
MIXED HODGE MODULES AND GEOMETRIC APPLICATIONS

CHRISTIAN SCHNELL AND LEI WU

Exercises for Lecture 4

Morphisms and weights. The purpose of the next set of exercises is to prove
the following basic fact about Hodge modules.

Theorem. The only morphism from a Hodge module of weight w1 to a Hodge
module of weight w2 < w1 is the zero morphism.

Recall from Monday that the same result is true for Hodge structures. The
theorem is proved by induction on the dimension of the support of the Hodge
modules in question. The base case is when both Hodge modules are supported
at points, and therefore come from Hodge structures of weight w1 and w2. Let us
briefly review the procedure for constructing from a Hodge structure(

(V ′, F •V ′), (V ′′, F •V ′′), S
)

of weight w a Hodge module
(
(M′, F•M′), (M′′, F•M′′), S

)
of the same weight

supported at the point x ∈ X. We let

M′′ = DX ⊗OX
i∗V

′′ and FpM′′ =
∑

j+k=p−n

FjDX ⊗OX
i∗F
−kV ′′,

where i : {x} ↪→ X is the inclusion and n = dimX; the formula for (M′, F•M′) is
similar. The pairing

S : M′ ⊗M′′ → DbX

is defined by letting S(1⊗ v′, 1⊗ v′′) = S(v′, v′′)δx and extending linearly; here δx
denotes the delta function at the point x.

Exercise 1. Show that a morphism of triples between two Hodge modules supported
at x ∈ X is the same thing as a morphism of the corresponding Hodge structures.

Now for the inductive step. Let M1 ∈ HM(X,w1) and M2 ∈ HM(X,w2) be two
Hodge modules, and let f : M1 →M2 be a morphism between them.

Exercise 2. Argue (by induction) that the induced morphisms ψg,λM1 → ψg,λM2

and φg,1M1 → φg,1M2 are zero for every U ⊆ X and every nonconstant holomor-
phic function g : U → C such that g−1(0) ∩ Supp(M1 ⊕M2) has strictly smaller
dimension that Supp(M1 ⊕M2).

Since ψg,λ and φg,1 are defined using the graded quotients of the V-filtration (for
−1 ≤ α ≤ 0), this reduces the problem to the following result.
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Lemma. Suppose that X = X0×C for a complex manifold X0 of dimension n−1.
Let M and N be two coherent DX-modules with V-filtrations V •M and V •N , and
let f : M→N be a morphism. If the induced morphisms

grαV f : grαV M→ grαV N
are zero for every α ∈ [−1, 0], then f vanishes on some neighborhood of X0 × {0}.

The following two facts about the V-filtration will be useful.

Exercise 3. Let 0→M′ →M→M′′ → 0 be a short exact sequence of coherent
D-modules. Suppose that V •M is a V-filtration on M. Show that the induced
filtrations on M′ and M′′ are V-filtrations.

Exercise 4. Show that if f : M → N is a morphism of D-modules, and if V •M
and V •N are V-filtrations, then f is strictly compatible with the V-filtrations.

Exercise 5. Prove the lemma along the following lines.

(a) Show that grαV f is zero for every α ∈ R.
(b) Use strictness to show that

f(M) ⊆
⋂
α∈R

V αN .

(c) Conclude that f = 0 on some neighborhood of X0 × {0}.

To finish the proof of the theorem, we only have to observe that X can be covered
by open neighborhoods of suitable hypersurfaces g−1(0); hence the vanishing of f
on all such open sets implies that f = 0.

Filtrations and strictness. Let V be a complex vector space, and F•V an ex-
haustive increasing filtration. Define

M =
⊕
k∈Z

FkV ⊗ zk ⊆ V ⊗C C[z, z−1],

which is a graded module over the polynomial ring C[z].

Exercise 6. Show that M/(z − 1)M ' V and M/zM ' grF• M .

Exercise 7. Show that a graded C[z]-module arises from a filtered vector space by
the above construction if and only if it has no z-torsion.

Exercise 8. Let ϕ : (V, F•V )→ (V ′, F•V
′) be a morphism of filtered vector spaces.

Denote by f : M → M ′ the resulting morphism of graded C[z]-modules. Show that
ϕ is strict if and only if coker f has no z-torsion.

One-forms on varieties of general type.

Exercise 9. Let X be a smooth projective surface of general type (over C). Show
that the zero locus of every holomorphic one-form on X must be nonempty.

Exercise 10. Let X be a smooth projective variety (over C). Suppose that there is
an ample line bundle L such that H0(X,ωX⊗L−1) 6= 0. Show that the zero locus of
every holomorphic one-form on X must be nonempty. (Hint: Consider the Koszul
complex of ω ∈ H0(X,Ω1

X). What happens when the zero locus of ω is empty?)
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