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Definition. A Riemannian metric h is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λh

for some constant λ ∈ R.

“. . . the greatest blunder of my life!”

— A. Einstein, to G. Gamow
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Definition. A Riemannian metric h is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λh

for some constant λ ∈ R.

Mathematicians call λ the Einstein constant.

Has same sign as the scalar curvature

s = r
j
j = Rijij.
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Dimension Four is Exceptional

When n = 4, Einstein metrics satisfy a remarkable
conformally-invariant condition.
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On Riemannian n-manifold (M, g), n ≥ 3,
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s = scalar curvature

r̊ = trace-free Ricci curvature

W = Weyl curvature (conformally invariant)

W a
bcd unchanged if g  ĝ = u2g.
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s δa[cδ

b
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where

s = scalar curvature

r̊ = trace-free Ricci curvature

W = Weyl curvature (conformally invariant)

Proposition. Assume n ≥ 4. Then
(Mn, g) locally conformally flat ⇐⇒ W ≡ 0.
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For metrics on fixed Mn, Weyl functional

W ([g]) =

∫
M
|Wg|n/2dµg

only depends on the conformal class

[g] = {u2g | u : M
C∞−→ R+}.

W : GM/(C∞)+ −→ R
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For metrics on fixed Mn, Weyl functional

W ([g]) =

∫
M
|Wg|n/2dµg

only depends on the conformal class

[g] = {u2g | u : M
C∞−→ R+}.

Measures deviation [g] from conformal flatness.
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Dimension Four is Exceptional

For M4,

W ([g]) =

∫
M
|Wg|2dµg

Euler-Lagrange equationsB = 0 elliptic mod gauge.

Here

Bab := (∇c∇d +
1

2
r̊cd)W acbd

called Bach tensor.

Solutions called Bach-flat metrics.

Bianchi =⇒ Any Einstein (M4, h) is Bach-flat.

Of course, conformally Einstein good enough!

41



Dimension Four is Exceptional

For M4,

W ([g]) =

∫
M
|Wg|2dµg

Euler-Lagrange equationsB = 0 elliptic mod gauge.

Here

Bab := (∇c∇d +
1

2
r̊cd)W acbd

called Bach tensor.

Solutions called Bach-flat metrics.

Bianchi =⇒ Any Einstein (M4, h) is Bach-flat.

But when n 6= 4, Einstein 6⇒ critical point of W !
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Dimension Four is Exceptional

For M4,

W ([g]) =

∫
M
|Wg|2dµg

Euler-Lagrange equationsB = 0 elliptic mod gauge.

Here

Bab := (∇c∇d +
1

2
r̊cd)W acbd

called Bach tensor.

Solutions called Bach-flat metrics.

Bianchi =⇒ Any Einstein (M4, h) is Bach-flat.

When n = 4, conf. Einstein ⇒ critical for W .
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For (M4, g) compact oriented Riemannian,

Gauss-Bonnet formula for Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
− |̊r|

2

2
+ |W |2

)
dµ

=⇒ Einstein metrics are critical points of W !

In n = 4, ∃ conformally-invariant decomposition

W = W+ + W−

Λ2 = Λ+ ⊕ Λ−
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Variational Explanation:

For (M4, g) compact oriented Riemannian,

Gauss-Bonnet formula for Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
− |̊r|

2

2
+ |W |2

)
dµ

=⇒ Einstein metrics are critical points of W !

In n = 4, ∃ conformally-invariant decomposition

R =


W+ + s

12 r̊

r̊ W− + s
12


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Variational Explanation:

For (M4, g) compact oriented Riemannian,

Gauss-Bonnet formula for Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
− |̊r|

2

2
+ |W |2

)
dµ

=⇒ Einstein metrics are critical points of W !

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12
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For (M4, g) compact oriented Riemannian,

Gauss-Bonnet formula for Euler characteristic
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In n = 4, ∃ conformally-invariant decomposition

W = W+ + W−
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For (M4, g) compact oriented Riemannian,

Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ
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Euler characteristic
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Euler characteristic
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2

)
dµ

Signature

τ (M) =
1

12π2

∫
M
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W ([g]) = −12π2τ (M) + 2

∫
M
|W+|2dµg
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For (M4, g) compact oriented Riemannian,

Euler characteristic
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W ([g]) = −12π2τ (M) + 2

∫
M
|W+|2dµg

Bab := 2(∇c∇d +
1

2
r̊cd)(W+)acbd
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For (M4, g) compact oriented Riemannian,

Euler characteristic

χ(M) =
1

8π2

∫
M

(
s2

24
+ |W+|2 + |W−|2 −

|̊r|2

2

)
dµ

Signature

τ (M) =
1

12π2

∫
M

(
|W+|2 − |W−|2

)
dµ

W ([g]) = −12π2τ (M) + 2W+([g])

Bab := 2(∇c∇d +
1

2
r̊cd)(W+)acbd
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(M4, g, J) Kähler.
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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = <e(Λ2,0)⊕ Rω

∇J = 0 =⇒ R ∈ End(Λ1,1) =⇒

W+ =

− s
12
− s

12
s
6


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Kähler case:

Λ1,1 = Rω ⊕ Λ−

Λ+ = <e(Λ2,0)⊕ Rω

∇J = 0 =⇒ R ∈ End(Λ1,1) =⇒

|W+|2 =
s2

24
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Restriction of W+ to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.
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Restriction of W+ to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

That is, must be critical point of

C (g) =

∫
M
s2
gdµg

on Kähler g with [ω] ∈ H2(M) fixed.

Euler-Lagrange ⇐⇒ ∂̄∇1,0s = 0

Euler-Lagrange ⇐⇒ J(∇s) Killing

Euler-Lagrange ⇐⇒ J∗Hess(s) = Hess(s)
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On Kähler metrics,∫
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so any critical point of restriction must be
extremal in sense of Calabi.
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Restriction of W+ to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Bab := 2(∇c∇d +
1

2
r̊cd)(W+)acbd
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Restriction of W+ to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Andrzej Derdziński : For Kähler metrics g,

B =
1

12

[
2s̊r + Hess0(s) + 3J∗Hess0(s)

]
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Lemma. If g is a Kähler metric on a complex
surface (M4, J), the following are equivalent:
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On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Lemma. If g is a Kähler metric on a complex
surface (M4, J), the following are equivalent:

• g is an extremal Kähler metric;

•B = B(J ·, J ·);
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Restriction of W+ to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Lemma. If g is a Kähler metric on a complex
surface (M4, J), the following are equivalent:

• g is an extremal Kähler metric;

•B = B(J ·, J ·);
• ψ = B(J ·, ·) is a closed (1, 1)-form;
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Restriction of W+ to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Lemma. If g is a Kähler metric on a complex
surface (M4, J), the following are equivalent:

• g is an extremal Kähler metric;

•B = B(J ·, J ·);
• ψ = B(J ·, ·) is a closed (1, 1)-form;

• gt = g + tB is Kähler metric for small t.
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).

Proposition. If g is a Kähler metric on a com-
pact complex surface (M4, J), with Kähler class
[ω],
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Action Function on Kähler Cone

For any extremal Kähler (M4, g, J),

1

32π2

∫
s2dµg =

(c1 · [ω])2

[ω]2
+

1

32π2
‖F [ω]‖

2

=: A([ω])

where F is Futaki invariant.

A is function on Kähler cone K ⊂ H2(M,R).

Proposition. If g is a Kähler metric on a com-
pact complex surface (M4, J), with Kähler class
[ω], then g satisfies B = 0 ⇐⇒
• g is an extremal Kähler metric; and

• [ω] is a critical point of A : K → R.
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Restriction of W+ to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

Andrzej Derdziński : For Kähler metrics g,

B =
1

12

[
2s̊r + Hess0(s) + 3J∗Hess0(s)

]
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Restriction of W+ to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

So Bach-flat Kähler =⇒ g extremal and

0 = s̊r + 2Hess0(s).
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Restriction of W+ to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

So Bach-flat Kähler =⇒ g extremal and

0 = s̊r + 2Hess0(s).

∴ On set where s 6= 0, the metric s−2g is Einstein.
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Restriction of W+ to Kähler metrics?

On Kähler metrics,∫
|W+|2dµ =

∫
s2

24
dµ

so any critical point of restriction must be
extremal in sense of Calabi.

So Bach-flat Kähler =⇒ g extremal and

0 = s̊r + 2Hess0(s).

∴ On set where s 6= 0, the metric s−2g is Einstein.

Global implications?
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Theorem (L ’97). Suppose that (M4, h) is a com-
pact 4-dimensional Einstein manifold. If h is
Hermitian with respect to some integrable com-
plex structure J on M , then h is conformal to
a Bach-flat Kähler g on (M,J). Moreover, if
(M, g, J) is not Kähler-Einstein, then g has scalar
curvature s > 0, and (M,J) has c1 > 0.
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Theorem (L ’97). Suppose that (M4, h) is a com-
pact 4-dimensional Einstein manifold. If h is
Hermitian with respect to some integrable com-
plex structure J on M , then h is conformal to
a Bach-flat Kähler g on (M,J). Moreover, if
(M, g, J) is not Kähler-Einstein, then g has scalar
curvature s > 0, and (M,J) has c1 > 0.

h(J ·, J ·) = h
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Theorem (L ’97). Suppose that (M4, h) is a com-
pact 4-dimensional Einstein manifold. If h is
Hermitian with respect to some integrable com-
plex structure J on M , then h is conformal to
a Bach-flat Kähler g on (M,J). Moreover, if
(M, g, J) is not Kähler-Einstein, then g has scalar
curvature s > 0, and (M,J) has c1 > 0.

Calabi-Eckmann: False in higher dimensions!
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Theorem (L ’97). Suppose that (M4, h) is a com-
pact 4-dimensional Einstein manifold. If h is
Hermitian with respect to some integrable com-
plex structure J on M , then h is conformal to
a Bach-flat Kähler g on (M,J). Moreover, if
(M, g, J) is not Kähler-Einstein, then g has scalar
curvature s > 0, and (M,J) has c1 > 0.

Latter case: h has λ > 0, and (M,J) is del Pezzo.
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Theorem (L ’97). Suppose that (M4, h) is a com-
pact 4-dimensional Einstein manifold. If h is
Hermitian with respect to some integrable com-
plex structure J on M , then h is conformal to
a Bach-flat Kähler g on (M,J). Moreover, if
(M, g, J) is not Kähler-Einstein, then g has scalar
curvature s > 0, and (M,J) has c1 > 0.

Latter case: h has λ > 0, and (M,J) is del Pezzo.

Theorem (L ’12). In latter case, A has a unique
critical point on K /R+. Moreover, this critical
point is the absolute minimum of A.
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K ⊂ H1,1(M,R) ⊂ H2(M,R)
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Theorem (L ’97). Suppose that (M4, h) is a com-
pact 4-dimensional Einstein manifold. If h is
Hermitian with respect to some integrable com-
plex structure J on M , then h is conformal to
a Bach-flat Kähler g on (M,J). Moreover, if
(M, g, J) is not Kähler-Einstein, then g has scalar
curvature s > 0, and (M,J) has c1 > 0.

Latter case: h has λ > 0, and (M,J) is del Pezzo.

Theorem (L ’12). In latter case, A has a unique
critical point on K /R+. Moreover, this critical
point is the absolute minimum of A.
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Theorem (L ’97). Suppose that (M4, h) is a com-
pact 4-dimensional Einstein manifold. If h is
Hermitian with respect to some integrable com-
plex structure J on M , then h is conformal to
a Bach-flat Kähler g on (M,J). Moreover, if
(M, g, J) is not Kähler-Einstein, then g has scalar
curvature s > 0, and (M,J) has c1 > 0.

Latter case: h has λ > 0, and (M,J) is del Pezzo.

Theorem (L ’12). In latter case, A has a unique
critical point on K /R+. Moreover, this critical
point is the absolute minimum of A.

Implies uniqueness result for h on (M4, J).
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Del Pezzo surfaces:
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Blowing up:
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added
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Conventions:

CP2 = reverse oriented CP2.
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CP2 = reverse oriented CP2.
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 5 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 6 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 6 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein met-
ric, and this metric is unique up to complex au-
tomorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein met-
ric, and this metric is unique up to complex au-
tomorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is unique up to complex
automorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is unique up to complex
automorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is unique up to complex
automorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is unique up to complex
automorphisms and constant rescalings.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 1983 Siu, Tian-Yau, Tian, Odaka-
Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 , Derdziński 1986 Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 , Derdziński, Siu, Siu 1987 Odaka-
Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Existence: 1978 , Derdziński, Siu, Siu, Siu 1990
Odaka-Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

2016
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Existence: Page-Derdziński, Siu, Tian-Yau, Tian,
Odaka-Spotti-Sun, Chen-L-Weber.

Odaka-Spotti-Sun Son 2008
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Uniqueness: Bando-Mabuchi ’87 , L ’12.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each del Pezzo (M4, J) admits a
J-compatible conformally Kähler, Einstein
metric, and this metric is geometrically unique.

Uniqueness: Bando-Mabuchi ’87, L ’12.
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One reason this seems satisfying. . .
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form ω. Then M admits an (unre-
lated) Einstein metric g with λ > 0
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form ω. Then M admits an (unre-
lated) Einstein metric h with λ > 0
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form ω. Then M admits an (unre-
lated) Einstein metric h with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form ω. Then M admits an (unre-
lated) Einstein metric h with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: exactly the Del Pezzo surfaces.
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form ω. Then M admits an (unre-
lated) Einstein metric h with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: exactly the Del Pezzo surfaces.

For known h, can take ω harmonic self-dual 2-form.
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Theorem (CLW ’08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form ω. Then M admits an (unre-
lated) Einstein metric h with λ > 0

⇐⇒ M≈


CP2#kCP2, 0 ≤ k ≤ 8,

or

S2 × S2

Diffeotypes: exactly the Del Pezzo surfaces.

For known h, can take ω harmonic self-dual 2-form.

But this is not needed in above result.
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One fundamental open problem:
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One fundamental open problem:

Understand all Einstein metrics on del Pezzos.
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One fundamental open problem:

Understand all Einstein metrics on del Pezzos.

Is Einstein moduli space connected?
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Moduli Spaces of Einstein metrics
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Moduli Spaces of Einstein metrics

E (M) = {Einstein h}/(Diffeos× R+)
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Moduli Spaces of Einstein metrics

E (M) = {Einstein h}/(Diffeos× R+)

Completely understood for certain 4-manifolds:
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Moduli Spaces of Einstein metrics

E (M) = {Einstein h}/(Diffeos× R+)

Known to be connected for certain 4-manifolds:
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Moduli Spaces of Einstein metrics

E (M) = {Einstein h}/(Diffeos× R+)

Known to be connected for certain 4-manifolds:

M = T 4, K3, H4/Γ, CH2/Γ.
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Moduli Spaces of Einstein metrics

E (M) = {Einstein h}/(Diffeos× R+)

Known to be connected for certain 4-manifolds:

M = T 4, K3, H4/Γ, CH2/Γ.

Berger, Hitchin, Besson-Courtois-Gallot, L.
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Moduli Spaces of Einstein metrics

E (M) = {Einstein h}/(Diffeos× R+)

Known to be connected for certain 4-manifolds:

M = T 4, K3, H4/Γ, CH2/Γ.

Berger, Hitchin, Besson-Courtois-Gallot, L.
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Moduli Spaces of Einstein metrics

E (M) = {Einstein h}/(Diffeos× R+)

Known to be connected for certain 4-manifolds:

M = T 4, K3, H4/Γ, CH2/Γ.

Berger, Hitchin, Besson-Courtois-Gallot, L.
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Moduli Spaces of Einstein metrics

E (M) = {Einstein h}/(Diffeos× R+)

Known to be connected for certain 4-manifolds:

M = T 4, K3, H4/Γ, CH2/Γ.

Berger, Hitchin, Besson-Courtois-Gallot, L.
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Moduli Spaces of Einstein metrics

E (M) = {Einstein h}/(Diffeos× R+)

Known to be connected for certain 4-manifolds:

M = T 4, K3, H4/Γ, CH2/Γ.

Berger, Hitchin, Besson-Courtois-Gallot, L.
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Moduli Spaces of Einstein metrics

E (M) = {Einstein h}/(Diffeos× R+)

Known to be connected for certain 4-manifolds:

M = T 4, K3, H4/Γ, CH2/Γ.

Berger, Hitchin, Besson-Courtois-Gallot, L.
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One fundamental open problem:

Understand all Einstein metrics on del Pezzos.

Is Einstein moduli space connected?
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One fundamental open problem:

Understand all Einstein metrics on del Pezzos.

Is Einstein moduli space connected?

Progress to date:

Nice characterizations of known Einstein metrics.
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One fundamental open problem:

Understand all Einstein metrics on del Pezzos.

Is Einstein moduli space connected?

Progress to date:

Nice characterizations of known Einstein metrics.

Exactly one connected component of moduli space!
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Theorem (L ’15). On any del Pezzo M4, the
conformally Kähler, Einstein metrics are exactly
characterized by the property that
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Theorem (L ’15). On any del Pezzo M4, the
conformally Kähler, Einstein metrics are exactly
characterized by the property that
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Theorem (L ’15). On any del Pezzo M4, the
conformally Kähler, Einstein metrics are exactly
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Reasonably satisfying result.

But W+(ω, ω) > 0 is not purely local condition!

Involves global harmonic 2-form ω.

Peng Wu proposed an alternate characterization
using only a purely local condition on W+.

Kähler =⇒ Λ+ = Rω ⊕<eΛ2,0

W+ = trace-free part of

 0
0
s
4


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Reasonably satisfying result.

But W+(ω, ω) > 0 is not purely local condition!

Involves global harmonic 2-form ω.

Peng Wu proposed an alternate characterization
using only a purely local condition on W+.

Kähler =⇒ Λ+ = Rω ⊕<eΛ2,0

W+ =

− s
12
− s

12
s
6


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But W+(ω, ω) > 0 is not purely local condition!

Involves global harmonic 2-form ω.

Peng Wu proposed an alternate characterization
using only a purely local condition on W+.

Kähler =⇒ Λ+ = Rω ⊕<eΛ2,0

det(W+) = det

− s
12
− s

12
s
6

 =
s3

864
> 0

for these metrics & conformal rescalings:
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Reasonably satisfying result.

But W+(ω, ω) > 0 is not purely local condition!

Involves global harmonic 2-form ω.

Peng Wu proposed an alternate characterization
using only a purely local condition on W+.

Kähler =⇒ Λ+ = Rω ⊕<eΛ2,0

det(W+) = det

− s
12
− s

12
s
6

 =
s3

864
> 0

for these metrics & conformal rescalings:

g  h = f2g =⇒ det(W+) f−6 det(W+).
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Involves global harmonic 2-form ω.

Peng Wu proposed an alternate characterization
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Wu’s criterion:

det(W+) > 0.
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L (2021a): completely different proof;
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Reasonably satisfying result.

But W+(ω, ω) > 0 is not purely local condition!

Involves global harmonic 2-form ω.

Peng Wu proposed an alternate characterization
using only a purely local condition on W+.

Wu’s criterion:

det(W+) > 0.

Wu (2021): terse, opaque proof that ⇐⇒.

L (2021a): completely different proof;

method also proves more general results.
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Reasonably satisfying result.

But W+(ω, ω) > 0 is not purely local condition!

Involves global harmonic 2-form ω.

Peng Wu proposed an alternate characterization
using only a purely local condition on W+.

Wu’s criterion:

det(W+) > 0.

Wu (2021): terse, opaque proof that ⇐⇒.

L (2021a): completely different proof.

L (2021b): related classification result.
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Theorem A. Let (M,h) be a simply-connected
compact oriented Einstein 4-manifold, and sup-
pose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then h is conformal to an
orientation-compatible extremal Kähler metric g
on M .
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Let α ≥ β ≥ γ be eigenvalues of W+:

W+ =

 α β
γ


α + β + γ = 0

α > 0, γ < 0, if W+ 6= 0

det(W+) = αβγ

necessarily has the same sign as −β.
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Let α ≥ β ≥ γ be eigenvalues of W+:

W+ =

 α β
γ


α + β + γ = 0

α > 0, γ < 0, if W+ 6= 0

det(W+) = αβγ

det(W+) > 0 ⇐⇒ β < 0

W+ ∼

+
−
−


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Let α ≥ β ≥ γ be eigenvalues of W+:

W+ =

 α β
γ


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α > 0, γ < 0, if W+ 6= 0

det(W+) = αβγ

det(W+) > 0 =⇒ α has multiplicity 1.
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det(W+) = αβγ

det(W+) > 0 =⇒ α has multiplicity 1.

So α = αh : M → R+ a smooth function, Set

and can choose ω with W+(ω) = αω, |ω|h ≡
√

2.
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Let α ≥ β ≥ γ be eigenvalues of W+:

W+ =

 α β
γ


α + β + γ = 0

α > 0, γ < 0, if W+ 6= 0

det(W+) = αβγ

det(W+) > 0 =⇒ α has multiplicity 1.

So α = αh : M → R+ a smooth function, Set

and can choose ω with W+(ω) = αω, |ω|h ≡
√

2.

either on M or double cover M̃ .
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W+ =

 α β
γ


α + β + γ = 0

α > 0, γ < 0, if W+ 6= 0

det(W+) = αβγ

det(W+) > 0 =⇒ α has multiplicity 1.

Get almost-complex structure J on M or M̃ by

ω = h(J ·, ·).
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Let α ≥ β ≥ γ be eigenvalues of W+:

W+ =

 α β
γ


α + β + γ = 0

α > 0, γ < 0, if W+ 6= 0

det(W+) = αβγ

det(W+) > 0 =⇒ α has multiplicity 1.

Get almost-complex structure J on M or M̃ by

ω = h(J ·, ·).
Claim: (M,h) compact Einstein =⇒ J integrable.
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Theorem A. Let (M,h) be a simply-connected
compact oriented Einstein 4-manifold, and sup-
pose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then h is conformal to an
orientation-compatible Bach-flat extremal Kähler
metric g with scalar curvature s > 0 on M .
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compact oriented Einstein 4-manifold, and sup-
pose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then h is conformal to an
orientation-compatible Bach-flat extremal Kähler
metric g with scalar curvature s > 0 on M .

Corollary. Every simply-connected compact ori-
ented Einstein (M4, h) with det(W+) > 0 is dif-
feomorphic to a del Pezzo surface. Conversely,
every del Pezzo M4 carries Einstein h with
det(W+) > 0, and these sweep out exactly one
connected component of moduli space E (M).
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Theorem A. Let (M,h) be a simply-connected
compact oriented Einstein 4-manifold, and sup-
pose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then h is conformal to an
orientation-compatible Bach-flat extremal Kähler
metric g with scalar curvature s > 0 on M .

241



Theorem A. Let (M,h) be a simply-connected
compact oriented Einstein 4-manifold, and sup-
pose that its self-dual Weyl curvature

W+ : Λ+→ Λ+

satisfies
det(W+) > 0

at every point of M . Then h is conformal to an
orientation-compatible Bach-flat extremal Kähler
metric g with scalar curvature s > 0 on M .

Simply connected hypothesis is essential!
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Theorem B. Let M be smooth compact oriented
4-manifold with π1 6= 0. Then, M admits an
Einstein metric h with det(W+) > 0 ⇐⇒
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Theorem B. Let M be smooth compact oriented
4-manifold with π1 6= 0. Then, M admits an
Einstein metric h with det(W+) > 0 ⇐⇒

M
diff
≈



P := (S2 × S2)/〈a× r〉,
Q := (S2 × S2)/〈a× a〉,
Q#CP2.

Q#2CP2. or

Q#3CP2.
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Oriented spin 4-manifold
P := (S2 × S2)/〈a× r〉
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Theorem B. Let M be smooth compact oriented
4-manifold with π1 6= 0. Then, M admits an
Einstein metric h with det(W+) > 0 ⇐⇒

M
diff
≈



P := (S2 × S2)/〈a× r〉,
Q := (S2 × S2)/〈a× a〉,
Q#CP2.

Q#2CP2. or

Q#3CP2.
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Non-spin 4-manifold
Q := (S2 × S2)/〈a× a〉
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Theorem B. Let M be smooth compact oriented
4-manifold with π1 6= 0. Then, M admits an
Einstein metric h with det(W+) > 0 ⇐⇒

M
diff
≈



P := (S2 × S2)/〈a× r〉,
Q := (S2 × S2)/〈a× a〉,
Q#CP2.

Q#2CP2. or

Q#3CP2.
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Theorem C. There are exactly 15 diffeotypes of
compact oriented 4-manifolds M that carry Ein-
stein metrics h with det(W+) > 0 everywhere.
For each manifold, the moduli space Edet(M) of
these special Einstein metrics is connected, and
exactly sweeps out a single connected component
of the Einstein moduli space E (M).
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Theorem C. There are exactly 15 diffeotypes of
compact oriented 4-manifolds M that carry Ein-
stein metrics h with det(W+) > 0 everywhere.
For each manifold, the moduli space E det(M) of
these special Einstein metrics is connected, and
exactly sweeps out a single connected component
of the Einstein moduli space E (M).

Why is E det(M) ⊂ E (M) open and closed?

Open: det(W+) > 0.

Closed: det(W+) = 1
3
√

6
|W+|3 and s ≥ 0.
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Theorem D. Let (M,h) be a compact oriented
Einstein 4-manifold. If

det(W+) > − 5
√

2

21
√

21
|W+|3

everywhere on M , then actually det(W+) > 0.
Consequently, all the results described remain
true if we merely impose this ostensibly weaker
hypothesis.
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Some indication of the proof:

By second Bianchi identity,

h Einstein =⇒ δW+ = (δW )+ = 0.

(δW )bcd := −∇aW a
bcd = −∇[crd]b +

1

6
hb[c∇d]s

Our strategy:

study weaker equation

δW+ = 0

as proxy for Einstein equation.
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Equation δW+ = 0 conformally invariant w/ weight.

If h = f2g satisfies

δW+ = 0

then g instead satisfies

δ(fW+) = 0

which in turn implies the Weitzenböck formula

0 = ∇∗∇(fW+) +
s

2
fW+ − 6fW+ ◦W+ + 2f |W+|2I

for fW+ ∈ End(Λ+).
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0 = ∇∗∇(fW+) +
s

2
fW+ − 6fW+ ◦W+ + 2f |W+|2I

with ω ⊗ ω, and integrate by parts. This yields:

0 =

∫
M

[
〈∇∗∇(fW+), ω ⊗ ω〉 + · · ·

]
dµ

295



We’ll choose g = f−2h and ω adapted to problem,

take L2 inner product of the Weitzenböck formula
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0 = ∇∗∇(fW+) +
s

2
fW+ − 6fW+ ◦W+ + 2f |W+|2I

with ω ⊗ ω, and integrate by parts. This yields:

0 =

∫
M

[
〈W+,∇∗∇(ω ⊗ ω)〉 + · · ·

]
f dµ

298



We’ll choose g = f−2h and ω adapted to problem,

take L2 inner product of the Weitzenböck formula

0 = ∇∗∇(fW+) +
s

2
fW+ − 6fW+ ◦W+ + 2f |W+|2I

with ω ⊗ ω, and integrate by parts. This yields:

0 =

∫
M

[
〈W+,∇∗∇(ω⊗ω)〉+s

2
W+(ω, ω)−6|W+(ω)|2+2|W+|2|ω|2

]
f dµ
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Let α ≥ β ≥ γ be eigenvalues of W+:

W+ =

 α β
γ


α + β + γ = 0

α > 0, γ < 0, if W+ 6= 0

det(W+) = αβγ

det(W+) > 0 =⇒ α has multiplicity 1.

So α = αh : M → R+ a smooth function. Set
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W+ =

 α β
γ


α + β + γ = 0

α > 0, γ < 0, if W+ 6= 0

det(W+) = αβγ

det(W+) > 0 =⇒ α has multiplicity 1.

So α = αh : M → R+ a smooth function. Set

f = αh
−1/3, g = f−2h = αh

2/3h.
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For recent results:

Eigenvalues of W+ carry a conformal weight:

For g = f−2h, α β
γ

 =

 f2α

f2β

f2γ


So our choice of f = α−1/3 implies

α = α1/3 = f−1

=⇒ αf = 1

Now choose ω ∈ ΓΛ+ so that

W+
g (ω) = α ω, |ω|g ≡

√
2,

after at worst passing to double cover M̂ →M .
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0 =

∫
M̂

[
〈W+,∇∗∇(ω ⊗ ω)〉

+
s

2
W+(ω, ω)− 6|W+(ω)|2 + 2|W+|2|ω|2

]
f dµ
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0 =

∫
M

[
− 2W+(∇eω,∇eω)− 2W+(ω,∇e∇eω)

+
s

2
W+(ω, ω)− 6|W+(ω)|2 + 2|W+|2|ω|2

]
f dµ
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+
s

2
α|ω|2 − 6α2|ω|2 + 2|W+|2|ω|2

]
f dµ

because

Wg
+(ω) = αω
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0 ≥
∫
M

[
− 2W+(∇eω,∇eω) + 2α〈ω,∇∗∇ω〉

+
s

2
α|ω|2 − 6α2|ω|2 + 3α2|ω|2

]
f dµ

because

|Wg
+|2 ≥ 3

2
α2
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det(W+) > 0 =⇒ W+ ∼

+
−
−


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+
s

2
α|ω|2 − 3α2|ω|2

]
f dµ

|ω|2g = 2 =⇒ (∇eω) ⊥ ω

det(W+) > 0 =⇒ −W+(∇eω,∇eω) ≥ 0
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2〈ω,∇∗∇ω〉 +

s

2
|ω|2 − 3α|ω|2

]
(αf ) dµ
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0 ≥
∫
M

[
2〈ω,∇∗∇ω〉 +

s

2
|ω|2 − 3α|ω|2

]
(αf ) dµ

But

αf ≡ 1

321



0 ≥
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[
2〈ω,∇∗∇ω〉 +

s

2
|ω|2 − 3|ω|2α

]
dµ
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0 ≥
∫
M

[
2〈ω,∇∗∇ω〉 − 3W+(ω, ω) +

s

2
|ω|2

]
dµ
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0 ≥
∫
M

[
1
2|∇ω|

2 + 3
2〈ω,

(
∇∗∇− 2W+ +

s

3

)
ω〉
]
dµ
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0 ≥
∫
M

[
1
2|∇ω|

2 + 3
2〈ω, (d + d∗)2 ω〉

]
dµ

Because

(d + d∗)2 = ∇∗∇− 2W+ +
s

3

on ΓΛ+.
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2

∫
M
|∇ω|2 dµ + 3

∫
M
|dω|2 dµ

So ∇ω ≡ 0, and g is Kähler!

QED
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