
VARIATIONS OF HODGE STRUCTURE ON CURVES

1. Introduction. The purpose of these notes is to review the results of Schmid
and Zucker about variations of Hodge structure in dimension one. This is the first
instance where objects with singularities appear, and Hodge theory for objects with
singularities is really what Saito’s theory is about. We will also see how these results
naturally lead to the notion of a polarized Hodge module in dimension one.

2. Hodge structures and polarizations. Here is a brief review of the basic
definitions. Let H be a finite-dimensional complex vector space, and suppose that

H =
⊕

p+q=w

Hp,q

is a Hodge structure of weight w, polarized by a hermitian form

Q : H ⊗C H → C.

Recall that the Hodge decomposition is orthogonal with respect to Q, and that
(−1)qQ is positive definite on the subspace Hp,q. Writing h =

∑
hp,q for the

Hodge decomposition of a vector h ∈ H, we obtain a norm on H by setting

‖h‖2 =
∑

p+q=w

(−1)qQ
(
hp,q, hp,q

)
.

This is called the Hodge norm induced by the polarization. From one of the exer-
cises, we know that H and Q can be represented by the triple(

(H,F •+wH), (H,F •H), Q
)
.

In the case w = 0, all we need to remember is (H,F •H,Q).
We can use the same device for representing variations of polarized Hodge struc-

ture of weight 0 on a complex manifoldB. Such a variation consists of a holomorphic
vector bundle V, a flat connection ∇ : V → Ω1

B ⊗V, a decreasing filtration F •V by
holomorphic subbundles, and a hermitian pairing

Q : V ⊗ V → C∞B

with values in the sheaf of smooth functions, subject to the following conditions:

(1) The pairing Q is OB-linear in the first argument, OB-linear in the second
argument, and flat: dQ(u, v) = Q(∇u, v) +Q(u,∇v)

(2) The filtration F •V satisfies Griffiths transversality: ∇(F pV) ⊆ Ω1
B⊗F p−1V

(3) For every b ∈ B, the filtration F •Vb and the hermitian pairing Qb put a
polarized Hodge structure of weight 0 on the complex vector space Vb.

The individual Hodge metrics on the fibers give rise to a smooth hermitian metric
on the holomorphic vector bundle V, called the Hodge metric of the variation. In
general, the Hodge metric is not compatible with the connection, except in the
unitary case where V is entirely of one type.
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2 VARIATIONS OF HODGE STRUCTURE ON CURVES

3. Global theory. The main global result in dimension one concerns the coho-
mology of variations of polarized Hodge structure. Let C0 be a compact Riemann
surface, and let C0 ⊆ C be a nonempty Zariski-open subset; the complement C \C0

is a finite set of points. Let (V,∇, F •V, Q) be a variation of polarized Hodge struc-
ture of weight 0 on C0, and write V for the locally constant sheaf of ∇-flat sections
of V. The following theorem about the cohomology of V is due to Zucker.

Theorem 3.1 (Zucker). Let j : C0 ↪→ C denote the inclusion. Then for i = 0, 1, 2,
the complex vector space Hi(C, j∗V) has a polarized Hodge structure of weight i.

What makes this result useful are several additional results that Zucker proves
in his paper. For example, the Hodge structures in the theorem are compatible
with the Leray spectral sequence, in the case where V comes from a family of
smooth projective varieties over C0. Moreover, the Hodge structure on H0(C, j∗V)
is compatible with the Hodge structures on the fibers of V, and this has many
important consequences: the theorem of the fixed part; the fact that the locally
constant sheaf V is semi-simple; etc.

Just like the classical Hodge theorem, the proof of Zucker’s theorem relies on hard
analysis. In the case where C0 = C is compact, the argument is essentially the same
as in the case of constant coefficients: represent classes in Hi(C,V) by differential
forms with coefficients in V that are in the kernel of the Laplace operator; the key
point is that the Kähler identities still hold for differential forms with coefficients in
V. When C0 is not compact, the analysis becomes substantially more complicated.
The idea is to use differential forms with coefficients in V that are locally in L2 with
respect to the Hodge norm on V (and a carefully chosen metric on C0). To make
this work, one needs to know very precisely how the Hodge norm behaves near the
missing points C \ C0; this problem was studied in detail by Schmid.

4. Local theory. Let us now look at what is known about the behavior of V near
the missing points. This is a local question, and so we assume from now on that
we are dealing with a variation of polarized Hodge structure of weight 0 on the
punctured unit disk ∆∗ =

{
t ∈ C

∣∣ 0 < |t| < 1
}

; we are interested in its behavior

near the origin in ∆ =
{
t ∈ C

∣∣ |t| < 1
}

. In general, the local system V will have
non-trivial monodromy (determined by going around the origin once in the counter-
clockwise direction), and so we need to find a way to make the Hodge structures
at different points of ∆∗ comparable. The most canonical way for doing this is to
pull everything back to the universal covering space. If H =

{
z ∈ C

∣∣ Im z > 0
}

denotes the upper half-plane, the universal covering space is

p : H→ ∆∗, p(z) = e2πiz.

The pullback p−1V is a trivial local system, and we let V be the complex vector
space of its global sections; the monodromy operator T : V → V is then induced
by the deck transformation z 7→ z + 1. One can recover the local system from the
pair (V, T ) as follows: the sections of V over an open subset U ⊆ ∆∗ are in one-
to-one correspondence with locally constant functions s : p−1(U) → V that satisfy
s(z + 1) = T−1s(z) for every z ∈ p−1(U). The flat hermitian pairing on V induces
a sesquilinear pairing Q : V ⊗ V → C with the property that

Q(Tu, Tv) = Q(u, v) for every u, v ∈ V .



VARIATIONS OF HODGE STRUCTURE ON CURVES 3

We also get a family of Hodge filtrations F •(z) on V , varying holomorphically
with the point z ∈ H, and satisfying the relation F •(z + 1) = TF •(z). Using the
polarization, one can prove the following result about the monodromy operator T .

Lemma 4.1 (Borel, Schmid). All eigenvalues of T have absolute value one.

The Jordan decomposition of T therefore takes the form

T = Ts · e2πiN ,

where Ts is semi-simple with eigenvalues of absolute value one; N is nilpotent;
and Ts and N commute. One checks that Q(Tsu, Tsv) = Q(u, v) and Q(Nu, v) =
Q(u,Nv) for every u, v ∈ V . Consequently, the eigenspace decomposition

V =
⊕
|λ|=1

Eλ(Ts)

is orthogonal with respect to Q, and each eigenspace is preserved by the nilpotent
operator N .

Note. Schmid has T = Ts · eN . Our definition has the advantage that N becomes
independent of the choice of i =

√
−1 (which affects T through the choice of

orientation on C), and that it gives the correct signs without extra work.

The first notable result by Schmid is about the behavior of the filtrations F •(z)
as Im z → +∞ (which corresponds to t→ 0 on the disk).

Theorem 4.2. The limit

F • = lim
Im z→+∞

e−2πizNF •(z)

exists (in a suitable product of Grassmannians).

The filtration F • is called the limit Hodge filtration. Since

e−2πi(z+1)NF •(z + 1) = Tse
−2πizNF •(z),

we have TsF
• = F •, and so the filtration F • is compatible with the decomposition

of V into eigenspaces.
In general, F • no longer defines a pure Hodge structure on V , but Schmid proves

that it is part of a mixed Hodge structure. The weight filtration of this mixed Hodge
structure is the monodromy filtration of the nilpotent operator N : this is the unique
increasing filtration W•V with N(W`V ) ⊆W`−2V for every ` ∈ Z, such that

N ` : grW` V → grW−` V

is an isomorphism for every ` ≥ 0. (If we put N in Jordan canonical form, W•V
is the filtration according to the size of the Jordan blocks.) Since N commutes
with Ts, this filtration is also compatible with the decomposition into eigenspaces.
Because Q ◦ (id⊗N) = Q ◦ (N ⊗ id), we have induced sesquilinear pairings

Q` : grW−` V ⊗C grW` V → C

for every ` ∈ Z. We denote by F • grW` V the filtration induced by F •V .

Theorem 4.3 (Schmid). The two filtrations W•V and F •V are part of a graded-
polarized mixed Hodge structure on V . More precisely, for every ` ∈ Z, the triple

T` =
(
(grW−` V, F

• grW−` V ), (grW` V, F • grW` V ), Q`
)
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is a Hodge structure of weight `, which is polarized by a certain hermitian pairing
constructed from Q` and N .

Because Q, N , and F • are all compatible with the eigenspace decomposition, the
semi-simple part Ts of the monodromy operator is an automorphism of the mixed
Hodge structure; the eigenspace decomposition

V =
⊕
|λ|=1

Eλ(Ts)

is therefore a decomposition in the category of mixed Hodge structures.

Note. The polarization is easiest to describe on the primitive part

PN grW` V = ker
(
N `+1 : grW` V → grW−`−2 V

)
,

for ` ≥ 0: it is given by the hermitian form Q` ◦ (N ` ⊗ id). Note that we have a
morphism of triples

(N,N) : T` → T`−2(−1),

and that the Hodge structure on the primitive part is represented by the kernel of

(N,N)`+1 : T` → T−`−2(−`+ 1).

Unraveling the definitions, we find that the (p, q)-subspace in the Hodge decomposi-
tion of the primitive part consists of all vectors in F pPN grW` V that are orthogonal,
under the pairing Q` ◦ (N ` ⊗ id), to the subspace F p+1PN grW` V .

5. Extension over the origin. Our goal is to understand Zucker’s theorem in
more algebraic terms. For that, it is better to work with objects on the compact
Riemann surface C, and so the question is how to extend the variation of polarized
Hodge structure from C0 to C.

Let us first study this problem in the case of ∆∗ and ∆. Here is a concrete
procedure for extending V to a holomorphic vector bundle on ∆. After choosing a
branch of the logarithm, we can write each eigenvalue of Ts in the form

λ = e−2πiβ ,

where β is a real number in a fixed interval [α, α+ 1). We then get

T = e−2πiRαe2πiN ,

where Rα is semi-simple with eigenvalues in our fixed interval [α, α+ 1).

Note. The minus sign comes from the conventions used for converting between flat
bundles and local systems: the flat connection d + βdt/t on the trivial bundle of
rank one has monodromy e−2πiβ .

Having chosen a logarithm for Ts, we can now construct an extension of V to a
holomorphic vector bundle on ∆. For every nonzero v ∈ V , the function

s̃v : H→ V, s̃v(z) = e2πizRαe−2πizNv,

satisfies s̃v(z + 1) = T−1s̃v(z), and therefore drops to a nowhere vanishing section
sv ∈ H0(∆∗,V). In this way, we get a trivialization of V on ∆∗, and therefore a

canonical way to extend V to a (trivial) holomorphic vector bundle Ṽα on the unit

disk. Each Ṽα is naturally a subsheaf of j∗V; their union

Ṽ =
⋃
α∈R
Ṽα,
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is known as Deligne’s meromorphic extension of the flat bundle (V,∇). It can be

described more intrinstically as follows: a section of j∗V belongs to Ṽ if and only if
its coefficients with respect to a multi-valued flat frame of V have moderate (= at
most polynomial) growth on any sector with bounded argument.

Note. The holomorphic vector bundle Ṽ0 is called Deligne’s canonical extension of
(V,∇); one can show that a section of j∗V belongs to Ṽ0 if and only if its coefficients
with respect to a multi-valued flat frame of V have at most logarithmic growth in
any sector with bounded argument. While this seems to single out the value α = 0,
we actually need all the different extensions Ṽα for α ∈ R. Observe that

Ṽα+1 = t · Ṽα,
on account of the identity t = e2πiz.

The connection ∇ : V → Ω1
∆∗ ⊗ V has a logarithmic pole on Ṽα. Indeed,

ds̃v = d
(
e2πiz(Rα−N)v

)
= 2πidz ⊗ e2πiz(Rα−N)(Rα −N)v

= 2πidz ⊗ s̃(Rα−N)v,

and since t = e2πiz, we conclude that

∇sv =
dt

t
⊗ s(Rα−N)v.

The residue (= coefficient at dt/t) of the connection is the operator Rα−N , acting

on Ṽα/tṼα ' V ; because of how we constructed Rα, all eigenvalues of the residue
belong to the interval [α, α+ 1).

Note. In fact, Ṽα is the unique extension of V to a holomorphic vector bundle on ∆
such that the connection ∇ has a logarithmic pole and all eigenvalues of the residue
belong to the interval [α, α+ 1).

Since the connection has a logarithmic pole, the operator ∇∂t increases the pole

order of a section by 1 and therefore takes Ṽα into Ṽα−1; consequently, the product
t∇∂t takes Ṽα back into itself.

6. Relation with the Hodge metric. The importance of the extensions Ṽα
comes from the fact they reflect the growth of the Hodge metric.

Theorem 6.1 (Schmid). A section of j∗V belongs to Ṽ if and only if its Hodge
norm has moderate growth near the origin. More precisely, a section of j∗V belongs
to Ṽα if and only if, for every ε > 0, its Hodge norm is bounded by Cε|t|α−ε, where
Cε is a constant depending on ε.

In fact, Schmid proves a much more precise result that also characterizes the
monodromy filtration W•V of the nilpotent operator N in terms of the Hodge
norm. Before we can state this more precise result, we first need to reinterpret the
eigenspace decomposition

V =
⊕
|λ|=1

Eλ(Ts)

in terms of the holomorphic vector bundles Ṽα. Sending a vector v ∈ V to the
image of the section sv of Ṽα defines an isomorphism

V ' Ṽα/tṼα = Ṽα/Ṽα+1.
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We can compose with the projection to

grα Ṽ = Ṽα
/ ⋃
β>α

Ṽβ

to obtain a linear mapping V → grα Ṽ. This mapping induces an isomorphism

Ee−2πiα(Ts) ' grα Ṽ,

under which the action of N becomes the action of −(t∇∂t −α). Indeed, if a vector
v ∈ V satisfies Rαv = αv, then

∇∂tsv =
1

t
s(α−N)v,

and therefore (t∇∂t − α)sv = −sNv. Let us denote by W• grα Ṽ the monodromy

filtration of this nilpotent operator, and by W•Ṽα its preimage in Ṽα.

Theorem 6.2 (Schmid). A section of W`Ṽα in a neighborhood of the origin has

nonzero image in grW` grα Ṽ if and only if its Hodge norm grows like |t|αL(t)`/2.

Here L(t) = − log|t|2, and so Schmid’s theorem says for example that any section

with bounded Hodge norm belongs to W0Ṽ0. The filtration Ṽ• and the monodromy
weight filtration of N therefore reflect in a very precise way the growth properties
of the Hodge norm in a neighborhood of the origin. Using Schmid’s theorem, one
can say exactly for which values of α and ` a section of W`Ṽα is locally in L2; this
explains why the result is important for the proof of Zucker’s theorem.

7. D-modules on the unit disk. Let us now try to understand Zucker’s theorem
with the help of the meromorphic extension Ṽ. The individual Ṽα are of course
coherent O∆-modules, but their union Ṽ is no longer coherent. It is however gen-
erated by any Ṽα with α ≤ −1, provided we also allow ourselves to apply powers
of ∇∂t . In fact, we have already seen that

∇∂tsv =
1

t
s(Rα−N)v,

and since the operator Rα −N is invertible for α ≤ −1, the sections on the right-
hand side generate Ṽα−1. In other words, Ṽ is an example of a coherent D∆-module.

Definition 7.1. We define D∆ = O∆〈∂t〉, with relations

[∂t, f ] = ∂t · f − f · ∂t =
∂f

∂t
.

It is called the sheaf of linear partial differential operators (of finite order).

Any section of D∆ can be written in the form

P = f0 + f1∂t + f2∂
2
t + · · ·+ fk∂

k
t ,

with f0, f1, . . . , fk holomorphic; if fk 6= 0, the integer k is called the order of P .
The meromorphic extension Ṽ is clearly a D∆-module, where ∂t acts as ∇∂t ; the
required relations hold because the connection satisfies the Leibniz rule. We have
already seen that Ṽ is coherent as a D∆-module. On ∆∗, we just get back the
original flat bundle (V,∇), but unless T = id, the extension Ṽ has a singularity at
the origin.
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Note. In fact, Ṽ has a regular singularity at the origin: there exists a locally free
O∆-submodule, namely Ṽ−1, that generates Ṽ as a D∆-module and that is preserved
by the action of t∂t.

Since the flat bundle (V,∇) contains the same information as the local system

V, one may wonder what sort of topological object the D∆-module Ṽ represents.
To answer this question, we need to look at the de Rham complex

DR(Ṽ) =
[
Ṽ → Ω1

∆ ⊗ Ṽ
]
,

with differential s 7→ dt ⊗ ∂ts. On ∆∗, this complex is quasi-isomorphic to V (by
the holomorphic version of the Poincaré lemma).

Lemma 7.2. The de Rham complex DR(Ṽ) is quasi-isomorphic to Rj∗V

Proof. Since both sides agree on ∆∗, it suffices to analyze what happens at the
origin. Because Ω1

∆ = O∆ ·dt, and because the action of t on Ṽ is invertible, DR(Ṽ)
has the same cohomology as the complex

Ṽ Ṽt∂t

Now each Ṽα is preserved by the operator t∂t, which means that our complex is
filtered by the collection of subcomplexes

Ṽα Ṽα.t∂t

Because ∂t − α acts nilpotently on grα Ṽ, the subquotients

grα Ṽ grα Ṽt∂t

of this filtration are exact for α 6= 0. Together with the relation Ṽα+1 = t · Ṽα, this
implies that the stalk of our complex at the origin has the same cohomology as the
complex of vector spaces

gr0 Ṽ gr0 Ṽ.t∂t

But gr0 Ṽ ' E1(Ts) and t∂t = −N , and so we conclude that the stalk of our
complex at the origin has cohomology{

v ∈ V
∣∣ Tv = v

}
' H0

(
∆∗,V

)
and V/(T − id)V ' H1

(
∆∗,V

)
in degree 0 and 1, respectively. This is what we were trying to prove. �

The lemma tells us that Ṽ is not the right object for Zucker’s theorem, because
Zucker’s theorem involves the sheaf j∗V, not the complex Rj∗V. Fortunately, it
turns out that inside Ṽ, there is a smaller D∆-module Ṽmin with DR(Ṽmin) ' j∗V.

Exercise 7.3. Show that Ṽα generates the entire D∆-module Ṽ for every α ≤ −1,
but a potentially smaller D∆-submodule Ṽmin for every α > −1.

Let us denote by Ṽαmin = Ṽα ∩ Ṽmin the intersection with Ṽmin ; of course, it

equals Ṽα for every α > −1. More or less by construction, the operator

∂t : gr0 Ṽmin → gr−1 Ṽmin

is surjective. One can then argue in a similar way as in the proof of Lemma 7.2 to
show that DR(Ṽmin) has no cohomology in degree 1, and that its cohomology in
degree 0 is isomorphic to j∗V.
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Definition 7.4. The D∆-module Ṽmin is called the minimal extension of (V,∇).

The name comes from the fact that any extension of (V,∇) to a D∆-module has

a subquotient isomorphic to Ṽmin . One can show that the minimal extension is, up
to canonical isomorphism, independent of the choice of coordinate on ∆. Given a
variation of polarized Hodge structure of weight 0 on a Zariski-open subset C0 of a
compact Riemann surface C, we can therefore perform the above construction in a
neighborhood of each point in C \ C0 and get a well-defined minimal extension of

(V,∇) to a DC-module Ṽmin . Zucker’s theorem can now be restated as follows: for
every i = 0, 1, 2, the complex vector space

Hi
(
C,DR(Ṽmin)

)
has a polarized Hodge structure of weight i.

8. The Hodge filtration. Now let us try to understand the Hodge filtration on
Hi
(
C,DR(Ṽmin)

)
. In the theory of D-modules, one studies coherent D-modules by

filtering them using coherent O-modules, for example in order to prove finiteness
results for cohomology. The sheaf D∆ itself has a natural increasing filtration F•D∆

by the order of differential operators.

Definition 8.1. LetM be a D∆-module. An increasing filtration F•M by coherent
O∆-modules is called a good filtration if FkM = 0 for k � 0, if

M =
⋃
k∈Z

FkM,

and if one has FjD∆ · FkM⊆ Fj+kM, with equality for k � 0.

Obviously, every D∆-module with a good filtration must be coherent. In our
case, there is a natural filtration on Ṽmin , coming from the Hodge filtration F •V.
Since the latter is a decreasing filtration, whereas filtrations on D-modules are
supposed to be increasing, we put

FkV = F−kV.

Griffiths transversality becomes ∇∂tFkV ⊆ Fk−1V, and so we are clearly on the

right track. Now one way of extending this to a filtration on Ṽmin would be to set

FkṼmin = Ṽmin ∩ j∗FkV ⊆ j∗V;

with this definition, a section of Ṽmin would be in FkṼmin if its restriction to ∆∗ is
in FkV. But since neither Ṽmin nor j∗FkV are O∆-coherent, there is no reason for
their intersection to be coherent, and in fact, it typically is not. A better way is to
remember that Ṽmin is generated by

Ṽ>−1 =
⋃
α>−1

Ṽα,

which suggests defining

FkṼmin =
∑
`≥0

∂`t

(
Ṽ>−1 ∩ j∗Fk−`V

)
.

In fact, Schmid proves that the sheaf in parentheses is O∆-coherent; the rest of the
formula is dictated by the need to have ∂t ·FkṼmin ⊆ Fk+1Ṽmin . It is then not too

hard to show that F•Ṽmin is indeed a good filtration.
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As before, the construction globalizes to produce a good filtration F•Ṽmin on
the minimal extension of a variation of polarized Hodge structure on C0 ⊆ C. We
now get a natural increasing filtration on DR(Ṽmin) by subcomplexes

Fk DR(Ṽmin) =
[
FkṼmin → Ω1

C ⊗ Fk+1Ṽmin

]
.

Theorem 8.2 (Zucker). The spectral sequence

Ep,q1 = Hp+q
(
C, grF−p DR(Ṽmin)

)
=⇒ Hp+q

(
C,DR(Ṽmin)

)
for the filtered complex DR(Ṽmin) degenerates at E1, and the resulting filtration on
its hypercohomology is exactly the Hodge filtration.

As in classical Hodge theory, this is proved by using harmonic forms. Zucker
does not state the result in exactly this way, but he does prove an L2-version of the
Dolbeault lemma, which implies that the Hodge filtration constructed using har-
monic forms agrees with another filtration defined in terms of holomorphic objects
on C; this is the crucial step.

9. Extending the pairing. Let us return to the local setting. We have extended
the flat bundle (V,∇) to a D∆-module Ṽmin with a regular singularity at the origin,

and the Hodge filtration F •V to a good filtration F•Ṽmin . It remains to see what
happens to the hermitian pairing

Q : V ⊗ V → C∞∆∗ .

Obviously, it should become some kind of pairing on Ṽmin , but in the presence of
a singularity at the origin, the extension will need to take values in a larger sheaf
than C∞∆ . The following example shows what sort of functions occur.

Exercise 9.1. Suppose that u, v ∈ Eα(Rα). Compute that

Q(su, sv) = |t|2α
∑
`≥0

L(t)`

`!
Q(N `u, v),

where L(t) = − log|t|2.

Now Ṽmin is generated as a D∆-module by Ṽ>−1
min , and as it happens, the function

|t|2α is locally integrable exactly when α > −1. This makes the sheaf of distribu-
tions Db∆ a natural candidate for our extension: every locally integrable function
defines a distribution, and both ∂t and ∂̄t of a distribution is again a distribution.
In fact, one can show that the flat sesquilinear pairing on V extends uniquely to a
hermitian pairing

Q : Ṽmin ⊗ Ṽmin → Db∆

that is D∆-linear in the first argument (meaning that ∂t comes out as ∂t) and

D∆-linear in the second argument (meaning that ∂t comes out as ∂̄t). Again, this
construction globalizes to produce a hermitian pairing with values in DbC in the
case of a variation of polarized Hodge structure on C0 ⊆ C.



10 VARIATIONS OF HODGE STRUCTURE ON CURVES

10. Polarized Hodge modules on curves. We have now arrived at the following
working definition of a polarized Hodge module on a compact Riemann surface C.
Such an object should consist of a DC-module M with a good filtration F•M and
a hermitian pairing Q : M⊗M→ DbC , subject to the following conditions:

(1) There is a nonempty Zariski-open subset C0 ⊆ C where (M, F•M, Q)
restricts to a variation of polarized Hodge structure of weight 0.

(2) Near every point of C \ C0, the pair (M, F•M) is a minimal extension as
constructed above; in particular, we have a well-defined filtration V •M,
indexed by R, induced by the filtration Ṽ•min on Ṽmin .

(3) Each vector space grαV M with α > −1 has a mixed Hodge structure, whose
Hodge filtration is induced by F•M, whose weight filtration is determined
by the nilpotent operator N = −(t∂t − α), and whose polarization is con-
structed from Q and N .

Up to some changes in the indexing, this is precisely the definition of a polarized
Hodge module with pure support C. In other words, Saito is taking Schmid’s results
as the definition of how a polarized Hodge module should behave near one of its
singular points. Zucker’s theorem then tells us that the cohomology of a polarized
Hodge module has a polarized Hodge structure of the expected weight.
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