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Appendix A: Hardy Spaces



If 0 < p < o0, then by definition an analytic function f(z) on the unit disc D
is in the Hardy space H? if

s / Fre®)Pdo = || ]2, < oo. (A1)

O<r<1

For p = oo the Hardy space H* is defined to be the space of bounded analytic

functions on D with norm || f||s = supp | f(2)]-



Write f.(2) = f(rz) and suppose 0 < r < s < 1. Then ||fr|looc < || fs]]oo- If
p < 0o, then

2
L) < / Poo ol P

because the function | f(z)|? is subharmonic. It then follows from Fubini’s the-

orem that ||f,||, is an increasing function of r whenever 0 < p < 0.



Theorem A.1: Assume 1 < p < oo and let f € HP. Then
(a) The function f(z) has a nontangential limit f(e) almost everywhere

df and

2m ‘ ‘
;%A ’f(rew) — f(6’9)|pd9 = 0. (A.2)
(b) If f #£0, then
/log|f(ew)’d9 > —00. (A.3)

The case p > 1 of part (a) follows from Exercise .11 of Chapter I, and the
significance of Theorem A.1 lies in the case p = 1 and the inequality (A.3).



From part (a) it follows that
(2) = lim f(r2) = [ PAO)F(")ab,

and since || f;||, is increasing in r, we obtain

HfHZ}?L]p — HfH]zp oD
(0D)

for all f € HP.

Theorem A.1 is also true for f € H? for all p < 1. See Exercise A.1.



Part (b) has the following important corollary.

Corollary A.2: If f € H' and f # 0, then |f(e')| > 0 almost everywhere.



The proof of Theorem A.1 will use Theorem A.3 below, which is called the

Hardy-Littlewood maximal theorem for H? functions:

Theorem A.3: Let o > 1 be fized, let 0 < p < oo, and let f € HP. Then

the nontangential maximal function

fa" () = sup [ f(z)]
La(C)

satisfies

1o Nl < Aall fl] 0, (A4)

where the constant A, depends only on .

We first derive Theorem A.1 from Theorem A.3 and then return to the proof of
Theorem A.3.



Proof of Theorem A.1(a)

First suppose p = 1. By (A.1) and the Banach—Alaoglu theorem, there are
r, — 1 so that f(r,e?)df converges weak-star to a finite complex measure p
on OD. Then

f@:mmmmpmm/g@ﬂwﬂwz/g@@@.

n—oo n—o0

Write
du = fdb + dv,

where f(e) € LY(df) and v is singular to Lebesgue measure. Then

ﬂ@:/g@mﬂw+/g@@@,

and by Fatou’s theorem [ P,(6)f(e")df has nontangential limit f(e”) a.e.



We will prove that

lim P.(0)dv =0 A.D
Fa(C)BZ—%/ ( ) ( )

almost everywhere. That will mean f(z) has nontangential limit f(e’) almost

everywhere, and (A.2) will then follow from (A.4) and dominated convergence.



To prove (A.5) we can assume v > 0.

Fix o > 1 and € > 0. Take a compact set K C 0D so that |K| < € and
V(0D \ K) < e, and write v; = x v and v, = v — .

Then lim, ¢ [ P.(0)dv1(6) =0 for all ( € OD \ K.

The proofs of Lemmas 1.2.2 and 1.2.4 show that

‘{C € JD : sup /PZ(G)dy2<@> > )\}‘ < 3—|—604/dy2 < (3+6o¢)6.
La(C) A 3




Taking A = €'/2 then gives

‘{C € 0D : limsup /PZ(H)dV(Q) > 61/2}

Fa(C)BZ—)C

< |K| + (3 + 6a)e'/?

< e+ (3+6a)e'’?,

so that (A.5) holds almost everywhere.



If 1 <p< oo, part (a) is easier.

There are 7, — 1 so that f, (0) = f(r,e") converges weakly in LP to some
function f € LP. Then

F(2) = lim f(r,2) = / P.(9)f(c)d6

n—oo

because P, € L1, q = ]%, and then Fatou’s theorem, (A.4), and dominated
convergence yield (A.2). [



Proof of Theorem A.1(b):
Part (b) follows from part (a).

We may suppose f(0) # 0, by dividing f by 2" in case f(0) = 0. Then for

r < 1 the familiar Jensen formula gives

o 1(0)] < [ log| ()5
o df o df
_ /logﬂf(rew)\% — /log_\f(’rew) o

where log™x = (log(1/z))" = max(—log z, 0).



Jensen Formula:

1 |
— 2W/log|f(rew]d9

log | f(0)] + ) _ log

r
|z <r ’Z]|

where {z;} are zeros of f (with multiplicity).



By dominated convergence and part (a),

lim / log™*|f(re?)|df = / log™ | f(e)|d8,

r—1

while by Fatou’s lemma,

/log|f(em)\d€ < lim i{lf/log\f(rew)\de.
r—

Therefore we have the important inequality

do

o £(0)] < [ 1o £

which implies (A.3). O

(A.6)



Proof of Theorem A.3.
The proof will be divided into two cases, p > 2 and 0 < p < 2.

In the first case, p > 2, f is the Poisson integral of an L” function f(e") so that
by Lemma [.2.2,

.5 () < (14 20) M f(e), (A.7)

where M f is the Hardy-Littlewood maximal function of f(e®).



That means (A.4) is a consequence of the basic inequality
M f]lp < Cpll £l L <p=oo (A.8)

which we will establish in a moment. In (A.8) the constants C), depend on p,
but C, < 26 for p > 2.

Except for its range of p, (A.8) is just (A.4) with f* replaced by M f, and for

this reason (A.8) is also known as the Hardy-Littlewood maximal theorem.



The second case, 0 < p < 2, will be reduced to the first case by exploiting the
subharmonicity of log‘ f(2) ‘

Case I: p > 2. We prove (A.8). Let f € LP. For A > 0 set
m(A) = {M[f > A}

The function m(\) is called the distribution function of M f.

By Fubini’s theorem,

/ (M f)Pdf = / %{ / Mf(ewg)ﬂpld)\}dez / TNl (A9)
0 0 0



We also have

31
)\ )

m(A) < (A.10)

from Lemma [.2.4. Now we use an important trick, due to Marcinkiewicz, to

improve inequality (A.10). Set

f1= fX{‘f|>%}7
and

J2 = IXyn<dy
Then M f < M(f1) + M(fy), while M(f2) < || fol|oc < 3, s0 that by (A.10),

A 6
my) < |{M(f) > S} <5 /{ e



Then from (A.9) and Fubini’s theorem we get

IMAP < 6 / AP / £1d8) dx
g ( (17153} )

z«9 2 629 2
_ / () / PN 2dAdD

2]9
_ 3p / 1o,

1
That proves (A.8), and because (%)p is decreasing we also have the bound

Cp§2\@forp22.

Together (A.8) and (A.7) prove (A.4) when p > 2 with A, < 2v/6(1 + 2a).



Case II. 0 < p < 2. We can assume f = 0. Take 0 < r < 1 so that f has no

zeros on {|z| = r} and set

1

U.(2) = - / P.(0)log | f(re')|db.

Then log | f(rz)| < U,(z) on D. Since U, is real and harmonic on D, there is a

unique harmonic U, such that U, + iU, is analytic and U,(0) = 0. Write

gr(z) = /D Urtilh)

Then [£(r2)|? < |g,(=)]? and
/ 9,%d0 = / e Pds < |11 (A11)



Let r — 1, and let g be a weak limit of g, in L?. Then ¢ € H? because Poisson
kernels are in L? and ||ngq/£j < ||f|lmr by (A.11). Moreover,

£(2)] = lim | f(r2)] < |g(2)|¥".

r—1

Therefore (f)? < (g})* € L', and

2
1720, < 1lgil13™.

Thus (A.4) holds for 0 < p < 2 with same bound as for p =2. [



Section VI.1: The F. and M. Riesz Theorems



;l : a't-. AN l'&

::"‘l_:l

N

'l!‘ =

Frigyes Riesz (1880-1956)


https://mathshistory.st-andrews.ac.uk/Biographies/Riesz/

Marcel Riesz (1886-1969)


https://mathshistory.st-andrews.ac.uk/Biographies/Riesz_Marcel/

Theorem 1.1 (The F. and M. Riesz Theorem): Let §2 be a domain
such that 02 = 1" 1s a Jordan curve and let ¢ be a conformal map from D
onto ). Then the curve I is rectifiable if and only if ' € H'. If ¢ € H',
then

16"l = €(T") = Au(IT). (1.1)



Proof: By Carathéodory’s theorem, ¢ extends to a homeomorphism from D
to €.

First assume ¢’ € H'. Let {0 =6y < 6, < .--- < 0, = 27} be any partition
of [0, 27]. Then

= lim > |p(re) — p(re®-1)

r—1
j=1
i 0, y »
T 1/ . G0N . i
_;EZ‘/Q @ (re”)ire d@‘
j=1 J—1
<|1&'|| g1 (1.2)

But ¢(I") is the supremum, over all partitions, of the left side of (1.2). Therefore
[" is rectifiable and

(r) < 1@l an-



Conversely, assume [ is rectifiable. Then given r < 1, choose a partition {6, <
0h < .---<6,}of |0,27], so that

> |etre®) = plre)
j=1
where I', = o({|z] = r}). Write

U(=) = 3 |plze™) - (e,

Z ‘€<FT’> — €

Then 1) is subharmonic on D and by Carathéodory’s theorem ) is continuous
on I, so that supp (z) = supy ¥ (e’?) < ¢(T'). Thus

/ ' (re?)|df = ¢(T,) < (r) +e < UD) +e.

Therefore ¢’ € H' and the equality (1.1) holds. [



Theorem 1.2: Let () be a simply connected plane domain such that I' =
0%} is a rectifiable Jordan curve and let ¢ : D — ) be conformal. Then
¢’ € LY(OD). For any Borel set E C 0D,

M(B) = [ 14/1d8,
and for any Borel set A C 0,
w(A) =0<= A(A) =0. (1.4)



Proof: Assume that [' = 052 is a rectifiable Jordan curve and let A C I be a
Borel set. Write A = ¢(F) and 2y = ¢(0).

Then by Carathéodory’s theorem
1
(’U(ZO? A? Q) — _‘E|
2T

When A is an arc, Theorem A.1 from Appendix A and the proof of (1.1) yield

Ay(A) = —11m/ o/ (el |d9_/ eMdo,  (13)

because ¢’ € H', and if (1 3) holds for arcs then (1.3) also holds for all Borel
sets A C 05.



Consequently

w(A)=0= A(A) =0.
Conversely,

AN(A)=0= w(A) =0,
because by Corollary A.2,

{0 :1£(0)] =0} =0.

Thus when I' is rectifiable, harmonic measure for {2 and linear measure on I" are

mutually absolutely continuous,

w<</\1<<w. [l



Corollary 1.3 Let €) be a domain such that 02 =T" s a rectifiable Jordan
curve and let ¢ be a conformal map from D onto ). Then ¢ has a non-
zero angular derivative at ¢ and I' has a tangent at (), both for Lebesque
almost every ¢ € dD and for A1 almost every o(C) € T

For the proof, see the textbook.






Section VI1.2: Privalov’s Theorem and Plessner’s Theorem



.
b j:r o

[van Ivanovich Privalov (1891-1941)


https://mathshistory.st-andrews.ac.uk/Biographies/Privalov/

Abraham Ezechiel Plessner (1900-1961)


https://mathshistory.st-andrews.ac.uk/Biographies/Plessner/

Let ¢ € OD, let @ > 1 and let 0 < b < 1. The truncated cone I'" is
Fa(¢) ={z: ]z = ¢ <a(l —|z]) < ah}.



Definition V.5.1: We say that 0} has an inner tangent with inner
normal ¢ at ¢ € 9 if for every B € (0, 7/2) there is an € = €(8) > 0 so that

I%(¢,6) C Q. (5.1)

When 6 = 7 /2 we say 0f) has vertical inner normal.

If 0€) has an inner tangent at ¢ and if

lim z)=A,
F%(C)Bz—ﬁf( )

we say the function f has nontangential limit A at (.



Definition V.5.2: Suppose F': Q0 — € is a conformal mapping and suppose
0f1 has an inner tangent at ¢ € 0€). We say F'is conformal at ( if I’ has a

non- tangential limit

F(()= Iim Fl(z
(€) oG (2)

Ar= lim arg F(z) = FIY (5.2)

5(¢)32—¢ z—(

and if the limit

exists for every g € (0,7/2).



Definition V.5.3: Suppose F' : Q — ) is a conformal map defined on 2

and suppose 0€) has an inner tangent at ( € 9¢). We say F' has angular
derivative F'(() if for all 5 € (0,7/2) the two limits

F(()= Iim Fl(z
©= m F)

and

(5.3)

exist and are finite.

[t is clear that if F' has a non-zero angular derivative at ¢ then F'is conformal
at ( and A; = arg F'(().



Detn 2.1: The function u is nontangentially bounded at ( if there
exist M < oo, > 1, and 0 < h <1 such that

[u(2)] < M on Tg(q).

Notice that the definition of nontangential boundedness only requires that u(z)
be bounded on a single truncated cone, whereas the definition of nontangential

convergence requires that u(z) has a limit through every cone ', ().



Theorem 2.2 (Privalov): Suppose E C D and suppose u(z) is nontan-
gentially bounded at each ( € E. Then u(z) has a nontangential limit at
almost every ¢ € E.



Proof: Let € > 0. By a little measure theory there exists a compact set X C E
with |E \ K| < ¢ and there exist constants a, h, and M such that |u| < M on

U=,

To prove the theorem it is enough to show u has a nontangential limit almost

everywhere on K.



Let U; be one component of U and let ¢; be a conformal map of D onto Uj;.
Then uo; is a bounded harmonic function on ID and by Fatou’s theorem, w0 ;

has a finite nontangential limit almost everywhere on 0.

Because a and h are fixed, OU; is a rectifiable Jordan curve. See Figure.



For Lebesgue almost every ¢ € K N AU;, ; is conformal at ;7 1(() and u o ;
has a finite nontangential limit at ¢;71(¢), both by the

But when ¢; is conformal at ;" ({), uo ¢, has a nontangential limit at ¢; ()

if and only if 4 has a nontangential limit at (.

Since K = |J, K N 0U;, we conclude that u has a finite nontangential limit at
almost every ¢ € K. [



Many proofs are simple variations on the previous argument.

Define a cone domain to be a domain of the form

U= [JTal¢) or U= [JIa().
CeEK CeK
where K C 0D is compact, « > 1, and 0 < h < 1.



Theorem 2.3: Let f(z) be a meromorphic function on D and let E C 0D
have |E| > 0. If for each ¢ € E there is a = a(() > 1 such that

lim z) =0,
FQ(C)BZ—%JC( )

then f(z) =0 in D.



Proof: Let K C E be compact with |K| > 0 and take the cone domains U;
and the maps ¢; as in the proof of on D, and by the F. and M. Riesz theorem,

f o ; has nontangential limit 0 on a set of positive measure. Then by (1.4),
fop;=0sothat f =0. U

Nontangential approach regions are necessary in Theorems 2.2 and 2.3. Bagemihl
and Seidel [1954] showed that there is a non-constant analytic function on D

having radial limit 0 almost everywhere on OID.



Definition 2.4: Let f(z) be a meromorphic function on D. A point
¢ € 0D is a Plessner point for f if for all o > 1 and all 0 < h < 1,
F(T2(¢)) is dense in C.



Theorem 2.5 (Plessner): Let f(z) be a nonconstant meromorphic func-

tion on ID. Then there are pairwise disjoint Borel subsets N, G, and P of
oD such that 0D = NUGU P and

(a) |N| =0,
(b) At each ( € G, f has a finite nontangential limit f(¢) and f({) # 0,
and

(c) Each ( € P is a Plessner point for f.



Proof: Let P be the set of Plessner points for f and let £ = 0D \ P.

Then P and E are Borel sets, and the theorem is equivalent to the assertion

that f has a finite non-zero nontangential limit at almost every ¢ € F.

Let {w,} be a countable dense subset of C and set
E, = {C:thereexistoz> 1, 0<h<1,

and € > 0 such that |f — w,| > € on FZ(C)}

Then E = |, E,. By Privalov’s theorem 1/(f(2) — wy) has a nontangential

limit a.e. on F,, and hence f has a nontangential limit at almost every ¢ € FE.

By Theorem 2.3, applied to f and to 1/f, the limit is finite and non-zero a.e..
[]



Section VI1.3: Accessible Points



By Corollary V.3.6, 1
/ ' (r¢)|dr < oo (3.1)
0

except on a capacity zero subset of OD.

If (3.1) holds then ¢ has a radial limit at ¢, and it follows from Lindelof’s
theorem, (Exercise 11-3(d)), that ¢ has a nontangential limit at (.

Thus () is defined except on capacity zero (= Hausdorff dimension zero).

w € 0f) is an accessible point if it is the endpoint of an open arc o C €.



Lemma 3.1: If ¢ has a nontangential limit o(C) at ¢ € D, then p(() € OS2
and ¢(C) is an accessible point of 02. Conversely, every accessible w € Of)

is a nontangential limit w = ¢(().



Proof: Suppose ¢ has nontangential limit at ¢ € D). Then clearly ¢(() € €.

But if ¢(() € 2 then there is z € D with ¢({) = ¢(z), and that means that

¢! is not single valued in some neighborhood of ¢(z).

Therefore () € 92 and clearly () is an accessible point.



For the converse, suppose w € 9f2 is the endpoint of an arc o C ().
The preceding argument above shows that lim,s. ., [0 1 (2)] = 1.

Because ¢ has nontangential limits a.e. and ¢~ 1(o) is an arc, Theorem 2.3,

applied to p(z) — w, shows that lim,s._, ¢ }(z) = ¢ € OD exists.

It then follows from Lindel6f’s theorem, Exercise 11.3(d), that ¢ has nontangen-
tial limit w at (. [



Let A be the set of accessible points ofof).

Then A is the range of the boundary function ¢((), defined except on a set of

capacity zero, and A is dense in 0f).



Theorem 3.2: Let ) be a simply connected domain. Then the set A of
accessible points is an w-measurable subset of OC) and for all z € (),
w(z, A, Q) =1. (3.2)
If E C A, then
w(z, E. Q): w(go_l(z), 0 HE), D). (3.3)
In particular,
w(z, E,Q) =0<<= |p Y(E)| =0.



Proof: By Egoroff’s theorem and Lemma 3.1, there are closed sets K,, C 0D
such that |0D \ K,| < 1/n and such that ¢ is continuous on the compact set
Uk, Irja(€”). Hence o(K,) C A is compact and w(U,p(K,)) = 1.

Thus A is w-measurable and (3.2) holds.

We may assume z = ¢(0).

Let 7, 71, and set Q, = o({z : |2| < r,}), and let f € C(Q).



Then by the definition of harmonic measure, by Lemma 3.1, and by dominated

convergence,

FQ6) = lim o [ (e = o [ floas. 3.0
of) T

n—oo 27

Each side of (3.3) defines a Borel measure and since Borel measures are deter-

mined by their actions on continuous functions, (3.4) also implies (3.3). [






Section VI1.4: Cone Points and McMillan’s Theorem



Suppose ¢ : D — €2 is conformal.

Write

G = {C € 0D : ¢ has non-zero angular derivative at }

and

B = {C € 0D : p has a nontangential limit at ¢, and

liminf |¢'(2)] =0, for alloz>1}.
MCBHC\@( )|



Theorem 4.1: Let ¢ be a univalent function on D. Then GN B =0 and
|G U B| =2m.

Proof: Because ¢ has a nontangential limit almost everywhere, this just

Privalov’s and Plessner’s theorems, applied to the function /. [



We call a point w € 0{) a cone point of 0} if w is the vertex of an open
isosceles triangle T" C €. Every cone point is an accessible boundary point. We

know that the following implications hold pointwise:
¢ has non-zero angular derivative at
=  is conformal at ¢
= 0f2 has an inner tangent at ¢(()
= (() is a cone point of OS2,

All three converse implications fail pointwise, but Theorem 6.1 will show that

these four conditions are almost everywhere equivalent.



Write K = K(£2) = {cone points for Q}.

Theorem 4.2 (McMillan): Let Q) be a bounded simply connected domain.
Then K 1s a Borel set, with o-finite Ay measure, and when E C K,

W(E) =0 <= A (E) = 0. (4.2)

Moreover, at almost every w € K, 0f) has an inner tangent.



Proof: Let {L,} be the countable set of lines having rational slope and rational
y intercept. For each n, put w € K, if w € 992\ L,, and w is the vertex of an
open isosceles triangle T, (w) C €2 such that

(a) T, (w) has base on the line segment L, N{|z] < n},

(b) Ty(w) has vertex angle 7, and

(¢) Tpy(w) has height h,(w) satisfying + < h,(w) < n.



Then K =, K,,, where K, is compact, so that K is an Fj, set.

Note that dist(K,, L,) > +. Let ©,, = Uk, Tn(w). Then €2, C ©Q, and by (a),
(b), and (c), €2, has finitely many components €2, ;.

Fach component (2, ; is bounded by a Jordan curve I',, ;, and except for end-

points on L, these Jordan curves are pairwise disjoint.



We have K C J(I',; \ L) and K has o-finite Ay measure.

If we assume the line L, is horizontal, then I'), ; is the union of an arc of L,, and

the graph of a Lipschitz function defined on that arc.

In particular I, ; is rectifiable, and €) has an inner tangent at A; almost every

point of I';, ;, and thus at A; almost every point of K.



Then to prove (4.2) we can assume E C [, ; \ L.

Suppose A1(E) > 0. Then by the F. and Riesz theorem, w(z, E, €, ;) > 0 for
all z € Q,, ;, and therefore w(z, E, §2) > 0.



Conversely, suppose E C I';,; \ Ly, is a compact set such that A;(E) = 0. We
may suppose L, is the real axis. Set U = |, T),(w).

Translate L,, by 10%1 units in the direction of €2, ; to a parallel line L. When
w € FE, let T)(w) C T,(w) be the isosceles triangle having vertex w, base on
Lj,, and vertex angle 2= Set V' = | J T} (w).



Translate L,, by 5% units in the direction of €2, ; to a parallel line L. Repeat
this construction with L!’ and with triangles T (w) now having bases on L!! and
vertex angle 5. Set W = T}/ (w).

Then W has finitely many components. We may assume E has no isolated
points so that W is not a triangle. We can also assume W, and hence U and

V', is connected by replacing E by a subset if necessary.



Then W CV CU C},; C (L

Similiar to I';, ; the domains U, 0V, and OW consist of a segment of L,,, L,

L” respectively, and a Lipschitz graph over that segment.

Each component 7, of OV \ E is an arc having endpoints in E, and these

endpoints are also the endpoints of a component oy, of W \ E and a component

v of OU \ E.

Ti, Ok, Vi are each polygonal arcs with at most three sides and angles bounded

below.



Let Uy be the unbounded component of C \ (7 U o). Only one o} satisfies
o, N L) # ). Then for each E

infw(z, O'k,uk) =a >0,
Tk

uniformly in k£, by a normal families argument for instance.



Therefore

inf w(z, 00\ E,Q\V)>
alUH\EW(z, \E,Q\V)=2a>0

and by the maximum principle

inf w(z,00\ E,Q)>a>0.
OU\E

(4.3)



But QU is rectifiable and Ay(E) = 0, so by the Riesz theorem, w(z, E,U) = 0.
Thus w(z,00\ E,Q2) > aon U DIV \ E and

— inf N\ E.Q) > a.
5 alvn\Ew(z, \ £, Q) > a



Therefore

w(z, 00\ E,Q) =w(z,00\ E,Q\ V) + /Ww(g, 00\ F, Q)dwg\v(z, ()
> w(z, 00\ E,Q\ V) + Bw(z,0V,Q\ V)
(1= Blw(z, 00\ E,Q\ V) + 5,

for all z € Q\ V. But taking z € U \ E then gives

Bza=(1-pPa+p.
If B < 1 this gives 8 > §, a contradiction. Thus f =1 and w(F) =0. 0O



A twist point of 0f) is a point ( € 02 so that on arg(z — () is unbounded

above and below along every curve in {2 ending at (.

McMillan twist point theorem: If ) is a Jordan domain, then a.e.

(w.r.t. harmonic measure) point of OS2 is either a cone point or a twist

point.

This is proved in Appendix I of the textbook.



Now assume I" is a Jordan curve and let {21 and €29 be the two simply connected
components of C*\ I'. Fix p; € Q;, let ¢; : D — €, be a conformal mapping
with ¢;(0) = p; and write w; = w(p;, -, £2;).

Set
Tn(l') = {w € I': T has a tangent at w}.

If w € Tn(T) then by Theorem I11.4.2, ¢; is conformal at o, (w) for j = 1,2.

Consequently, by Theorem 4.2 the three measures wy, ws, and Ay are in the same

measure class on Tn = Tn(T'),

XTnW1 < XTnAl < XTnW?2 < XTnW1-



Theorem 6.3 below will show, without using the twist point theorem, that on
'\ Tn(I"), wy L ws .

Write Twi(I") for the set of twist points of T'.



Example 4.3 (von Koch Snowflake):



Section VI1I.5: Compression and Expansion



A, = a-Hausdorff measure.

— %%mf{z : E CU;D(xj,ri),r; <0}

dim(F) = inf{s : \;(F) = 0}.

If h:[0,00) — [0,00) is a homeomorphism, we call it a gauge function and
define

An(E) = lim inf{» " h(r;): E C U;D(xj,r;),r; < 0},



For two measures, p < vif v(F) =0= u(F) = 0.

For two measures, p L v if for some set E, v(F) = 0 and p(E¢) = 0.



Let €2 be a simply connected domain, let w be harmonic measure for some fixed

29 € 2 and let ¢ : D — €2 be a conformal mapping.

If Ap(02) > 0 and w L A,, then the conformal map ¢ compresses a set
FE C 0D having full harmonic measure into a set ¢(FE) having A, (p(£)) = 0.

On the other hand, if w < A,, then ¢ cannot compress a set £ with |E| > 0
into a set with A,(¢(F)) = 0.



If 0L is a rectifiable Jordan curve then by the F. and M. w < A} < w.

In 1936 Lavrentiev made the more precise lower estimate

C'log A1(092)
E) <
“E) < T g AM(B)]

when 02 is rectifiable, £ C 0f, and dist(zg, 0€2) > 1.

(5.1)

In 1994 Bishop and Jones proved a version that only requires E to lie on a

rectifiable curve I’
w(F) - C'log™ Ay(T")

logwE) — 1+ |log A (E)|

(5.1)



Mikhail Alekseevich Lavrentev (1900-1980)


https://mathshistory.st-andrews.ac.uk/Biographies/Lavrentev/

Peter W. Jones (1952-)

Math Reviews of Jones’s papers


https://en.wikipedia.org/wiki/Peter_Jones_(mathematician)
https://www.math.stonybrook.edu/~bishop/classes/math639.S26/Jones_MR.pdf

In 1936 Lavrentiev constructed a Jordan domain for which w &« A;.

In 1973 McMillan and Piranian constructed a Jordan domain such that

(UJ_Al.

Kaufman and Wu (1982) built, for any measure function of the form

1
h(t) = texp(|logt|®), 0 < a < >

a Jordan domain for which w L Ay,

Thus ¢ can compress E with |E| = 27 into ¢(FE) where Ay(@(F)) = 0.



On the other hand, ¢ cannot compress harmonic measure very much.
Beurling’s projection theorem (Corollary I11.9.3) implies w < /\%.
In 1973 Carleson improved this to w < Ag for some 3, % < B < 1.

In 1985 Makarov gave an surprising improvement of this.



Theorem 5.1 (Makarov): Let w be harmonic measure for a simply con-
nected domain ) and let 0 < o < 1. Then

w << N\,

Theorem 5.2 (Makarov): Let w be harmonic measure for a simply con-

nected domain ) and let h(t) be a measure function such that

hm@: .
t—0

Then w s singular to Ay, w L Ay,

Thus harmonic measure on simply connected domains has dimension 1.
Later, Jones and Wollf proved it has dimension < 1 for any planar domain.

We will prove Thm 5.2 now, and Thm 5.1 in the next chapter.



Nikolai Georgievich Makarov


https://grokipedia.com/page/nikolai_georgievich_makarov

Tom Wolff (1954-2000)


https://www.ams.org/notices/200105/fea-wolff.pdf

Defn: Let £ C ID and let S = {z:} be a sequence in D. We say S is

nontangentially dense a.e. on E if there is @ > 1 such that for almost
every ¢ € I,

¢ € SNT.(Q).



Lemma 5.3: Assume {z;} is nontangentially dense a.e. on E C 0D and
let © be the conformal map from D onto a stmply connected domain ).
Then set wy, = p(z), rp = dist(wy, 02), By = B(wy, 211), and

V=0oan (| JBr) NA,

where A is the set of accessible boundary points. Then

B\ (V)] =0. (5:2)



Proof: Suppose (5.2) is false and let W}, be the component of By N2 such that
w. € Wi,

Since 0f) is connected,

w(wg, V, Q) > w(wg, 02N B, Wi) > c,

by the Beurling projection theorem (Exercise I11.10).

Consequently u(z) = w(p(2), V, Q) satisfies u(z;) > c.



But u has nontangential limits a.e. and almost every ( € E is the nontangential

limit of a subsequence of {z;}, so that
lim  wu(z) >c
Fa(¢)22—(¢
almost everywhere on E.

On the other hand, by Theorem 3.2 u(z) = w(z, o~ *(V), D), so that u(z) has
nontangential limit x -1y almost everywhere on 0. Consequently
Xp=i(v) 2 €

almost everywhere on F, and (5.2) follows. [



Proof of Theorem 5.2: Fix ¢ > 0. When z € D and |z| > 3, define
I[(z2)={C€dD:|z—(] <2(1—z])}.
Then 1 — |z|* < ¢|I(2)| and ¢ € I(z) if and only if 2 € T'y(¢).



Let ¢ be the conformal mapping from ID to €2, and set o = 2. By Theorem 2.3,

liminf [0/ (2)]| < oo
Fa(C)BZ%C‘g0< >‘

for almost every ¢ € 0D, and the sets
E,=1C€dD: liminf |(2)| <n
{C Fa(C)9Z—>C‘gp < )| }

satisty E,, C E,1 and ‘U En| = 2.



Every ¢ € FE, is covered by arbitrarily small arcs I(z) such that
©'(2)| <, (5.3)

and
1 — |z < 6, (5.4)

where we choose 9, < €/n so small that

" e (5.5)

whenever t <4 -n - 9,.



By the Vitali covering lemma, Exercise 1.9, for each fixerd n, there is a sequence
{2} satistying (5.3) and (5.4) such that

B, \ Uj1<zn,j)}: 0 and Z 1(2,)] < 2m. (5.6)

Then by (5.3), (5.4), and (5.5),
Z h(2l¢' (20 )| (1 = |20 31") < CZ h(n| L)

< C) nllyle/(n2")
J

SO

> Rl ()| = [zgl?) < 5 (5.7)



With € fixed, we take {21} = U, {2z}, wr = p(21), rp = dist(wy, 0), By =
B(wy, 2ry), and
Ve =00N (UBy)).

Then by (5.4) and Theorem 1.4.3,
2ry, < 20 (21)|(1 — |2]”) < 4e,

so that (5.7) yields
> h(2ry) < Ce.
k



Consequently, V' = (1~ V1 satisfies A, (V') = 0.
But by (5.6), {21} is nontangentially dense a.e. in 0.

Therefore w( - ,V1,82) =1by Lemma 5.3 and w( - ,V,Q2)=1. O



Theorem, Besicovitch (1956): Suppose that A is an analytic set, f is a
gauge function, and A is not o-finite for A;. Then there is a gauge function g
such that g(t) = o(f(t)) and A is not o-finite for A,.

Besicovitch, A. S. (1956). “On the definition of tangents to sets of infinite linear
measure’. Proc. Cambridge Philos. Soc. 52, 20-29

Extending Borel’s Conjecture From Measure to Dimension Theodore A. Slaman.

We could deduce harmonic measure gives full mass to a o-finite set, if Makarov’s

proof applied to a single set of full measure, independent of A.


https://math.berkeley.edu/~slaman/papers/sdim.pdf

Section VI.6: Pommerenke’s Extension



Recall the notation

G = {C € 0D : © has non-zero angular derivative at ¢ }

B = {C € 0D : p has a nontangential limit at ¢, and
liminf |¢'(2)] =0, for alloz>1}.
Fa(¢)22—¢ o1z

K = {cone points for Q}

We know GN B =0,|GU B| =2r and ¢(G) C K.



Theorem 6.1 (Pommerenke): Let Q) be a simply connected domain and
let o : D — Q. Then there is a subset S C w(B)\ K such that

A (S) = 0. (6.1)

and
w(SUp(G)) =1. (6.2)
In particular, the set P = o(G)US has o—finite Ay measure and w(P) = 1.

Consequently,

MK\ p(G)) = w(K \ ¢(G)) =0.

By McMillian’s twist point theorem, w a.e. w € S is a twist point of 0f).



Christian Pommerenenke (1933-2024)


https://www.tu.berlin/en/math/news-details/das-institut-fuer-mathematik-trauert-um-prof-em-dr-christian-pommerenke

Proof: We follow the proot of Theorem 5.2.

Again by the Vitali covering lemma, there are {z, ;} such that
' (2n)] <2777,
1B\ | JI(zn)| = 0,
J

and

> | (zny)| < 2.
J

(6.3)



Now take wy, j = ©(2n), Tn; = dist(wy, ;,00), B, ; = B(wyj, 2y ;), and
Vo =090 (| JBn,):
J

Then as before, (6.3) yields
D 2y <Y 200 (1= Jn ) < em2,
J J

and

v=lJw

k n>k
has A1(V') = 0. Set

S =V Ne(B).

Then (6.1) holds for S.



By Beurling’s projection theorem, w(w, ;, V;,,€2) > ¢, and

U {2n,}

n>N
is nontangentially dense on B. Therefore by Lemma 5.3 (non-tang. accessible

pts have full measure)

B\ | Je '(AnV,)| =0

n>k
for any k, where A is the set of accessible points. Hence
1B\ ¢ '(S)] =0,

and (6.2) then follows from Theorem 4.1 (G'U B has full measure).

Since A1(S) = 0, if we replace S by S\ K then (6.1) and (6.2) still hold by
Theorem 4.2 and w(K \ p(G)) = 0. By Theorem 4.2, Ay(K \ ¢(G)) =0. O



Corollary 6.2: Let Q) be a simply connected domain and let S C 0f) be

the set given in Theorem 6.1. Then
w<KN <= w(S) =0« |G| =2,

and
CUJ_/\1¢> |G’ = 0.



Theorem 6.3 (Bishop): Suppose I' is a Jordan curve, and let Q1 and €
be the two components of the complement C*\ I'. Let E be a Borel subset
of I' such that w(z;, £,82) > 0 for z; € Q;, 5 = 1,2, and let w;|g be the
restriction of w; = w(zj, -, ;) to E. Then
wi|E L walE

of and only if

AM(Tn(l)N E) =0,
where Tn(I") is the set of tangent points of T



Proof:
We start with the easy direction.

Assume Ay (Tn(I') N E) > 0. On Tn (I'), w; < Ay < w; by Theorem 4.2, so
that for j = 1,2, w;|g(Tn(I")) > 0 and

wl\E l w2|E-



For the other direction, assume wy|p £ wo|p. We want to prove that F intersects
the tangent set in positive length (equivalently, positive harmonic measure for

cither side).

We may assume dist(z;, ') > 1. Let w € I'. For 0 < t < 1, let J;(t) be any arc

in £; N {z: |z —w| =t} such that .J; separates z; from w, and write

16, (t) = £(J;(1)).



Then by Theorem IV.6.2,
8 S
w;(B(w,r)) < ;exp(—w/r tﬁj(t))

Because (0_11 + é)(@l + 03) > 4, (by Cauchy—Schwarz) and 61 + 6, < 27, we

have

1 N 1 S 2
91 (92 o 7T.
Therefore
64 Lodt 64
(B, ) Bw, 7)) < —Qexp(— / —) _%e e
T .t s
or

g w1 (B(w, )wa(B(w, ) < 7.



By assumption, there is a compact set Ex C E such that w;(Ey) > 0 and
(,Ul(S)

S CUQ(S) S NW1<S>
for all Borel S C Ely.

Cover S C Ey by balls B(wg, i), wr, € I', and rp < 1. Then by (6.4),

and hence

wi(S). (6.5)



Let ¢, be a conformal map of D onto €2, let G; C JD be the set where ¢; has
non-zero angular derivative and let S = .S; C B be the set of zero length and
full harmonic measure in B given by Theorem 6.1 for €2;. Then wi(SNEyN) =0
by (6.1) and (6.5).

Therefore
Wy (gpl(Gl) N pa(Ga) N EN) > ()
so that by Theorem 4.2,
Aq (gpl(Gl) N pa(Ga) N EN) > (),
which proves the theorem because
©1(G1) Npo(Gy) C Tn(l'). O

My original proof of this is given on pages 5 to 18 of my PhD thesis


https://www.math.stonybrook.edu/~bishop/papers/CJBishop-thesis.pdf

Let w € T, take 6;(t) as in that proof, and set
e(w,t) = max{|m — 0;(t)| : j = 1,2}.

Corollary 6.4 (Bishop, 1987): If " is a Jordan curve, then at Ay almost

every tangent point w of I,

/1 e%w,t)ﬁ < 0. (6.7)

t

Converse was known as Carleson’s €2

-conjecture, and was eventually proven by
Jaye, Tolsa and Villa in 2021 Annals of Mathematics paper, using a partial

result of Bishop and Jones.



Proof: Since
e(w,t) = max{|r — 0;(t)] - j = 1,2}
by Taylor series

11 _ 2 2/e(w,t)\2
oy 2Lty

0, 6w 7 7

The proof of (6.4) yields
w1 (B(w, r))ws(B(w,r)) - 64 exp(— 2 /1 o 1;)@) 66)
T ) .

r r o2 us

But by Theorem 4.2 the left side of (6.6) is bounded below at A; (or w;) almost
every point of Tn(I"). Thus the integeral is bounded at these points. [



Example (Exercise VI.9): Suppose I is the graph of a real-valued function

f and consider the domain €2, and €2y above and below I'.
e both harmonic measures are absolutely continuous to length measure.
e If f is nowhere diffentiable, then w; L ws.

e For f(x) = ) 27 "cos(2"x) the function is nowhere differentiable but the
graph I' has tangents w; almost everywhere, hence on a set of positive linear

measure. (Uses fact the I' is a quasicircle.)



Example (Exercise VI.10):

e There is a Jordan curve so that harmonic measure on one side is supported

on the cone points and for the other side is supported on the twist points.






