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Definition. A Riemannian metric h is said to
be Einstein if it has constant Ricci curvature —
i.e.

r = λh

for some constant λ ∈ R.

λ called Einstein constant.

Has same sign as the scalar curvature

s = r
j
j = Rijij.
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Recognition Problem:

Suppose Mn admits Einstein metric h.

What, if anything, does h then tell us about M?

Can we recognize M by looking at h?

When n = 3, h has constant sectional curvature!

So M has universal cover S3, R3, H3. . .

But when n ≥ 5, situation seems hopeless.

{Einstein metrics on Sn}/∼ is highly disconnected.

When n = 4, situation is more encouraging. . .
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Four Dimensions is Exceptional

When n = 4, Einstein metrics are genuinely non-
trivial: not typically spaces of constant curvature.

There are beautiful and subtle global obstructions
to the existence of Einstein metrics on 4-manifolds.

But might allow for geometrization of 4-manifolds
by decomposition into Einstein and collapsed pieces.

One key question:

Does enough rigidity really hold in dimension four
to make this a genuine geometrization?

31



Symplectic 4-manifolds:

32



Symplectic 4-manifolds:

A laboratory for exploring Einstein metrics.

33



Symplectic 4-manifolds:

A laboratory for exploring Einstein metrics.

Kähler geometry is a rich source of examples.

34



Symplectic 4-manifolds:

A laboratory for exploring Einstein metrics.

Kähler geometry is a rich source of examples.

If M admits a Kähler metric, it of course admits a
symplectic form ω.

35



Symplectic 4-manifolds:

A laboratory for exploring Einstein metrics.

Kähler geometry is a rich source of examples.

If M admits a Kähler metric, it of course admits a
symplectic form ω.

On such manifolds, Seiberg-Witten theory mimics
Kähler geometry when treating non-Kähler metrics.

36



Symplectic 4-manifolds:

A laboratory for exploring Einstein metrics.

Kähler geometry is a rich source of examples.

If M admits a Kähler metric, it of course admits a
symplectic form ω.

On such manifolds, Seiberg-Witten theory mimics
Kähler geometry when treating non-Kähler metrics.

Some Suggestive Questions. If (M4, ω) is a
symplectic 4-manifold, when does M4 admit an
Einstein metric h (unrelated to ω)? What if we
also require λ ≥ 0?

37



Symplectic 4-manifolds:

A laboratory for exploring Einstein metrics.

Kähler geometry is a rich source of examples.

If M admits a Kähler metric, it of course admits a
symplectic form ω.

On such manifolds, Seiberg-Witten theory mimics
Kähler geometry when treating non-Kähler metrics.

Some Suggestive Questions. If (M4, ω) is a
symplectic 4-manifold, when does M4 admit an
Einstein metric h (unrelated to ω)? What if we
also require λ ≥ 0?

38



Symplectic 4-manifolds:

A laboratory for exploring Einstein metrics.

Kähler geometry is a rich source of examples.

If M admits a Kähler metric, it of course admits a
symplectic form ω.

On such manifolds, Seiberg-Witten theory mimics
Kähler geometry when treating non-Kähler metrics.

Some Suggestive Questions. If (M4, ω) is a
symplectic 4-manifold, when does M4 admit an
Einstein metric h (unrelated to ω)? What if we
also require λ ≥ 0?

39



Symplectic 4-manifolds:

A laboratory for exploring Einstein metrics.

Kähler geometry is a rich source of examples.

If M admits a Kähler metric, it of course admits a
symplectic form ω.

On such manifolds, Seiberg-Witten theory mimics
Kähler geometry when treating non-Kähler metrics.

Some Suggestive Questions. If (M4, ω) is a
symplectic 4-manifold, when does M4 admit an
Einstein metric h (unrelated to ω)? What if we
also require λ ≥ 0?

40



Symplectic 4-manifolds:

A laboratory for exploring Einstein metrics.

Kähler geometry is a rich source of examples.

If M admits a Kähler metric, it of course admits a
symplectic form ω.

On such manifolds, Seiberg-Witten theory mimics
Kähler geometry when treating non-Kähler metrics.

Some Suggestive Questions. If (M4, ω) is a
symplectic 4-manifold, when does M4 admit an
Einstein metric h (unrelated to ω)? What if we
also require λ ≥ 0?

41



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

42



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

43



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

44



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

45



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

46



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

47



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

48



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

49



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2

K3

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

50



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

51



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

52



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

53



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

54



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

55



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

56



Conventions:

CP2 = reverse oriented CP2.

57



Conventions:

CP2 = reverse oriented CP2.

Connected sum #:

...........................
..........................................................................................................................................................................................................................................................................................................................................................
......................

...............
..........
........
.......
........
...........

................
... ...........................

..........................................................................................................................................................................................................................................................................................................................................................
......................

...............
..........

........
.......
........
...........
................

...

.............................................................................
.... .....................................................

.............................................................................
.........................................................

58



Conventions:

CP2 = reverse oriented CP2.

Connected sum #:

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

........................................
.......
.......
.......
.... ..................................

................................

....................
............

................................

....................
............

59



Conventions:

CP2 = reverse oriented CP2.

Connected sum #:

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

..................................

.......................
...........

............................
....

................................

60



Conventions:

CP2 = reverse oriented CP2.

Connected sum #:

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

........................................
.......
.......
.......
.... ..................................

................................

....................
............

................................

....................
............

61



Conventions:

CP2 = reverse oriented CP2.

Connected sum #:

...........................
..........................................................................................................................................................................................................................................................................................................................................................
......................

...............
..........
........
.......
........
...........

................
... ...........................

..........................................................................................................................................................................................................................................................................................................................................................
......................

...............
..........

........
.......
........
...........
................

...

.............................................................................
.... .....................................................

.............................................................................
.........................................................

62



Conventions:

CP2 = reverse oriented CP2.

Connected sum #:

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

........................................
.......
.......
.......
.... ..................................

................................

....................
............

................................

....................
............

63



Conventions:

CP2 = reverse oriented CP2.

Connected sum #:

...........................
..........................................................................................................................................................................................................................................................................................................................................................
................

...........................
..........................................................................................................................................................................................................................................................................................................................................................

................

.............................................................................
.... .....................................................

.............................................................................
.........................................................

..................................

.......................
...........

............................
....

................................

64



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

65



K3 = Kummer-Kähler-Kodaira surface.

66



K3 = Kummer-Kähler-Kodaira surface.
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K3 = Kummer-Kähler-Kodaira manifold.

Kummer construction:

Kummer: T 4/Z2: Singular quartic in CP3.

Generic quartic is a K3 surface.
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K3 = Kummer-Kähler-Kodaira surface.

Simply connected complex surface with c1 = 0.

Typical model: Smooth quartic in CP3.

Calabi/Yau: Admits Ricci-flat Kähler metrics.
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)
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U(m) := O(2m) ∩GL(m,C)
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)
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Makes tangent space a complex vector space!
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)
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Makes tangent space a complex vector space!

J : TM → TM, J2 = −identity

“almost-complex structure”

105



Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

s
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Makes tangent space a complex vector space!

Invariant under parallel transport!
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

ω called “Kähler form.”
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

dω = 0

110



Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

111



Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

⇐⇒ In local complex coordinates (z1, . . . , zm), ∃f (z)

g = −
m∑

j,k=1

∂2f

∂zj∂z̄k

[
dzj ⊗ dz̄k + dz̄k ⊗ dzj

]
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

⇐⇒ In local complex coordinates (z1, . . . , zm), ∃f (z)

ω = i
m∑

j,k=1

∂2f

∂zj∂z̄k
dzj ∧ dz̄k
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

⇐⇒ In local complex coordinates (z1, . . . , zm), ∃f (z)

g = −
m∑

j,k=1

∂2f

∂zj∂z̄k

[
dzj ⊗ dz̄k + dz̄k ⊗ dzj

]
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

Kähler magic:

r = −
m∑

j,k=1

∂2

∂zj∂z̄k
log det[gpq̄]

[
dzj⊗dz̄k+dz̄k⊗dzj

]
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

Kähler magic:

If we define the Ricci form by

ρ = r(J ·, ·)
then iρ is curvature of canonical line bundle Λm,0.
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

ω called “Kähler form.”
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

dω = 0
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

[ω] ∈ H2(M)

“Kähler class”
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

dω = 0

ω non-degenerate closed 2-form: symplectic form
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Kähler metrics:

(M2m, g) Kähler ⇐⇒ holonomy ⊂ U(m)

⇐⇒ ∃ almost complex-structure J with ∇J = 0
and g(J ·, J ·) = g.

⇐⇒ (M2m, g) is a complex manifold & ∃ J -invariant
closed 2-form ω such that g = ω(·, J ·).

dω = 0

ω non-degenerate closed 2-form: symplectic form
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Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

123



Theorem (L ’09). Suppose that M is a smooth
compact oriented 4-manifold which admits a
symplectic structure ω. Then M also admits an
Einstein metric h with λ ≥ 0 if and only if

M
diff
≈



CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,

K3,

K3/Z2,

T 4,

T 4/Z2, T
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4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Del Pezzo surfaces,
K3 surface, Enriques surface,
Abelian surface, Hyper-elliptic surfaces.
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But we understand some cases better than others!

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).
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Definitive list . . .

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).
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But we understand some cases better than others!

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).
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But we understand some cases better than others!

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).
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But we understand some cases better than others!

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).
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But we understand some cases better than others!

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Below the line:
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But we understand some cases better than others!

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Below the line:

Every Einstein metric is Ricci-flat Kähler.
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But we understand some cases better than others!

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Below the line:

Every Einstein metric is Ricci-flat Kähler.

Moduli space E (M)= {Einstein metrics}/Diffeomorphisms
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But we understand some cases better than others!

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Below the line:

Every Einstein metric is Ricci-flat Kähler.

Moduli space E (M) = {Einstein h}/(Diffeos×R+)
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But we understand some cases better than others!

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Below the line:

Every Einstein metric is Ricci-flat Kähler.

Moduli space E (M) completely understood.
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But we understand some cases better than others!

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Below the line:

Every Einstein metric is Ricci-flat Kähler.

Moduli space E (M) connected!
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But we understand some cases better than others!

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Below the line:

Every Einstein metric is Ricci-flat Kähler.

Moduli space E (M) connected!
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Above the line:

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Below the line:

Every Einstein metric is Ricci-flat Kähler.

Moduli space E (M) connected!
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Above the line:

Know an Einstein metric on each manifold.

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Below the line:

Every Einstein metric is Ricci-flat Kähler.

Moduli space E (M) connected!
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Above the line:

Moduli space E (M) 6= ∅. Is it connected?

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Below the line:

Every Einstein metric is Ricci-flat Kähler.

Moduli space E (M) connected!
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Above the line:

Moduli space E (M) 6= ∅. But is it connected?

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Below the line:

Every Einstein metric is Ricci-flat Kähler.

Moduli space E (M) connected!
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Del Pezzo surfaces:
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Blowing up:
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Blowing up:

If N is a complex surface, may replace p ∈ N
with CP1 to obtain blow-up

M ≈ N#CP2

in which added CP1 has normal bundle O(−1).
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 5 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 6 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.
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No 3 on a line, no 6 on conic, no 8 on nodal cubic.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

167



Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each Del Pezzo (M4, J) admits a com-
patible conformally Kähler Einstein metric, and
this metric is unique up to automorphisms.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each Del Pezzo (M4, J) admits a com-
patible conformally Kähler Einstein metric, and
this metric is unique up to automorphisms.

Existence: Tian, Odaka-Spotti-Sun, Chen-L-Weber.
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Del Pezzo surfaces:

(M4, J) for which c1 is a Kähler class [ω].
Shorthand: “c1 > 0.”

Blow-up of CP2 at k distinct points, 0 ≤ k ≤ 8,
in general position, or CP1 × CP1.

Theorem. Each Del Pezzo (M4, J) admits a com-
patible conformally Kähler Einstein metric, and
this metric is unique up to automorphisms.

Existence: Tian, Odaka-Spotti-Sun, Chen-L-Weber.

Uniqueness: Bando-Mabuchi ’87, L ’12.
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Above the line:

Moduli space E (M) 6= ∅. But is it connected?

M ===

CP2#kCP2, 0 ≤ k ≤ 8,

S2 × S2,
K3,
K3/Z2,

T 4,

T 4/Z2, T
4/Z3, T

4/Z4, T
4/Z6,

T 4/(Z2 ⊕ Z2), T 4/(Z3 ⊕ Z3), or T 4/(Z2 ⊕ Z4).

Below the line:

Every Einstein metric is Ricci-flat Kähler.

Moduli space E (M) connected!
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Basic problem:

172



Basic problem:

Understand all Einstein metrics on Del Pezzos.
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Basic problem:

Understand all Einstein metrics on Del Pezzos.

Is Einstein moduli space connected?
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Basic problem:

Understand all Einstein metrics on Del Pezzos.

Is Einstein moduli space connected?

Progress to date:

Natural characterization of known Einstein metrics.
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Basic problem:

Understand all Einstein metrics on Del Pezzos.

Is Einstein moduli space connected?

Progress to date:

Natural characterization of known Einstein metrics.

Exactly one connected component of moduli space.
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Formulation depends on . . .
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Special character of dimension 4:
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Special character of dimension 4:

On oriented (M4, h),

Λ2 = Λ+ ⊕ Λ−
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Special character of dimension 4:

On oriented (M4, h),

Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.
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Special character of dimension 4:

On oriented (M4, h),

Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms.
Λ− anti-self-dual 2-forms.
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Special character of dimension 4:

On oriented (M4, h),

Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms.
Λ− anti-self-dual 2-forms.

Moreover, this is conformally invariant!
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Special character of dimension 4:

On oriented (M4, h),

Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms.
Λ− anti-self-dual 2-forms.

Moreover, this is conformally invariant!

h u2h
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Special character of dimension 4:

On oriented (M4, h),

Λ2 = Λ+ ⊕ Λ−

where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms.
Λ− anti-self-dual 2-forms.

Because of this . . .
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Riemann curvature of g

R : Λ2→ Λ2
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature
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Riemann curvature of g

R : Λ2→ Λ2

splits into 4 irreducible pieces:

Λ+∗ Λ−∗

Λ+ W+ + s
12 r̊

Λ− r̊ W− + s
12

where

s = scalar curvature

r̊ = trace-free Ricci curvature

W+ = self-dual Weyl curvature (conformally invariant)

W− = anti-self-dual Weyl curvature ′′
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On oriented (M4, h),
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where Λ± are (±1)-eigenspaces of

? : Λ2→ Λ2,

?2 = 1.

Λ+ self-dual 2-forms.
Λ− anti-self-dual 2-forms.
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H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
Since ? is involution of RHS, =⇒

H2(M,R) = H+
h ⊕H

−
h ,

where

H±h = {ϕ ∈ Γ(Λ±) | dϕ = 0}
self-dual & anti-self-dual harmonic forms.

Notice these spaces are conformally invariant.

More generally, their dimensions

b±(M) = dimH±h
are completely metric-independent, and
are oriented homotopy invariants of M .

196



Key background result:

197



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

198



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

199



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

200



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

W+(ω, ω) > 0

201



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

W+(ω, ω) > 0

everywhere on M . Then M is diffeomorphic to a
Del Pezzo surface, and h is conformally Kähler,
with Einstein constant λ > 0.

202



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

W+(ω, ω) > 0

everywhere on M . Then M is diffeomorphic to a
Del Pezzo surface, and h is conformally Kähler,
with Einstein constant λ > 0.

203



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

W+(ω, ω) > 0

everywhere on M . Then M is diffeomorphic to a
Del Pezzo surface, and h is conformally Kähler,
with Einstein constant λ > 0.

204



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

W+(ω, ω) > 0

everywhere on M . Then M is diffeomorphic to a
Del Pezzo surface, and h is conformally Kähler,
with Einstein constant λ > 0.

205



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

W+(ω, ω) > 0

everywhere on M . Then M is diffeomorphic to a
Del Pezzo surface, and h is conformally Kähler,
with Einstein constant λ > 0.

Conversely, every Del Pezzo surface admits Ein-
stein metrics with W+(ω, ω) > 0.

206



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

W+(ω, ω) > 0

everywhere on M . Then M is diffeomorphic to a
Del Pezzo surface, and h is conformally Kähler,
with Einstein constant λ > 0.

Conversely, every Del Pezzo surface admits Ein-
stein metrics with W+(ω, ω) > 0.

Indeed, all known Einstein metrics on Del Pezzo
surfaces have have this property. They are

207



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

W+(ω, ω) > 0

everywhere on M . Then M is diffeomorphic to a
Del Pezzo surface, and h is conformally Kähler,
with Einstein constant λ > 0.

Conversely, every Del Pezzo surface admits Ein-
stein metrics with W+(ω, ω) > 0.

Indeed, all known Einstein metrics on Del Pezzo
surfaces have have this property. They are

208



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

W+(ω, ω) > 0

everywhere on M . Then M is diffeomorphic to a
Del Pezzo surface, and h is conformally Kähler,
with Einstein constant λ > 0.

Conversely, every Del Pezzo surface admits Ein-
stein metrics with W+(ω, ω) > 0.

Indeed, all known Einstein metrics on Del Pezzo
surfaces have have this property. They are

209



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

W+(ω, ω) > 0

everywhere on M . Then M is diffeomorphic to a
Del Pezzo surface, and h is conformally Kähler,
with Einstein constant λ > 0.

Conversely, every Del Pezzo surface admits Ein-
stein metrics with W+(ω, ω) > 0.

Indeed, all known Einstein metrics on Del Pezzo
surfaces have have this property. They are

210



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

W+(ω, ω) > 0

everywhere on M . Then M is diffeomorphic to a
Del Pezzo surface, and h is conformally Kähler,
with Einstein constant λ > 0.

Conversely, every Del Pezzo surface admits Ein-
stein metrics with W+(ω, ω) > 0.

Indeed, all known Einstein metrics on Del Pezzo
surfaces have have this property. They are

• the Kähler-Einstein metrics with λ > 0;

211



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that

W+(ω, ω) > 0

everywhere on M . Then M is diffeomorphic to a
Del Pezzo surface, and h is conformally Kähler,
with Einstein constant λ > 0.

Conversely, every Del Pezzo surface admits Ein-
stein metrics with W+(ω, ω) > 0.

Indeed, all known Einstein metrics on Del Pezzo
surfaces have have this property. They are

• the Kähler-Einstein metrics with λ > 0;

• the Page metric on CP2#CP2; and

212



Theorem (L ’15). Let (M,h) be a smooth com-
pact oriented Einstein 4-manifold that carries a
self-dual harmonic 2-form ω such that
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with Einstein constant λ > 0.
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stein metrics with W+(ω, ω) > 0.

Indeed, all known Einstein metrics on Del Pezzo
surfaces have have this property. They are

• the Kähler-Einstein metrics with λ > 0;

• the Page metric on CP2#CP2; and

• the CLW metric on CP2#2CP2.
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Every del Pezzo surface has b+ = 1. ⇐⇒

Up to sign, ∀ h, ∃! self-dual harmonic 2-form ω:

dω = 0, ?ω = ω,

∫
M
ω2 = 1.

This allows us to associate the scalar quantity

W+(ω, ω)

with any metric h on such a manifold.

Above result focuses on metrics h for which

W+(ω, ω) > 0

everywhere on M .
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(M,h). We will say that ω is near-symplectic if
its image in Λ+ → M is transverse to the zero
section.
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Z≈ tnj=1 S
1.
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Definition. Let ω be a self-dual harmonic 2-
form on a compact oriented Riemannian 4-manifold
(M,h). We will say that ω is near-symplectic if
its image in Λ+ → M is transverse to the zero
section.

Theorem (Taubes, et al). If b+(M)6= 0, such forms
exist for an open dense set of metrics h on M .

250



Theorem A. Let (M,h) be a compact oriented
Einstein 4-manifold that carries a near-symplectic
self-dual harmonic 2-form ω such that

251



Theorem A. Let (M,h) be a compact oriented
Einstein 4-manifold that carries a near-symplectic
self-dual harmonic 2-form ω such that

252



Theorem A. Let (M,h) be a compact oriented
Einstein 4-manifold that carries a near-symplectic
self-dual harmonic 2-form ω such that

253



Theorem A. Let (M,h) be a compact oriented
Einstein 4-manifold that carries a near-symplectic
self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0, W+(ω, ω) 6≡ 0.

254



Theorem A. Let (M,h) be a compact oriented
Einstein 4-manifold that carries a near-symplectic
self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0, W+(ω, ω) 6≡ 0.

Then W+(ω, ω)> 0 everywhere, M is diffeomor-
phic to a Del Pezzo surface, and

255



Theorem A. Let (M,h) be a compact oriented
Einstein 4-manifold that carries a near-symplectic
self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0, W+(ω, ω) 6≡ 0.

Then W+(ω, ω)> 0 everywhere, M is diffeomor-
phic to a Del Pezzo surface, and

256



Theorem A. Let (M,h) be a compact oriented
Einstein 4-manifold that carries a near-symplectic
self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0, W+(ω, ω) 6≡ 0.

Then W+(ω, ω)> 0 everywhere, M is diffeomor-
phic to a Del Pezzo surface, and

h = s−2g

257



Theorem A. Let (M,h) be a compact oriented
Einstein 4-manifold that carries a near-symplectic
self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0, W+(ω, ω) 6≡ 0.

Then W+(ω, ω)> 0 everywhere, M is diffeomor-
phic to a Del Pezzo surface, and

h = s−2g

for some extremal Kähler metric g on M with
scalar curvature s > 0.

258



Theorem A. Let (M,h) be a compact oriented
Einstein 4-manifold that carries a near-symplectic
self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0, W+(ω, ω) 6≡ 0.

Then W+(ω, ω)> 0 everywhere, M is diffeomor-
phic to a Del Pezzo surface, and

h = s−2g

for some extremal Kähler metric g on M with
scalar curvature s > 0.

259



Theorem A. Let (M,h) be a compact oriented
Einstein 4-manifold that carries a near-symplectic
self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0, W+(ω, ω) 6≡ 0.

Then W+(ω, ω)> 0 everywhere, M is diffeomor-
phic to a Del Pezzo surface, and

h = s−2g

for some extremal Kähler metric g on M with
scalar curvature s > 0.

Conversely, every Del Pezzo surface admits an
Einstein metric h arising in this way.

260



Theorem A. Let (M,h) be a compact oriented
Einstein 4-manifold that carries a near-symplectic
self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0, W+(ω, ω) 6≡ 0.

Then W+(ω, ω)> 0 everywhere, M is diffeomor-
phic to a Del Pezzo surface, and

h = s−2g

for some extremal Kähler metric g on M with
scalar curvature s > 0.

Conversely, every Del Pezzo surface admits an
Einstein metric h arising in this way.

Indeed, all known Einstein metrics on Del Pezzo
surfaces arise this way!

261



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

262



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

263



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

264



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

265



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

266



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0

everywhere. Then ω 6= 0, and h is conformal to
an extremal Kähler metric g on M with Kähler
form ω. Moreover, M is diffeomorphic to

267



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0

everywhere. Then ω 6= 0, and h is conformal to
an extremal Kähler metric g on M with Kähler
form ω. Moreover, M is diffeomorphic to

268



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0

everywhere. Then ω 6= 0, and h is conformal to
an extremal Kähler metric g on M with Kähler
form ω. Moreover, M is diffeomorphic to

269



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0

everywhere. Then ω 6= 0, and h is conformal to
an extremal Kähler metric g on M with Kähler
form ω. Moreover, M is diffeomorphic to

270



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0

everywhere. Then ω 6= 0, and h is conformal to
an extremal Kähler metric g on M with Kähler
form ω. Moreover, M is diffeomorphic to

271



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0

everywhere. Then ω 6= 0, and h is conformal to
an extremal Kähler metric g on M with Kähler
form ω. Moreover, M is diffeomorphic to

• a Del Pezzo surface,

272



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0

everywhere. Then ω 6= 0, and h is conformal to
an extremal Kähler metric g on M with Kähler
form ω. Moreover, M is diffeomorphic to

• a Del Pezzo surface,

• a K3 surface,

273



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0

everywhere. Then ω 6= 0, and h is conformal to
an extremal Kähler metric g on M with Kähler
form ω. Moreover, M is diffeomorphic to

• a Del Pezzo surface,

• a K3 surface,

• an Enriques surface,

274



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0

everywhere. Then ω 6= 0, and h is conformal to
an extremal Kähler metric g on M with Kähler
form ω. Moreover, M is diffeomorphic to

• a Del Pezzo surface,

• a K3 surface,

• an Enriques surface,

• an Abelian surface, or

275



Theorem B. Let (M,h) be a compact oriented
λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0

everywhere. Then ω 6= 0, and h is conformal to
an extremal Kähler metric g on M with Kähler
form ω. Moreover, M is diffeomorphic to

• a Del Pezzo surface,

• a K3 surface,

• an Enriques surface,

• an Abelian surface, or

• a hyper-elliptic surface.

276
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λ ≥ 0 Einstein 4-manifold that carries a near-
symplectic self-dual harmonic 2-form ω such that

W+(ω, ω)≥ 0

everywhere. Then ω 6= 0, and h is conformal to
an extremal Kähler metric g on M with Kähler
form ω. Moreover, M is diffeomorphic to

• a Del Pezzo surface,

• a K3 surface,

• an Enriques surface,

• an Abelian surface, or

• a hyper-elliptic surface.

Conversely, these complex surfaces all admit λ ≥ 0
Einstein metrics h of the above type.
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Theorem C. The near-symplectic hypothesis in
Theorem A is essential: counter-examples show
the result fails without this assumption.

Moral: Taubes’ genericity result does not guarantee
genericity among metrics solving an equation!
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Let (M,h) be a Kähler-Einstein manifold with

λ < 0 and h2,0 6= 0.

For example, M = smooth quintic in CP3,
with h = K-E metric given by Aubin/Yau .

Let ϕ 6≡ 0 be a holomorphic 2-form. Set ω = <eϕ.

Then ω harmonic, self-dual, but not near-symplectic.

Kähler =⇒ Λ+ = RΩ⊕<eΛ2,0.

W+ =

− s
12
− s

12
s
6



W+(ω, ω)≥ 0, W+(ω, ω) 6≡ 0
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Before discussing Theorems A & B,

consider simpler case when W+(ω, ω)> 0.
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First Key Observation:

If W+(ω, ω) > 0, then ω 6= 0 everywhere.

Moreover, dω = 0 and ω ∧ ω = |ω|2dµ 6= 0.

So ω is a symplectic form.

Rescale h to obtain g with |ω| ≡
√

2:

g =
1√
2
|ω|h.

This g is almost-Kähler: related to ω by

g = ω(·, J ·)

for some g-preserving almost-complex structure J .
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Second Key Observation:

By second Bianchi identity,

h Einstein =⇒ δW+ = (δW )+ = 0.

(δW )bcd := −∇aW a
bcd = −∇[crd]b +

1

6
hb[c∇d]s

Our strategy:

study weaker equation

δW+ = 0

as proxy for Einstein equation.
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Equation δW+ = 0? not conformally invariant!
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Equation δW+ = 0 not conformally invariant!

If h = f2g satisfies

δW+ = 0

then g instead satisfies

δ(fW+) = 0

which in turn implies the Weitzenböck formula

0 = ∇∗∇(fW+) +
s

2
fW+ − 6fW+ ◦W+ + 2f |W+|2I

for fW+ ∈ End(Λ+).
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0 = ∇∗∇(fW+) +
s

2
fW+ − 6fW+ ◦W+ + 2f |W+|2I

with ω⊗ω and integrate by parts. Then use identity

〈W+,∇∗∇(ω⊗ω)〉 = [W+(ω, ω)]2+4|W+(ω)|2−sW+(ω, ω) .

This yields

0 =

∫
M

(
−sW+(ω, ω) + 8|W+|2 − 4|W+(ω)⊥|2

)
f dµ,

where W+(ω)⊥ = projection of W+(ω, ·) to ω⊥.
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Lemma. There is a constant C, independent of
ε ∈ (0, 1), but depending on (M,h, ω), such that∣∣∣∣∫
Xε

[
〈∇∗∇(fW+), ω ⊗ ω〉 − 〈fW+,∇∗∇(ω ⊗ ω)〉
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where Xε = {region where |ω|h ≥ ε }.
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make this work on X = M − Z.

Key difficulty is integration by parts.

Lemma. There is a constant C, independent of
ε ∈ (0, 1), but depending on (M,h, ω), such that∣∣∣∣∫
Xε

[
〈∇∗∇(fW+), ω ⊗ ω〉 − 〈fW+,∇∗∇(ω ⊗ ω)〉

]
dµg

∣∣∣∣
≤ Cε−3/2Vol(3)(∂Xε, h),

where Xε = {region where |ω|h ≥ ε }.

•When ω near-symplectic, Vol(3)(∂Xε, h) ∼ ε2.

Boundary term → 0 as ε→ 0.

• In examples of Theorem C, Vol(3)(∂Xε, h)∼ ε.
Boundary term explodes as ε→ 0.
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Proposition. Let (M,h) be a 4-manifold with
δW+ = 0 and let ω be a near-symplectic self-
dual harmonic 2-form such that
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Proposition. Let (M,h) be a 4-manifold with
δW+ = 0 and let ω be a near-symplectic self-
dual harmonic 2-form such that

W+(ω, ω) ≥ 0

everywhere. Set f =
√

4|ω|−1/2 on X = M −Z,
and let g = f−2h, as before.
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dual harmonic 2-form such that

W+(ω, ω) ≥ 0

everywhere. Set f =
√
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Then either

• g is a Kähler metric on X of scalar curvature

s = c/f

for some constant c > 0, or
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Proposition. Let (M,h) be a 4-manifold with
δW+ = 0 and let ω be a near-symplectic self-
dual harmonic 2-form such that

W+(ω, ω) ≥ 0

everywhere. Set f =
√

4|ω|−1/2 on X = M −Z,
and let g = f−2h, as before.

Then either

• g is a Kähler metric on X of scalar curvature

s = c/f

for some constant c > 0, or

• g satisfies W+ ≡ 0, and so is ASD.
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In first case, now show that Z = ∅:
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In first case, now show that Z = ∅:

3[W+(ω, ω)]g = sg = cf−1

[W+(ω, ω)]h = f−6[W+(ω, ω)]g,

[W+(ω, ω)]h =
c

3
f−7.

[W+(ω, ω)]h = b |ω|h7/2

Right-hand-side not C4 if Z 6= ∅!

Obvious contradiction if h is C6.

More subtle contradiction if h is just C4.

∴ h ∝ s−2g globally on M .
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Merci aux organisateurs,
et à l’Université Libre de Bruxelles,

de m’avoir invité!
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