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Every oriented 4-manifold admits spinc structures.

Standard proof due to Hirzebruch and Hopf (1958),

but was first hinted at by Whitney (1941).

I’ll begin today by explaining a new, simpler proof.

Inspired by Nigel Hitchin’s papers from the 1980s,

which grew out of Atiyah-Hitchin-Singer (1978),

which in turn grew out of Penrose (1976).
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Every oriented 4-manifold admits spinc structures.

We will always assume that M4 is smooth.

The key case is when M4 is compact, connected.

This implies non-compact case by standard trick.

Statement is actually metric-independent.

But we begin by choosing Riemannian metric g.

Still, result also applies to pseudo-Riemannian case.

(+,−,−,−), (+,+,−,−).
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The Lie group SO(4) is not simple:

so(4) ∼= so(3)⊕ so(3).

On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−

{infinitesimal rotations} = {skew matrices} = {2-forms}.
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Why is Dimension Four Exceptional?

The Lie group SO(4) is not simple:

so(4) ∼= so(3)⊕ so(3).

On oriented (M4, g), =⇒
Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms

Λ− anti-self-dual 2-forms

32



Twistor Philosophy:

33



Twistor Philosophy:

Choose a chirality!

34



Twistor Philosophy:

Choose a chirality!

Focus on the R3-bundle Λ+→M4.

35



Twistor Philosophy:

Choose a chirality!

Focus on the R3-bundle Λ+→M4.

Geometric meaning: if ω ∈ Λ+ has |ω|2 = 2, then

36



Twistor Philosophy:

Choose a chirality!

Focus on the R3-bundle Λ+→M4.

Geometric meaning: if ω ∈ Λ+ has |ω|2 = 2, then

37



Twistor Philosophy:

Choose a chirality!

Focus on the R3-bundle Λ+→M4.

Geometric meaning: if ω ∈ Λ+ has |ω|2 = 2, then

ω = e1 ∧ e2 + e3 ∧ e4

38



Twistor Philosophy:

Choose a chirality!

Focus on the R3-bundle Λ+→M4.

Geometric meaning: if ω ∈ Λ+ has |ω|2 = 2, then

ω = e1 ∧ e2 + e3 ∧ e4

in a suitable oriented orthonormal frame.

39



Twistor Philosophy:

Choose a chirality!

Focus on the R3-bundle Λ+→M4.

Geometric meaning: if ω ∈ Λ+ has |ω|2 = 2, then

ω = e1 ∧ e2 + e3 ∧ e4

in a suitable oriented orthonormal frame.
Under index raising ωab ωa

b becomes

40



Twistor Philosophy:

Choose a chirality!

Focus on the R3-bundle Λ+→M4.

Geometric meaning: if ω ∈ Λ+ has |ω|2 = 2, then

ω = e1 ∧ e2 + e3 ∧ e4

in a suitable oriented orthonormal frame.
Under index raising ωab ωa

b becomes

 =


−1

1
−1

1



41



Twistor Philosophy:

Choose a chirality!

Focus on the R3-bundle Λ+→M4.

Geometric meaning: if ω ∈ Λ+ has |ω|2 = 2, then

ω = e1 ∧ e2 + e3 ∧ e4

in a suitable oriented orthonormal frame.
Under index raising ωab ωa

b becomes

 =


−1

1
−1

1


which is almost-complex structure compatible with

42



Twistor Philosophy:

Choose a chirality!

Focus on the R3-bundle Λ+→M4.

Geometric meaning: if ω ∈ Λ+ has |ω|2 = 2, then

ω = e1 ∧ e2 + e3 ∧ e4

in a suitable oriented orthonormal frame.
Under index raising ωab ωa

b becomes

 =


−1

1
−1

1


which is almost-complex structure compatible with
metric and determining given orientation.
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e(E) is Poincaré dual to oriented curve C
that is the zero locus of a generic section of E.

Because −1 defines an orientation-reversing
isomorphism E→ E we automatically have
e(E) = −e(E),

55



The Euler Class:

The Euler class e(Λ+) ∈ H3(M,Z) = H1(M,Z)
plays an important part in our story.

Given an oriented rank-3 bundle E→M ,
e(E) is Poincaré dual to oriented curve C
that is the zero locus of a generic section of E.

Because −1 defines an orientation-reversing
isomorphism E→ E we automatically have
e(E) = −e(E), so e(E) ∈ H3(M,Z) is 2-torsion.

56



The Euler Class:

The Euler class e(Λ+) ∈ H3(M,Z) = H1(M,Z)
plays an important part in our story.

Given an oriented rank-3 bundle E→M ,
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The Euler class e(Λ+) ∈ H3(M,Z) = H1(M,Z)
plays an important part in our story.

Given an oriented rank-3 bundle E→M ,
e(E) is Poincaré dual to oriented curve C
that is the zero locus of a generic section of E.

Because −1 defines an orientation-reversing
isomorphism E→ E we automatically have
e(E) = −e(E), so e(E) ∈ H3(M,Z) is 2-torsion.

Warning!
While (∃ non-zero section) =⇒ e(E) = 0,
While ∃ non-zero section 6⇐=
This reflects the fact that rankE < dimM .
Can’t just cancel zeroes, as in case of TM →M .
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Example. On S4, have e(Λ+) = 0,
because H3(S4,Z) = 0.
But 6∃ non-zero section of Λ+→ S4

because S4 not almost-complex!

For example, Td(S4) =
(χ+τ )

4 (S4) = 1
2 6∈ Z.
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The Euler Class:

The Euler class e(Λ+) ∈ H3(M,Z) = H1(M,Z)
plays an important part in our story.

Given an oriented rank-3 bundle E→M ,
e(E) is Poincaré dual to oriented curve C
that is the zero locus of a generic section of E.

Because −1 defines an orientation-reversing
isomorphism E→ E we automatically have
e(E) = −e(E), so e(E) ∈ H3(M,Z) is 2-torsion.

We will soon see that e(Λ+) = 0
for any oriented 4-manifold M ,
even if H3(M,Z) 6= 0.
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(in sense of Atiyah-Hitchin-Singer)
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Z := S√2(Λ+).
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Twistor Space:

Z := S√2(Λ+).

TZ = H⊕ V

J

J
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Twistor Space:

Z := S√2(Λ+).

TZ = H⊕ V

J : TZ → TZ

J
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Twistor Space:

Z := S√2(Λ+).

TZ = H⊕ V

J : TZ → TZ

J = JH ⊕ JV
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Twistor Space:

Z := S√2(Λ+)

TZ ∼= H ⊕ V

J
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Twistor Space:

Z := S√2(Λ+)

TZ ∼= H ⊕ V

H = H1,0

J
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Twistor Space:

Z := S√2(Λ+)

TZ ∼= H ⊕ V

H = H1,0

V = V1,0
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Integrability:

The almost-complex structure J
of Z is conformally invariant.

But it is only integrable if W+ = 0.

But ∃ partial integrability in general case.

• Every twistor fiber is a holomorphic curve CP1.

•Normal bundle of fiber is holomorphic bundle

ν ∼= O(1)⊕O(1).
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Integrability:

The almost-complex structure J
of Z is conformally invariant.

But it is only integrable if W+ = 0.

But ∃ partial integrability in general case.

• Every twistor fiber is a holomorphic curve CP1.

•Normal bundle of fiber is holomorphic bundle

ν ∼= O(1)⊕O(1).

Non-integrability only involves [normal, normal].

90



In particular,

91



In particular,

$ : Z →M

92



In particular,

$ : Z →M

is naturally a CP1-bundle.

93



In particular,

$ : Z →M

is naturally a CP1-bundle.

Can we realize this CP1-bundle as

94



In particular,

$ : Z →M

is naturally a CP1-bundle.

Can we realize this CP1-bundle as

Z = P(V+)

95



In particular,

$ : Z →M

is naturally a CP1-bundle.

Can we realize this CP1-bundle as

Z = P(V+)

for vector bundle V+ with fiber C2?

96



In particular,

$ : Z →M

is naturally a CP1-bundle.

Can we realize this CP1-bundle as

Z = P(V+)

for vector bundle V+ with fiber C2?

Yes!
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In particular,

$ : Z →M

is naturally a CP1-bundle.

Can we realize this CP1-bundle as

Z = P(V+)

for vector bundle V+ with fiber C2?

Yes!

⇐⇒ ∃ spinc structures!
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Geometric Definition. A spinc structure on a
smooth oriented 4-manifold M is a complex line
bundle L → Z on the twistor space that has
degree 1 on any S2 fiber of Z →M .
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Geometric Definition. A spinc structure on a
smooth oriented 4-manifold M is a complex line
bundle L → Z on the twistor space that has
degree 1 on any S2 fiber of Z →M .
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Geometric Definition. A spinc structure on a
smooth oriented 4-manifold M is a complex line
bundle L → Z on the twistor space that has
degree 1 on any S2 fiber of Z →M .
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Geometric Definition. A spinc structure on a
smooth oriented 4-manifold M is a complex line
bundle L → Z on the twistor space that has
degree 1 on any S2 fiber of Z →M .
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Geometric Definition. A spinc structure on a
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bundle L → Z on the twistor space that has
degree 1 on any S2 fiber of Z →M .
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Geometric Definition. A spinc structure on a
smooth oriented 4-manifold M is a complex line
bundle L → Z on the twistor space that has
degree 1 on any S2 fiber of Z →M .
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Geometric Definition. A spinc structure on a
smooth oriented 4-manifold M is a complex line
bundle L → Z on the twistor space that has
degree 1 on any S2 fiber of Z →M .
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Standard Definition. A spinc structure on an
oriented Riemannian 4-manifold (M, g) is a cir-
cle bundle

F̂→ F

over the oriented orthonormal frame bundle that
is also a principal Spinc(4)-bundle, where

Spinc(4) := [Sp(1)× Sp(1)×U(1)]/Z2.
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Geometric Definition. A spinc structure on a
smooth oriented 4-manifold M is a complex line
bundle L → Z on the twistor space that has
degree 1 on any S2 fiber of Z →M .

Standard Definition. A spinc structure on an
oriented Riemannian 4-manifold (M, g) is a cir-
cle bundle

F̂→ F

over the oriented orthonormal frame bundle that
is also a principal Spinc(4)-bundle, where

Spinc(4) := [Sp(1)× Sp(1)×U(1)]/Z2.
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Proposition. Geometric and Standard Defini-
tions of a spinc structure are equivalent.

Idea of proof:

Z = F/U(2).

Let S(L ) = circle bundle of L → Z.

Then S(L ) pulls back to circle bundle over F.

This can be made into a principal Spinc(4)-bundle

F̂→M in an essentially unique way.
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Geometric Definition. A spin structure on an
oriented Riemannian 4-manifold (M, g)is a square-

root V 1/2 of the vertical complex line bundle of
Z →M .
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Geometric Definition. A spin structure on an
oriented Riemannian 4-manifold (M, g) is a square-

root V 1/2 of the vertical complex line bundle of
Z →M .

i.e. line-bundle L → Z with fixed isomorphism

Φ : L ⊗L → V .

Equivalence relation: Ψ : L → L ′ s.t.

L ⊗L

L ′ ⊗L ′

V

Φ

Φ′

Ψ⊗Ψ

PPPPPPPPPPPq

��
��

��
��

��1

?

commutes.
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Standard Definition. A spin structure on an
oriented Riemannian 4-manifold (M, g) is a dou-
ble cover

F̃→ F

of the principal SO(4)-bundle of oriented orthonor-
mal frames by a principal Spin(4)-bundle, where

Spin(4) = Sp(1)× Sp(1)

is the universal cover of SO(4).
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Geometric Definition. A spin structure on an
oriented Riemannian 4-manifold (M, g) is a square-

root V 1/2 of the vertical complex line bundle of
Z →M .

Standard Definition. A spin structure on an
oriented Riemannian 4-manifold (M, g) is a dou-
ble cover

F̃→ F

of the principal SO(4)-bundle of oriented orthonor-
mal frames by a principal Spin(4)-bundle, where

Spin(4) = Sp(1)× Sp(1).
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Let F = F/Sp(1).

Then Z = F/SO(2).

F = unit vertical vectors in V.
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Proposition. Geometric and Standard Defini-
tions of a spin structure are equivalent.

Sketch of proof:

Let F = F/Sp(1).

Then Z = F/SO(2).

F = unit vertical vectors in V.

Square-root of V ⇐⇒ double cover of F.

But π1(F) = π1(F).

145



Proposition. Geometric and Standard Defini-
tions of a spin structure are equivalent.

Sketch of proof:

Let F = F/Sp(1).

Then Z = F/SO(2).

F = unit vertical vectors in V.

Square-root of V ⇐⇒ double cover of F.

But π1(F) = π1(F).

So double cover of F ⇐⇒ double cover of F.
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Theorem. Every smooth compact Riemannian
manifold (M4, g) admits spinc structures. More-
over, H2(M,Z) acts freely and transitively on
the set of all spinc structures.

Also gives a self-contained proof of the following:

Corollary. A smooth Riemannian manifold (M4, g)
admits a spin structure ⇐⇒

w2(TM) = w2(Λ+)

vanishes. When this happens H2(M,Z2) acts
freely and transitively on {spin structures}.
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We will now prove:

Theorem. Every smooth compact Riemannian
manifold (M4, g) admits spinc structures. More-
over, H2(M,Z) acts freely and transitively on
the set of all spinc structures.

Also gives a self-contained proof of the following:

Corollary. A smooth Riemannian manifold (M4, g)
admits a spin structure ⇐⇒

w2(TM) = w2(Λ+) ∈ H2(M,Z2)

vanishes. When this happens, H1(M,Z2) then
acts freely and transitively on {spin structures}.
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Let E→M be an oriented R3-bundle over
a compact connected oriented 4-manifold.

Choose positive-definite inner product on E.

Let $ : Z →M be corresponding
oriented unit-2-sphere bundle.

We can now consider this as a CP1-bundle.

But Z = P(V) ⇐⇒ ∃ complex line bundle

L → Z
with 〈c1(L ), F 〉 = +1,
where F = [S2] ∈ H2(Z,Z) is fiber class.
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It will help to first generalize our picture.

Let E→M be an oriented R3-bundle over
a compact connected oriented 4-manifold.

Choose positive-definite inner product on E.

Let $ : Z →M be corresponding
oriented unit-2-sphere bundle.

We can now consider this as a CP1-bundle.

But Z = P(V) ⇐⇒ ∃ complex line bundle

L → Z
with 〈c1(L ), F 〉 = +1,
where F = [S2] ∈ H2(Z,Z) is fiber class.
⇐⇒ ∃ a ∈ H2(Z,Z) with

〈a, F 〉 = 1.
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Proposition. Let M be a smooth oriented con-
nected compact 4-manifold, and let E→M be a
real oriented rank-3 vector bundle, equipped with
positive-definite inner-product. Let $ : Z → M
be the unit 2-sphere bundle Z = S(E), and let
F ∈ H2(Z,Z) be the homology class of an S2-
fiber of $. Then the following are equivalent:
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real oriented rank-3 vector bundle, equipped with
positive-definite inner-product. Let $ : Z → M
be the unit 2-sphere bundle Z = S(E), and let
F ∈ H2(Z,Z) be the homology class of an S2-
fiber of $. Then the following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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Key tool:

Gysin sequence:

0→ H2(M)
$∗→ H2(Z)

$∗→ H0(M)
∪e→

→ H3(M)
$∗→ H3(Z)

$∗→ H1(M)
∪e→

→ H4(M)
$∗→ H4(Z)

$∗→ H2(M)
∪e→ 0

177



Key tool:

Gysin sequence:

178



Key tool:

Gysin sequence:

0→ H2(M)
$∗→ H2(Z)

$∗→ H0(M)
∪e→

→ H3(M)
$∗→ H3(Z)

$∗→ H1(M)
∪e→

→ H4(M)
$∗→ H4(Z)

$∗→ H2(M)
∪e→ 0

179



Key tool:

Gysin sequence:

0→ H2(M)
$∗→ H2(Z)

$∗→ H0(M)
∪e→

→ H3(M)
$∗→ H3(Z)

$∗→ H1(M)
∪e→

→ H4(M)
$∗→ H4(Z)

$∗→ H2(M)
∪e→ 0

Exact sequence of pair:

→ H2(E) → H2(E− 0) →
H3(E,E− 0) → H3(E) → H3(E− 0) →
H4(E,E− 0) → H4(E) → H4(E− 0) →
H5(E,E− 0) →
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Key tool:

Gysin sequence:

0→ H2(M)
$∗→ H2(Z)

$∗→ H0(M)
∪e→

→ H3(M)
$∗→ H3(Z)

$∗→ H1(M)
∪e→

→ H4(M)
$∗→ H4(Z)

$∗→ H2(M)
∪e→ 0

Exact sequence of pair:

→ H2(E) → H2(E− 0) →
H3(E,E− 0) → H3(E) → H3(E− 0) →
H4(E,E− 0) → H4(E) → H4(E− 0) →
H5(E,E− 0) →

Thom isomorphism:

Hk−3(M)
∼=−→ Hk(E,E− 0)
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Proposition. Let M be a smooth oriented con-
nected compact 4-manifold, and let E→M be a
real oriented rank-3 vector bundle, equipped with
positive-definite inner-product. Let $ : Z → M
be the unit 2-sphere bundle Z = S(E), and let
F ∈ H2(Z,Z) be the homology class of an S2-
fiber of $. Then the following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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More obvious implications:

(i)=⇒
{

(ii)=⇒(iii)
(iv)

}
=⇒(??).

Proposition. The following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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More obvious implications:

(i)=⇒(ii) and (iii)=⇒(iv).

Proposition. The following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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0→ H2(M)
$∗→ H2(Z)

$∗→ H0(M)
∪e→

→ H3(M)
$∗→ H3(Z)

$∗→ H1(M)
∪e→

→ H4(M)
$∗→ H4(Z)

$∗→ H2(M)
∪e→ 0

Proposition. The following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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More obvious implications:

(i)=⇒(ii) and (iii)=⇒(iv).

Proposition. The following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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What about

(ii)=⇒(iii)?

Proposition. The following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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0→ H2(M)
$∗→ H2(Z)

$∗→ H0(M)
∪e→

→ H3(M)
$∗→ H3(Z)

$∗→ H1(M)
∪e→

→ H4(M)
$∗→ H4(Z)

$∗→ H2(M)
∪e→ 0

Proposition. The following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

H4(M,Z) = Z is free,
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

H4(M,Z) = Z is free,

e(E) is torsion.
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

H4(M,Z) = Z is free,

e(E) is torsion.

0→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z) →0
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

H4(M,Z) = Z is free,

e(E) is torsion.

0→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z) →0

Poincaré duality:
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

H4(M,Z) = Z is free,

e(E) is torsion.

0→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z) →0

Poincaré duality:

0→ Z ·F→ H2(Z,Z) → H2(M,Z) →0
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

H4(M,Z) = Z is free,

e(E) is torsion.

0→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z) →0

Poincaré duality:

0→ Z ·F→ H2(Z,Z) → H2(M,Z) →0

If ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1, gives splitting

0→ Z −→yH2(Z,Z) → H2(M,Z) →0
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

H4(M,Z) = Z is free,

e(E) is torsion.

0→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z) →0

Poincaré duality:

0→ Z ·F→ H2(Z,Z) → H2(M,Z) →0

If ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1, gives splitting

H2(Z,Z) ∼= Z⊕H2(M,Z).
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So we now have

(i)=⇒(ii)=⇒(iii)=⇒(iv).

Proposition. The following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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Finally, we’ll show

(iv)=⇒(i)

Proposition. The following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

T2(M) ∼= T3(M), T2(Z) ∼= T3(Z)
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

|T2(Z)| = |T2(M)| =⇒ |T3(Z)| = |T3(M)|
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

|T2(Z)| = |T2(M)| =⇒ |T3(Z)| = |T3(M)|
But

H0(M,Z)
∪e→ H3(M,Z)

$∗→ H3(Z,Z)
$∗→ H1(M,Z)
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

|T2(Z)| = |T2(M)| =⇒ |T3(Z)| = |T3(M)|
But

Z e·→ T3(M)→T3(Z)→ 0
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

|T2(Z)| = |T2(M)| =⇒ |T3(Z)| = |T3(M)|
But

T3(Z) = T3(M)/〈e(E)〉
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0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

|T2(Z)| = |T2(M)| =⇒ |T3(Z)| = |T3(M)|
But

T3(Z) = T3(M)/〈e(E)〉
Hence

|T2(Z)| = |T2(M)| =⇒ e(E) = 0.

204



0→ H2(M,Z)
$∗→ H2(Z,Z)

$∗→ H0(M,Z)
∪e→

→ H3(M,Z)
$∗→ H3(Z,Z)

$∗→ H1(M,Z)
∪e→

→ H4(M,Z)
$∗→ H4(Z,Z)

$∗→ H2(M,Z)
∪e→ 0

|T2(Z)| = |T2(M)| =⇒ |T3(Z)| = |T3(M)|
But

T3(Z) = T3(M)/〈e(E)〉
Hence

|T2(Z)| = |T2(M)| =⇒ e(E) = 0.

In other words,

(iv)=⇒(i).
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Reduces the problem to showing:

(iv)=⇒(i)!

Proposition. The following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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So we’ve shown

(i)=⇒(ii)=⇒(iii)=⇒(iv)=⇒(i)

Proposition. The following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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Now consider the special case of Λ+→M4.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

|T2(Z)| = |T2(M)|.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

|T2(Z)| = |T2(M)|.

Since T2(Z) ∼= T2(M)/Z2 or T2(M),

210



Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

|T2(Z)| = |T2(M)|.

Since T2(Z) ∼= T2(M)/Z2 or T2(M),

|T2(Z)| ≤ |T2(M)|.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

|T2(Z)| = |T2(M)|.

Since T2(Z) ∼= T2(M)/Z2 or T2(M),

|T2(Z)| ≤ |T2(M)|.
So it suffices to show that

|T2(Z)| ≥ |T2(M)|.

212



Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

|T2(Z)| = |T2(M)|.

Since T2(Z) ∼= T2(M)/Z2 or T2(M),

|T2(Z)| ≤ |T2(M)|.
So it suffices to show that

|T2(Z)| ≥ |T2(M)|.
We’ll do this by showing the geometric projection

$∗ : T2(Z)→ T2(M)
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

|T2(Z)| = |T2(M)|.

Since T2(Z) ∼= T2(M)/Z2 or T2(M),

|T2(Z)| ≤ |T2(M)|.
So it suffices to show that

|T2(Z)| ≥ |T2(M)|.
We’ll do this by showing the geometric projection

$∗ : T2(Z)→ T2(M)

is actually surjective.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

|T2(Z)| = |T2(M)|.

Since T2(Z) ∼= T2(M)/Z2 or T2(M),

|T2(Z)| ≤ |T2(M)|.
So it suffices to show that

|T2(Z)| ≥ |T2(M)|.
We’ll do this by showing the geometric projection

$∗ : T2(Z)� T2(M)

is actually surjective.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Observation 1. Every homology class∈ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Observation 1. Every homology class∈ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4.

Why? By Poincaré duality, every such class is dual
to an element of H2(M4,Z), which is then c1(L)
for some complex line bundle L → M . Zero set of
a generic section
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Observation 1. Every homology class∈ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4.

Why? By Poincaré duality, every such class is dual
to an element of H2(M4,Z), which is then c1(L)
for some complex line bundle L → M . Zero set
of a generic section of L is an embedded compact
oriented surface Σ in the given homology class.

218



Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Observation 1. Every homology class∈ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Observation 1. Every homology class∈ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4.

Observation 2. Every smoothly embedded ori-
ented surface Σ ⊂M has a canonical lift Σ̂ ↪→ Z:
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Observation 1. Every homology class∈ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4.

Observation 2. Every smoothly embedded ori-
ented surface Σ ⊂M has a canonical lift Σ̂ ↪→ Z:

 : TM |Σ→ TM |Σ rotates by +90◦ in TΣ, TΣ⊥.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Observation 1. Every homology class∈ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4.

Observation 2. Every smoothly embedded ori-
ented surface Σ ⊂M has a canonical lift Σ̂ ↪→ Z:

JH : H
Σ̂
→ H

Σ̂
rotates by +90◦ in TΣ, TΣ⊥.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Observation 1. Every homology class∈ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4.

Observation 2. Smoothly embedded compact
oriented surface Σ ⊂M has canonical lift Σ̂ ↪→ Z

〈c1(H1,0), [Σ̂]〉 = χ(Σ) + Σ • Σ
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Observation 1. Every homology class∈ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4.

Observation 2. Smoothly embedded compact
oriented surface Σ ⊂M has canonical lift Σ̂ ↪→ Z

〈c1(H1,0), [Σ̂]〉 = χ(Σ) + Σ • Σ

by adjunction.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Hence every torsion homology class∈ T2 ⊂ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4

which has canonical lift Σ̂ ↪→ Z

〈c1(H1,0), [Σ̂]〉 = χ(Σ) + Σ • Σ.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Hence every torsion homology class∈ T2 ⊂ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4

which has canonical lift Σ̂ ↪→ Z

〈c1(H1,0), [Σ̂]〉 = χ(Σ)+Σ • Σ.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Hence every torsion homology class∈ T2 ⊂ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4

which has canonical lift Σ̂ ↪→ Z

〈c1(H1,0), [Σ̂]〉 = χ(Σ) ≡ 0 mod 2
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

Hence every torsion homology class∈ T2 ⊂ H2(M,Z)
can be represented by a smoothly embedded com-
pact oriented surface

Σ2 ⊂M4

which has canonical lift Σ̂ ↪→ Z

〈c1(H1,0), [Σ̂]〉 = χ(Σ) ≡ 0 mod 2

〈c1(H1,0), [Σ̂]− χ(Σ)

2
F 〉 = 0

228



Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

So if [Σ] ∈ H2(M,Z) is a torsion class, then

A := [Σ̂]− χ(Σ)

2
F ∈ H2(Z,Z)

is a torsion class with $∗(A) = [Σ].
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

So if [Σ] ∈ H2(M,Z) is a torsion class, then

A := [Σ̂]− χ(Σ)

2
F ∈ H2(Z,Z)

is a torsion class with $∗(A) = [Σ].

Why torsion?

H2(Z,R) = Rc1(H1,0)⊕$∗H2(M,R)

and
〈c1(H1,0), A〉 = 0.
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

So if [Σ] ∈ H2(M,Z) is a torsion class, then

A := [Σ̂]− χ(Σ)

2
F ∈ H2(Z,Z)

is a torsion class with $∗(A) = [Σ].

So
$∗ : T2(Z)� T2(M).
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Now consider the special case of Λ+→M4.

We’ll prove that Z = S(Λ+) satisfies

$∗ : T2(Z)� T2(M).

So if [Σ] ∈ H2(M,Z) is a torsion class, then

A := [Σ̂]− χ(Σ)

2
F ∈ H2(Z,Z)

is a torsion class with $∗(A) = [Σ].

Hence
|T2(Z)| ≥ |T2(M)|.
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So the twistor space Z = S(Λ+) always satisfies

|T2(Z)| = |T2(M)|.

so

Proposition. The following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;

(ii) ∃ a ∈ H2(Z,Z) with 〈a, F 〉 = 1;

(iii)H2(Z,Z) ∼= H2(M,Z)⊕ Z; and

(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).

236



So the twistor space Z = S(Λ+) always satisfies

|T2(Z)| = |T2(M)|.

Hence every M4 admits spinc structures!

Proposition. The following are equivalent:

(i) The Euler class e(E) ∈ H3(M,Z) vanishes;
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(iv) |T2(Z)| = |T2(M)|, where T2 is the torsion
subgroup of H2( ,Z).
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Now, given L → Z, get spinc bundles

V±→M

by setting

V+x = H0(CP1(x),O(L ))

V−x = H0(CP1(x),O(ν ⊗L ⊗ V ∗))
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Now, given L → Z, get spinc bundles

V±→M

by setting

V+x = H0(CP1(x),O(L ))

V−x = H0(CP1(x),O(ν ⊗L ⊗ V ∗))

where CP1(x) = $−1(x). Formally,

V± = S± ⊗ L1/2

where L→M is defined by

$∗L = L 2 ⊗ V ∗.
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Now, given L → Z, get spinc bundles

V±→M

by setting

V+x = H0(CP1(x),O(L ))

V−x = H0(CP1(x),O(ν ⊗L ⊗ V ∗))

where CP1(x) = $−1(x). Formally,

V± = S± ⊗ L1/2

where L→M is defined by

$∗L = L 2 ⊗ V ∗.

(This defines fiber-wise O structure of L .)
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In particular,
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V+ − 0→ Z.

This can be souped up to real quadratic map

σ : V+ → Λ+

Φ 7→ i
2Φ⊗ Φ̄
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In particular,

Z = P(V+)

so we have a projection

V+ − 0→ Z.

This can be souped up to real quadratic map

σ : V+ → Λ+

Φ 7→ i
2Φ⊗ Φ̄

which e.g. appears in Seiberg-Witten equations

6DθΦ = 0

F+
θ = iσ(Φ).
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σ : V+ → Λ+

Φ 7→ i
2Φ⊗ Φ̄
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In particular,

Z = P(V+)

so we have a projection

V+ − 0→ Z.

This can be souped up to real quadratic map

σ : V+ → Λ+

Φ 7→ i
2Φ⊗ Φ̄

so any Φ ∈ Γ(V+) yields σ(Φ) ∈ Γ(Λ+).
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In particular,

Z = P(V+)

so we have a projection

V+ − 0→ Z.

This can be souped up to real quadratic map

σ : V+ → Λ+

Φ 7→ i
2Φ⊗ Φ̄

so any Φ ∈ Γ(V+) yields σ(Φ) ∈ Γ(Λ+).

But since rankR(V+) = 4 = dimM , always have
sections of V+ that only vanish at one point!
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•Any such J determines spinc structure on M .
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Happy Birthday, Roger!
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Happy Birthday, Roger!

And Many Happy Returns!

267


