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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that

................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

..............
..............

..............
..............

..............
..............

..............
..............

...............................................................................................................................................................................................

.................................................................................................................................................................................................................................................
...........................

..........................................................................................................................................................................................................................................................................................................................................................
................

.............................................................................
.... .....................................................

..................................

.......................
...........

......................................................................................................

......
.......
.......
.......
........
........
.........
...........

......................
.................

n ≥ 3

4



Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that

................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

..............
..............

..............
..............

..............
..............

..............
..............

...............................................................................................................................................................................................

.................................................................................................................................................................................................................................................
...........................

..........................................................................................................................................................................................................................................................................................................................................................
................

.............................................................................
.... .....................................................

..................................

.......................
...........

......................................................................................................

......
.......
.......
.......
........
........
.........
...........

......................
.................

n ≥ 3

5



Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that

................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

..............
..............

..............
..............

..............
..............

..............
..............

...............................................................................................................................................................................................

.................................................................................................................................................................................................................................................
...........................

..........................................................................................................................................................................................................................................................................................................................................................
................

.......................................

.............................................................................
.... .....................................................

..................................

.......................
...........

......................................................................................................

......
.......
.......
.......
........
........
.........
...........

......................
.................

6



Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that

................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

..............
..............

..............
..............

..............
..............

..............
..............

...............................................................................................................................................................................................

.................................................................................................................................................................................................................................................

................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

..............
..............

..............
..............

..............
..............

..............
..............

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

.......................................

.............................................................................
.... .....................................................

........................................................................................................
........
.......
.......
.......
.......
.......
.......
.......
........
............

.

..................................

.......................
...........

......................................................................................................

......
.......
.......
.......
........
........
.........
...........

......................
.................

.........
.........

..........
...........

............
.............

..............
................

..................
.....................

.........................
..................................

.............................................................................................................................................................................................................................................................................................................................

............................. .......
....

7



Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that

................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

..............
..............

..............
..............

..............
..............

..............
..............

...............................................................................................................................................................................................

.................................................................................................................................................................................................................................................

................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

..............
..............

..............
..............

..............
..............

..............
..............

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

.......................................

.............................................................................
.... .....................................................

........................................................................................................
........
.......
.......
.......
.......
.......
.......
.......
........
............

.

..................................

.......................
...........

......................................................................................................

......
.......
.......
.......
........
........
.........
...........

......................
.................

.........
.........

..........
...........

............
.............

..............
................

..................
.....................

.........................
..................................

.............................................................................................................................................................................................................................................................................................................................

............................. .......
....

~x

gjk = δjk + terms that fall-off at infinity

8



Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that

................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

..............
..............

..............
..............

..............
..............

..............
..............

...............................................................................................................................................................................................

.................................................................................................................................................................................................................................................

................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

..............
..............

..............
..............

..............
..............

..............
..............

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

.......................................

.............................................................................
.... .....................................................

........................................................................................................
........
.......
.......
.......
.......
.......
.......
.......
........
............

.

..................................

.......................
...........

......................................................................................................

......
.......
.......
.......
........
........
.........
...........

......................
.................

.........
.........

..........
...........

............
.............

..............
................

..................
.....................

.........................
..................................

.............................................................................................................................................................................................................................................................................................................................

............................. .......
....

~x

Weakest reasonable assumption:

9



Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that

................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

..............
..............

..............
..............

..............
..............

..............
..............

...............................................................................................................................................................................................

.................................................................................................................................................................................................................................................

................................................................................................................

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

.......

....

..............
..............

..............
..............

..............
..............

..............
..............

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

.......................................

.............................................................................
.... .....................................................

........................................................................................................
........
.......
.......
.......
.......
.......
.......
.......
........
............

.

..................................

.......................
...........

......................................................................................................

......
.......
.......
.......
........
........
.........
...........

......................
.................

.........
.........

..........
...........

............
.............

..............
................

..................
.....................

.........................
..................................

.............................................................................................................................................................................................................................................................................................................................

............................. .......
....

~x

gjk = δjk + O(|x|1−
n
2−ε)

gjk,` = O(|x|−
n
2−ε), s ∈ L1

13



Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
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nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each component of M − K is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. A complete, non-compact Rieman-
nian n-manifold (Mn, g) is called asymptotically
Euclidean (AE) if there is a compact set K ⊂M
such that each “end” component of is diffeo-
morphic to Rn −Dn in such a manner that
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Definition. Complete, non-compact n-manifold
(Mn, g) is asymptotically locally Euclidean (ALE)
if ∃ compact set K ⊂ M such that M − K ≈∐
i(R

n −Dn)/Γi, where Γi ⊂ O(n), such that
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Definition. Complete, non-compact n-manifold
(Mn, g) is asymptotically locally Euclidean (ALE)
if ∃ compact set K ⊂ M such that M − K ≈∐
i(R

n −Dn)/Γi, where Γi ⊂ O(n), such that
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Definition. Complete, non-compact n-manifold
(Mn, g) is asymptotically locally Euclidean (ALE)
if ∃ compact set K ⊂ M such that M − K ≈∐
i(R

n −Dn)/Γi, where Γi ⊂ O(n), such that
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Key examples:
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.
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V =
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j=1

1

2%j
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Data: ` points in R3. =⇒ V with ∆V = 0

V =
∑̀
j=1

1

2%j

F = ?dV curvature θ on P → R3 − {pts}.
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Data: ` points in R3. =⇒ V with ∆V = 0

g = V h + V −1θ2

F = ?dV curvature θ on P → R3 − {pts}.
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Data: ` points in R3. =⇒ V with ∆V = 0

g = V (dx2 + dy2 + dz2) + V −1θ2

F = ?dV curvature θ on P → R3 − {pts}.
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Data: ` points in R3. =⇒ V with ∆V = 0

g = V h + V −1θ2

F = ?dV curvature θ on P → R3 − {pts}.
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Data: ` points in R3. =⇒ V with ∆V = 0

g = V h + V −1θ2

on P . Then take M4 = Riemannian completion.
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Data: ` points in R3. =⇒ V with ∆V = 0

g = V h + V −1θ2

on P . Then take M4 = Riemannian completion.
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Data: ` points in R3. =⇒ V with ∆V = 0

g = V h + V −1θ2

on P . Then take M4 = Riemannian completion.
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Data: ` points in R3. =⇒ V with ∆V = 0

g = V h + V −1θ2

on P . Then take M4 = Riemannian completion.
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Data: ` points in R3. =⇒ V with ∆V = 0

g = V h + V −1θ2

on P . Then take M4 = Riemannian completion.

44



Deform retracts to k = `− 1 copies of S2,
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Deform retracts to k = `− 1 copies of S2,
each with self-intersection −2,
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Deform retracts to k = `− 1 copies of S2,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Deform retracts to k = `− 1 copies of S2,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Deform retracts to k = `− 1 copies of S2,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Configuration dual to Dynkin diagram Ak:
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Deform retracts to k = `− 1 copies of S2,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Configuration dual to Dynkin diagram Ak:

• • • •.............................................................................................................................................................................................................................................................................................................
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Deform retracts to k = `− 1 copies of S2,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Configuration dual to Dynkin diagram Ak:

• • • •.............................................................................................................................................................................................................................................................................................................

Diffeotype:
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Deform retracts to k = `− 1 copies of S2,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Configuration dual to Dynkin diagram Ak:

• • • •.............................................................................................................................................................................................................................................................................................................

Diffeotype:

Plumb together k copies of T ∗S2

according to diagram.
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.

Their examples have just one end, with

Γ ∼= Z` ⊂ SU(2) ⊂ O(4).
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.

Their examples have just one end, with

Γ ∼= Z` ⊂ SU(2) ⊂ O(4).

The G-H metrics are hyper-Kähler, and were soon
independently rediscovered by Hitchin.
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Hitchin’s approach instead focused on the

Penrose Twistor Space (Z6, J),

which is a complex 3-manifold
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Hitchin’s approach instead focused on the

Penrose Twistor Space (Z6, J),

which is a complex 3-manifold
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Hitchin’s approach instead focused on the

Penrose Twistor Space (Z6, J),

which is a complex 3-manifold.
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Hitchin’s approach instead focused on the

Penrose Twistor Space (Z6, J),

which is a complex 3-manifold.
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But I won’t discuss this today, for lack of time.
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.

Their examples have just one end, with

Γ ∼= Z` ⊂ SU(2) ⊂ O(4).

The G-H metrics are hyper-Kähler, and were soon
independently rediscovered by Hitchin.
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.

Their examples have just one end, with

Γ ∼= Z` ⊂ SU(2) ⊂ O(4).

The G-H metrics are hyper-Kähler, and were soon
independently rediscovered by Hitchin.

Hitchin conjectured that similar metrics would exist
for each finite Γ ⊂ SU(2).
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.

Their examples have just one end, with

Γ ∼= Z` ⊂ SU(2) ⊂ O(4).

The G-H metrics are hyper-Kähler, and were soon
independently rediscovered by Hitchin.

Hitchin conjectured that similar metrics would exist
for each finite Γ ⊂ SU(2).

This conjecture was proved by Kronheimer, 1986.
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Resolutions of Klein Singularities:
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Resolutions of Klein Singularities:

∀ Γ ⊂ SU(2), ∃! resolution
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Resolutions of Klein Singularities:

∀ Γ ⊂ SU(2), ∃! resolution

V̂ → C2/Γ
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Resolutions of Klein Singularities:

∀ Γ ⊂ SU(2), ∃! resolution

V̂ → C2/Γ

with c1(T 1,0V̂ ) = 0.
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Resolutions of Klein Singularities:

∀ Γ ⊂ SU(2), ∃! resolution

V̂ → C2/Γ

with c1(T 1,0V̂ ) = 0.

Replaces origin with a union of CP1’s,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Resolutions of Klein Singularities:

∀ Γ ⊂ SU(2), ∃! resolution

V̂ → C2/Γ

with c1(T 1,0V̂ ) = 0.

Replaces origin with a union of CP1’s,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Resolutions of Klein Singularities:

∀ Γ ⊂ SU(2), ∃! resolution

V̂ → C2/Γ

with c1(T 1,0V̂ ) = 0.

Replaces origin with a union of CP1’s,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Resolutions of Klein Singularities:

∀ Γ ⊂ SU(2), ∃! resolution

V̂ → C2/Γ

with c1(T 1,0V̂ ) = 0.

Replaces origin with a union of CP1’s,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Resolutions of Klein Singularities:

∀ Γ ⊂ SU(2), ∃! resolution

V̂ → C2/Γ

with c1(T 1,0V̂ ) = 0.

Replaces origin with a union of CP1’s,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Intersection pattern dual to Dynkin diagram!

• • • • •
•
•
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Resolutions of Klein Singularities:

∀ Γ ⊂ SU(2), ∃! resolution

V̂ → C2/Γ

with c1(T 1,0V̂ ) = 0.

Replaces origin with a union of CP1’s,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Intersection pattern dual to Dynkin diagram!

• • • • •
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Resolutions of Klein Singularities:

∀ Γ ⊂ SU(2), ∃! resolution

V̂ → C2/Γ

with c1(T 1,0V̂ ) = 0.

Replaces origin with a union of CP1’s,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Intersection pattern dual to Dynkin diagram!

• • • • •
•
•
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Resolutions of Klein Singularities:

∀ Γ ⊂ SU(2), ∃! resolution

V̂ → C2/Γ

with c1(T 1,0V̂ ) = 0.

Replaces origin with a union of CP1’s,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Intersection pattern dual to Dynkin diagram!

• • • • •
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Resolutions of Klein Singularities:

∀ Γ ⊂ SU(2), ∃! resolution

V̂ → C2/Γ

with c1(T 1,0V̂ ) = 0.

Replaces origin with a union of CP1’s,
each with self-intersection −2,
meeting transversely, & forming connected set:
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Intersection pattern dual to Dynkin diagram!

• • • • •
•
•

.........................................................................................................................................................................................................................................................................................................................
............
............
............
............
............
............
.......

...........................................................................................

75



Zk+1←→Ak • • • •.......................................................................................................................................................
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Zk+1←→Ak • • • •.......................................................................................................................................................

Dih∗k−2←→Dk • • • ••
.................................................................................................................
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............
............
............
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Zk+1←→Ak • • • •.......................................................................................................................................................

Dih∗k−2←→Dk • • • ••
.................................................................................................................
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............
............
............

...........................................................

T ∗←→E6 • • • •
•
•................................................................................................................................................................................................................
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Zk+1←→Ak • • • •.......................................................................................................................................................

Dih∗k−2←→Dk • • • ••
.................................................................................................................
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T ∗←→E6 • • • •
•
•................................................................................................................................................................................................................
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O∗←→E7 • • • •
•
• •..................................................................................................................................................................................................................................................................
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Zk+1←→Ak • • • •.......................................................................................................................................................

Dih∗k−2←→Dk • • • ••
.................................................................................................................
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T ∗←→E6 • • • •
•
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O∗←→E7 • • • •
•
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I∗←→E8 • • • •
•
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Key examples:

Term ALE coined by Gibbons & Hawking, 1979.

They wrote down various explicit Ricci-flat ALE
4-manifolds they called gravitational instantons.

Their examples have just one end, with

Γ ∼= Z` ⊂ SU(2) ⊂ O(4).

The G-H metrics are hyper-Kähler, and were soon
independently rediscovered by Hitchin.

Hitchin conjectured that similar metrics would exist
for each finite Γ ⊂ SU(2).

Proved by Kronheimer, who also showed (1989) this
gives complete classification of ALE hyper-Kählers.
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Some AE Scalar-Flat Kähler Surfaces:
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Some AE Scalar-Flat Kähler Surfaces:

(L ’91)
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Some AE Scalar-Flat Kähler Surfaces:
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Some AE Scalar-Flat Kähler Surfaces:
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.............

Data: k points inH3 and one point at infinity. =⇒
V with ∆V = 0
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Data: k points in H3 = upper half-space model.
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Some AE Scalar-Flat Kähler Surfaces:
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............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................. ......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

Data: k points in H3. =⇒ V with ∆V = 0

V = 1 +

k∑
j=1

Gj

87



Some AE Scalar-Flat Kähler Surfaces:
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............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................. ......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

Data: k points in H3. =⇒ V with ∆V = 0

V = 1 +

k∑
j=1

1

e2%j − 1
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Some AE Scalar-Flat Kähler Surfaces:

v
v

vv
v

.................................................................................................................................................................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................. ......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

Data: k points in H3. =⇒ V with ∆V = 0

V = 1 +

k∑
j=1

Gj
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Data: k points in H3. =⇒ V with ∆V = 0

F = ?dV curvature θ on P → H3 − {pts}.
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V h + V −1θ2
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e2%j − 1
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Data: k + 1 points in H3. =⇒ V with ∆V = 0

F = ?dV curvature θ on P → H3 − {pts}.
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Data: k + 1 points in H3. =⇒ V with ∆V = 0

g =
1

4 sinh2 %0

(
V h + V −1θ2

)

112



Some ALE Scalar-Flat Kähler Surfaces:

f

v
v

vv
v

..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...............................

........................
....................

..................
.................

...............
..............
.............
.............
............
............
...........
...........
...........
..........
..........
..........
..........
.........
.........
.........
.........
.........
.........
........
........
........
........
........
........
........
........
........
........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
........
........
........
........
........
........
........
........
........
.........
.........
.........
.........
.........
.........

.........
..........

..........
..........

...........
...........

...........
............

............
.............

.............
..............

...............
................

..................
....................

.......................
.............................

...............................................
...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..........................................................
...........................................

..................................
.............................

.........................
.....................

...................
.................

..............
............
...........
..........
.........
........
.......
.............

......
.........
....

............
. .............

.............
.............

............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. ............. .............
.............

.............

Riemannian completion is ALE scalar-flat Kähler.

g =
1

4 sinh2 %0

(
V h + V −1θ2

)
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Riemannian completion is ALE with Γ = Z`.

V = 1 +
`

e2%0 − 1
+

k∑
j=1

1

e2%j − 1
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Riemannian completion is ALE with Γ = Z`.

V = 1 +
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Blow up of Chern-class −` line bundle over CP1 at
k points on zero section Σ.
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Riemannian completion is ALE with Γ = Z`.

V = 1 +
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Blow up of Chern-class −` line bundle over CP1 at
k points on zero section Σ.
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Riemannian completion is ALE with Γ = Z`.

V = 1 +
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Blow up of Chern-class −` line bundle over CP1 at
k points on zero section Σ.
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Riemannian completion is ALE with Γ = Z`.

V = 1 +
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Any scalar-flat Kähler surface (M4, g, J) has a

Penrose Twistor Space (Z, J),

which is once again a complex 3-manifold.
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Any scalar-flat Kähler surface (M4, g, J) has a

Penrose Twistor Space (Z, J),

which is once again a complex 3-manifold.
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Twistor spaces of these metrics also explicitly known.
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Any scalar-flat Kähler surface (M4, g, J) has a

Penrose Twistor Space (Z, J),

which is once again a complex 3-manifold.
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Twistor spaces of these metrics also explicitly known.

But will not discuss this today for lack of time.
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Any scalar-flat Kähler surface (M4, g, J) has a
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Lots more ALE scalar-flat Kähler surfaces now known:

123



Any scalar-flat Kähler surface (M4, g, J) has a

Penrose Twistor Space (Z, J),

which is once again a complex 3-manifold.

...........................................................................................................................................................................................................................................................................
.............
...........
.........
........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
........
.........
..........

............
................

.......................

.........................

......................................................................................................................................
.................

..........
.......

.........
....

..........

......................................

...................................

.......
.................

........
.........................................................

....................................

r

rr Z

M 4

↓

.........
.........
.........
.........
.........
.........
.........
........

.........
.........

.........
.........

.........
.........

.........
.......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

......................................................................................
.........
.........
.........
.........
.........
.........
.........
........

.........
.........

.........
.........

.........
.........

.........
.......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.......................................................................
.......
.......
... .................

......................................................................................

.......................................................................

.......
.......
.......
.......
... ...............................

..................................................................................................................................................

....
....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................
.........

.........................
............................

................................
......................................

..................................................
.................................................................................................................................................................................................................................................................................................................................................................................................................

....
....
....
.....
.....
.....
.....
......
......
.......
........
.........
............
.........................

........................................
.....................................

.................................................
..............................................................................................................................................................................................................................................................................................................................................................

Lots more ALE scalar-flat Kähler surfaces now known:

Joyce, Calderbank-Singer, Lock-Viaclovsky. . .
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Lots more ALE scalar-flat Kähler surfaces now known:

Joyce, Calderbank-Singer, Lock-Viaclovsky. . .

But full classification remains an open problem.
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Definition. Complete, non-compact n-manifold
(Mn, g) is asymptotically locally Euclidean (ALE)
if ∃ compact set K ⊂ M such that M − K ≈∐
i(Rn −Dn)/Γ i, where Γ i ⊂ O(n), such that
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gjk = δjk + O(|x|1−
n
2−ε)

gjk,` = O(|x|−
n
2−ε), s ∈ L1
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Definition. The mass (at a given end) of an
ALE n-manifold is defined to be

m(M, g) := lim
%→∞

Γ(n2)

4(n− 1)πn/2

∫
Σ(%)

[
gij,i − gii,j

]
νjαE
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gij,i − gii,j

]
νjαE

where

• Σ(%) ≈ Sn−1/Γ i is given by |~x| = %;

• ν is the outpointing Euclidean unit normal;
and
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where

• Σ(%) ≈ Sn−1/Γ i is given by |~x| = %;

• ν is the outpointing Euclidean unit normal;
and

• αE is the volume (n− 1)-form induced by the
Euclidean metric.
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Euclidean metric.

Bartnik/Chruściel (1986): With weak fall-off
conditions, the mass is well-defined & coordinate
independent.
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gjk,` = O(|x|−
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Motivation:

When n = 3, ADM mass in general relativity.

Reads off “apparent mass” from strength of the
gravitational field far from an isolated source.

In any dimension, reproduces “mass” of t = 0
hypersurface in (n + 1)-dimensional Schwarzschild

g = −
(

1− 2m
%n−2

)
dt2+

(
1− 2m

%n−2

)−1

d%2+%2hSn−1
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g =

(
1 +

m/2

rn−2

)4/(n−2) [∑
(dxj)2

]
Two such regions fit together to form
the wormhole metric. Scalar-flat,
AE, two ends. Not Ricci-flat, but
conformally flat. Same mass m at
both ends: “size of throat.”
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When n = 3, ADM mass in general relativity.

Reads off “apparent mass” from strength of the
gravitational field far from an isolated source.

In any dimension, reproduces “mass” m for

gjk =

(
1 +

2m
(n− 2)rn−2

)
δjk + · · ·
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Motivation:

When n = 3, ADM mass in general relativity.

Reads off “apparent mass” from strength of the
gravitational field far from an isolated source.

In any dimension, reproduces “mass” m for

gjk =

(
1 +

2m
(n− 2)rn−2

)
δjk + · · ·

But notice that this crude model for the mass in
particular assumes faster metric fall-off!
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hypersurface in (n + 1)-dimensional Schwarzschild

g =

(
1− 2m

%n−2

)−1

d%2+%2hSn−1

Scalar-flat-Kähler Burns metric on C̃2⊂ C2 × CP1
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also has mass m . Again measures “size of throat.”
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Proved for spin manifolds (implicitly, for any n).

Hawking-Pope 1978:
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L 1986:

ALE counter-examples.

Scalar-flat Kähler metrics

on line bundles L→ CP1 of Chern-class ≤ −3.
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195



In previous joint work with Hans-Joachim Hein

Mass in Kähler Geometry
Comm. Math. Phys. 347 (2016) 621–653.

we deciphered the mass of ALE Kähler manifolds.

In complex dimension m ≥ 3,
our results only required Chruściel fall-off.
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In previous joint work with Hans-Joachim Hein

Mass in Kähler Geometry
Comm. Math. Phys. 347 (2016) 621–653.

we deciphered the mass of ALE Kähler manifolds.

In complex dimension m ≥ 3,
our results only required Chruściel fall-off.

However, in complex dimension m = 2,
we needed stronger Bartnik-type fall-off

gjk − δjk ∈ C
2,α
−1−ε, s ∈ L1

unless ε > 1
2, when Chruściel fall-off sufficed.
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This is rather unsatisfactory, since real dimension
four is the setting for many of the most interesting
applications!

Fortunately, however, we will see today that

Chruściel fall-off suffices to imply all the main
results of Hein-L, even in real dimension four.

This entails new proofs in real dimension four that
are based on results in symplectic geometry.

In particular, Chruściel fall-off suffices to imply all
the following results:
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Upshot:

Mass of an ALE Kähler manifold is unambiguous.

Does not depend on the choice of an end!
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• 〈 , 〉 is pairing between H2
c (M) and H2m−2(M);

• ♣ : H2(M)
∼=−→ H2

c (M) inverse of natural map.
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In particular, this shows mass is coordinate-invariant,
without ever invoking Bartnik-Chruściel!
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In fact, we’ll eventually prove:

Theorem C. Any ALE Kähler manifold (M, g, J)
of complex dimension m has mass given by

m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg

In particular, this shows mass is coordinate-invariant,
without ever invoking Bartnik-Chruściel!

Theorems A & B are corollaries concerning scalar-
flat Kähler metrics. But for such metrics, faster
fall-off is guaranteed, so new proof is not needed.
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Another key consequence. . .
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever M 6≈ R2m. In terms of this divisor,
we then have
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This has an interesting corollary. . .
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Theorem D (Positive Mass Theorem). Any AE
Kähler manifold with non-negative scalar curva-
ture has non-negative mass:

AE & Kähler & s ≥ 0 =⇒ m(M, g) ≥ 0.

Moreover, m = 0⇐⇒ (M, g) is Euclidean space.

Equality =⇒ Ricci-flat
because Ricci-form L2 harmonic and c1 = 0.

Now use Bishop-Gromov inequality.
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Some applications . . .

259



260



In fact, we’ll eventually prove:

Theorem C. Any ALE Kähler manifold (M, g, J)
of complex dimension m has mass given by

m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg
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We can now state our mass formula:

Corollary. Any ALE scalar-flat Kähler mani-
fold (M, g, J) of complex dimension m has mass
given by

m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

.
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We can now state our mass formula:

Corollary. Any ALE scalar-flat Kähler mani-
fold (M, g, J) of complex dimension m has mass
given by

m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

.

Example. Blow up Chern class −` line bundle
over CP1 at k points on zero section Σ.

m(M, g) =
1

3π`

(2− `)
∫

Σ̃
ω+2

k∑
j=1

∫
Ej

ω

 .
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fold (M, g, J) of complex dimension m has mass
given by

m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

.

Similarly for the other available examples:

L, Calderbank-Singer, Lock-Viaclovsky. . .
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We can now state our mass formula:
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In fact, we’ll eventually prove:

Theorem A. The mass of an ALE scalar-flat
Kähler manifold is a topological invariant.
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That is, m(M, g, J) is completely determined by

• the smooth manifold M ,

• the first Chern class c1 = c1(M,J) ∈ H2(M)
of the complex structure, and

• the Kähler class [ω] ∈ H2(M) of the metric.
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Then m(M, g) ≤ 0, with = iff g is Ricci-flat.
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In fact, we’ll eventually prove:

Theorem C. Any ALE Kähler manifold (M, g, J)
of complex dimension m has mass given by

m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg

In particular, this shows mass is coordinate-invariant,
without ever invoking Bartnik-Chruściel!

Theorems A & B are corollaries concerning scalar-
flat Kähler metrics. But for such metrics, faster
fall-off is guaranteed, so new proof is not actually
needed!
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How does one prove main results?
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In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.
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That is, there exist asymptotic complex coordinates.

283



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

284



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

285



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

Example: Eguchi-Hanson.

286



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

Example: Eguchi-Hanson.

287



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

Example: Eguchi-Hanson.

288



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

Example: Eguchi-Hanson.

289



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

Example: Eguchi-Hanson.

290



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

Example: Eguchi-Hanson.

291



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

Example: Eguchi-Hanson.

292



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

Example: Eguchi-Hanson.

293



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

Example: Eguchi-Hanson.

294



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

Example: Eguchi-Hanson.

295



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

Example: Eguchi-Hanson.

296



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

This causes major technical complications.

297



In high dimensions, the complex structure J of an
ALE Kähler manifold is always standard at infinity.

This fails in real dimension 4.

This causes major technical complications.

Fortunately, however, the symplectic structure is
always is standard at infinity!
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C ⊂ R4 is a standard closed ball centered at the
origin, such that

Φ∗ω = ω0,

ω0 = dx1 ∧ dx2 + dx3 ∧ dx4
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Φ∗ω = ω0,

with |Φ(x)−x| = O(|x|−ε) and |Φ∗−I| = (|x|−1−ε).
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Proposition. Let (M4, g, J) be an ALE Kähler

surface, let M∞,i be an end of M , let M̃∞,i be
the universal cover of M∞,i, and let

(x1, . . . , x4) : M̃∞,i→ R4 −B
be an asymptotic coordinate system in which the
Kähler metric g is C2 and satisfies the Chruściel
fall-off conditions. Then there is Γ i-equivariant
C2-diffeomorphism Φ : R4−C → R4−D, where
C ⊂ R4 is a standard closed ball centered at the
origin, such that

Φ∗ω = ω0,

with |Φ(x)−x| = O(|x|−ε) and |Φ∗−I| = (|x|−1−ε).

Quantitative version of Moser stability argument. . .
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Symplectically compactify any ALE Kähler surface:
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Symplectically compactify any ALE Kähler surface:
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• Truncate at large radius;
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Symplectically compactify any ALE Kähler surface:
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• Truncate at large radius;

• Glue in standard plugs.
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Plug?

For an AE end, plug is just CP2 minus a ball.

317



Plug?

For an AE end, plug is just CP2 minus a ball.

More generally, use partial resolution of CP2/Γ i.
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Plug?

For an AE end, plug is just CP2 minus a ball.

More generally, use partial resolution of CP2/Γ i.
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Plug?

For an AE end, plug is just CP2 minus a ball.

More generally, use partial resolution of CP2/Γ i.
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“Γ i-Capsule”
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Plug?

For an AE end, plug is just CP2 minus a ball.

More generally, use partial resolution of CP2/Γ i.

“Γ i-Capsule”
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Plug?

For an AE end, plug is just CP2 minus a ball.

More generally, use partial resolution of CP2/Γ i.
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“Γ i-Capsule”
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Proposition. Let Γ ⊂ U(2) be a finite subgroup
6= {1} that acts freely on the unit sphere S3 ⊂
C2. Then ∃ 4-dimensional compact connected
symplectic orbifold (XΓ , ωΓ ) such that
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Proposition. Let Γ ⊂ U(2) be a finite subgroup
6= {1} that acts freely on the unit sphere S3 ⊂
C2. Then ∃ 4-dimensional compact connected
symplectic orbifold (XΓ , ωΓ ) such that

• (XΓ , ωΓ ) contains unique singular point p;
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Proposition. Let Γ ⊂ U(2) be a finite subgroup
6= {1} that acts freely on the unit sphere S3 ⊂
C2. Then ∃ 4-dimensional compact connected
symplectic orbifold (XΓ , ωΓ ) such that

• (XΓ , ωΓ ) contains unique singular point p;

• p has nbhd symplectomorphic to (B, ω0)/Γ
for some standard ball B ⊂ C2 and standard
action of Γ ⊂ U(2) ; and
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Proposition. Let Γ ⊂ U(2) be a finite subgroup
6= {1} that acts freely on the unit sphere S3 ⊂
C2. Then ∃ 4-dimensional compact connected
symplectic orbifold (XΓ , ωΓ ) such that

• (XΓ , ωΓ ) contains unique singular point p;

• p has nbhd symplectomorphic to (B, ω0)/Γ
for some standard ball B ⊂ C2 and standard
action of Γ ⊂ U(2) ; and

• ∃ symplectic immersion j : S2 # XΓ − {p},
with at worst transverse positively-oriented dou-
ble points, such that
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Proposition. Let Γ ⊂ U(2) be a finite subgroup
6= {1} that acts freely on the unit sphere S3 ⊂
C2. Then ∃ 4-dimensional compact connected
symplectic orbifold (XΓ , ωΓ ) such that

• (XΓ , ωΓ ) contains unique singular point p;

• p has nbhd symplectomorphic to (B, ω0)/Γ
for some standard ball B ⊂ C2 and standard
action of Γ ⊂ U(2) ; and

• ∃ symplectic immersion j : S2 # XΓ − {p},
with at worst transverse positively-oriented dou-
ble points, such that∫

S2
j∗[c1(XΓ − {p}, J)] ≥ 3
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Proposition. Let Γ ⊂ U(2) be a finite subgroup
6= {1} that acts freely on the unit sphere S3 ⊂
C2. Then ∃ 4-dimensional compact connected
symplectic orbifold (XΓ , ωΓ ) such that

• (XΓ , ωΓ ) contains unique singular point p;

• p has nbhd symplectomorphic to (B, ω0)/Γ
for some standard ball B ⊂ C2 and standard
action of Γ ⊂ U(2) ; and

• ∃ symplectic immersion j : S2 # XΓ − {p},
with at worst transverse positively-oriented dou-
ble points, such that∫

S2
j∗[c1(XΓ − {p}, J)] ≥ 3

for some, and hence any, ω-compatible almost-
complex structure J .
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Definition. Let Γ ⊂ U(2) be any finite subgroup
that acts freely on the unit sphere S3 ⊂ C2.
Then
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Definition. Let Γ ⊂ U(2) be any finite subgroup
that acts freely on the unit sphere S3 ⊂ C2.
Then

• If Γ 6= {1}, a Γ -capsule will mean this sym-
plectic orbifold (XΓ , ωΓ ). The singular point
p will be called the base-point of XΓ .
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Definition. Let Γ ⊂ U(2) be any finite subgroup
that acts freely on the unit sphere S3 ⊂ C2.
Then

• If Γ 6= {1}, a Γ -capsule will mean this sym-
plectic orbifold (XΓ , ωΓ ). The singular point
p will be called the base-point of XΓ .
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Definition. Let Γ ⊂ U(2) be any finite subgroup
that acts freely on the unit sphere S3 ⊂ C2.
Then

• If Γ 6= {1}, a Γ -capsule will mean this sym-
plectic orbifold (XΓ , ωΓ ). The singular point
p will be called the base-point of XΓ .
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Definition. Let Γ ⊂ U(2) be any finite subgroup
that acts freely on the unit sphere S3 ⊂ C2.
Then

• If Γ 6= {1}, a Γ -capsule will mean this sym-
plectic orbifold (XΓ , ωΓ ). The singular point
p will be called the base-point of XΓ .

• If Γ = {1}, we instead define the Γ -capsule
(XΓ , ωΓ ) to be CP2, equipped with its stan-
dard Fubini-Study symplectic structure. In this
case, the base-point p of XΓ will simply mean
[0 : 0 : 1] ∈ CP2.
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Definition. Let Γ ⊂ U(2) be any finite subgroup
that acts freely on the unit sphere S3 ⊂ C2.
Then

• If Γ 6= {1}, a Γ -capsule will mean this sym-
plectic orbifold (XΓ , ωΓ ). The singular point
p will be called the base-point of XΓ .

• If Γ = {1}, we instead define the Γ -capsule
(XΓ , ωΓ ) to be CP2, equipped with its stan-
dard Fubini-Study symplectic structure. In this
case, the base-point p of XΓ will simply mean
[0 : 0 : 1] ∈ CP2.
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Key tools:

Theorem (McDuff 1990). Let (V 4, ω) be a com-
pact symplectic 4-manifold which contains a sym-
plectically embedded 2-sphere S ⊂ V with pos-
itive normal bundle. Then (V, ω) is symplecto-
morphic to a blow-up of CP2 or S2 × S2.
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Key tools:

Theorem (McDuff 1990). Let (V 4, ω) be a com-
pact symplectic 4-manifold which contains a sym-
plectically embedded 2-sphere S ⊂ V with pos-
itive normal bundle. Then (V , ω) is symplecto-
morphic to a blow-up of CP2 or S2 × S2.

Positive normal bundle ⇐⇒
∫
S c1 ≥ 3.
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Key tools:

Theorem (McDuff 1990). Let (V 4, ω) be a com-
pact symplectic 4-manifold which contains a sym-
plectically embedded 2-sphere S ⊂ V with pos-
itive normal bundle. Then (V , ω) is symplecto-
morphic to a blow-up of CP2 or S2 × S2.

Positive normal bundle ⇐⇒
∫
S c1 ≥ 3.

Prototype: “Rational complex surfaces.”
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Key tools:

Theorem (McDuff 1990). Let (V 4, ω) be a com-
pact symplectic 4-manifold which contains a sym-
plectically embedded 2-sphere S ⊂ V with pos-
itive normal bundle. Then (V , ω) is symplecto-
morphic to a blow-up of CP2 or S2 × S2.

Positive normal bundle ⇐⇒
∫
S c1 ≥ 3.

Prototype: “Rational complex surfaces.”

Proof uses J -holomorphic curves.
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Theorem (McDuff 1990). Let (V 4, ω) be a com-
pact symplectic 4-manifold which contains a sym-
plectically embedded 2-sphere S ⊂ V with pos-
itive normal bundle. Then (V , ω) is symplecto-
morphic to a blow-up of CP2 or S2 × S2.
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Key tools:

Theorem (McDuff 1990). Let (V 4, ω) be a com-
pact symplectic 4-manifold which contains a sym-
plectically embedded 2-sphere S ⊂ V with pos-
itive normal bundle. Then (V , ω) is symplecto-
morphic to a blow-up of CP2 or S2 × S2.

Theorem (McDuff 1992). Let (V 4, ω) be a com-
pact symplectic 4-manifold which contains a sym-
plectically immersed 2-sphere S # V with at
worst positively-oriented double points and with∫
S c1 ≥ 3. Then (V, ω) is symplectomorphic to

a blow-up of CP2 or S2 × S2.
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Lemma. Any ALE Kähler manifold has only
one end.
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What if M4 has more than one end?
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Compactify M as symplectic 4-manifold M̂ .
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Compactify M as symplectic 4-manifold M̂ .
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Compactify M as symplectic 4-manifold M̂ .
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Compactify M as symplectic 4-manifold M̂ .

Each end-plug contains immersed symplectic 2-sphere
of positive normal bundle.
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Compactify M as symplectic 4-manifold M̂ .

Each end-plug contains immersed symplectic 2-sphere
of positive normal bundle.

McDuff =⇒ M̂ ≈ rational complex surface.
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Compactify M as symplectic 4-manifold M̂ .

Each end-plug contains immersed symplectic 2-sphere
of positive normal bundle.

McDuff =⇒ intersection form (+− · · ·−).
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Compactify M as symplectic 4-manifold M̂ .

Each end-plug contains immersed symplectic 2-sphere
of positive normal bundle.

McDuff =⇒ b+(M) = 1.

368



.........
.........
.........
.........
.........
.........
.........
.........
.........
........

.........................................................................................

.......................................................................................................................................................

++
...........................

..............................................................................................................................

.........................................................................................................................................
................

.......................................

.......................................

.............................................................................
.... .....................................................

..........
...........
............
..............
...............

..................
......................

................................
................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..........................
....................

................
..............

.............
............

...........
..........

.........
....

..........
............

..............
.................

......................
...................................

..............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
.........................

..................
...............

............
...........
..

..................................

.......................
...........

..................................

.......................
...........

............................................................

.........
...........

..................
......................

..................................................

.........
............

...............................

.....
......
......
.......
..........
................................................................................................................................

........
......
.....
....
..........

........
.......
.......
.......
.......
.......
......
......
......
......
......
......
.......
.......
.......
.......
.......
........
........
.....

................................................................................................................................................

Compactify M as symplectic 4-manifold M̂ .

Each end-plug contains immersed symplectic 2-sphere
of positive normal bundle.

McDuff =⇒ b+(M) = 1.

Since each end contributes positive direction. . .
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Lemma. Any ALE Kähler manifold has only
one end.
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[In higher dimensions, one similarly shows that (M,J)
can be compactified as Kähler orbifold. The Hodge
theorem on intersection form instead tells one that
form on H1,1(M̂,R) is of type (+− · · ·−).]
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we can now prove mass formula in general,

assuming only Chruściel fall-off.

The ideas needed were already in Hein-L.

The following result provides the key. . .
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Proposition. Let g be a C2 Kähler metric on
(R2m −D2m)/Γ , m ≥ 2, where Γ ⊂ SO(2m) is
some finite group that acts without fixed-points
on S2m−1. In the given asymptotic coordinate
system, suppose that g satisfies the Chuściel fall-
off hypothesis
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off hypothesis

gjk − δjk = C1
−(m−1+ε), s ∈ L1.

Then there is a continuously differentiable 1-form
θ on (R2m −D2m)/Γ such that

dθ = ρ

381



Proposition. Let g be a C2 Kähler metric on
(R2m −D2m)/Γ , m ≥ 2, where Γ ⊂ SO(2m) is
some finite group that acts without fixed-points
on S2m−1. In the given asymptotic coordinate
system, suppose that g satisfies the Chuściel fall-
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Proposition. Let g be a C2 Kähler metric on
(R2m −D2m)/Γ , m ≥ 2, where Γ ⊂ SO(2m) is
some finite group that acts without fixed-points
on S2m−1. In the given asymptotic coordinate
system, suppose that g satisfies the Chuściel fall-
off hypothesis

gjk − δjk = C1
−(m−1+ε), s ∈ L1.

Then there is a continuously differentiable 1-form
θ on (R2m −D2m)/Γ such that

dθ = ρ

where ρ is the Ricci form of g, and such that∫
S%/Γ

[
gkj,k − gkk,j

]
njdaE =

2
(m−1)!

∫
S%/Γ

θ∧ωm−1 + O(%−2ε).
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for Λm,0, relative to this trivialization.

Then direct computation shows that
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Proof is heavily computational. Idea:

First rotate coordinates so that J → J0 at ∞,
where J0 standard complex structure on Cm.

Now consider smooth trivialization of Λm,0 given
by orthogonal projection of dz1 ∧ · · · ∧ dzm.

Let θ be imaginary part of Chern connection form
for Λm,0, relative to this trivialization.

Then direct computation shows that[
gkj,k − gkk,j

]
njdaE = 2

(m−1)!
θ∧ωm−1+dΩ+O(%−2m−1−2ε)
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Proof is heavily computational. Idea:

First rotate coordinates so that J → J0 at ∞,
where J0 standard complex structure on Cm.

Now consider smooth trivialization of Λm,0 given
by orthogonal projection of dz1 ∧ · · · ∧ dzm.

Let θ be imaginary part of Chern connection form
for Λm,0, relative to this trivialization.

Then direct computation shows that[
gkj,k − gkk,j

]
njdaE = 2

(m−1)!
θ∧ωm−1+dΩ+O(%−2m−1−2ε)

where
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Proof is heavily computational. Idea:

First rotate coordinates so that J → J0 at ∞,
where J0 standard complex structure on Cm.

Now consider smooth trivialization of Λm,0 given
by orthogonal projection of dz1 ∧ · · · ∧ dzm.

Let θ be imaginary part of Chern connection form
for Λm,0, relative to this trivialization.

Then direct computation shows that[
gkj,k − gkk,j

]
njdaE = 2

(m−1)!
θ∧ωm−1+dΩ+O(%−2m−1−2ε)

where

Ω = 8 ? =m ω
2,0
J0
.
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Proof is heavily computational. Idea:

First rotate coordinates so that J → J0 at ∞,
where J0 standard complex structure on Cm.

Now consider smooth trivialization of Λm,0 given
by orthogonal projection of dz1 ∧ · · · ∧ dzm.

Let θ be imaginary part of Chern connection form
for Λm,0, relative to this trivialization.

Then direct computation shows that[
gkj,k − gkk,j

]
njdaE = 2

(m−1)!
θ∧ωm−1+dΩ+O(%−2m−1−2ε)

where

Ω = 8 ? =m ω
2,0
J0
.

Integrating on S%/Γ therefore yields:
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Proof is heavily computational. Idea:

First rotate coordinates so that J → J0 at ∞,
where J0 standard complex structure on Cm.

Now consider smooth trivialization of Λm,0 given
by orthogonal projection of dz1 ∧ · · · ∧ dzm.

Let θ be imaginary part of Chern connection form
for Λm,0, relative to this trivialization.

Then direct computation shows that[
gkj,k − gkk,j

]
njdaE = 2

(m−1)!
θ∧ωm−1+dΩ+O(%−2m−1−2ε)

where

Ω = 8 ? =m ω
2,0
J0
.

∫
S%/Γ

[
gkj,k − gkk,j

]
njdaE = 2

(m−1)!

∫
S%/Γ

θ∧ωm−1 +O(%−2ε)
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We’ll now deduce the mass formula. . .

∫
S%/Γ

[
gkj,k − gkk,j

]
njdaE = 2

(m−1)!

∫
S%/Γ

θ∧ωm−1 +O(%−2ε)
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Let f : M → R be smooth cut-off function:
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

Compactly supported, because dθ = ρ near infinity.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), [ω]m−1〉 =

∫
M
ψ ∧ ωm−1
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), [ω]m−1〉 =

∫
M%

ψ ∧ ωm−1

where M% defined by radius ≤ %.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), [ω]m−1〉 =

∫
M%

ψ ∧ ωm−1
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), [ω]m−1〉 =

∫
M%

[ρ−d(fθ)]∧ωm−1
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), [ω]m−1〉 =

∫
M%

ρ∧ωm−1−
∫
M%

d(fθ)∧ωm−1
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), [ω]m−1〉 =
(m−1)!

2

∫
M%

s dµ−
∫
M%

d(fθ∧ωm−1)
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), [ω]m−1〉 =
(m−1)!

2

∫
M%

s dµ−
∫
∂M%

fθ∧ωm−1

by Stokes’ theorem.
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), [ω]m−1〉 =
(m−1)!

2

∫
M%

s dµ−
∫
∂M%

θ∧ωm−1

by Stokes’ theorem.

417



Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

〈2π♣(c1), [ω]m−1〉 =
(m−1)!

2

∫
M%

s dµ−
∫
S%/Γ

θ∧ωm−1

because there is only one end!
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

∫
S%/Γ

θ∧ωm−1 = −〈2π♣(c1), [ω]m−1〉+(m−1)!
2

∫
M%

s dµ
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

2
(m−1)!

∫
S%/Γ

θ∧ωm−1 = −4π〈♣(c1), [ω]m−1〉
(m− 1)!

+

∫
M%

s dµ
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

∫
S%/Γ

[
gkj,k − gkk,j

]
njdaE =

−4π〈♣(c1), [ω]m−1〉
(m− 1)!

+

∫
M%

s dµ +O(%−2ε)
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Let f : M → R be smooth cut-off function:
≡ 0 away from end,
≡ 1 near infinity.

Set

ψ := ρ− d(fθ)

[ψ] = ♣([ρ]) = 2π♣(c1) ∈ H2
c (M)

∫
S%/Γ

[
gkj,k − gkk,j

]
njdaE =

−4π〈♣(c1), [ω]m−1〉
(m− 1)!

+

∫
M%

s dµ +O(%−2ε)

Limit as %→∞ now yields the mass formula.
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4πm(2m−1)
(m−1)!

m(M, g) = − 4π
(m−1)!

〈♣(c1), [ω]m−1〉+
∫
M
sgdµg
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m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg
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m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg
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m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg
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m(M, g) = −〈♣(c1), [ω]m−1〉
(2m− 1)πm−1

+
(m− 1)!

4(2m− 1)πm

∫
M
sgdµg
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So far, everything has been quite straightforward.
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So far, everything has been quite straightforward.

But the Penrose-type inequality is more subtle.
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Theorem E (Penrose Inequality). Let (M2m, g, J)
be an AE Kähler manifold with scalar curvature
s ≥ 0. Then (M,J) carries a canonical divisor
D that is expressed as a sum

∑
jnjDj of com-

pact complex hypersurfaces with positive integer
coefficients, with the property that

⋃
jDj 6= ∅

whenever M 6≈ R2m. In terms of this divisor,
we then have

m(M, g) ≥ (m− 1)!

(2m− 1)πm−1

∑
njVol (Dj)

with = ⇐⇒ (M, g, J) is scalar-flat Kähler.
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m(M, g) =
〈♣(−c1), [ω]m−1〉

(2m− 1)πm−1
+

(m− 1)!

4(2m− 1)πm

∫
M
sgdµg
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m = 2 :

m(M, g) =
〈♣(−c1), [ω]〉
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∃ sum of holomorphic curves Poincaré dual to −c1:
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∃ sum of holomorphic curves Poincaré dual to −c1:

Truncate (M,ω), then compactify as symplectic

manifold (M̂, ω) by adding CP2 −B4.
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This is a symplectic blow-up of CP2.
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∃ sum of holomorphic curves Poincaré dual to −c1:

Truncate (M,ω), then compactify as symplectic

manifold (M̂, ω) by adding CP2 −B4.

This is a symplectic blow-up of CP2.

For any compatible almost-complex structure, Taubes’
results in Seiberg-Witten allow us to find pseudo-
holomorphic curves representing blow-ups.
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∃ sum of holomorphic curves Poincaré dual to −c1:

Truncate (M,ω), then compactify as symplectic

manifold (M̂, ω) by adding CP2 −B4.

This is a symplectic blow-up of CP2.

For any compatible almost-complex structure, Taubes’
results in Seiberg-Witten allow us to find pseudo-
holomorphic curves representing blow-ups.

Choose almost-complex structure to coincide with
integrable J except in roughly conical asymptotic
region and standard neighborhood of line at infinity.
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∃ sum of holomorphic curves Poincaré dual to −c1:

Truncate (M,ω), then compactify as symplectic

manifold (M̂, ω) by adding CP2 −B4.

This is a symplectic blow-up of CP2.

For any compatible almost-complex structure, Taubes’
results in Seiberg-Witten allow us to find pseudo-
holomorphic curves representing blow-ups.

Choose almost-complex structure to coincide with
integrable J except in roughly conical asymptotic
region and standard neighborhood of line at infinity.

Technical challenge: Loss of control of derivatives!
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Robust under distortion of metric in outer region.
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∃ sum of holomorphic curves Poincaré dual to −c1:

Truncate (M,ω), then compactify as symplectic

manifold (M̂, ω) by adding CP2 −B4.

This is a symplectic blow-up of CP2.

For any compatible almost-complex structure, Taubes’
results in Seiberg-Witten allow us to find pseudo-
holomorphic curves representing blow-ups.

Choose almost-complex structure to coincide with
integrable J except in roughly conical asymptotic
region and standard neighborhood of line at infinity.
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∃ sum of holomorphic curves Poincaré dual to −c1:

Truncate (M,ω), then compactify as symplectic

manifold (M̂, ω) by adding CP2 −B4.

This is a symplectic blow-up of CP2.

For any compatible almost-complex structure, Taubes’
results in Seiberg-Witten allow us to find pseudo-
holomorphic curves representing blow-ups.

Choose almost-complex structure to coincide with
integrable J except in roughly conical asymptotic
region and standard neighborhood of line at infinity.

Calibrated geometry argument then shows that the
curves cannot enter asymptotic region, so remain in
region where we have original integrable J .
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∃ sum of holomorphic curves Poincaré dual to −c1:

Truncate (M,ω), then compactify as symplectic

manifold (M̂, ω) by adding CP2 −B4.

This is a symplectic blow-up of CP2.

For any compatible almost-complex structure, Taubes’
results in Seiberg-Witten allow us to find pseudo-
holomorphic curves representing blow-ups.

Choose almost-complex structure to coincide with
integrable J except in roughly conical asymptotic
region and standard neighborhood of line at infinity.

Calibrated geometry argument then shows that the
curves cannot enter asymptotic region, so remain in
region where we have original integrable J .

In (M,J), this gives desired Poincaré dual of −c1.
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Thanks for Your Attention!
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