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ABSTRACT. We strengthen the classical approximation theorems of Weierstrass, Runge and
Mergelyan by showing the polynomial and rational approximants can be taken to have a
simple geometric structure. In particular, when approximating a function f on a compact
set K, the critical points of our approximants may be taken to lie in any given domain
containing K, and all the critical values in any given neighborhood of the polynomially
convex hull of f(K).

1. INTRODUCTION

The study of approximating one class of more general functions by functions coming from
a second more restricted class is termed Approzimation Theory. Within complex analysis,
the class of general functions is usually the class of functions analytic or continuous on a
given set, whereas the restricted class of functions is the class of functions analytic on an
extension of the given set. Approximation Theory has found a renewed interest within the
field of complex dynamics, where approximation results have been used to prove the existence
of various dynamical behaviors for functions in a number of recent works (see, for example,
[EL87], [ERS20], [BT21], [MRW21], [MRW22], [BEF+22]). This approach, however, has the
deficiency that the approximation theorems used do not provide a sufficient description of
the approximant needed to describe the global dynamics of the approximant. The purpose
of this paper is to give an improved, global description of the approximants in some of the
fundamental results in approximation in one complex variable.

One such fundamental result is Runge’s classical theorem on polynomial approximation.

Theorem 1.1. [Run85] Let f be a function analytic on a neighborhood of a compact set
K C C, and suppose C\ K is connected. For all € > 0, there exists a polynomial p so that

IIf —pllx = Sg};{)lf(z) —p(2)| <e.
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This famous result does not say much about what the polynomial approximant p looks like
off the compact set. For various applications (such as the dynamical applications mentioned
above), it would be useful to understand the global behavior of p and, in particular, the
location of the critical points and values of p. To this end, we state our first result (Theorem
A below) after introducing the following notation.

Notation 1.2. For any compact set K C C we denote the e-neighborhood of K by N.K :=
{z rinf ek |z — w| < €}, and we denote by K the union of K with all bounded components
of C\ K (this is usually called the polynomially convex hull of K: see [AW98]). We say K
is full if C\ K is connected. We let CP(f) denote the set of critical points of an analytic
function f, and let CV(f) := f(CP(f)) denote its critical values. A domain in C is an open,
connected subset of C.

Theorem A. (Polynomial Runge+) Let K C C be compact and full, D a domain
containing K, and suppose f is a function analytic in a neighborhood of K. Then for all
e > 0, there exists a polynomial p so that ||f — p||x < € and:

(1) CP(p) C D, -
(2) CV(p) C N.f(K).

We remark that no relation is assumed between the domain D D K and the neighborhood
of K in which f is analytic. Analogous improvements of the polynomial approximation
theorems of Mergelyan and Weierstrass will be stated and proved in Section 10 (see Theorem
10.7 and Corollary 10.8). When K is not full, uniform approximation by polynomials is not
always possible, and so we turn to rational approximation. We denote the Hausdorff distance
between two sets X, Y, by dy(X,Y).

Theorem B. (Rational Runge+) Let K C C be compact, D a domain containing K, f
a function analytic in a neighborhood of K, and suppose P C C\ K contains exactly one

point from each component of@ \ K. Then there exists P' C P so that for all € > 0, there
is a rational function r so that ||f —r||x < e and:

(1) dg(r~t(o0), P") < e and |r~*(o0)| = | P,

(2) CP(r) C D,

—

(3) CV(r) C N.f(K).

We now briefly describe our approach. Let 2 C C be a finitely connected domain with
analytic boundary, and F' : 2 — D analytic. By a theorem of Grunsky, F' can be approxi-
mated on any compact subset of {2 by a proper holomorphic map B : Q — D (recall proper
means that the continuous extension of B to 0N satisfies B(0Q2) = T = {z : |z| = 1}).
Grunsky’s proof (see Lemma 4.5.4 of [Gru78]) uses a Riemann sum to approximate an in-
tegral representation of F' involving the Green’s function on €2. Another approach can be
found in [Kha86]. When (2 is simply connected, B is a Blaschke product (up to a change of
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coordinates), and in this case the result is due to Carathéodory [Carb4], with a much simpler
proof based on power series.

Thus the function f in Theorem A or B can be approximated on K by a holomorphic
map B defined in a union D := U;D; D K of pairwise disjoint domains (D;)¥_,, so that
B is proper in each D;. AOur approach in this manuscript is to extend B from D to a
quasiregular mapping g : C — C with specified poles. The Measurable Riemann Mapping
Theorem (MRMT for brevity) will then imply that there is a quasiconformal mapping ¢ so
that g o ¢! is rational. The bulk of the work in this paper will be to show that there exists
a quasiregular extension g of B so that {z : ¢gz(z) # 0} is sufficiently small (in a suitable
sense) so as to imply ¢(z) ~ z and hence go¢p™! = Bo¢p™! ~ B~ f on K. We remark that
our techniques build on the quasiconformal folding methods of the first author [Bis15].

This approach yields not only information on the critical points and values of the approx-
imants as in Theorems A and B, but more broadly a detailed description of the geometric
structure of these approximants. We end the introduction by describing this geometric
structure in a few cases. First we introduce some more notation.

Notation 1.3. Let V C C be a simply connected domain so that co ¢ 9V. We let ¢y :
E — V denote a Riemann mapping, where E = D if V' is bounded and E = Dy, := C\ D if
V' is unbounded, in which case we specify 1y (00) = 0.

First consider the case when K is full and connected, and f is holomorphic in a neighbor-
hood of K. Let 2, €’ be analytic Jordan domains containing K, f(K), respectively, so that
f is holomorphic in €2. Then the mapping

F::¢5,lofo¢Q:D—>]D)

is holomorphic, and by the aforementioned theorem of Carathéodory, there is a finite Blaschke
product b : D — D that approximates I’ on the compact set 1, Y(K). Therefore

B =Yg oboyt:Q—

is a holomorphic function that approximates f on K, and moreover B restricts to an analytic,
finite-to-1 map of I' := 9Q onto I := 9.

In this paper, we will show that B can be approximated on 2 by a polynomial p so that
p~}(I") is an approximation of I". More precisely, p~1(I") is connected, and consists of a
finite union of Jordan curves {v;}y bounding pairwise disjoint Jordan domains {§2;}§ (see
Figure 1): the {;}2 are precisely the connected components of p~*('). There is one “large”
component {2y that approximates €2 in the Hausdorff metric. The other components {2;}7}
can be made as small as we wish and to lie in any given neighborhood of 9€). Moreover, the
collection {€;} forms a tree structure with any two boundaries 0€2;, 9, either disjoint or
intersecting at a single point, and with € as the “root” of the tree as in Figure 1. Let
denote the unbounded component of C\ p~(I"), so that

(1.1) C\p '(I") = Qo U (U7, ©;) U Q.
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F1GURE 1. This figure illustrates the geometry of the approximant p in Theorem A
when K is connected. The notation is explained in the text. Both domain and co-
domain are colored so that regions with the same color correspond to one another
under p.

Recalling Notation 1.3, the polynomial p has the following simple structure with respect to
the domains in (1.1).

(1) p(Q) = ' and g o p o 1hq, is a finite Blaschke product.
(2) p(©2;) = Q" and p is conformal on 2, for 1 < j < n.
(3) p(Qe) =C\ ¥ and p = Yo o (2 2™)o Vg, on Qu for m = deg(p|q,) + n.

In other words, up to conformal changes of coordinates, p is simply a Blaschke product in
29, a conformal map in each €2;, 1 < j < n, and a power map z + 2" in {lo. The only finite
critical points of p are either in €2, or at a point where two of the curves (v;)}_, intersect,
in which case the corresponding critical value lies on 9€2'.

Next suppose K is connected, but C\ K has more than one component. In this case, in
order to prove Theorem B, we will need to let {2 be a multiply connected analytic domain
containing K, and €' an analytic Jordan domain containing f(K’). By Grunsky’s Theorem,
there exists a proper map b approximating 1%,1 ofon K, sothat B := 1g 0b is a holomorphic
map approximating f on K, and B restricts to an analytic, finite-to-1 mapping of each
component of I' := 9Q onto I''. We will show B can be approximated on €2 by a rational
map 7 so that each component of 92 can be approximated by a component of r~!(I'). These
components of 7! (I'"") bound Jordan domains which form a decomposition of the plane as in
the previously described polynomial setting, and in the interior of each such domain again
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r behaves either as a proper mapping, a conformal mapping, or a power mapping (up to
conformal changes of coordinates).

Lastly, the case when K has more than one connected component is more intricate, and
we will leave the precise description to later in the paper. (Briefly, quasiconformal folding is
applied not just along the boundary of a neighborhood of K, but also along specially chosen
curves that connect different connected components of this neighborhood.)

We conclude the introduction by mentioning several related works. The location of CP(p)
in relation to the zeros of a polynomial p is studied in the recent works [Tot16], [Tot22], and
in [For03] the problem of approximation in C" with prescribed critical points was studied.

Acknowledgements. The authors would like to thank Dmitry Khavinson for pointing out the
reference [Gru78] which simplified several arguments in a previous version of this manuscript.
The authors would also like to thank Jack Burkart, Franc Forstneri¢, John Garnett, Oleg
Ivrii, Xavier Jarque, and Malik Younsi for their comments on this manuscript.

2. APPROXIMATION BY PROPER MAPPINGS

Definition 2.1. We call a domain D C C an analytic domain if D is finitely connected, and
each component of D is an analytic Jordan curve.

We remark that a boundary component of an analytic domain D cannot be a single point.

Definition 2.2. Let D be an analytic domain. We will call a continuous mapping f : D — C
proper if f(D) C D and if for every compact K C I, f~(K) is a compact subset of D.

We remark that the definition of proper does not usually include the assumption of the
function being D-valued, however this will be a useful convention to follow in this paper.

Remark 2.3. Since D in Definition 2.2 is assumed to be an analytic domain, the map
f D — D extends continuously to a map f : D — I, and it is straightforward to check
that the map f: D — D is proper if and only if f(0D) C T.

The following is Lemma 4.5.4 of [Gru78]:

Theorem 2.4. Let ¢ > 0, D an analytic domain, K C D compact, and f : D — D
holomorphic. Then there exists a proper map B : D — D so that ||f — Bl|x < €.

Remark 2.5. When D = D, the function B in the conclusion of Theorem 2.4 is a Blaschke
product (hence the notation B), and in this case Theorem 2.4 is due to Carathéodory (see,
for example, in Theorem 1.2.1 of [Gar81] or Theorem 5.1 of the survey [GMR17]).

Notation 2.6. We denote H := {z € C: Im(z) > 0}. For a proper map B on an analytic
domain D, we let Zp denote the connected components of 9D \ {z : B(z) € R}. In other
words, Zp are the preimages (under B) of the open upper and lower half-circles T N H,
T N (—H). We will frequently be dealing with sequences of proper maps (B,), on D, in
which case we abbreviate Zp by Z,.
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In order to prove Theorems A and B, we will need to approximate a given function by
a sequence of proper approximants (B,)52; of increasing degree, so that | B/ | is uniformly
comparable to n on the boundary (see (2.5) below). This will be done by post-composing
the approximant coming from Theorem 2.4 with the following Blaschke products:

Definition 2.7. Forn € N, 0 < 6 < 1, and 0 < ¢ < 1, we define the Blaschke product:

e2mii/ny 4 5(1—c)
2.1 Bosolz) =2 JT—20" where r = 1— .
( ) 0, (Z) Z jl:[o 1 4 re2mij/ny where n

n—1

Proposition 2.8. There exists a 6y > 0 so that if § < dy and 0 < ¢ < 1, then:
(2.2) sup sup |Bys.c(2) — 2| < 40.

neN |z|<c
Proposition 2.9. There exists a constant C' depending on 6 and c, but not on n, so that
(2.3) n/C < |B, s.(2)] <nC forall z €T and n € N,

n,0,c
The proofs of Proposition 2.8 and 2.9 are straightforward but tedious calculations, and so
we delay them until the end of the section. For now, we show how Theorem 2.4 together
with Propositions 2.8 and 2.9 can be used to deduce the following result, Theorem 2.10.
We remark that Theorem 2.10 is the only result from Section 2 which will be needed in the
remainder of the paper.

Theorem 2.10. Let € > 0, D an analytic domain, K C D compact, and f : D — D
holomorphic. Then there exists M < oo and a sequence of proper maps (B,)S2, on D
satisfying:

(2.4) sup||f — Bullx <€, and
neN

(2.5) n/M <|B.(z)| <nM for all z € dD and n € N.

Proof. Fix €, D, K, f as in the statement of the theorem. By Theorem 2.4, there exists a
proper map B : D — D satisfying [|f — Bl|x < /2. Fix ¢ so that sup,.x [B(2)| < ¢ <1,
and fix § < ¢/8 sufficiently small so that (2.2) holds. This defines the sequence (B, 5.)22 ;.
We set

Bn = Bn@c o B.
The relation (2.4) follows from (2.2) and the triangle inequality, and the relation (2.5) follows
from (2.3) and the chain rule. O

We conclude this section with the proofs of Propositions 2.8 and 2.9.
Proof of Proposition 2.8. Let

n—1 __
—(lj z — CL]‘

(2.6) B(z) :=

11 o T-as where a; := —rexp(—2mij/n),
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so that B, 5.(z) = z - B(z). Recalling the definition of r from (2.1), we note that:

sup z+r :‘—c—l—r_ _ d(1—=c)(1+c¢)/n S(5(1—|—c)§2_(5
e |1+ 7z l—cr l—c(1=9(1-¢c)/n) n n
Symmetry then gives us that:
— - 20
sup —0 279 —1‘<—f0ra110<j<n
|z|<e |a]| 1 —ajz n
Hence
; — a; z—a;
! log( J—J)’§35
(|a3| 1_%2) ]Z:O: |aj| 1 —ajz

for sufficiently small 5 and all 0 < ¢ < 1. Thus we conclude that

exp (Z log ( ja] 1 _—;‘Z))

for sufficiently small § and all 0 < ¢ < 1, and this proves (2.2) since B, 5.(z) = z- B(z). O

-1/ <46

B(z) — 1] =

Proof of Proposition 2.9. We will use the notation <, ~, 2 to mean <, =, > (respectively)

~) T

up to a constant depending on ¢ and ¢, but not n. Let B(z) be as in (2.6). A calculation

gives:
B) g~ ol (2-a )"
B(z) “~(1-a;2)? \1-a;z

7=0
Thus we have:
n—1
2 7 B/ e - |<|2
(2.7) | (z)|§ZP(z,aj),Where P(z,(Q) '_|z——§|2f0rZ€T’<€D
=0
is the Poisson kernel for the unit disc. The sum Z?;& P(z,a;) takes its maximum at z = —1

(as well as at any of the other n points (exp(mi + 27ij/ n))?:_&), where we have
(2.8) P(—1,7) ~n and P(—1,a;) ~n/j>for j =1,...,|[(n —1)/2].

Combining (2.7) and (2.8) together with the fact that 372, 1/5% < oo, we have [B'(2)| < n.
Let us now prove |B'(z)| 2 n. The function |B'(z)| takes its minimum at z, := exp(mi(1l +
1/n)), where the triangle inequality yields

1—a;)? Zn
. P mn;
J;l (I —ajz,)* \1- a]zn Z G- 5)

Since B, 5.(2) = z - B(z) and we have shown |B'(2)| ~ n for all z € T. The relation (2.3)
follows. O

(2.9) |B'(z0)] 2
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FiGure 2. This figure illustrates Notation 2.6, Definition 3.1 and Theorem
2.10. The vertices pictured on D are B~'(+1), and the components Zp of
Notation 2.6 are the edges along 0D connecting these vertices.

3. APPLYING THEOREM 2.10

In this brief section, we apply Theorem 2.10 to the setting needed for the proofs of Theorem
A and B. Given a Jordan curve v C C, we denote the bounded component of C\ 7 by int(y).

Notation 3.1. We refer to Figure 2 for a summary of the following. For the remainder of
this section, we will fix a compact set K, an analytic domain D containing K, and a function
f holomorphic in a neighborhood of D satisfying || f||p < 1. Fix ¢ > 0. We assume that

(3.1) d(z,K) <e/2and d(f(2), f(K)) < /2 for every z € OD.

We remark that if f is a holomorphic function in a neighborhood of a compact set K,
there does not necessarily exist an analytic domain D satisfying the assumptions of Notation
3.1 (in particular when K is disconnected); however it will be useful in the framework of our
proof to work under the assumptions of Notation 3.1 for now.

Definition 3.2. We let v be an analytic Jordan curve surrounding f(D) such that
(3.2) dist(w, f(K)) < € for every w € v,
and let ¥ : D — int(~y) denote a Riemann mapping.

Recall Definition 2.2 of a proper mapping on a domain D.

Proposition 3.3. There exists M < oo and a sequence of proper mappings (B,), on D
satisfying (2.5) so that:

(3.3) ||f —VoB,|lxk <e foralln € N.
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Proof. Let K' C D be compact so that K C Int(K’) (the interior of K'). Fix r < 1 and
6 > 0 so that
Ulo f(K') C{z:|z| <r}and 6 < dist (v "o f(K),0(¥ " o f(K")))
Apply Theorem 2.10 to:

€
3.4 min e, 0| ,D,K' v of
( ) (SUngr I‘If’(C)\ )
This produces a sequence of proper mappings (B,,)32 ; on D satisfying (2.5) for some M < cc.
We claim (B,,)5°, also satisfies (3.3). Indeed, for any z € K we have by our choice of § that
|B,(2)] <7 and [t o f(z)| < r. Thus we deduce:
[Wo B,(2) = f(2)] = [T o Bu(2) = To W™l o f(z)| < sup [¥(C)] - [Ba(z) — ¥ o f(2)],

¢l<r

and so (3.3) follows from (3.4). O

Recall from the introduction that we plan to extend the definition of the approximant
Vo B, ~ f from D to all of C. To this end, it will be useful to define the following graph
structure on 9D.

Definition 3.4. For any n € N, we define a set of vertices on 9D by V,, := (B,|op) ' (R),
where each vertex v is labeled black or white according to whether B,,(v) > 0 or B, (v) <0,
respectively. The curves 0D will be considered as a graph with edges defined by Z,, (recall
from Notation 2.6 that Z, is precisely the collection of components of 0D \ V,). We will
sometimes write D,, in place of D when we wish to emphasize the dependence of the graph
0D on n.

Definition 3.5. We define a holomorphic mapping g, in D by the formula
(3.5) gn(2) := Vo B,(z2).

In Sections 4-9 we will quasiregularly extend the definition of g, to C, and then in Section
10 we apply the MRMT to produce the rational approximant of Theorem B as described in
the introduction.

Remark 3.6. Recall that in Notation 3.1, we fixed € > 0, a compact set K contained in an
analytic domain D, and a function f holomorphic in D (we note ¢, K, D, f also satisfied
extra conditions specified in Notation 3.1). The objects v, ¥, B, V,, g, we then defined in
this section were determined by our initial choice of ¢, K, D, f. In future sections, it will be
useful to think of v, ¥, B,, V,, g, as defining functions which take as input some quadruple
(e, K, D, f) (for any ¢, K, D, f as in Notation 3.1), and output whatever object we defined
in this section. For instance, V, defines a function which takes as input any (e, K, D, f)
as in Notation 3.1 and outputs (via Definition 3.4) a set of vertices V, (e, K, D, f) on 0D.
Similarly, B,, takes as input any (e, K, D, f) as in Notation 3.1 and outputs (via Proposition
3.3) a proper mapping B, (e, K, D, f) on D. Likewise for v, U, g,.
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4. QUASICONFORMAL FOLDING

Given a compact set K C C and a function f holomorphic in a domain D containing K,
we showed in Section 3 how to approximate f by a holomorphic function g, defined in D
(see Definition 3.5). If f is a function holomorphic in an arbitrary analytic neighborhood
U (where U need not be connected) of a compact set K, then one can apply the results of
Section 3 to each component of U which intersects K (this is done precisely in Definition
5.1): this yields a holomorphic approximant of f defined in a finite union of domains. In
Sections 4-8, we will build the apparatus necessary to extend this holomorphic approximant
to a quasiregular function of C which is holomorphic outside a small set.

It was convenient to assume in Notation 3.1 that the compact set K was covered by a
single domain D, however we now begin to work more generally:

Remark 4.1. We refer to Figure 5 for a summary of the following. Throughout Sections
4-8, we will fix € > 0, a compact set K C C, a domain D containing K, a disjoint collection
of analytic domains (D;)*_; such that K C U := U;D; C D, and a function f holomorphic in
a neighborhood of U satisfying || f||z < 1. We assume that the following analog of Equation
(3.1) holds:

d(z, KND;) <e/2and d(f(z), f(KND,)) <e/2forall z€ 0dD; and 1 <i <k.

Applying the methods of the previous section to each component D; of U, we can define
a sequence of proper mappings (B,,)>°; on each D; (see Remark 3.6). We will let B,, denote
the corresponding function defined on U. In particular, (B,)5°, gives the following definition
of vertices on the boundary of U = U;D; (see Definition 3.4 and Remark 3.6).

Definition 4.2. For every n € N, we define a set of vertices V,, on 90U by

k k

Vo :=|JVule, KN D;, D;, f1p,) = | J(Bulon,) "' (R).
i=1 =1
We now extend the graph structure on OU by connecting the different components of

U by curves {I';}*=! in Proposition 4.3 below, and defining vertices along these curves in
Definition 4.4. We Wlll need to prove a certain level of regularity for these curves and vertices
in order to ensure that the dilatations of quasiconformal adjustments we will make later do
not degenerate as n — oo. We will denote the curves by {I';}}=}, and we remark that the
curves depend on n, although we suppress this from the notation.

Proposition 4.3. For each n € N, there exists a collection of disjoint, closed, analytic
Jordan arcs {T;}=} in (C\ U)ND satisfying the following properties:

(1) Each endpomt of I'; is a vertex in V,,

(2) Each I'; meets OU at right angles,

(3) UU (U;I;) is connected, and

(4) For each 1 <i<k-—1, the sequence (in n) of curves I'; has an analytic limit.
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F1GURE 3. Illustrated is the Definition of the domain V' in the proof of Proposition
4.3

Proof. The set (C\ U) ND must contain at least one simply-connected region V with the
property that there are distinct 4, j with both 0V NdD; and 0V NID; containing non-trivial
arcs (see Figure 3). By (2.5), for all sufficiently large n both 0V N adD;, dV N 9D, contain
vertices of V,, which we denote by v; € dD;, v; € 0D, respectively. Consider a conformal
map ¢ : D — V', and define I'; to be the image under ¢ of the hyperbolic geodesic connecting
¢~ (vi), ¢ ' (v;) in D.

We now proceed recursively, making sure at step [ we pick a V' which connects two com-
ponents of U not already connected by a I'y, ..., I';_1, and so that V is disjoint from I'y, ...,
I';_1. The curves I'; satisfy conclusions (1)-(3) of the proposition. We may ensure that for
each 1 <i <k — 1, the sequence (in n) of curves I'; has an analytic limit by choosing v;, v;
above to converge as n — 00. O

Definition 4.4. Consider the vertices V,, C 0U of Definition 4.2. We will augment V,, to
include vertices on the curves (I';)%=} as follows (see Figure 4). Let T' € (I';)*=} denote both
the curve as a subset of C and the arclength parameterization of the curve, and suppose I'
connects vertices

I'(0) = v; € 0D;, I'(length(I')) =v; € 9D;.

For k =i, j, let ¢, denote the minimum length of the two edges with endpoint v, in 0Dy,
and suppose without loss of generality ¢; < ¢;. Let [ > 0 be so that

€j/2 S 52'/2l S 25]"

We place vertices at T'(g;/2),...,T'(g;/2!), and along T'([¢;/2!,length(T)]) at equidistributed
points. We can label the vertices black /white along I" so that vertices connect only to vertices
of the opposite color by adding one extra vertex at the midpoint of the segment having v;
as an endpoint, if need be.
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FIGURE 4. Ilustrated is Definition 4.4.

We introduce the following notation.

Notation 4.5. Throughout Sections 4-8, we will let {2 denote a fixed (arbitrary) component
of

k—1
(4.1) C\ (UUUD),

i=1
and p € Q. Note that  is simply connected by Proposition 4.3(3). Denote D, := C \ D,
and let o denote any conformal mapping

(4.2) 0:Dy — N

satisfying o(00) = p. For z € Q, we define 7(2) := ¢7(2). The map 7 induces a partition of
T which we denote by V,, := 7(V,).

Remark 4.6. We will sometimes write (2,,, D7, , in place of {2, D, respectively, when we
wish to emphasize the dependence of the vertices V,, C 990, V,, C 0D, on the parameter n.

Proposition 4.7. For the graph 09, we have max{diam(e) : e is an edge of I} —— 0.
Proof. This follows from (2.5) and Definition 4.4. O

As explained in the introduction, in order to prove uniform approximation in Theorem
B, we will need to prove that our quasiregular extension is holomorphic outside a region of
small area. To this end it will be useful to introduce the following definition.

Definition 4.8. Suppose V' C C is an analytic domain, and 9V is a graph. Let C' > 0. We
say a quasiregular mapping ¢ : V' — ¢(V') is C-vertez-supported if

(4.3) supp(¢z) C U {7z : dist(z,e) < C - diam(e)}

ecoV
(see Figure 6), where the union in (4.3) is taken over all edges e on 9V'.
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F1GURE 5. This figure illustrates Remark 4.1 and Notation 4.5. As pictured,
U has four components (D;)L; which are connected by curves (T';)?_,. Recall
K C U (the compact set K is not shown in the figure). The unbounded
component €2 of (4.1) is pictured in dark grey. The map 7 : @ — Dy, is
a conformal mapping, and sends the vertices on 02 to (possibly unevenly
spaced) vertices on the unit circle.

27 S

FIGURE 6. Shown as a black curve is part of a graph GG, and in light gray the
neighborhood Ueeg{z : dist(z,e) < C - diam(e)} of G.

It will also be useful to have the following definition.

Definition 4.9. Suppose e, f are rectifiable Jordan arcs, and h : e — f is a homeomorphism.
We say that h is length-multiplying on e if the push-forward (under h) of arc-length measure
on e coincides with the arc-length measure on f multiplied by length(f)/length(e).

First we will adjust the conformal map 7 so as to be length-multiplying along edges of
092. Recall the vertices V,, C T defined in Notation 4.5.
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Proposition 4.10. For every n, there is a K-quasiconformal mapping A : DY, — D so

that:
(1) X\ is C-vertex-supported for some C > 0,
(2) Mz) =z on V,, and off of supp(Az),
(3) Ao is length-multiplying on every component of 002\ V,,
(4) C, K do not depend on n.

Proof. This is a consequence of Theorem 4.3 of [Bis15]. Indeed, let H, := {z € C : Re(z) > 0}
and recall 7 := o~ ! and consider the 2mi-periodic covering map

(4.4) ¢ :=ocoexp:H, — Q.

The map ¢ induces a periodic partition ¢=1(V,) of OH, which has bounded geometry (see
the introduction of [Bis15], or Section 2 of [BL19]) with constants independent of n by
Proposition 4.3(2) and Definition 4.4. Thus Theorem 4.3 of [Bis15] applies to produce a
2mi-periodic, C vertex-supported, and K-quasiconformal map [ : H, — Hl, so that ¢ o 3 is
length-multiplying on edges of H,., and C', K are independent of n. Thus, the inverse

B~ 'ologor

is length-multiplying, and since exp is length-multiplying on vertical edges, the well-defined
map
M\ :=expoftolog:De — Dy
satisfies the conclusions of the Proposition.
O

The main idea in defining the quasiregular extension in ) is to send each edge of 0D;
to the upper or lower half of the unit circle by following A o 7 with a power map z + 2"
of appropriate degree. The main difficulty in this approach, however, is that the images of
different edges of dD; under X\ o 7 may differ significantly in size, so that there is no single
n with z — 2" achieving the desired behavior. The solution is to modify the domain €2 by
removing certain “decorations” from the domain €2, so that each edge of 0D; is sent to an
arc of roughly the same size under A o 7. This is formalized below in Theorem 4.13 (see also
Figures 7, 8), and is an application of the main technical result of [Bis15] (see Lemma 5.1).
The “decorations” are the trees in the following definition.

Definition 4.11. Let V C T be a discrete set. We call a domain W C D, a tree domain
rooted at V if W consists of the complement in D, of a collection of disjoint trees, one rooted
at each vertex of V' (see the center of Figure 7).

Notation 4.12. For m € N, we let
ZEi={z€T: ™= +£1},
Zn=ZFUZ .
In other words, Z denotes the m'® roots of unity, and Z, the m*™ roots of —1.
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W, |Z|>1

F1cUre 7. This figure illustrates the Folding Theorem 4.13 and Notation 4.14.
The simply connected domain €2/, is obtained by removing from {2 certain trees
based at the vertices along 0f2.

Theorem 4.13. For every n, there exists a tree domain W, rooted at V,,, an integer m =
m(n), and a K-quasiconformal mapping ¢ : W,, — Dy, so that:

(1) ¢ is C-vertex-supported for some C' > 0, and ¥(z) = z off of supp(1z),
(2) on any edge e of OW,, N'T, v is length-multiplying and 1(e) is an edge in T \ Z,,,
(3) for any edge e of OW,,NDy., 1(e) consists of two edges in T\ Z,,. Moreover, if x € e,

the two limits limyy, 5., ¥(2) € T are equidistant from 2, and from Z,., and
(4) C, K do not depend on n.

Proof. We consider the 27-periodic covering map
(4.5) p:=0co0loexpo(z+— —iz): H— Q.

inducing a periodic partition ¢~1(V,) of OH. By (2.5), Definition 4.4, and Proposition
4.10(2), any two edges of H have comparable lengths with constant independent of n. There-
fore, Lemma 5.1 of [Bis15] applies to yield a 2m-periodic K-quasiconformal map ¥,, of H
onto a subdomain V,,(H) C H, with K independent of n. We let

W, = exp(—iV¥,, (H))
and
(4.6) Y :=expo — ¥ oilog: W, — Dg.

The map (4.6) is well-defined, and the conclusions of the theorem follow from Lemma 5.1 of
[Bis15]. O

Notation 4.14. We will use the notation (2, := (Ao 1)} (W,,) (see Figure 7).
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\ //

FIGURE 8. For any x € OW,, N Dy, there are two limits limy, 5, ., ¥(z) € T
as illustrated in this figure. Theorem 4.13(3) says that these two limits are
equidistant from the nearest black vertex, and are equidistant from the nearest
white vertex.

5. ANNULAR INTERPOLATION BETWEEN THE IDENTITY AND A CONFORMAL MAPPING

Recall from Notation 4.1 that we have fixed ¢ > 0, a compact set K, disjoint analytic
domains (D;)¥_, so that U := U;D; contains K, and f holomorphic in a neighborhood of U
with ||f||z < 1. In this section, we briefly define two useful interpolations in Lemmas 5.3
and 5.5 which we will need.

Since the domain D; contains the compact set K ND;, the definitions and results of Section
3 apply to (e, K N D;, D;, f|p,) for each 1 < i < k (see Notation 3.1). Thus Remark 3.6
applies to define (5.1), (5.2) and (5.3) in the following.

Definition 5.1. Let 1 < i < k. Recalling Definition 3.2, we define the Jordan curve
(5.1) i :=(e, KN Di, Dy, flp,)-

Recalling that int(~y;) denotes the bounded component of C \ 7:, we define

(5.2) U, :=V(e, KND; D flp,)

to be a Riemann mapping V; : D — int(~;). Lastly, we define the proper mappings
(5.3) B, := B,(e, KN D;, Dy, f|p,) on D;,

where we suppress the dependence of (B,)%; on i from the notation.

Recall that in Section 4, we defined curves {I';}*=! connecting the domains D;, and in
Notation 4.5 we fixed a component €2 of the complement of U U Uf;llfi.

Notation 5.2. After relabeling the (D;)%_, if necessary, there exists 1 < ¢ < k so that
OD; N O # () if and only if i < ¢ (see Figure 5 for example). For each 1 <4 < £, note that
the intersection 0D; N 0N consists of a single Jordan curve which is mapped onto T by B,.

The two interpolations we will need are given in Lemmas 5.3 and 5.5 below. In Lemma
5.3, we define an interpolation 7 between z — 2z on |z| = 2 with z — U;(2) on |z] = 1
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FIGURE 9. Illustrated is the map 7 : Dy, — C \ V;(D) of Lemma 5.3. The dotted
circle on the right depicts the unit circle.

(see Figure 9), and in Lemma 5.5 we modify 7’ to define a map n; so that n;(z) = n;(z) for
|z] = 1.

Lemma 5.3. For each 1 <i < (, there is a quasiconformal mapping Y : De, — C \ W;(D)
satisfying the relations:

(5.4) nt(z) = z for |z| > 2 and

(5.5) nt(z) = Wy(z) for all |z| = 1.

Moreover, if D;, D; for 1 < 1,5 <{ are connected by one of the curves (Ty)5L, then
(5.6) ny ([=2, 1) Ny ((1.2]) = ' (1. 2]) Ny’ ([=2, 1) = 0.

Remark 5.4. The existence of a collection of quasiconformal mappings (n*)!_, satisfying
(5.4) and (5.5) follows from a standard lemma on the extension of quasisymmetric maps be-
tween boundaries of quasiannuli (see, for instance, Proposition 2.30(b) of [BF14]). However,
in order to ensure that condition (5.6) is also met for the collection (n¥)!_,, we will need the

following different argument to define the maps (n})._,.

Proof. First, observe that after renormalizing each conformal map W; (more specifically by
pre-composing ¥; with an appropriate automorphism of D), we may assume that:

(5.7) Re(W;(—1)) = inf{Re(W;(¢)) : ¢ € T},
(5.8) Re(¥;(+1)) = sup{Re(¥;(¢)) : ¢ € T},

for each i. We would like to find, for each 4, a pair of smooth Jordan arcs ¢j satisfying:
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(1) ¢/ connects +2 to ¥;(+1) (in other words ¢;” has endpoints +2, ¥;(+1)), and c;
connects —2 to V;(—1)

(2) ¢, i € 2D\ ¥y(D)),

(3) ¢ ney =0,
and so that the collection (¢)._, satisfies the following property analagous to (5.6):

() if D;, D; for 1 < 4,5 < ¢ are connected by one of the curves (I';)¥2!, then ¢; N ¢ =

¢ Ne; =0.
We claim that in order to prove the Lemma, it suffices to show the existence of a collection
(cF)L_, satisfying the above properties; indeed one defines 1’ on the quadrilateral with four
edges; TNH, [—2,—1], 2TNH, [1, 2] by setting n (2) := z on 2TNH, n (z) := ¥;(z) on TNH,
and as a smooth homeomorphism from [—2, —1] (resp. [1, 2]) onto the smooth Jordan curve
c; (resp. ¢f). By a standard result on extension of quasisymmetric homeomorphisms of
boundaries of quadrilaterals into their interiors (see for instance Lemma 2.24 of [BF14]), this
definition of 7}’ extends quasiconformally to the interior of this quadrilateral. An analagous
definition of 1’ in the reflection of this quadrilateral in the real axis defines a quasiconformal
map 1Y in {z:1 < |z| <2}, and the collection (n¥)!_, satisfies (5.4) and (5.5) by definition
of Y, and satisfies (5.6) since the collection (¢F)!_, satisfies ().
Thus it remains to argue the existence of Jordan curves (¢),_, satisfying 1.-3. and (%).

We proceed recursively, beginning by defining ¢f (resp. ¢;) to be the straight line segment
connecting 1y (+1) (resp. ¥1(—1)) to +2 (resp. —2); the normalizations (5.7) and (5.8)

ensure cljE satisfies 1.-3.. It will be important to note that the following property holds:

I

(+x) cf intersects any vertical line {2 : Re(z) = x} in at most one point.

Consider j so that Dy, D; are connected by one of the curves (I';)%-. In defining ¢, there
are two cases to consider:

(1) ¢;(+1) > ¢n(=1), or

(2) ¥;(+1) < (1)
In the first case, we define c;»r to be the straight line segment connecting +2 to ;(+1); then
we have ¢y N¢j =0 by (5.7) and (5.8). In the second case we have that t;(ID) N4 (D) = 0,
and so by (x+) there exists a Jordan curve ¢/ C D\ (¢;(D) U ¢]) intersecting any vertical
line {z : Re(2) = =z} at most once, and connecting the point ;(+1) to +2. In particular,
in either case, we have that ¢, N c;“ = (), and c;-" satisfies (xx). An analagous procedure
defines c; . This defines the curves cji over all j so that the c;-t satisfy (%), and (%) holds
for + = 1. Continuing in this way, one similarly defines cf for each D;, connected to one of
the D; considered in the previous step; the proof that c,f satisfies the desired properties is
the same as above (the only property of ¢f we used in defining cj[ was that ¢ satisfies (x)
which we have also ensured c;t satisfies).

O
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Lemma 5.5. For each 1 <1 < {, there is a quasiconformal mapping

satisfying the relations

(5.9) ni(z) = z for |z| > 2,
(5.10) ni(z) = n;(2) for |z| =1, and
(5.11) ni(z) = (z) for z € RN Dq.

Proof. Define

= (0(A(L, 2) NH)).
Let 1 be a quasisymmetric mapping of TNH onto [—1, 1] fixing £1 (one can take  := M |rrg
where M is a Mobius transformation mapping —1, 1, i to —1, 1, 0, respectively). Define a
mapping g on ;" by:

(5.12)

z otherwise

o) = {\pionow; (2) =€ U(TNH)

Since ¢ is a quasisymmetric mapping, a standard lemma on extension of quasisymmetric
maps between boundaries of quasidisks (see, for instance, Proposition 2.30(a) of [BF14])
implies that ¢ may be extended to a quasiconformal mapping of n¥(A(1,2) N H). Define g
similarly in 7 (A(1,2) N (=H)). We let n; := gon. It is then straightforward to check that
n; satisfies (5.9)-(5.11). O

Remark 5.6. Lemmas 5.3 and 5.5 define 2¢ many quasiconformal mappings: {n¥}{_, and
{n;}¢_,. The definition of the mappings ¥, n; depend on the objects ¢, K, (D;)¥_,, f as
fixed in Notation 4.1, but not on the parameter n in (5.3). Thus we record the trivial but
important observation that the mappings {n*}%, and {n;}%, are quasiconformal with a
constant independent of n.

6. ANNULAR INTERPOLATION BETWEEN A PROPER MAPPING AND A POWER MAP

Recall that we have fixed ¢ > 0, a compact set K, disjoint analytic domains (D;)%_; so
that U := U; D; contains K, and f holomorphic in a neighborhood of U with ||f||zz < 1. The
curves {T';}*=! connect the domains (D;)_,, and Q is a component of the complement of
UUUIT, with 7 : Q — D, conformal. Recall that the domain €/, was defined in Theorem
4.13 and Notation 4.14 by removing from €2 a collection of trees rooted at the vertices along

02, and the map 1 o A o 7 maps 2, onto D, (see Proposition 4.10 and Theorem 4.13).

Notation 6.1. Recall from Notation 5.2 that 9D; N 9Q # () if and only if 1 <4 < ¢. Hence
exactly ¢ — 1 of the curves (I';)*Z} intersect Q. By relabelling the (I';)"=} if necessary, we
may assume I'; intersects 02 if and only if 1 < j </ —1.
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Let m = m(n) be as in Theorem 4.13. To prove our main results, we will need to modify
z — 2™ in Dy so that, roughly speaking, (z — 2™) o1 o Ao 7(z) agrees with the proper
mappings B,, (see Definition 5.1) along 0D;. This is done in Theorem 6.3 below (see [BL23]
for a related result). Its proof uses the following.

Proposition 6.2. Suppose ¢1, ¢y are C* homeomorphisms of a C* Jordan arc e such that:
(1) d1(e) = ¢a(e),
(2) ¢1, @2 agree on the two endpoints of e, and
(3) 191(2)] = [¢a(2)] for all z € e.

Then ¢1 = ¢ on e.

The proof of Proposition 6.2 is a consequence of the Fundamental Theorem of Calculus and
is left to the reader.

Theorem 6.3. For every n, there exists a locally univalent K -quasiregular mapping h,, :
Dy — Dy so that:

(1) hn(z) = 2™ for |z| > V/2 where m :=m(n) is as in Theorem 4.13,

(2) hpotoXoT(z) = B,(2) for every z € 0D; and 1 <i <1, and

(3) K is independent of n.

Proof. Fix the standard branch of log. Given an edge e € 9D;, we have by Theorem 4.13
that

. 1
(6.1) logoy o AoT(e) = {0} x {]—W, u} for some 0 < j <2m — 1.

m
Denote the vertical line segment in (6.1) by v.. Let f : v, — e be a length-multiplying, C*
homeomorphism so that f~! agrees with log ot o A o 7 on the two endpoints of e. Consider

the maps:

(6.2) z|—>mzf0rz€{log2}>< {‘E,M],
m m m
(i1
(6.3) 2+ logoB, o f for z € {0} x [ﬂ u} .
m m

For each 1 <1 < [, the proper mappings B,, are orientation-preserving on the unique outer
boundary component of D;, and orientation-reserving on all other boundary components of
D;. This implies that we may choose the branch of log in (6.3) so that the images of (6.2)
and (6.3) are horizontal translates of one another (recall B, (e) is a circular arc of angle
7), and the derivative of (6.3) is strictly positive for all z € v.. Since the derivative of
(6.2) is also strictly positive, this means the linear interpolation between (6.2) and (6.3) is a
homeomorphism.

By (2.5), we have that |B] | is comparable at all points of e with constant independent of e
and n. Thus, since f is length-multiplying and log is length-multiplying on Euclidean circles
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4 00

FiGure 10. Ilustrated is the proof of Theorem 6.3. In logarithmic coordi-
nates the desired interpolation is denoted ¢, and h,, is then defined by (6.5)
and (6.6).

centered at 0, we conclude that the derivative of (6.3) is comparable to m at all points of
v, with constant independent of e and n. Thus, we conclude that the linear interpolation
between (6.2) and (6.3) in the rectangle

(6.4) [0, longﬂ X [‘7—”, M}

m m

is K-quasiconformal with K independent of e and n (see, for instance, Theorem A.l of
[MPS20]). Denote the linear interpolation by ¢ (see Figure 10).
We define

(6.5) hy :=expogolog in {z € Dy : 2/|z| € oror(e)} N{|z] < V2}.

The equation (6.5) defines h,(z) for z in {z : 1 < |z| < v/2} and sharing a common angle
with the image under 1) o A o 7 of an edge on some 0D;. We finish the definition of h, by
simply setting:

(6.6) ho(2) := 2" in {z € Dy : 2/|2] €Yo XoT (0, \ (U;0D;))}.

The conclusion (1) now follows by definition of h,, and (3) follows since h,, is a composition
of holomorphic mappings and a K-quasiconformal interpolation where we have already noted
that K is independent of n.

We now show that conclusion (2) follows from Proposition 6.2. Fix an edge e on 0D;.
Recall v, := logoty o Ao 7(e). Thus, by (6.3) and (6.5) we have that:

(6.7) hpovolor=DB,0 fologooAoT on e.
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First note that (6.7) agrees set-wise with B,, on e and at the endpoints of e. The map
¥ o Ao is length-multiplying (by Proposition 4.10(3) and Theorem 4.13(2)), log is length-
multiplying on the circular segment ¥ o A o 7(e), and f is length-multiplying by definition.
Thus the modulus of the derivative of fologoioAor is constant on e, and so the derivatives
of (6.7) and B,, have the same modulus at each point of e. Conclusion (2) now follows from
Proposition 6.2. 0

7. JOINING DIFFERENT TYPES OF BOUNDARY ARCS: THE MAP F,

Recall that in Section 5 we defined the maps 7Y, n; where 1 < i < ¢, and in Section 6
we defined the map h,, for all n € N. In this section we define a map E, in D, which is
roughly given by either z +— 0¥ o h,(z) or 2z — n;(2) o h,(2), where i is allowed to depend
on arg(z) and which of n¥, n; we post-compose h,, with is also allowed to depend on arg(z).
Thus, we will need a way to interpolate between the definitions of n¥, n;, for different i. The
interpolation regions are defined in Definition 7.1 below, and the map E,, in Proposition 7.2.
It will be useful to keep Figure 11 in mind for the remainder of this section.

Definition 7.1. Mark one edge e; on I'; for each 1 < i < ¢ — 1. Label the ¢ components of
O\ Use; as (Gy)i_,, where OD; C G;. Let

(1) JP denote those edges in 9D;,

(2) JE denote those edges in G; \ JP?,

(3) J¢ denote the edges (e;)'Z1.
In other words, J are the edges shared by 92, and dD;, J¢ consists of £ — 1 edges: one
on each of the curves (I';)‘_,, and J¢ are the remaining edges on G;. Thus we have:

o, = 7°ulJ(FPuIo).
For z € D, we define:
(0 ; D
n; ohy(z) if z/|z| €YoroT(TP)
7.1 E, = ]
(7.1) (2) {niohn(z) if 2/]z| €YoXoT(TY)

It remains to define E,(z) for z € D, satisfying z/|z| € ©» o Ao 7(T¢). We do so in the
following Proposition.

Proposition 7.2. The map E, extends to a locally univalent K-quasiregular mapping E,, :
Do — C satisfying E,(2) = 2™ for |z| > V2, where m = m(n) is as in Theorem 4.13.
Moreover, K does not depend on n.

Proof. Consider (7.1). Note that if E, is defined at z and |z| > v/2, then E,(z) = z™
by Theorem 6.3(1) and (5.4), (5.9). Thus, setting E,(z) := 2™ for |z| > V/2 extends the
definition of E,,.
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FiGURE 11. Illustrated is Definition 7.1. The curves I'y, I's are depicted as
black dotted lines, except for the edges e; C I'y, es C I'y which are in thick
black.

It remains to extend the definition of F,, to:
(7.2) {z:1<|2| < V2and z/|z| €poXoT(e;)}, for 1 <i<l—1.

Each of the ¢ — 1 sets in (7.2) consists of 2 quadrilaterals which we denote by QF. The
curve I'; connects two distinct elements of (D;)!Z{. In order to avoid complicating notation
significantly, we will assume without loss of generality that I'; connects D; to D;;;. Let
7; C 2D be a smooth Jordan arc connecting 1y (1) to n%,(—1) (see Figure 12). Moreover,
by (5.6), we can choose ~; so that the union of the arcs

(7.3) ny ([1,2), 2T NH, 5, ([-2, =1]), 7

forms a topological quadrilateral we denote by Q] (in particular none of the arcs in (7.3)
intersect except at common endpoints).
Define a quasisymmetric homeomorphism g;" : 90Q;" — 9(A(1,2) NH) (see Figure 12) by

g (2) =z for z € 2T

g (2) = (1)~ (2) for = € n;'([1,2))
g7 (2) = (1) 7} (2) for 2 € nf ([-2, -1)),
and extending g to a quasisymmetric homeomorphism of v; to T NH. The mapping g;"
extends to a quasiconformal homeomorphism g;" : Q7 — A(1,2) NH (see Lemma 2.24 of
[BF14]). We define E,(z) := (g;")"'(z™) for 2 € Q. A similar definition of g; : Q; —
A(1,2) N —H is given (using the same curve ;) so that

g (2) = g7 (z) for z € TNH.
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FIGURE 12. Tllustrated is the quadrilateral Q;” and the map g;" in the proof
of Proposition 7.2.

We let E,(2) := (g; )~1(z™) for z € Q; .
To summarize, we have defined FE,, in each of the three regions

(7.4) {2 €Dy : 2/|2| €Yo XoT(TP)},
(7.5) {2 €Dy : 2/|2| €Yo XoT(T)},
(7.6) {z €Dy :2/|z| €poroT(TS)},

Indeed, the definition of £, in (7.4) and (7.5) was given already in (7.1), and in this proof
we have defined £, in (7.6). The definitions of £, in each of (7.4), (7.5), (7.6) agree along
any common boundary, and thus by removability of analytic arcs for quasiregular mappings,
it follows that F, is quasiregular on D,. Moreover, F, has no branched points in D,
and hence E, is locally quasiconformal. The dilatation of the map E,, depends only on the
dilatation of h,, (which is independent of n by Theorem 6.3(3)) and the dilatations of the
the finite collection of quasiconformal maps used in its definition: n¥, n;, i, g; , and hence
we may take K independent of n. 0

8. DEFINING g, IN {2

First we recall our setup. We have fixed ¢ > 0, a compact set K, disjoint, analytic
domains (D;)%_, so that K C U := U;D;, and f holomorphic in a neighborhood of U with
IIfllz < 1. We defined curves {T';}*=! connecting the domains (D;)¥_,, and we denoted by
Q a component of the complement of U U U!T; with 7: Q — D, conformal. The domain
2 is contained in €2, and 1) o A o 7 maps €2/, onto Ds,. In Section 7 we defined the map E,,.

Definition 8.1. We define the mapping g, : €2, — C by
(8.1) gn = FE,o0¢YolorT.
We will now record at which points the function g, |, is locally n : 1 for n > 1.

Definition 8.2. Let g be a quasiregular function, defined in a neighborhood of a point
z € C. We say that z is a branched point of g if for any sufficiently small neighborhood U
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of z, the map g|y is n : 1 onto its image for n > 1. We say w € C is a branched value of g
if w = g(z) for a branched point z of g. We denote the branched points of a quasiregular
mapping g by BP(g), and the branched values by BV(g).

Remark 8.3. Recall that in Notation 4.5 we fixed a point p € Q satisfying 7(p) = oo.

Proposition 8.4. The mapping g, : 2, — C of Definition 8.1 is K-quasireqular and C'-
vertex supported for K, C' independent of n. Moreover, g, '(c0) = {p},

(8.2) BP(gn) C U {7z : dist(z,e) < C - diam(e)}, and
e€o,
k
(8.3) BV(g,) € [ i(T).

=1

Proof. Since each of the mappings in the composition (8.1) are K-quasiregular and C-vertex
supported for K, C' independent of n, the same is true of g,. The only points where the
mapping ¢, is locally [ : 1 for [ > 1 are a subset of the vertices of the graph 02 . By
Theorem 4.13, the vertices of 02, all lie in

U {z : dist(z,e) < C - diam(e)}.
eEaQn
Thus, (8.2) is proven. Moreover, any vertex of 02, is mapped to a point on one of the curves
U,(T) by g,,. Hence, (8.3) follows since BV(g,) = ¢»(BP(g,)). It remains to show:
(8.4) 9 (0) = {p}.
Indeed, note that E, o1 o A fixes oo and has no finite poles. The map 7 : @ — Dy is

conformal and hence only one point p is mapped to co. The relation (8.4) now follows.

O
It will be useful to record the following result.

Proposition 8.5. Let r > 1. Then for all sufficiently large n, we have:
(8.5) Gn(2) = 7(2)™ for any z € 7 ({z 1 |2| > 1}).

Proof. Consider the functional equation (8.1) defining g,. The maps A, 1) are vertex-
supported, and moreover A (respectively, 1) is the identity outside of the support of Az,
(respectively, 15). By Proposition 4.7, we therefore have that ¥ o A\(2) = z if z € 771({2 :
|z| > r}) and n is sufficiently large. The relation (8.5) now follows from (8.1) and Theorem
6.3(1) since m — oo as n — oo. O

Remark 8.6. As in Remark 3.6, we note that our Definition 8.1 of g, is determined by a
choice of the objects K, U, D, f, ¢, €}, p we fixed in Notations 4.1 and 4.5. When we wish
to emphasize this dependence, we will write g, (K, U, D, f,¢,Q,p). In particular, it will be
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useful in the next section to think of g, as a function taking as input any choice of K, U,
D, f, e, Q, p satisfying the conditions in Notations 4.1, 4.5, and outputting (via Definition
8.1) a quasiregular function g,(K,U, D, f,e,, p) defined on /..

9. VERIFYING g, IS QUASIREGULAR ON C

In this section we combine our efforts in Sections 3-8 to define an approximant g, : C—C
of a given f. The approximant g, will not be holomorphic as required in Theorems A and
B, but we will solve this problem in the next section by applying the Measurable Riemann
Mapping Theorem. We fix the following for Sections 9-10.

Notation 9.1. Fix K, f, D, ¢, P as in the statement of Theorem B. Denote by U the
neighborhood of K in which f is holomorphic. Define

(9.1) P':={p e P:pis contained in a component V of C\ K such that V Z U}.

Compactness of K implies that U contains all but finitely many components of C \ K, and
so the set P’ is finite. Moreover, P’ does not depend on . By shrinking U if necessary, we
may assume that:

(1) UnP =10,
(2) P’ contains exactly one point in each component of C \ U,
(3) f is holomorphic in a neighborhood of U C D, and
(4) the components of U are a finite collection of analytic Jordan domains (D;)%_; so
that (3.1) holds for each D;.
Let K’ be a compact set such that K C Int(K’) C K’ C U. We will assume for now that
Ifllz < L.

We now define a quasiregular approximation g,, of f by applying the construction of Section
3 in each D;, and by applying the folding construction of Sections 4-8 in each complementary
component of U;(D; UT}):

Definition 9.2. For every n, we define a quasiregular mapping g, as follows. Recalling
Remark 3.6, we first set

(9.2) gn = gn(e, KON D;, Dy, flp,) in D; for 1 <i <k

The equation (9.2) defines the curves (I';)¥_; by way of Proposition 4.3, and we enumerate
the components of

C\ (Uu U1F>
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by (Q(4)){_,. Recalling Remark 8.6 and Notation 4.14, we extend the definition of g, to the
open set

¢
(9.3) 0:=C\ (U aQ;L(@'))
i=1
by the formula
(9.4) Gn = gu(K',U, D, f,e,Q(i), P’ N Q>4)) in Q) (i) for 1 < < L.

Proposition 9.3. The quasiregular function g, is C-vertex supported and K -quasireqular
for C, K independent of n.

Proof. For g,|a; ;) this is exactly Proposition 8.4, and so the conclusion follows since g, is
holomorphic in U. U

The function g, is now defined on all of C except for the edges of each o€ (). We show in
Propositions 9.4, 9.5 below that g, in fact extends continuously across each edge of 9 (i),
and deduce in Corollary 9.6 that g, extends quasiregularly across 0f2.

Proposition 9.4. The K -quasireqular function g, : 2 — C extends to a continuous function
gn : QU e — C for any edge e C 02N OU.

Proof. Let i be so that e C dD; and denote the unique element of ((4))‘_, that contains e
on its boundary by €2(j). Recall by Definitions 3.5 and 8.1 that

(95) 9n D, — \Ijz o Bn7

(9.6) Gulayj) = EnothororT.
By Theorem 6.3(2) we have

h,o®YoAXoT =B, on e.

By (5.5) and the definition (7.1) of E,, it follows from (9.6) that
Inlor (j)(2) = W0 B, (2) for z € e,

in other words g,|o/ (;) and g,|p, agree pointwise on e. O
PropositionA9.5. The K -quasiregular function g, : {2 — C extends to a continuous function
gn : QUe — C for any edge e C 9Q N (UL, 02(i)).
Proof. Let j be so that e C 02, (j), and as in the proof of Proposition 9.4, recall that
(9.7) Gnlor )y = Epotporor.
Let x € e. There are two limits

lim t¢oAot(z),

Q(7)2z—x
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each lying on the unit circle. Denote them by (1. By Theorem 4.13(3), we have that
¢ = (™. Thus, by (5.10) and (7.1), we conclude that there is a unique limit
lim FE,ovolor(z).

Q) (§)3z—x

Hence, setting
gn(z):= lim E,otolor(z)

Q(§)2z—

defines a continuous extension of g, across the edge e. O

Corollary 9.6. The K-quasireqular function g, : {2 — C extends to a K -quasireqular func-
tion g, : C — C.

Proof. The set C \ © = 9Q consists of a finite collection of analytic arcs: the edges of
the graphs 0 (i) over 1 < ¢ < £. Thus, by removability of analytic arcs for quasiregular
mappings, it suffices to show that g, : Q — C extends continuously across each such edge.
There are two types of edges to check: those that lie on the boundary of a domain D;, and
those that lie in the interior of a domain (7). We have already checked continuity across
both types of edges in Propositions 9.4, 9.5, and so the proof is complete. 0

10. PROOF OF THE MAIN THEOREMS

In Section 10 we prove Theorems A and B. Recall that in Section 9 we fixed the objects K,
f, D, e, P asin Theorem B (see Notation 9.1), and we defined a quasiregular approximation
gn to f in Definition 9.2. We also showed in Section 9 that g, in fact extends to a quasiregular
function g, : C - C. Now we apply the MRMT below in Definition 10.1 to obtain the
rational maps 7, : C — C which we will prove satisfy the conclusions of Theorems A and B
for large n.

Definition 10.1. The mapping g, induces a Beltrami coefficient p,, := (¢,)z/(gn)., which,

by way of the MRMT, defines a quasiconformal mapping ¢,, : C — C such that r,, := g,0¢,"
is holomorphic. We normalize ¢,, so that ¢, (c0) = 0o and ¢,(z) = z + O(1/]z|) as z — .

We now begin deducing that for large n, the maps r, satisfy the various conclusions in
Theorems A and B.

Proposition 10.2. The function 1, of Definition 10.1 is rational, and r,'(c0) = ¢n(P').
In particular, if K is full and P = {oo}, then r, is a polynomial.

Proof. The function r,, is holomorphic on C and takes values in C: the only such functions are
rational. Note that g '(co)NU = () since g, is bounded on U. Thus, by Proposition 8.4 and
(9.4), we have that g, '(oc0) = P'. Since r,, := g, o ¢,!, we conclude that r,,*(c0) = ¢, (P).
The last statement of the proposition follows since we normalized ¢,,(c0) = oo, and the only
rational functions with a unique pole at co are polynomials. 0
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Proposition 10.3. For all R < oo, the mapping ¢,, satisfies:

n—o0

(10.1) l|on(2) — z||rp —— 0.

Proof. Since g, is C-vertex supported by Proposition 9.3, we conclude from Proposition 4.7
that

(10.2) Area(supp(fin)) —— 0.

The relation (10.1) now follows from (10.2) since ||pn||z~ < K for all n by Proposition
9.3. U

Theorem 10.4. For all sufficiently large n, the mapping r, satisfies CP(r,) C D.
Proof. By Proposition 4.7, we have

¢
max {diam(e) . e is an edge of U@Q(z)} 7200,

i=1

Thus, since D is a domain containing Uf_,0€(7), we have by (8.2) that BP(g,) \ U C D for
large n. Since U C D we conclude that BP(g,,) C D for large n. The result now follows from
Proposition 10.3 since ¢(BP(g,)) = CP(r,). O

Theorem 10.5. For all sufficiently large n, we have
I|f — rall < 2e.

Proof. First we note that since f is uniformly continuous on K’, there exists 6 > 0 so that
if z, w € K’ and |z —w| < 6, then |f(2) — f(w)| < e. By Proposition 10.3, we can conclude
that

(10.3) ||pn(2) — 2||xk < min(d, dist(K,0K"))

for all sufficiently large n.
Let z € K and w, := ¢, '(z). Then

(10.4) rn(2) = f(2)] = |gn(wn) = [(2)] < [gn(wn) — fwn)| + |f(wn) = f(2)].

It follows from (10.3) that | f(w,) — f(2)| < € for sufficiently large n. Since w,, € K’ for large
n, we also have by (3.5) that g, (w,) := U, o B,,(w,), whence it follows from Proposition 3.3
that |g,(w,) — f(w,)] < e. O

Theorem 10.6. For all sufficiently large n, we have

—

CV(r,) C N.f(K)

Proof. Since
CV(r,) = BV(gn),



30 CHRISTOPHER J. BISHOP AND KIRILL LAZEBNIK

it suffices to show that for every z € BP(g,) and sufficiently large n, we have

(10.5) gn(2) € Nef(K).
For » € BP(g,) \ U, it follows from (8.3) that gn(z) € N.f(K) C N.f(K). For » €
BP(g,) N D;, (10.5) follows from Definition 3.5 of ¢,|p,. O

Proof of Theorem B: In the special case that ||f||x < 1, we have already proven that
the mappings r, satisfy the conclusions of Theorem B for all sufficiently large n. Indeed,
Theorem 10.5 says that ||f — .||k < 2e, conclusion (2) in Theorem B is Theorem 10.4, and
conclusion (3) is Theorem 10.6. Conclusion (1) follows from Propositions 10.2, 10.3. The
general case follows by applying the above special case to an appropriately rescaled f. [

Proof of Theorem A: When K is full, we may take P = {oc} and apply Theorem B, in
which case Proposition 10.2 guarantees that the maps r, are polynomials. U

Theorem 10.7. (Mergelyan+) Let K C C be full, suppose f € C(K) is holomorphic in
Int(K), and let D be a domain containing K. For every € > 0, there ezists a polynomial p
so that || f — pl|lk < € and:

(1) CP(p) C D, -
(2) CV(p) C N:f(K).

Proof: By the usual version of Mergelyan’s Theorem, there exists a polynomial ¢ so that
I|lf —qllx < e/2. Apply Theorem A to K, D, q, /2 to obtain an approximant of ¢ which
we denote by p. The polynomial p satisfies the conclusions of Theorem 10.7. 0

Corollary 10.8. (Weierstrass+) Suppose that I C R is a closed interval, f : I — R 1is
continuous, and U, V C C are planar domains containing I, f(I), respectively. Then, for
every € > 0, there ezists a polynomial p with real coefficients so that || f — pll; < e, and

(1) CP(p) C U,

(2) CV(p) C V.

Proof. Let I = [a,b], and f, U, V as in the statement of the corollary. By Theorem 10.7,
there exists a complex polynomial g so that ||f — ¢||j.5) < /2. The real polynomial

o) = 1T

satisfies Q(x) = Re(q(z)) for x € R and hence ||f — Q|| < /2. We will use the symbol
€ to mean compactly contained. Let Vi € V' be a sufficiently small, R-symmetric domain
containing f(I) so that there is a component of Q' (V) (which we denote by U,) satisfying
U, € U. Let Uy be a R-symmetric, analytic domain satisfying I € U; € Uy @ U. Recall
Notation 9.1 and consider:

(1) the compact set Uy,



A GEOMETRIC APPROACH TO POLYNOMIAL AND RATIONAL APPROXIMATION 31

(2) the analytic function @,

(3) the analytic domain U, containing Uy,

(4) min{e/2, dist(0V;,0V)},

(5) P = {oo}.
Applying Definition 9.2 to (1)-(5) yields quasiregular mappings g, with R-symmetric Bel-
trami coefficient, so that

(10.6) Pn = gn o 0"
is a real polynomial approximant of () satisfying:

(1) |f = pallfay <&
(3) CV(p,) C V,

for large n. Thus p,, satisfies the conclusion of Corollary 10.8 for large n. OJ

Recall the notation §2(7) from Definition 9.2, and let 7; : (i) — Dy be the conformal
mapping satisfying 7, ' (co) = P’ N (i) as in Notation 4.5. The following fact justifies part
of our description in the introduction of the behavior of the rational approximants off K.

Proposition 10.9. Let 1 <r < R < oco. Then, for all sufficiently large n, we have
(10.7) Tn 0 On(2) = 7(2)™ and

(10.8) [T (2)] > R

forall z € 7' ({z 1 |2| > 1}).

Proof. Fix r and R as in the statement. From (8.5) and the functional equation (9.4) defining
gn in (i), it follows that:

(10.9) gn(2) =7i(z)" for all z € 7, ({2 : 2] > (r +1)/2})

for all large n. Since

(10.10) Tn © @n = Gn,

The relation (10.7) follows. Moreover, we have by Proposition 10.3 that:

(10.11) oot '({z |zl >rY) Cr {2 |2l > (r+1)/2})

for all sufficiently large n. Since ((r + 1)/2)™ > R for large n, the relation (10.8) also
follows. O

Remark 10.10. If we make further assumptions on f and K, the conclusion

—

CV(r) C N.f(K)

of Theorems A and B can be improved to

—

(10.12) CV(r) C f(K),
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which is equivalent to CV(r) C f(K) if f(K) is full. Indeed, if for instance the interiors
of K, f(K) are analytic domains and f : Int(K) — Int(f(K)) is proper, then a similar
strategy as in the proofs of Theorems A and B but replacing ¥ in (3.5) with a conformal
map D — Int(K) can be used to prove (10.12).

Remark 10.11. We remark that while Theorem A strictly improves on Runge’s Theorem
on polynomial approximation, the relationship between Theorem B and Runge’s Theorem on
rational approximation is more subtle. Both show existence of rational approximants, and
only Theorem B describes the critical point structure of the approximant, however the poles
of the approximant in Theorem B are specified only up to a small perturbation, whereas
in Runge’s Theorem they are specified exactly. We do not know whether it is necessary to
consider perturbations of P’ in Theorem B, or if the improvement r~'(cc) = P’ is possible
(a related problem appears in [BL19], [DKM20], [BLU23)).
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