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1. Introduction

The Dirichlet space D on the unit disk consists of those analytic

functions on the disk such that the Dirichlet norm

1£lo = (FOF + [[ 1£)Fdady)”,

is finite. A function ¢ on the unit disk is called a multiplier if oD C D.
The closed graph theorem implies that multiplication by such a ¢ is a
bounded operator from D to itself, so the space of multipliers, M (D),
becomes a Banach space using the operator norm, |||/ ). Its easy
to check that M (D) C DNH*>*(D) and that this inclusion is strict.
We call a sequence {z,} C D interpolating for a space of bounded
functions X, if for any bounded sequence {a,} of complex numbers,
there is an element f € X such that f(z,) = a,. Another way to state
this is to define the operator T' : X — (> by f — {f(z,)}. Then
{z,} is interpolating if T" is onto. By the closed graph theorem, if this
is always possible then there is such an f satisfying || f||lx < C||an]/co
for some C' depending only on {z,}. For X = H>(D), the bounded
analytic functions on D, the interpolating sequences were completely
characterized by Carleson and play an important role in function theory

on the disk. Carleson [8] showed that a sequence {z,} in interpolating

for H*(D) iff

. Rk — Zj
inf — 1 >§>0. 1.1
Wi (1)

Using some simple facts about Blaschke products and H*(ID) this just

says {z,} is interpolating iff for each n there is a function h,, € H>°(D)
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with hy,(2m) = Onm (Onm is the Kronecker delta) and ||h, || uniformly
bounded. Condition (1.1) can be equivalently expressed as two condi-
tions; first that the sequence is separated with respect to the hyperbolic

metric p, i.e.,

inf p, = i%f[ mf p(Zn, 2m)] = 0 > 0, (1.2)

mmn

(i.e., pn is the hyperbolic distance from z, to the closest distinct point

in the sequence) and satisfies Carleson’s condition

> (- l=) <Ol (1.3)

zn€S(I)

for some C' < oo and all arcs I on the circle. Here S(I) denotes the
region bounded by I and the hyperbolic geodesic J with the same
endpoints as I. The second condition says that if 6, denotes the unit
point mass at z, then 3, (1 —|z,])d,, is a Carleson measure. These are

also characterized by the property that

J[ 1 @pantz) < s,

for every function f in the Hardy space H?, defined by the norm

27 .
11l = sup [~ e .

For spaces, such as H? or D, which contain unbounded functions it is
more natural to consider a weighted interpolation problem. Following
[16], if H is a Hilbert space of analytic functions on the unit disk and K,
is the reproducing kernel for the point w € D, we define the operator
T:H —(>*by f— {f(2.)/K.,(2n)}. Following the notation in [9] we
say {z,} is a universal interpolating sequence for H if T(H) = ¢*. For

H = H?, the Hardy space, Shapiro and Shields [16] showed that that
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{z,} was a universal interpolating sequence iff it was interpolating for
H>(D).

Given z € D\{0} let I, denote the arc on the circle centered at z/|z|
of length 2(1 — |2]); we let Iy be the whole circle. Given a set £ on the
circle we let cap(E) denote its logarithmic capacity. If £ = U;[; is a
disjoint union of intervals, then we set S(E) = U,S(/;). For a point z,
let

dy = p(0, z) ~ log(1 — |za]) ",

Pn = mf P(Zns Zm)-

mn

We say that a positive measure p is a Carleson measure for D if

J] 1@ Rau) < i,

We shall prove
Theorem 1.1. {z,} is a universal interpolating sequence for D (i.e.,
T(D) = (<) iff there is a 6 > 0 such that

Pn > 0d,, (1.4)
for all n and

> d e, (1.5)
is a Carleson measure for D.

The first condition is just the minimum possible separation an inter-

polating sequence for D can have. The second condition can be made

more concrete because Stegenga [19] has characterized the Carleson

measures for D. In this case his result says (1.2) is equivalent to the
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following: for every finite union of disjoint intervals £ = U;I; on the
circle,
> d;' < C(log2cap(E)~") (1.6)
m€S(E)

The problem of determining when T'(H) = ¢? breaks into two ques-
tions: when is T(H) C ¢* and when is (> C T(H)? In the first case
we will say {z,} is a Carleson sequence for H and in the second that
it is interpolating for H. As described in the last paragraph, Stegenga
has characterized the Carleson sequences for D, but I do not know any
geometric characterization of the interpolating sequences. In the case
of the Hardy space, H?, Shapiro and Shields showed that there is no
distinction between interpolating sequences and universal interpolat-
ing sequences, i.e., between the questions ¢* C T(H?) and (* = T(H?).
However, for the Dirichlet space we shall see later that there are se-

quences for which T'(D) strictly contains ¢? (Lemma 10.1).

Theorem 1.2. A sequence {z,} is interpolating for D iff for every n
there is a function h, € D such that ||h,|lp < Cd;' and ||hy]le < C

and hy(zZm) = Omn-

This is the same as the characterization of H* interpolating se-
quences, except that we are lacking a good geometric characterization
of the zero sets for the Dirichlet class. The condition implies that {z,}
satisfies (1.4). It also implies that (logcap(E,)™!)™" < Cd;', where

E, = U, es(1,)Im- I suspect that there is a necessary and sufficient

condition in terms of such capacity estimates, but have not been able
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to verify this. The best result I know is due to Shapiro and Shields
[17): if 32, d;' < oo then there is a f € D with f(0) = 1 and equal
zero at the other z,’s. Moreover, for any h(t) = o(t), there is a set of
uniqueness {z,} for D with 3, h(d,;') < co. A sufficient condition for

interpolation analogous to the Shapiro-Shields results is

Theorem 1.3. Suppose {z,} is a sequence so that there exists 6 > 0,

0<n<1andC < oo such that

pn > 0d,,  for all n,

Y 4t <C,
and

oooa <od),

z2mE€S(Kn)

where K, is the interval centered at z,/|z,| of length (1 — |z,|)". Then

{zn} is an interpolating sequence for D.

Our proof of this does not depend on Theorem 1.2 or the result of
Shapiro and Shields on zero sets, but follows from a direct construc-
tion of the interpolating functions. The third condition is similar to
Stegenga’s condition, but we only need it for certain arcs, rather than
all possible finite unions of intervals. Because of this we can construct
a sequence which is interpolating for D, but which is not Carleson for
D (see Section 10). If the d,, grow geometrically, then they satisfy the

summability condition above. Thus
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Corollary 1.4. Suppose |z1| < |z2| < ... and

log(1 — |2,
sup 108 =lzal)

n log(1 = [zn])

Then {z,} is a weighted (* interpolating sequence for D (i.e., (> C
T(D)).

This improves a result of Rosenbaum where 1 is replaced by 1/9. See
[15] or [9]. For sequences on a radius, this condition is both necessary

and sufficient,

Corollary 1.5. Suppose zy < zo < --- C [0,1). Then {z,} is interpo-
lating for D iff

log(1 —
sup og( |Zn|)

< 1. 1.7
P fog(1— onat]) (.7

Two equivalent ways of expressing this condition are
inf P(Zny 2nt1) = 0p(0, 2,) (1.8)
for some 0 > 0 or
i%fp(zn, Zny1)a >0 (1.9)

for some a > 1.

In [3] Axler considered interpolating sequences for M (D) and proved
that any sequence {z,} in the disk with |z,| — 1 has a subsequence
which is interpolating for M (D). His argument is an application of
the Rosenthal-Dor theorem from the theory of Banach spaces and an
operator inequality of von Neumann, and does not give any explicit

en

examples. We shall prove that 1 — e~ is interpolating for M (D) and

give an alternate proof of Axler’s result based on our example.
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Theorem 1.6. If{z,} is a universal interpolating sequence for D then

it is interpolating for M (D).

This says that {z,} is interpolating for M (D), i.e., for all (a,) € €=
there is a ¢ € M (D) such that ¢(2,) = a, and ||¢||am@) < C(an)]|oos

if there is a 4 > 0 such that
Pn > 0d,, for all n, (1.10)

and Y, 16, is Carleson for D, i.e., for every finite union of disjoint

intervals £ = U, [;,

> d,t < C(log2cap(E)~H) (1.11)

z2n€S(E)

The first condition is necessary, but I have not been able to prove
the second one is, except in special cases, e.g., if there is A < 1 so
that p, < A\d,, for every n. I would be surprised, however, if these two
conditions did not characterize the interpolating sequences for M (D),
i.e., {2,} should be interpolating for M (D) iff it is a universal inter-
polating sequence for D. This is exactly what happens for H? and
M(H?) = H*>.

Given a space of functions A on the disk we can define the Gleason

distance

da(z,w) = sup{[f(z) = f(w)| : f € A, |[flla <1}

An interpolating sequence (for ¢>°) must obviously be separated with
respect to this distance. We shall see that

p(z, w)
p(z,0) + p(w,0)’

dM(D) (w, Z) ~
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which gives (1.10).

If the sequences lies on a radius, say {z,} C [0,1), then the separa-
tion condition implies the Carleson condition automatically. Thus the
interpolating sequences for M (D) on a radius are the same as for D,

i.e,

Corollary 1.7. z; < zp < --- C [0,1) s interpolating for M (D) iff

log(1 — |2z,
o 108(1 =22

< 1.
W Tog(1 = [znni)

As before this is equivalent to the two conditions (1.8) and (1.9).
Thus if 21 < 29 < ... is interpolating for H*(D), then p(0, z,) must
grow linearly, while if it is interpolating for D or M (D) these distances
must grow exponentially. If z, =1 — r,, then the condition becomes

log 7,
sup ——— < 1.
i log 7,41

For example, if r,, = e~¢", then
logr,/logr, 1 =e < 1.

Thus 1—e~¢" is interpolating for M (D). In [3] Axler asked if {1—n!""'}
was interpolating. Using the previous corollary we simply note

nlogn 1
H
(n+Dlog(n+1) " n+1

0,

as n — 00, so Axler’s sequence has more than enough decay to be an
interpolating sequence for M (D).

It is easy to see that Theorem 1.6 implies that if {|z,|} is interpo-
lating for M(D), then so is {z,}. This, plus our example of a radial

interpolating sequence, gives an alternate proof of Axler’s result: if



INTERPOLATING SEQUENCES FOR D 9
|z,| — 1 then {z,} contains an interpolating subsequence for M (D).
It also shows that if £ C {|z| = 1} is any closed subset of the unit
circle, there is an interpolating sequence for M (D) which accumulates
exactly on F.
The similarity between the results for H*(ID) and M (D) is not co-
incidental, since these can be viewed as special cases of a single result,
indeed, as the two endpoints of an “interval” of results. Denote by D,,

the analytic functions f =Y, a,2" on the disk for which

1fllp. = D_(1 +n?)%a, ] < .

n

Then D,/ = D is the Dirichlet space and Dy = H 2 is the Hardy space.
Since H>*(D) is the space of multipliers for H? we see that both Theo-
rem 1.6 and Carleson’s interpolation theorem are theorems about inter-
polating sequences for multiplier spaces. For o < 0, M (D, ) = H*(D),
and for a > 1/2, M(D,,) = D,, consists of the analytic functions with
(continuous) boundary values in various smoothness classes. Thus
[0,1/2] is the interesting range for bounded interpolation. This also
partially explains why the conditions on a M (D) interpolating sequence
are so stringent; if o was any larger, then interpolation would be im-
possible.

A positive measure p on the disk is called an a-Carleson measure
if there is a C' < oo such that [f|f|*du < C| f||3,. Both Carleson’s

theorem and Theorem 1.6 are special cases of
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Theorem 1.8. A sequence {z,} is interpolating for M(D,), 0 < a <

1/2, if
i%f%r;fndM(Da)(zn,zm) =6>0, (1.12)
and
i=3 Bu(L,)5.,. (1.13)

n

1s a a-Carleson measure. Here 6, denotes the point mass at z and B,

denotes the Bessel capacity and satisfies

B.(L) 1|12 0<a<1/2
" (log2[I[7)~", a=1/2

For 0 < a < 1/2, this is essentially due to Verbitskii [23]. In this
case the separation condition turns out to be the same as for a = 0; the
sequence must be separated in the hyperbolic metric. We have stated
it in the form above merely to include o = 1/2 (the Dirichlet space)
as well. Stegenga has characterized the Carleson measures for D, in
terms of Bessel capacities, so that the second condition can be made
more concrete. Using his criterion, {z,} is interpolating for M (D,,),
0 < a < 1/2 if it is separated with respect to the hyperbolic metric

and

> (L= |z < CBa(E),

zn€S(E)
for every finite union of disjoint intervals, F = U;I;.

In [19], Stegenga shows that M (D) € DN H>(D) ¢ M(D,) for
all @ < 1/2, so in some sense, bounded functions in D are almost
multipliers of D. We can consider the problem of interpolating all

bounded sequences by elements of DNH> (D), where we give this space
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the norm || - ||c + || - ||p. Our proof of Theorem 1.6 can be adapted to

show
Theorem 1.9. {z,} is interpolating for D NH>(D) if ¥, p, ' < oo.

Note that the hypothesis implies the sequence is separated in the
hyperbolic metric, but does not necessarily imply (1.1). The corre-
sponding result for D, says that for 0 < a < 1/2, {z,} is interpolating
for D,NH> iff it is interpolating for H°°(D) and 3, (1—|2,])*2* < oo.
The proof follows immediately from the proof of Theorem 1.8.

One final comparison is in order. Let QA denote the H>°(ID)NVMO,

the algebra of bounded analytic functions such that

J[ gy 17O Izdady = o)),

as |I| — 0. Elements of M (D) satisfy

21— dedy = |I|(log |I]7*
J[ 4 PP~ [el)dzdy = |1](0g]717)

so M(D) Cc QA. In fact, we have the stronger containment D N
H>(D) c QA (I thank Sheldon Axler for pointing this out to me).
The interpolating sequences for QA have been characterized by Sund-

berg and Wolff [21] as the “thin” sequences, i.e., those such that

lim | ] 127 Zk|:1.

Ay Zk2j
Since M (D) C QA, interpolating sequences for M (D) must be thin,
and in Section 11 we will verify that condition (1.4) by itself implies
{z,} is thin. The sequence {1 —exp(—n?)} is an example which is thin,

but not interpolating for M (D).
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The paper is organized as follows. In the next section we will re-
view some results about M (D) and the hyperbolic metric. In section

" is interpolating for

3 we will show how to prove directly that 1 — e~
M (D) and we give a proof of Axler’s result. We will also indicate how
to give a proof of Corollary 1.7 along these lines and give a similar
proof of Corollary 1.5 in Section 4. In Section 5 we will prove Theo-
rem 1.6. In Sections 6 we prove Theorem 1.9 and in Section 7 we prove
Theorem 1.8. We then turn to Theorem 1.3 and use it to deduce The-
orem 1.1 in Section 8. In Section 9 we prove Theorem 1.2. In Section
10 we give an example of a sequence with is interpolating for D, but
not a universal interpolating sequence. In Section 11, we give some
geometric consequences of the separation condition p, > dd,, and we
finish with some remarks in Section 12.

I started thinking about this problem because of Axler’s paper [3] and
I thank him for providing addition information about the topic. The
idea and proof of our example of an explicit interpolating sequence for
M (D) follow easily from Smith and Stegenga’s paper [18] and the proof
of the interpolating criteria for M (D) was motivated by Stegenga’s

characterization of M (D) in [19].

2. Preliminaries

In this section we review a variety of results and definitions involving
hyperbolic geometry, interpolating sequences, capacity and the Dirich-
let space. The reader may wish to skip this section and only refer to it

when necessary.
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The hyperbolic metric p on the disk is given by

. 2|dz|
p<21a22> - H,%f/y 1 — |Z|2

where the infimum is over all rectifiable curves v joining z; and 25 in

the disk. If z; =0, 2o = r > 0 this equals

1
(0, 7) = log T

The geodesics for the hyperbolic metric are well known to consist of
the diameters of the disk and all circular arcs in the disk which are
orthogonal to the boundary. For a simply connected domain the hy-
perbolic metric is defined via the Riemann mapping & : D — €
pa(z1,22) = p(®71(21), @7 (2)). For a multiply connected domain, we
do the same thing but replace the Riemann map by a universal covering

map ® : D — Q. A few basic properties we need are:

Proposition 2.1. (Schwarz’s Lemma) If f: €y — 5 is analytic then

P, (f(21), f(22)) < pa, (21, 22),

with equality iff f is a covering map.

Proposition 2.2. Suppose z1,2z9 € Q with Re(z1) = a and Re(zy) =
b. Assume that for each a < x < b the segment I, C {Re(z) = x}
separates zs from z; in ) and assume that 0(x) = |I,| is measurable.
Then

b dx

pa(z1,22) >C+7m | —

a Q(ZE)
Proposition 2.3. Suppose @ = {(z,y) : |y — m(z)| < 16(z),a < z <

b}. Suppose further that {(x,y) : |v — x| < d, |y —y1| <0} C Q. Let
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21 =1 + iy and z3 = b+ m(b). Then

b dx bm/(z)? + L0/ (z)?
< 12
palz1,20) < CO) + ; 70(95) +7T/a dz,

where

T x1+0
c() = 5—2/33 B 0(z)dz.

The last two propositions are in the text of Garnett and Marshall
[12]. The first is usually referred to as the Ahlfors distortion theorem
and can be found in several other sources. The second is due to Beurling
and can be found in his collected works [6]. We will use the following
results on interpolating sequences. The first is a simple exercise; the

second a famous result of Carleson [8]. Both are in Chapter VII of [11].

Proposition 2.4. Suppose X is a Banach space and {z,} is a sequence
of linear functionals on X with ||z;|| = 1. Suppose that there is a
C < oo so that for every (a,) € (7, there is an x € X such that
lzllx < Kll(an)llp and [2(x) = a;] < 5ll(an)llp for every j. Then {z;}

1s (P -interpolating.

Proposition 2.5. The sequence {z,} is interpolating for H*(D) iff

there are § > 0 and C' < oo such that

inf p(z,,2m) > 0,
Jnf p(zn, 2m) 2

> (I=|zm]) <Cll.
zn€S(I)
An equivalent way of stating these two conditions is the single condition

1an]

=g >o0.
1_%! U
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The usual Cauchy estimate implies the first condition is the minimum
possible separation for an interpolating sequence. The second says that
> (1 —12,])d., is a Carleson measure for H%. We could make it look
more like the condition in Theorem 1.1 by replacing I by a finite union
of intervals . Since length is additive, this would be an equivalent
formulation.

It is easy to check that if {z,} C [0,1), then it is interpolating
iff sup, (1 — zx1)/(1 — 2) = A < 1 (i.e., we have geometric decay
to the boundary). We will use the following version of this fact: if
Q={(z,y): |yl <a}isastripand z; < 22 < ... are on the real axis,

then {z,} is interpolating for H>(Q) iff
irnlf(znﬂ —2zp) =0>0.

This can be proved by via a conformal mapping of the strip to the disk.
Interpolating sequences for H>°(ID) are also weighted interpolating se-

quences for the Hardy space H?, i.e.,

Proposition 2.6. [16] For every (c,) € (* there is function f € H?
with || flla < C and f(z,) = ca(1— |2,]) Y2 iff {2, } is interpolating for
H*(D).

We will also use the following estimates (e.g., Exercise I1.5 in [11])

Proposition 2.7. If f € H?, then

F()] <+ [0/ = 2D12 ) £ll2s
and

/()] < O =) fll=.
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Suppose 2 is a domain with finite area, area({2). € is called an

analytic Poincaré domain if

_ Jfalf — f(z0)Pdzdy
Kalo) = s ol fPdady =

Combining results of Axler and Shields [4] and Stegenga [19] gives

Proposition 2.8. Suppose Q has finite area and ¢ : D — Q is a

Riemann mapping. Then the following are equivalent:

1. Q is an analytic Poincaré domain.

2. There is a C < oo so that [[|¢']?|fldxdy < C|f|p for every
feD.

3. There is a C < oo so that given any finite collection of disjoint

arcs B = U;I; on the unit circle,

)
"Rdrdy < C1 =
//S(E)Iw rdy < [ogcap(E)] :

where D(E) = sup; S(I;) and S(I) is the region in D bounded by

I and the hyperbolic geodesic with the same endpoints as I and
cap(E) denotes the logarithmic capacity of E. (We will refer to

this as Stegenga’s condition.)

We have ¢ € M(D) if and only if ¢ is bounded and any of the above
hold. The norm of ¢ as an operator on D is bounded by a multiple of

lolloo + C, where C is any of the constants appearing in (1)-(3).

Here, S(I) is the region in the disk bounded by I and the hyperbolic
geodesic with the same endpoints. For an arc I on the circle, its loga-

rithmic capacity is (approximately) its length, so Stegenga’s condition
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(5) above in the case of a single arc says there must be a C' < oo such

// [/ 2\1| r

(The “2” is present just to keep us from d1V1d1ng from zero in the case

that

that [ is the whole circle.) Let J denote the hyperbolic geodesic with
the same endpoints as I. Note that p(0,.J), the hyperbolic distance
of J from the origin, equals (up to an additive constant) log2|I|™!.

Furthermore, the integral

/2d d
1, o

equals area(f(S(I))). Thus Stegenga’s condition for arcs can be rewrit-
ten in terms of € instead of ¢ as follows: let wy = ¢(0) and given an
hyperbolic geodesic J in ) not containing wg, let S(J) be the com-
ponent of Q\J not containing wy and let area(S(J)) denote its area.

Then Stegenga’s condition says
p(£2, wg) = sup pa(wo, J)area(S(J)) < oo.
J

It is not sufficient in Proposition 2.8 to have Stegenga’s condition just
for arcs (see [19] or [18] for counterexamples). However, it does suffice

in special cases. For example,

Proposition 2.9. [18] Suppose 0 : [0,00) — [0, 00) is a nonincreasing
function which is continuous from the right and satisfies 6(x) = 0y for

0 <z <6y Define
Q={(z,y) : |y <0(x),0 <x <oo}U[(—0,0) x (—by,0)].

Then Kq(wg) ~ p(€2, wp).
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Thus by the earlier proposition, if such a ¢ satisfies Stegenga’s con-
dition for all arcs, it satisfies his condition in general. Define the Bessel

capacity B, for subsets of R as
Bo(E) = f{|[f3: f 20,92 % f > 1 on B},

where g, () is the Bessel kernel. For z near 0, g,(x) ~ |z|*™! = k. (2)
but has exponential decay near co. See [2], [13], [20]. Although Bessel
capacities are defined for subsets of the line we will frequently refer to
the capacity of a subset of the unit circle, using the usual identification
of the circle with [, 7]. Also, since we are only interested in subsets
of [—m, 7|, the capacities defined by g, and k, are equivalent. For an

interval [

B.(D 7]1-2, 0<a<1/2
" (log2l7|™)7', a=1/2

For o« = 1/2, the Bessel capacity is essentially the logarithmic capacity,
i.e.,

Byja(E) ~ [log 2ap(E) '] .
It is easy to check (using the fact that convolution by Bessel kernels

induces isomorphisms of the Dirichlet classes) that

Proposition 2.10. Suppose E is a closed set in {|z| = 1} and 0 <
a <1/2. Then

Bo(E) ~ inf{// V() (1= |2)) 2 dady : u(0) = 0,u(z) > 1,2 € E}.
D
There is an alternate version of this for the case o = 1/2 which we

will need. It can be deduced from the previous result, using standard

estimates on conformal mappings.
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Proposition 2.11. Suppose f € D satisfies f(0) = 1 and let {z} be
its zero set. Let I, = I, be the interval centered at zy/|zx| of length

2(1 — |z|) and E = UpEy. Then Byjy(E) < C|| f|lp-

There is a more precise form of this for & = 1/2 which we will use,
giving the form of the optimal u. It is “standard” and may be found

in e.g., [12]

Proposition 2.12. Let E and F be disjoint closed sets on the unit
circle, each consisting of finitely many closed arcs. Suppose there is
an arc o such that E C o and F No = (). Then there is a confor-
mal map ¢ of the disk onto a rectangle, R, with a finite number of
horizontal line segments removed, such that ¢(E), ¢(F) are the ver-
tical sides of the rectangle. The function u = Re(p) is the function
of minimum Dirichlet integral with values 0 on E and 1 on F and
D(u) = [[|Vul’dzdy = area(R). Furthermore, u is the unique solu-
tion of the mixzed boundary value problem with uw =0 on E, u =1 on

F and Ou/On = 0 on the rest of the boundary.

We will apply this in the case that F' is a quarter-circle and FE is
contained in the opposite quadrant. Given such an F' and FE, take ¢
as in the proposition. Let R = [0, 1] x [—7/2, /2] denote the rectangle

given by proposition. Then v ~ By /o(E). Set ¢ = (1 — )¢ + v and

f(z) = exp(A(1 = 1/9(2)).
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An easy calculation shows the Dirichlet integral of f is bounded by Cy,
I flleoc =1, [f(0)] > 1 —CAy, |f] <exp(—=Cy') on E, and

//S(E) |f/(2)’2d$dy S //{7<|Z|<C,Y}OR eA(lfl/Z)dxdy S CeXP(A(l—C/’y))

Thus f has Dirichlet norm about the same as ¢, but is small on S(F)
(whereas Re(y) was small on FE).

Given any E on the circle we can write it as the union of sets con-
tained in quarter circles, and take each F' to be the opposing quarter

circle. The product of the corresponding functions satisfies

Lemma 2.13. Suppose E is a finite union of closed arcs on the circle.

Given a A > 1, there is an analytic f on the disk so that

| flloe <1,
|f(0)] =2 1= CAB5(E)
|f(2)] < exp(—ACDBy ), z€ S(E)

/ / |f/(2)Pdrdy < OBy (E),

and

//S(E) f(2)Pdwdy < Cexp(—A(1 — O/ By s(E))).

Another fact about capacity which we will need is a little less stan-

dard.

Lemma 2.14. Suppose E = U;I; is a finite union of disjoint intervals
and suppose 3 > 0. Let fj be the interval concentric with I but of length
IP. Then if E = U;I;, Bijs(E) < CBys(E) where C depends only on
G.
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Proof. This is obvious for intervals. In general, take a disjoint subcol-
lection of the intervals fj so that Bl/Q(kak) > %Bl/g(E) (this can be
done via a covering lemma, e.g. Lemma 1.4.4 of [11] applied to {I;}
and the equilibrium measure i for E) Now define a measure on each
Iy by p(ly) = ﬁ(fk), and equal to a multiple of Lebesgue measure on
each interval. It is easy to see that ||u * log ﬁ”oo < C’%Hﬂ * loggl‘Hoo,

which proves the claim since Ul C F. [l

Recall the definition of the spaces D,, from the introduction. In [19]

Stegenga proves

Proposition 2.15. For 0 <a <1/2, f € M(D,) iff f € H*(D) and

|f'12(1 — |z])'—2*dxdy is an a-Carleson measure.

Proposition 2.16. A positive Borel measure p on the disk is a «-
Carleson measure for 0 < «a < 1/2 iff there is a constant C < oo such
that

u(S(E)) < CBa(E),

for every finite, disjoint union of intervals E = U;I;.
Thus f € M(D,) iff f € H>*(D) and satisfies Stegenga’s condition
J[ g PP =12 drdy < CBo(E),
for every finite, disjoint union of intervals £ = U;I;.
3. Radial interpolating sequences for M (D)

We will now use some of the results described in the previous section

to construct an interpolating sequence for M (D). Let 0(x) = e~*. We
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wish to apply Propositions 2.2, 2.3 and 2.9 to the domain
1
Q={(z,y) : |y| < 56_3”,0 <z <oo}U[(—=1,0) x (—1,1)].

Let ¢ : D — € be the Riemann map which maps 0 to 0 and the interval

[0,1) to the ray [0, 00). By Proposition 2.2,

pa(0,7) > 7T/ e“de — C) = e — C].
0

To obtain an upper estimate we take m = 0 in Proposition 2.3 and
note that
S0
0o 0O(x)

:/ e “dx <1,
0

and hence,

pa(0,7) §C+7r/ e“dr+1 < me" + Ch.
0

Now suppose J is a geodesic with endpoints (x, £60(z)/2), z > 1.
It is easy to check that this curve crosses the axis at a point r with
|r—x| < Ce™™, and this is the closest point to 0, so pq(0, J) < we" +C.

The area of S(J) is < Ce™", so
pa(0, J)area(S(J)) < C,

with a constant independent of J. To check this for other geodesics
is a simple exercise (just compare it to an appropriate geodesic of the
form above). Thus by Proposition 2.9 ¢ satisfies Stegenga’s condition.
Now suppose {z,} is any sequence in the disk (converging to 1) such
that
Re(p(z1)) < Re(p(z2)) < ...,
with

Re(p(zn)) + 0 < Re(p(zn11)),
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for every n = 1,2,... and some fixed § > 0. Then by our remarks in
the previous section, {¢(z,)} is an interpolating sequence for H*(S),
S ={(z,y) : ly| < m/2}. Thus given any bounded sequence {a,} there
is an F' € H*™(S) so that F(¢(z,)) = a,. By the Cauchy estimates,
|F'(2)| < C||F||s on all of Q. Therefore ¢ = F o ¢ satisfies

[Pl < [1F]lo0 < 00,

and by the chain rule
[ (2)] < [F'(0(2)]1¢'(2)] < Cle'(2)],
so v satisfies Stegenga’s condition (since ¢ does). Thus ¢» € M (D) and
V(zp) =a,, n=12,....

Thus {z,} is interpolating for M (D).

If 2, = 1—e~¢" then [p(0, 2,) —e"| < C. Thus |p(2,) —n/7| < Ce™,
and so the sequence is certainly separated in the sense above. Thus
{1 — e "} is an interpolating sequence for M (D).

We can also prove Axler’s result. Suppose {z,} is a sequence in
D with |z,] — 1. Choose a subsequence (which we will call {z!})
so that 2t — €. Then p(zle7) — oo, so we can choose another

subsequence {22} so that
Re(p(ze™")) +1 < Re(p(z,1¢7™))

for every n = 1,2,.... Then {p(z2e""%)} is interpolating for H>(S),
as above, and so the subsequence {z2} is interpolating for M (D).
One can also use the map ¢ to prove Corollary 1.7. First suppose

{z,} C [0,1) satisfies p(zn, znt1) = 0p(0,2,) and let x, = p(z,). By
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Proposition 2.2 and Proposition 2.3

b S Cdp(0,z) S Cbrm [ e dn = C e - e,

For large enough n this implies z,+1 > x, + 1 for some n > 0 and all
n. Thus {z,} is interpolating by the argument given above.

Now suppose {z,} is interpolating for M (D), so then there is an
[ € M(D) with f(z,) = 0, f(znt1) = 0, and || f|lmp) < C. Let
W =DNB(1,2(1—|z.])\B(1, (1 —|2,41|)/2). By Stegenga’s condition
the area of f(W) is at most Cp(z,,0)"L. If 6 is as in Proposition 2.2,
then the Cauchy-Schwarz inequality implies

1< (/Olé(x)d:c)( OIQ‘Z)).

Thus
P(2n, 2ni1) = Clarea(f(W)) > Cp(0, z,),

as desired. This proves Corollary 1.7

More generally we can show

Lemma 3.1. If {z,} C D is interpolating for M (D) then there is a

0 > 0 such that p, > dd, for all n.

Proof. Suppose f € M(D), z € D. Then Stegenga’s condition applied

to the interval I = 21, gives

//Sm | |2dzdy < Cllog(1 — |2])™ ] ~ Bia(E),

which implies

[/ (2)] < CllFllaroy (1 = [) = p(0,2) .
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Suppose z,, z, are two points and v the geodesic segment between
them. Let x € v be the point closest to the origin. Since the sequence is
interpolating there is a function f € M(D) with f(z,) =0, f(zm) =1
and || f|| a0y < C. Either | f(x)| > 1/2or | f(x)—1| > 1/2, and without

loss of generality we assume the former. Then

N |

<@ =7 < [5G

1—|x|
< —-C (rlogr) tdr

1=|zn

< COlloglog(1 — |z|)™" — loglog(1 — |x])™]

Therefore
log(1 — |2,]) 7" = €!/*%log(1 — |2) 7",

or p(0,2,) > e29p(0,x). Thus

P(za, 2m) = plzn, @) 2 plzn, 0) = pl(w,0) > (1= €72 p(0, 2).

Thus p,, > 0d,,, as desired. O

4. Radial interpolating sequences for D

One can also use the function ¢ in the previous section to produce
examples of interpolating sequences for the Dirichlet space. Given a
sequence (c,) € /2 we want to find a f € D so that f(z,) = c,dY/>2.
Given a sequence r, € Q with r, + 0 < r,4q, for every n = 1,2,...
and some fixed § > 0, this becomes f(r,) = c,\/7e""/%. By the charac-

terization of weighted interpolating sequences for the Hardy space H?,
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there is an analytic function F' on the strip so that

F(r,) = cn\/exp(—ﬁ(o,rn)) = c e’?,

for any (c,) € (*. Here p denotes the hyperbolic metric in the strip.

Moreover, Proposition 2.7 implies

[F'(2)] < CyJexp(—p(0, |2])) = Ce P,

for Im(z) < w/4. If we set 2, = QN {z:n < Re(z) < n+ 1}, then
the area of F(Q) = UF(£,) is bounded by ¥, e "e™? < co. Thus F
restricted to €2 is in the Dirichlet class and accomplishes the desired
interpolation. Hence for points on a radius the separation condition
P(2n, 2nt1) = 9p(0, z,) for some § > 0, suffices for weighted interpola-
tion in the Dirichlet space. This condition is also necessary, as can be

seen by the following
Lemma 4.1. If f € D, f() = 0, f(w) = A, then p(z,w) > C(A/||]}0)*

Proof. The area of f(D) is at most ||f||p, so taking € is in Proposi-

tion 2.2, the Cauchy-Schwarz inequality implies

A= (["1aoy < ([ o[ 575 < (1113)(30.4) = ©).

Thus p(0,A) > A? — C, where p denotes the hyperbolic metric in

f(D). By Schwarz’s lemma, this proves the desired inequality, since it

is evidently true for small A. m

So suppose {z,} is interpolating for D and fix some n. Let z,, satisfy
p(Zm, #n) = pn and choose f € D so that f(2,) =0, f(z,) = d’/? and

|fllp < C. Then by the lemma p, > C~'d,, as desired.
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5. Constructing interpolating functions for M (D)

In this section we will prove that the condition in Theorem 1.6 implies
{z,} is interpolating for M (D). This construction need only be slightly
modified to give proofs of Theorem 1.9 and Theorem 1.3.

So suppose {z,} satisfies
Pn = ir;éf p(2n; 2m) = 0dy,

and

> d,t < Ci(log2cap(E)~")~h
zn€S(E)

Let €, = p;'. Our second hypothesis clearly implies 3, €, < oo.

To each point z, associate the hyperbolic disk D,, centered at z, with
hyperbolic radius % pn- Note that these disks are all disjoint. The disk
D,, is also a disk in the Euclidean metric of center x,, and radius r,,.
Note that the hyperbolic distance from z, to x,, is at least i Pn- Let w,
be the point midway between z,, and z, in the hyperbolic metric. Let
K, be the arc on the unit circle concentric with z,/|z,| and of length
2(1 — |x,]). Let f, be the conformal map of the unit disk onto the

region
R, = ([Csen, 1] X [=Cse,, Cae,]) U D(Caey, Caey) U D(1, Caey)

which maps z, to 1 and —z,/|z,| to 0. The constant C5 is chosen so
that w, is mapped to €, (i.e., Cy ~ 1). This implies the point z, is
mapped to exp(—p,/4). The map f can be expressed as

z—1
z+1

f(z) = ¢(Cae,, log ),
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where ¢ is the conformal map of the strip {|y| < Ca€,} onto R,. It’s

easy to see that |¢'| <1 (with ~ 1 on {0 <z <1}), and so

Cen, lz =1 >1—w,
‘f’(2)|§ C€n|1_z|717 1_|2n|§1_|2|§1_wn
Cen(l=lzal)™!, 1= 2] < 1=z

We can easily verify the each of the following properties:

L [[p | fL(2)|Pdedy < (Co + 2)e, < area(R,,).
2. For any z ¢ S(K,),

|f(2)] < Cexp(—pn/d)e, = Cs(n)ep,.

3. Let D,,(N) = D,(2,, N) denote the hyperbolic disk of radius N >

pn centered at z,. Then

J] e Pdady < CE exp(—(N = pa/2))
D\Dn(N)

Using hyperbolic geometry we can check that the image under
F(D\D,(N)) N {ke, <z < (k+ 1)e,} lies within €, exp(—(N —
pn/2) — k) of the boundary of R, = f(D). Thus summing over
k shows the area of the image is less than €2 exp(—N + p,/2), as

claimed.

Order the points so that |z| < |z2| < .... Given a sequence {a,}

with ||(an)]|e < 1, we will construct a sequence of functions of the form

We will prove that these functions satisfy

1. \Fn(zk) — ak] S Z?:k Cg(j)&j,k‘ = 1, e, — 1
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3. |F.(2)]2dzdy is a 1/2-Carleson measure with estimates indepen-

dent of n.

Let F' = lim, F,. Since >, €, < oo the third condition implies F' is
bounded and the last condition implies F' € M (D). Note that for d,
large, C'3(n) is small, so by omitting a bounded number of points which

lie within a bounded distance of the origin, we get
|F(zn) — an] <Y Cs(n)e, < 1/2.

Thus the remaining points {z,} are interpolating by Proposition 2.4.

If {wy,...wy} are the omitted points, let p be a polynomial inter-
polating the correct values at these points and B the Blaschke product
with these zeros. Then B is bounded away from zero on the rest of the
sequence so there is a function f € M (D) with f(z,) = a,/B(z,), by
the argument above. Thus p + Bf € M(D) interpolates correctly on
the whole sequence. Therefore {z,} is interpolating for M (D).

Let Fi(z) = aifi(x). Then F(z1) = a; and it clearly satisfies all
the desired conditions. In general, suppose we have already defined
F,_1. Let b, = a, — F,,_1(z,) and set F,, = F,,_1 + b, f,. Then trivially,
F,.(z,) = an. It k < n then |z;| < |z,| and the disks Dy, D, are disjoint,
so zx € S(K,). Thus by the remark above, |f,(zx)| < €,. Thus

| Fn(zr) — agl < Zn: Cs(j)e;, k=1,...,n—1.
j=k+1

Similarly,

[Fn(2)] < [Foa(2)] + Cs(n)en, 2 & S(K).
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On S(K,), F, takes values within €, of the convex hull of the union of

F,-1(S(K,)) and D(a,, Cs¢,). Therefore
[Falloo <1+ [[Fa-illoo + CCoéy,

as desired.
This argument also shows something that we will need later, namely,

Clayl, zn € S(Kj)

|Fi(20)] < [Fj-1(zn)| + {Cenlanl, » ¢ S(K,)

Thus

[Faoi(za)| C D faw] + ) ealanl. (5.1)

k:zn€S(Ky) k<n

Moreover, this holds even if the a,’s are not uniformly bounded. The
argument using convexity actually shows something stronger: for each
n there is a non-negative sequence {p,} with > p,x = 1 so that

[Foa(z)| < C Z Pklax| + Z €n|n]. (5.2)

kizn€S(Ky) k<n

However, we will not use this stronger estimate in the current paper.
Finally, we must verify the Carleson measure condition. Suppose we
are given a finite union of disjoint intervals £ = Fy = Ujff. Choose
B > 0 (depending on ¢g) so that p(z,S(I)) < cop(0,z) implies z €

S(I) where I is the interval concentric with I, but of length |I|°. Let

E, = Ujjz]o. Write E7 as a union of disjoint closed intervals Ul ]1 and
let Fy = UINJ2 Continue in this way creating sets £ C E; C .... By

Lemma 2.14 we have By (E,) < A"Bj/y(F) for some A depending
only on ¢y. Partition the integers in collections C by putting n € C

if z, € S(Eg) but z, & S(Ej_1). If n € C|, then p(z,,S(E)) > da* for
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some a > 1. Let xp, denote the characteristic function of D,, and xpe

denote the characteristic function of D\ D,,. Then

[F'] <D bafulxp, + 3 bufalxog.

Since the disks {D, } are disjoint,

[ o [F Py < OF [f ) Pdady
+//S( 133 fo(z)xpe (2)Pdady.

k>0 NECH
The first term is bounded by
S [, 1e)Pdady <Y e < CBia(E)
n€Cso NnECso

The second term is smaller and can be handled by Minkowski’s inequal-

ity

(o) = 3 Falhxms () Paedy) < 03 > (ff )P (2)dady)'

E) k>0n€C” k TLGCH S(E)

3/}

k TLECH D\D"

C’Z Z €pe @ e

k ’VLECH

C Z eiak/zBl/g(Ek)

IA

o) |3, (2)Pdzdy)

IN

IN

S C’Ze ABl/Q E)

< CB1/2< ).

This proves that |F’|?dzdy is a Carleson measure for D, and completes
the proof that F' € M (D) and hence the proof of sufficiency in Theo-

rem 1.6.
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6. Interpolation in D NH>(D)

To prove Theorem 1.9, we follow the proof of the previous section.
Define the functions {f,} as before and set F,,(z) = F,_1(z) + b, frn(2)
where b, = a, — F,,_1(z,). The proof that the functions {F,} are

uniformly bounded is the same as before. The proof that

|F(Zn) - an’ < 1/27

also still works, as long as inf, p,, is sufficiently large, i.e., the points
are sufficiently far apart. Since the {F,} are uniformly bounded, then
so are the {b,}. To show F'is in the Dirichlet space we repeat the
verification of Stegenga’s condition, but now we only need the case
S(E) =D.

Since > p, < oo, there can only be a finite number of n with p,
less than a given M, so omitting a finite subset gives an interpolating
sequence. Let p be a polynomial solving the interpolation problem on
this finite set and ¢ a polynomial vanishing only on this set. Then if
f interpolates the values (a,/q(z,)) — p(z,) at the remaining points,

p+qf € DNH*(D) interpolates on the whole sequence.

7. Interpolation in M(D,)

In this section we will sketch the proof of Theorem 1.8 for 0 < o <

1/2. Suppose {z,} is satisfies

p(zn, 2m) > 6, (7.1)
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for all m # n and

> (=127 < Ba(Uily). (7.2)

ZnEUS(Ij)

Define the Blaschke product associated to the sequence

2= 2 Jon

B) = 1]

1=z 2y

Using results of Stegenga and Maz’ya, Verbitskii showed

Lemma 7.1. [23] (7.1) and (7.2) are necessary and sufficient for B €
M(D,,).

Now that we have B € M(D,,), the proof that {z,} is interpolating
for M (D,) can be completed in any of several ways. For example, Earls’
proof of Carleson’s theorem ([10], Theorem VIIL.5.1 of [11]) shows that

if {z,} is interpolating for H>(D), i.e.,

. fk TR
Hl%fH| __4k|—77>0.
J#k J

and {a,} € £* then there is sequence {w,} with p(wy,, z,) < n/2 such

that the Blaschke product

B(e) = [ Yo7 Jwnl

1—w,z w,

satisfies

CB(zp) =a,, n=12 ...,

for some constant C. Since {w,} is close to {z,} it satisfies similar
estimates to {z,}, so B € M(D,) with estimates depending only on

the {z,}. This completes the proof of Theorem 1.8.
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8. A sufficient condition for interpolation in D

In this section we prove Theorem 1.3. Suppose {z,} satisfies the

conditions in Theorem 1.3, i.e.,

Pn > 6dy, (8.1)
> d' <G, (82)
> 4t <, (83)
2k €EKp
and suppose (c,) € 2, |lcalla = 1 is the sequence of values to be

interpolated. Let a, = ¢,v/d, and define the functions {F,} as in
the proof of Theorem 1.6. Recall that b, = a, — F,_1(2,). Since
ay, = cp\/dy, we have |b,| < |ep |V dy+|Fr-1(2,)|. In Section 5 (equation

(5.1)) the second term was shown to be bounded by

C Y lal +C Y eraxl.

k:zn€S(Ky) k<n

Since €, ~ d; Land a,, = ¢,v/d,, the second of these terms is bounded

by

CY eld? < O3 |eaH)VA - d )2 < C.

k<n n k

Therefore,

bal < CO+lealfdu+ 3 lealy/di),
)

k:zn€S(Kg
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Thus

Z‘bn|2d;1 < CZ 1/2+|c |—|—d 1/2 Z pk,n|0k|d;1€/2)2

k:zneS(Ky)

CZCZ; +CZ|Cn|2dn+CZ|Ck|2dk Z
n n k

n:zn€S(Ky)

IN

S C + CZ |Cn‘2 -+ CZ ’Ck|2dkd,;1
n k

IA

C

Let xp,, Xpe denote the characteristic functions of D,,, D\ D,, respec-

tively. Using Minkowski’s inequality we get,

1FI <[] Il o, Gdady +C [[ (S 1ballf(2) o (=) *dady

< O [, IaPUsae)Pady + (S0P | 11(2) s ()] )
< Sl (Swllff ) 1P

< O+C<Zlbnldn

< O+C(ilbnl2d;1>(;d;1)

< C.

Thus F' € D. Using similar estimates,

S F(z)dy " — o < de 203 )| blen)?
2
< Sung de Z|b| 1/22 )1/2
< CsupCs(n)d_d;*
n k

< CsupCs(n).
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This is small if the sequence is sufficiently separated. Therefore, the ar-
gument above shows {z,} is interpolating if it is sufficiently separated.
The condition p,, ~ d,,, implies that only a bounded number of points
satisfy p, < M for any given M, and all of these are within a bounded
hyperbolic distance of the origin. But as in the proof of Theorem 1.6,
the finitely many points can be added back and the sequence is still
interpolating for D.

Now we can prove Theorem 1.1. First suppose {z,} is a universal
interpolating sequence. Then T'(D) C (€, so {z,} is Carleson and so
(1.2) is satisfied because of Stegenga’s theorem. Since ¢* C T(D), the
separation condition (1.1) holds by Lemma 4.1.

Conversely, suppose (1.1) and (1.2) hold. Then T(D) C (€ by Ste-
genga’s theorem again. Stegenga’s condition applied just to intervals
implies (8.2) and (8.3) so (> C T(D) by Theorem 1.3. This completes

the proof of Theorem 1.1.

9. Interpolating sequences and zero sets

Suppose {z,} is a weighted interpolating sequence for D. Then for
any n there is a function f, so that f,(z,) = d/? and f,(2,,) = 0 for
all m # n. Thus h, = f,d;'/?, has the desired properties, except that
it might not be bounded. However, h, (D) has finite area, so by a result
of Nguyen Xuan Uy [22] there is a non-constant, Lipschitz function F
on the sphere, analytic on h, (D). We can easily arrange for F'(0) = 0

and F'(1) = 1 so that F'oh, is bounded, takes the correct values at the
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points {z,} and has bounded Dirichlet integral (since |F’| is bounded,
|(F o hy,)'| <C|hL]). Thus the condition in Theorem 1.2 is necessary.

To prove sufficiency, let {h,} be the sequence of functions with the
given properties and let (c,) € £ be the sequence to be interpolated.
We would like to set f(z) = X, cnd/?h,(2)dY/?; this has the right
values at the points {z,}, but might not have bounded Dirichlet inte-
gral. To bound this, we will replace each h,, by a product h, f,, where
fu(zn) = 1 and f,, has very small Dirichlet integral far from z,.

Fix an n and move z, to the origin by a Mobius transformation 7.
Since h, o7 equals 1 at 0 and 0 at the other points, Proposition 2.11
says that if E = Uy,znlr(z,,), then Byjp(E) < Cd,'. Now let f, o7 be
the function given by Lemma 2.13 and let g, = (hnfn)/fa(0) (if d, is
large enough with respect to the number A in the definition of f,,, then
fn(0) > 1/2. We will choose A large later and the proof will apply to
the sequence with the finitely many n for which f,(0) < 1/2 omitted).

Define F(2) = ¥, ¢,dY?g,(2). Let S, = S(K,)\ Upmzn S(I,,). The
Si’s have bounded overlap (see Corollary 11.2). Using this and Minkowski’s

inequality shows

J[ P Pdedy < X led [[ | 1d)() Pdedy
O lealldn [ 191, dwdy]2)?
< CY e+ CO |enlldn exp(—CAd,)]"/?)?

C enP1 4+ dnexp(—2CAd,))

IN
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Here we have used Lemma 2.13 to estimate each term of

[ 19 dwdy < [[ 10, () 1) Pdady + [ ha(2) 1 (2) oy,
In the first term on the right, [[ |#’|? is bounded and | f,| < exp(—C'Ad,,).
In the second term, |h,| is bounded and [[|f’|? < exp(—CAd,,).

If we choose A > 3/C then exp(—CAd,,) < (1—|z,|)3. Since ¥ d, (1—
|2,])? is summable for any hyperbolically separated sequence, we get
F € D. Thus {z,} is interpolating if we drop a finite number of terms,

but these can be added back by the arguments in earlier sections.

10. Interpolating, but not Carleson

Lemma 10.1. There is a sequence {z,} so that T(D) strictly contains
(%, i.e., {z,} is an interpolating sequence for D, but not a universal

interpolating sequence.

To prove this let 7, = 1 — e~ and let N,, = e”*. Let {I,} be a

—en .
¢"/4 To each arc I, associate N,

collection of disjoint arcs of length e
equally spaced points {z}'} on the arc r,[,,. The arguments of adjacent
points differs by at least e=¢"/2/e™* > ¢7¢"/2 and therefore the points

satisfy the separation condition
p(z), 2¢) > de™ > 6p(0, 2", j).

It is easy to check that points associated to different arcs are also
satisfy the separation condition. Then if {2;} denotes the union of all

the points

Zd,;l = ZNne’" < Ze’?’”/‘l < 00,
k n n
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so the second condition of Theorem 1.3 is satisfied. Finally, for each
point zj, there are no other points z; in S(Kj) (if 1 is small enough)
so the third condition is also satisfied. Thus {z;} is interpolating for
D by Theorem 1.3.

On the other hand, {z;} does not satisfy Stegenga’s condition. For
if we consider I = I,,, then S(I) contains N,, points, so

Z d];l _ Nne—n _ e—3n/4.
zk€S(I)

However,
Bijp(I) ~ (log [I|71) ™" = 4e™™.
The previous sum is much larger, so Stegenga’s condition fails.
It is possible to construct a sequence {z;} so that Stegenga’s condi-
tion holds for all intervals, i.e.,

> dit < CByjp(l),

z€S(I)

for all intervals, but does not hold uniformly for all finite unions of
intervals. Thus even this stronger hypothesis does not imply {z;} is a
universal interpolating sequence. Such a sequence can be constructed
using the example of a conformal mapping given in Corollary 5.2 of
[18]. They build a map ¢ : D — Q where  is a countable union of
rectangular “rooms”. If we let {2} be the preimages under ¢ of the
center of each room, then the estimates given there show {z;} satisfies
Stegenga’s condition uniformly on all arcs, but not on all finite unions
of arcs (in addition to the estimates given there one only needs that

for each zj, di* ~ p;* is comparable to that area of the kth “room”).
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11. Some consequences of the separation condition

In this section we will show a few simple geometric consequences of
equation (1.1), i.e., the assumption that p, > dd,, for some 6 > 0 and
all n. In particular, we will show that this assumption by itself implies

the sequence is interpolating for H>.

Lemma 11.1. Suppose {z,} satisfies p, > dd,, for every n. Then
#{n:zu/|zal € LR <d, < (1+€)R} <1+ |I|eR1-C0)

where € = 6/8 and C' is independent of §.

Proof. Suppose a = e ®. The hyperbolic width of the annulus {z :
a'™ < 1—|z| <a},is qR/8, so to each z, there is a point 2 on {z :
1—|z| = a}, so that p(z,, z;;) < 0R/8. Therefore given distinct n, m we
must have p(z7, ¥ ) > 6R/4. Thus there are at most 1+|7|e(1=¥such

points. ]

Corollary 11.2. Suppose {z,} satisfy p, > dd, for some § > 0 and
all n. Then for any A < 1, the hyperbolic disks B, = B,(2y, Ad,,) have

bounded overlap (with constant depending only on 0 and \).

Proof. Of course this is not true for A\ = 1, since the closure of every ball
then contains the origin. Suppose z € B,,. Then its easy to check that
|z —2,| < C(1—12|)* and (1 —|2,]) > (1—|2])” for some a, 3 > 0. The
intersection of these two conditions gives a region S that is covered by
finitely many of the annular regions A, = {exp(—(1+¢e)k <1—|z| <
exp(—(1 +¢€)* <1 —|z|} considered in the lemma, and by the lemma,

each S' N Ay contains only a bounded number of points. O]
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This result shows that the conditions in Theorem 1.6 are necessary
if p, < Ad, for some A < 1. For in that case we choose an interpolating
function f so that if 27 is the nearest distinct point of the sequence
to z, then |f(z,) — f(2%)| > 1. It is easy to see that that there must
be an interpolating function such that [f5 . ., |f'(2)[?dzdy > Cd,".
Using bounded overlap of these balls, if f € M(D), then Stegenga’s

condition for f implies it for {z,}.

Corollary 11.3. Suppose {z,} satisfies p, > dd,, for every n. Then

Y (I—=lzl) < [ +o(l1)),
2n€S(I)

with an estimate that depends only on §. In particular, {z,} is a thin

sequence.

Proof. Let |I| = e ® and ap = e B1+9" Choose ko to be the

smallest integer such that
k 1 k
(1+¢€) —50k22+§(1+e)

(these are the constants in Lemma 11.1) Then

S (- < 3 S (1)

zn€S(I) k=0  {miapy1<l—|zm|<ar}

Break the k-sum into two pieces for {k < ko} and {k > ko}. The
first sum may contain one term of size |I| and a bounded number

of terms each smaller than |I|'*¢. Therefore this sum is bounded by
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[I|(1 + o(]1])). To estimate the second sum,

[e.9]

> S (-lu) < 3 Cexp(—R(+ o) exp(—kR5/C))

k=0  {m:apy1<1l—|zm|<ar} k=k+0

IN

i Cexp(—R(1 + €)* + Rké/C)

k=ko

CUP Y Coxp(—3(1+ ")

k=ko

CONP. O

IN

IN

12. Remarks

There are still many unresolved questions. For example, are the
conditions in Theorem 1.6 also necessary for interpolation in M (D)?
What about the conditions in Theorem 1.87 What is the correct char-
acterization of interpolating sequences for D? Is the requirement that
>, d 1 < oo necessary? If not, construct an example of an interpolat-
ing sequence for which this sum diverges. Roughly speaking, if interpo-
lation is always possible by a sum >, a,h,(2) where hy,(z,,) = 0p and
the derivative h/ is “concentrated” around z,, then we would expect
S d;! < 0o to be necessary.

If it is not the sum of the d,,’s which is important, perhaps it is some
sum involving the capacity of intervals associated to the sequence. For
example, suppose {z,} is a sequence, not containing the origin. To
each point of the sequence we can associate the interval I,, which is the
base of maximal dyadic Carleson box containing z,. These intervals
can then be arranged into generations by containment in the usual

way. Let Ej be the union of the intervals in the kth generation. Is the
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condition Y; By/2(£y) < oo either necessary or sufficient for {z,} to
be a zero sequence? I don’t know any reason why this should be, but
it is consistent with all known results. Furthermore, if we replace By,
by By we obtain the (known) characterization for zeros of the Hardy
space, H2.

If this were true, then to characterize interpolating sequences we
would move each point z, to the origin by a Mobius transformation,
and define generation sets £}'. We would then have that the sequence is
interpolating for D if has the separation condition and Y=, By o(Ey) <
Cd! for some uniform C'.

If {z,} is interpolating for D and if 3" d,* < oo, then any bounded
sequence can be interpolated. Therefore we can find a Dirichlet class
function which fails to have non-tangential limits at every non-tangential
limit point of {z,}. A result of Beurling says that a Dirichlet function
must have non-tangential limits except possibly on a set of zero loga-
rithmic capacity [5] (see also [7]). Thus we must have By »(E}') — 0 as
k — o0, at the very least. Much more detailed information is available
about the boundary behavior of functions in the Dirichlet (and related
spaces), e.g., [1]. Perhaps some of the results or techniques of this type
will be useful for the interpolation problem.

In a recent paper [14], Rochberg and Wu give an alternate character-
ization of the Dirichlet type spaces D,. They also consider the spaces
W, defined by

17, = sup_ [ 1oL |2)' > dady.

llgllpo=
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Then Wy = BMO and M(D,) = W, N H*(D). A n lattice is a collec-
tion of points {w;} in D such that B,(w;,5n) covers D and the balls
B,(w;,n/5) are disjoint. Rochberg and Wu show that f € W, iff for
all small enough n, any b > 1, and any 7 lattice {w;}, f can be written

f2) = Y-l

1 —w;z
where {)\;} satisfy the condition that 3 |\;|?d,, is an a-Carleson mea-
sure. Perhaps this result can be used to prove the necessity of our

interpolation condition for M (D,,), but I have not seen how to do this.
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