if some Bundle Problen (L,“.,G)

associated to x Dy g has a solution.

theorem 27:  Let Il be in Jp_ and g:(L,DbL)—- (“,b“)

1i-

ve & nomotopy eguivalence., Let Cgt n /‘ renresent
C{L,g) eand suppose Cg is homotonic to the noint
0 e , i e 3 ey Y 1 Tel i X
map over the k-skeleton of gy £ 0dd, K<<n. Let Okéwl
CR, *’k'%_l L rmi Ak - 4.7, T ..L‘ EE L A hof
in B (iigs T 3 1 (F/PL))  be the obstruclion to extending
the howmotopy of €, with %he point mep over the k+1

[==

';'{ 1o .. s ‘v: . ! £ PR | Y TT . i;;? 3
skeleton of ¥y Then 17 =x is 1ﬁ Hk—%’-l( L ’]Tl '%“1( /.t-l-l)}g
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naturality of the obs

a PL-homeomorphism iffi Oy

£ N

3

bl
L1

e obsiruction

then it Jjust Ol’-’-
= ¥

- el

WM

ction. - Thus

to oelormhng'CG = C_/B
g

1-(een B (2)) b7 the

L
|

it O

_‘?l(x)zo. Thus -

G is noJotoplc To

(x) 0

it is clear that x ¥splits" g. In fact, we have shown
vhat in this case any Bundle Problem associzted to x is
solvable,
Now suppose that x"splits" g. Let

. G .

T —> 1

Lo

T e T .

I : i -

be the solution of some Bundle Problem associated to .

(“s

fow G 1is hoxotoplc to a PL-homeomorphism over the

k~skeleton of E so it Tollows from Lemma 22 and Theorem 26
that { is nonotopic to a PA-HOMeomorp ism over the k-skeleton
of L. But then Lemma 21 implies £ is homotopic to a

Pl-nomeomorphism. Thus

Ok+3-(x)=0.

-

ne rationale behind Theorem 27 is ihe following,

It is possible to "compute® the homomorvhisms detcrz

-

obstructions to - deforming «:L—> 1 o a PL-homkeonor-
o >

oy
rnlsm "before®¥ we bezin the deformation. Ve merely




Cross.

Y

meltinles of all

subpanifolds and iook

We state i
existence
o 7- -~ T oA
/7, end let I:CL,D

th a high-dinens

tiie periinent

o

three Corollsz

L) — (3, bM)

e
[erig 93

Lonal represent odd
omology classcs by cnbedded

J

the assocd d Bu ngle Problems,.

ries which folio from the

Let M belonz to

SEY

he

Coreollary 1 Suppose
bi+o
g ST —
h (1‘10’ /2) - O
RIS : ' :
H (M ,7Z) = 0 (R Lo
o)
Then I is homotopic to & Pl-homeomorphism, )
Coroilary 2 Suppbse' '(pl(“,Q)) pi(L,Q) for
f!_ 3 B ] _
wfi‘:“i+ 2(7-_: Z } — O
Ll 1'103 2
)'L-.' 5 lr . o~
N 2 is free
O ‘ A
then I is homotopic to a PL-homeomoryhism.. (Note that
Corollery 2 applies if f is a homeomorvhism.)
Coroilary 3 Suppose T is a stable Pl-tangential
ecguivalence and that
142 .
H ™ M4 = 0 g
Gi 2,0 = and

bt
co




i
ig defined in Corollary 2 of Theorem 20. Then T is
nomotoplic To a PL-homeomorphlsh.

i ~y

Proof: These results follow from Theorem

%t
i
f 7]

the Corollaries to Theorem 20,

Corollaries 1 and 2 are positive results towards
the Hurewicz Conjecturc and the Houptvermulung. There

are many examples 1ox¢rg vy the conditions of Corollary 1
are necessary. {(Ses below).

" Definition 23: Let (1) denote the sei of Pl-homeo-

morphism classes of manifolds which are homotopically

S

eguivaient to M. Let L revresent an element of (i
and let g:L—=¥ Dbe a hO“OtOOJ equivalence.  Let: Px(¥),
(M), snéd T(¥) Dbe the subsets of () defined respectively

by those L such ti:at g can be chosen To be

P i) a corresyoadence of rational

Pontryagin classes

- H() . a2 honeomorphism
Tw(}): a stable PL-tanzential eguivalence.

Remark: It is clear that 4(ﬁ) < PG, It
¢

20} that HM) <P (D).



~
]

Recall that P, {(X,F/PL) denotes the subset of (7 )

[9)]
[¢]

mich induce trivial cohomolozy

congisting of those maj

k

g

homozorphisms with G-coefficients ip positive dimensions

and T, (X,F/FPL) denotes the kernel of

Let } belong to 4, and let M_ denote M-int D

Af b= 0 and Mg= M  if bii# 0. Then as coroilaries to

[
o
[0}
O
e
D

3
PO

N
=
0]
Q
[
ct
I
bt
=

Corollary 4 There is & %“Lu:al brogobEAOH ol

(5, E/PL) onto (¥), PJ(KO,F/PL) is carried gito
Fo(¥) and the image of T (i ,#/TL)  contains T,(H).
Proof: The firsi statement follows fro: the Tact

that there is a natural vrojection of Pw(l) onto ().

<1

Loe

=

he map (L,g) —(L) is well-defined because of

i

h~corbordisn theorem,_ S0

¢
(EO,F/fL)n~—~

is the desired projection.

The second statenment follows from b) of Theorem 25,

H.
D



It 1s

nol so clear that T,(¥_,F/PL) is carried into
Tw (1) AT P =0 and n = k2,
: rainm ¥
Corollary § Py(i) is finite. In fact if dz |~
(3
o a , hikz, . Li
card ;ﬁ(m)§§0”d(f?o(n 4KMO,A2KBT0331on.n, (mb?Z);) .
. b 3
Corollary 6 (i) is finlte if B T (H,,= 6 170, H{D)
- e = - - L oo 17— = " ) ) s i - RN ;
is finite. In Tact 1L‘ui—-(qi/Ji)Si wiere E. 1s the Index of
s i CO’;-':" oy
H'l(Bio?)"ﬁ* ﬂfi(BO)-~*i$: Yig .
then : o ,
e S % R S S )
card H{H) £ ord((Q,(H (1i,5%5) ® (Torsion H™ (i ja)ébzu ))
- Corollary 7 ' :
A
- o by L '!"2 LT 7y
card T.(10) & ora{.ﬁ?cﬁﬂ R G/
rroox

sion B (M )®Z~ )3).
O i
7 ke
d 7) foliow from Corollaries 3) and &)
of ihecrem 20 &) foliows by a completely analofous argom
Exsmolies:
1) We

ch illustrate
These examples

the
arise from the meps
en i
& 2k ;
gok T ZE s F/PL
' b




and
2=l i oo ogen I
S . Ude - i = - ‘-éi:; FX;)_L: .
. """"'-—'----—-4...._,,_&.*—-‘-”'/'-
“é

LI s . P nr :1" T E | '
In the first case ii we 1et,h=$8/“><Dr, T dlarge, and

(L,g) in PL(M) correspond to £, then for k > 2 and
) £ 3 _

= 0,1,2(mod 4) L is not even homeomorphic to M. . Th

CHy

cilows from the factv that T, By, >, B..., is a
. : . ” gl SO 108
monomorphiism (24 ).

R | PR

In the second case if we let M (regular neighborhood

el 21:—1 21{. - I ] i - y k)
of 8 Uqe in s ), rlerge, and (L,g) correspond

to £; then for certain 4, ¥ and L are not tapncentisil
d : ? ere J

notv divide. S..

For any k L dis n
the generator of e ' o, if
the gemerator of &, _5( 2T ) in eZka1° (eeg. it
It = 6m-b2, m70, and 4 is some large Power of 2 then L

is hot smoothable,. )

the first set of examples illusitrates
conditions in Cﬁrollary 1; tﬁe second set the Ixt .
conditicns.

The phenomenon of L above not being smoothable can

ot smoothable if d does not divide

be explained by a Bockstelin operation relating the F/PL

cbstructions to F/0 obstruciions in an analozous smocth

tiheory.



closed smooth b—xmnlf01a
Hosueh 1aL

is ho

onotopy ecuivalenc t'g:i—%dﬁJ‘

¥ )+ = 3 . : ]
such tﬂat g *(QZP y = (i), where .t(X) denotes tie spmooth
stable tangent bundle or %

ii) M is not PL-homeomorphic to diPhn

cnsider *the map

ho 3 . ¢ gen Wy
ez CP > g° e w/PL

\\\ﬁmﬂh“%_m;fe - ,

Lo
O P -pv

£
£

viere h is some homotopy eguivalence. Let Eo,go)
correspond to { in PL(GZPE). Let (¥,g) = cone on (Eosgo)
in .L_'u({:,D") :
i) Wow g, is & stable PL tangential
ecuivalence because g (F/FL —Eﬁw WTGCB;L) is the
T Zero mav. '
Thus g is a sitable PL tangential equivalence because
any stable fibre homolovically

hundle over

ii) (ﬁo,go),is not concords %o zefo
because f*(choeff) = O in dimension &, by Theorem 20,
Thus (H,g) is nOu-COTCO nt to zero.
Tow " has Lwo'homotopy classes‘of noROTonYy
eyuivalences ,and'each of these,isA:eawcsed;e by &

A



Pi-homeomorphism, Thus ¥ is not Fi~horeomorphic to
L
cr-,
The game arguenent works for CP  using

Cp! ———> s s mer

oo

How we briefly describe how Theorem 9 may be used o

- " L. 3 : 2 . e T B 1
study the pseundo-isotopy clasgses of PL-homeomorphisms

H
z
D
&
Y
}_!1
er

¥

a given homolopy class. If suffices to consider

the homotopy class of the ildentity.

ing of = PL-homeomorypnisni

r"r
N
@)
b
\.._/
Rey
0]
o
ng
&
}..
H
@]
@]
[
193]
}QJ
[9p}
cr

nr c S 3 1 1 ¥
¥—=->11 - and a homotopy )
. &
(M, bM)xT > (H,b
between ¢ and the identity. The pair (c¢,H) detersines a

Pl-structure on MxI, (I LQH, HVUid) wvhich restricts o

-0 = (3xbI, 1d) on MxbI. us (c,H) determines an element

}—]l

i PLGm(I,pl);0).

i

bt
f;(‘i-.
4

jEY

b

o [P

I
Qx



4

5 ;
If % is in. iq we can anply the relative h-corordism

theorein to show that 1f (ey,i;) and (ec,,H,) determins

lenent din PLO&(T,DPI),0) then c, and cy are

psevdo-isotonic. urthermore this pseudo-isotony extends

o
2
|95 ]
&
o
-
0]
.

)
-
Lt}
)

.‘

betmeen.Hl and Hga The converse is true

ct
(]
[
[}
o
Q
o
cr
O
el
o
—
Fleg
]

if H' preserves appropriate subspaces,
If ¥ is in 77,, Theorem 9 implies PL(EX(I,bi);O)
is in ontho*oﬁe-Qorrespondence with Bk(ﬁx(Ipbi)av).
By Theorens 12 and 14 Bk(ﬁxl,bf;v) is in one-to-one
correspondence with (susp. M, F/PL), . - B
Thus we céﬁ classify pairs (c,E) for M in 7@{ by
elements of |
© (=susp Hos /L) . o .
| '- L S lgpz ~> B

02,02 032,032 - - -

1 ) F‘/ﬂ;fn T %4(%2)_ 1>(~§_f-ﬂ K(_:{’;;‘T’) s K ?z)ﬁ b ox SEN I

T <

;fU»f’--s—’\T-. C/{lc:;m c'/i 0—-31’.:(_ . /;\/.-c'»"‘-/ixh./—».@- ) {;A«:ﬂtxz;ﬁlq .

2) Rt F/f?f_, l"l} T 8/“ 1 o ;) . ’ F"h«"g{ (jﬁ?/z 0271 Z_M Cﬁ:’d/u&"‘/ c/—‘ 'f’(?--‘;":".:j/j

_ ) _‘)_Y = B o

T
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