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DYNAMICS OF SCHWARZ REFLECTIONS:
THE MATING PHENOMENA

SEUNG-YEOP LEE, MIKHAIL LYUBICH, NIKOLAI G. MAKAROV,
AND SABYASACHI MUKHERJEE
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— Rolling circle (1/3 the radius of the outer circle)

— Deltoid curve formed by tracing a circumferential point on the
rolling circle
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Theorem 1.2. (i) The boundary of the developed deltoid ) is the unique Jordan
curve that realizes the mating of the ideal triangle group and z — Z>.
(ii) The developed deltoid €2 is a John domain. In particular, OS2 is conformally

removable.
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Theorem 1.2. (1) The boundary of the developed deltoid O€) is the unique Jordan
curve that realizes the mating of the ideal triangle group and z — Z>.
(ii) The developed deltoid € is a John domain. In particular, O is conformally

remouvable.
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Find "conformally natural" (eg QS) representations of 2d objects:

Surfaces: Bonk-Kleiner, Quasisymmetric parametrizations of two-dimensional metric spheres, Invent. Math.
2002

Carpets: Bonk, Uniformization of Sierpinski carpets in the plane, Invent. Math. 2011

Trees: Bonk-Meyer, Quasiconformal and geodesic trees, Fund. Math. 2020
Bonk-Tran, The continuum self-similar tree, Progr. Probab. 2021

Bonk-Meyer, Uniformly branching trees, Trans. AMS 2022
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Bishop, True trees are dense, Invent. Math. 2014
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joint with Oleg lvrii, Peter Lin and Emanuel Sygal :

Theorem 1.1. The trees T,, converge in the Hausdorff topology to an infinite triva-
lent tree union a Jordan curve Ty, U 02. The domain Q0 enclosed by OS) is the
developed deltoid. The Shabat polynomials p, converge to F o R~ where F is a mod-
ular function invariant under an index 2 subgroup of PSL(2,Z) and R : D — € is
the Riemann map.
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Bishop's theorem: True trees are dense (Invent. Math. 2014)
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Key technique: A variant of conformal modulus; reminiscent of Oded Schramm's "transboundary extremal
length"

see Bonk, Uniformization of Sierpinski carpets in the plane, Invent. Math. 2011
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Proof Strategy:

1. Subsequential Hausdorff limits have the right topology (smooth tree+Jordan curve 7. U0} )

2. Identify the conformal welding of 0f)

3. Show that the conformal welding determines the curve (and the tree)




2. |dentify the conformal welding of /()

. \ T

7 I \ ,T\wf

e Lﬁu / <
N \ [ n
I~ | /) - 79
N\ | / \_&
8 ) / Jb
Y / o

Y / &

¥ y.)
' Y \
, J
VR Y $
<) - NG
, y
S\ ‘ / / pe
y N
L 2o / 85°4
E ~ Ny~
~—" // im =

<% I e

A (%
L o ) 4”




2. |dentify the conformal welding of /()
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3. Show that the conformal welding determines the curve (and the tree)
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3. Show that the conformal welding determines the curve (and the tree)

»:C\X — C\ X’ conformal, extends to homeomorphism

In case of deltoid, could use LLMM + Smirnov-Jones

conformal removability plays key role in Bonk et al, notably Ntalampekos

Lemma 2.3. Suppose that there is a countable exceptional set E C X and a countable
collection of closed subsets s1, so.... of X, called shadows, such that every point in

X\ E belongs to infinitely many sets s;. If

o0 o0

MA.F.::M 8; < 00, Mﬁ_::_:m o(s;) < o0, (2.3)

then ¢ is a Mobius transformation.

Lemma 4.9. The sums

MU *::Ew V(vRL) + diam? V( E:w;
vETn, V¥ Vroot

are uniformly bounded above, independent of n.
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1. Sensitive to "small" changes of the tree:
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Figure 5: Unbalanced truncations of the infinite trivalent tree.

Corollary: Bishop's theorem (true trees are dense).



2. Complex dynamics:

é&m
—<
kqbé

¢
lJm\m
ey-4

J(z2 +1/4)



2. Complex dynamics:
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o If a leaf edge is blue, we attach another blue edge at the leaf vertex.

o If a leaf edge is red, we attach three edges, coloured red-blue-red in counter-

clockwise order.

J(z2 +1/4)



3. Random trees: Is there a (random) Jordan curve associated with the "Markovian hyperbolic triangulation"

of Curien-Werner, J. Eur. Math. Soc. 2013 ?
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4. Develop the complex analysis to prove mating of trees (both deterministic and random)



3. Random trees: Is there a (random) Jordan curve associated with the "Markovian hyperbolic triangulation"

of Curien-Werner, J. Eur. Math. Soc. 2013 ?

4. Develop the complex analysis to prove mating of trees (both deterministic and random)

5. Continue Mario's line of research on the probabilistic side:

Find "conformally natural" (eg QS) representations of 2d objects:

Surfaces: Bonk-Kleiner, Quasisymmetric parametrizations of two-dimensional metric spheres, Invent. Math.
2002

Carpets: Bonk, Uniformization of Sierpinski carpets in the plane, Invent. Math. 2011

Trees: Bonk-Meyer, Quasiconformal and geodesic trees, Fund. Math. 2020
Bonk-Tran, The continuum self-similar tree, Progr. Probab. 2021

Bonk-Meyer, Uniformly branching trees, Trans. AMS 2022
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