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Appendix A: Hardy Spaces



If 0 < p < ∞, then by definition an analytic function f (z) on the unit disc D
is in the Hardy space Hp if

sup
0<r<1

∫
|f (reiθ)|pdθ = ||f ||pHp <∞. (A.1)

For p =∞ the Hardy space H∞ is defined to be the space of bounded analytic

functions on D with norm ||f ||∞ = supD |f (z)|.



Write fr(z) = f (rz) and suppose 0 < r < s < 1. Then ||fr||∞ ≤ ||fs||∞. If

p <∞, then

|fr(z)|p ≤
∫ 2π

0

Prz/s|fs(eiθ)|pdθ

because the function |f (z)|p is subharmonic. It then follows from Fubini’s the-

orem that ||fr||p is an increasing function of r whenever 0 < p ≤ ∞.



Theorem A.1: Assume 1 ≤ p <∞ and let f ∈ Hp. Then

(a) The function f (z) has a nontangential limit f (eiθ) almost everywhere

dθ and

lim
r→1

∫ 2π

0

∣∣f (reiθ)− f (eiθ)
∣∣pdθ = 0. (A.2)

(b) If f 6≡ 0, then ∫
log
∣∣f (eiθ)

∣∣dθ > −∞. (A.3)

The case p > 1 of part (a) follows from Exercise I.11 of Chapter I, and the

significance of Theorem A.1 lies in the case p = 1 and the inequality (A.3).



From part (a) it follows that

f (z) = lim
r→1

f (rz) =

∫
Pz(θ)f (eiθ)dθ,

and since ||fr||p is increasing in r, we obtain

||f ||pHp = ||f ||pLp(∂D)

for all f ∈ Hp.

Theorem A.1 is also true for f ∈ Hp for all p < 1. See Exercise A.1.



Part (b) has the following important corollary.

Corollary A.2: If f ∈ H1 and f 6≡ 0, then |f (eiθ)| > 0 almost everywhere.



The proof of Theorem A.1 will use Theorem A.3 below, which is called the

Hardy-Littlewood maximal theorem for Hp functions:

Theorem A.3: Let α > 1 be fixed, let 0 < p ≤ ∞, and let f ∈ Hp. Then

the nontangential maximal function

fα
∗(ζ) = sup

Γα(ζ)

|f (z)|

satisfies

||fα∗||p ≤ Aα||f ||Hp, (A.4)

where the constant Aα depends only on α.

We first derive Theorem A.1 from Theorem A.3 and then return to the proof of

Theorem A.3.



Proof of Theorem A.1(a)

First suppose p = 1. By (A.1) and the Banach–Alaoglu theorem, there are

rn → 1 so that f (rne
iθ)dθ converges weak-star to a finite complex measure µ

on ∂D. Then

f (z) = lim
n→∞

f (rnz) = lim
n→∞

∫
Pz(θ)f (rne

iθ)dθ =

∫
Pz(θ)dµ(θ).

Write

dµ = fdθ + dν,

where f (eiθ) ∈ L1(dθ) and ν is singular to Lebesgue measure. Then

f (z) =

∫
Pz(θ)f (eiθ)dθ +

∫
Pz(θ)dν(θ),

and by Fatou’s theorem
∫
Pz(θ)f (eiθ)dθ has nontangential limit f (eiθ) a.e.



We will prove that

lim
Γα(ζ)3z→ζ

∫
Pz(θ)dν = 0 (A.5)

almost everywhere. That will mean f (z) has nontangential limit f (eiθ) almost

everywhere, and (A.2) will then follow from (A.4) and dominated convergence.



To prove (A.5) we can assume ν > 0.

Fix α > 1 and ε > 0. Take a compact set K ⊂ ∂D so that |K| < ε and

ν(∂D \K) < ε, and write ν1 = χ
K
ν and ν2 = ν − ν1.

Then limz→ζ
∫
Pz(θ)dν1(θ) = 0 for all ζ ∈ ∂D \K.

The proofs of Lemmas I.2.2 and I.2.4 show that∣∣∣∣{ζ ∈ ∂D : sup
Γα(ζ)

∫
Pz(θ)dν2(θ) > λ

}∣∣∣∣ ≤ 3 + 6α

λ

∫
dν2 ≤

(3 + 6α)ε

λ
.



Taking λ = ε1/2 then gives∣∣∣∣{ζ ∈ ∂D : lim sup
Γα(ζ)3z→ζ

∫
Pz(θ)dν(θ) ≥ ε1/2

}∣∣∣∣ ≤ |K| + (3 + 6α)ε1/2

≤ ε + (3 + 6α)ε1/2,

so that (A.5) holds almost everywhere.



If 1 < p <∞, part (a) is easier.

There are rn → 1 so that frn(θ) = f (rne
iθ) converges weakly in Lp to some

function f ∈ Lp. Then

f (z) = lim
n→∞

f (rnz) =

∫
Pz(θ)f (eiθ)dθ

because Pz ∈ Lq, q = p
p−1, and then Fatou’s theorem, (A.4), and dominated

convergence yield (A.2). �



Proof of Theorem A.1(b):

Part (b) follows from part (a).

We may suppose f (0) 6= 0, by dividing f by zn in case f (0) = 0. Then for

r < 1 the familiar Jensen formula gives

log |f (0)| ≤
∫

log |f (reiθ)|dθ
2π

=

∫
log+|f (reiθ)|dθ

2π
−
∫

log−|f (reiθ)|dθ
2π
,

where log−x = (log(1/x))+ = max(− log x, 0).



Jensen Formula:

log |f (0)| +
∑
|zj|<r

log
r

|zj|
=

1

2π

∫
log |f (reiθ|dθ

where {zj} are zeros of f (with multiplicity).



By dominated convergence and part (a),

lim
r→1

∫
log+|f (reiθ)|dθ =

∫
log+|f (eiθ)|dθ,

while by Fatou’s lemma,∫
log−|f (eiθ)|dθ ≤ lim inf

r→1

∫
log−|f (reiθ)|dθ.

Therefore we have the important inequality

log |f (0)| ≤
∫

log |f (eiθ)|dθ
2π
, (A.6)

which implies (A.3). �



Proof of Theorem A.3.

The proof will be divided into two cases, p ≥ 2 and 0 < p < 2.

In the first case, p ≥ 2, f is the Poisson integral of an Lp function f (eiθ) so that

by Lemma I.2.2,

fα
∗(eiθ) ≤ (1 + 2α)Mf (eiθ), (A.7)

where Mf is the Hardy-Littlewood maximal function of f (eiθ).



That means (A.4) is a consequence of the basic inequality

||Mf ||p ≤ Cp||f ||p, 1 < p ≤ ∞, (A.8)

which we will establish in a moment. In (A.8) the constants Cp depend on p,

but Cp ≤ 2
√

6 for p ≥ 2.

Except for its range of p, (A.8) is just (A.4) with f ∗α replaced by Mf , and for

this reason (A.8) is also known as the Hardy-Littlewood maximal theorem.



The second case, 0 < p < 2, will be reduced to the first case by exploiting the

subharmonicity of log
∣∣f (z)

∣∣.
Case I: p ≥ 2. We prove (A.8). Let f ∈ Lp. For λ > 0 set

m(λ) =
∣∣{Mf > λ}

∣∣.
The function m(λ) is called the distribution function of Mf .

By Fubini’s theorem,∫
(Mf )pdθ =

∫ 2π

0

{∫ Mf(eiθ)

0

pλp−1dλ
}
dθ =

∫ ∞
0

pλp−1m(λ)dλ. (A.9)



We also have

m(λ) ≤ 3||f ||1
λ

, (A.10)

from Lemma I.2.4. Now we use an important trick, due to Marcinkiewicz, to

improve inequality (A.10). Set

f1 = fχ{|f |>λ
2}
,

and

f2 = fχ{|f |≤λ2}
.

Then Mf ≤M(f1) + M(f2), while M(f2) ≤ ||f2||∞ ≤ λ
2 , so that by (A.10),

m(λ) ≤
∣∣∣{M(f1) >

λ

2

}∣∣∣ ≤ 6

λ

∫
{|f |>λ

2}
|f |dθ.



Then from (A.9) and Fubini’s theorem we get

||Mf ||pp ≤ 6

∫ ∞
0

pλp−2
(∫
{|f |>λ

2}
|f |dθ

)
dλ

= 6

∫ ∣∣f (eiθ)
∣∣ ∫

0

2|f(eiθ)|
pλp−2dλdθ

=
3p2p

p− 1

∫
|f |pdθ.

That proves (A.8), and because
(

3p
p−1

)1
p is decreasing we also have the bound

Cp ≤ 2
√

6 for p ≥ 2.

Together (A.8) and (A.7) prove (A.4) when p ≥ 2 with Aα ≤ 2
√

6(1 + 2α).



Case II. 0 < p ≤ 2. We can assume f 6≡ 0. Take 0 < r < 1 so that f has no

zeros on {|z| = r} and set

Ur(z) =
1

2π

∫
Pz(θ) log |f (reiθ)|dθ.

Then log |f (rz)| ≤ Ur(z) on D. Since Ur is real and harmonic on D, there is a

unique harmonic Ũr such that Ur + iŨr is analytic and Ũr(0) = 0. Write

gr(z) = e(p/2)(Ur+iŨr).

Then |f (rz)|p ≤ |gr(z)|2 and∫
|gr|2dθ =

∫
|f (reiθ)|pdθ ≤ ||f ||pp. (A.11)



Let r → 1, and let g be a weak limit of gr in L2. Then g ∈ H2 because Poisson

kernels are in L2 and ||g||2/p
H2 ≤ ||f ||Hp by (A.11). Moreover,

|f (z)| = lim
r→1
|f (rz)| ≤ |g(z)|2/p.

Therefore (f ∗α)p ≤ (g∗α)2 ∈ L1, and

||f ∗α||p ≤ ||g∗α||
2/p
2 .

Thus (A.4) holds for 0 < p < 2 with same bound as for p = 2. �



Section VI.1: The F. and M. Riesz Theorems



Frigyes Riesz (1880-1956)

https://mathshistory.st-andrews.ac.uk/Biographies/Riesz/


Marcel Riesz (1886-1969)

https://mathshistory.st-andrews.ac.uk/Biographies/Riesz_Marcel/


Theorem 1.1 (The F. and M. Riesz Theorem): Let Ω be a domain

such that ∂Ω = Γ is a Jordan curve and let ϕ be a conformal map from D
onto Ω. Then the curve Γ is rectifiable if and only if ϕ′ ∈ H1. If ϕ′ ∈ H1,

then

||ϕ′||H1 = `(Γ) = Λ1(Γ). (1.1)



Proof: By Carathéodory’s theorem, ϕ extends to a homeomorphism from D
to Ω.

First assume ϕ′ ∈ H1. Let {0 = θ0 < θ1 < . · · · < θn = 2π} be any partition

of [0, 2π]. Then

n∑
j=1

∣∣∣ϕ(eiθj)− ϕ(eiθj−1)
∣∣∣ = lim

r→1

n∑
j=1

∣∣∣ϕ(reiθj)− ϕ(reiθj−1)
∣∣∣

= lim
r→1

n∑
j=1

∣∣∣∫ θj

θj−1

ϕ′(reiθ)ireiθdθ
∣∣∣

≤ ||ϕ′||H1. (1.2)

But `(Γ) is the supremum, over all partitions, of the left side of (1.2). Therefore

Γ is rectifiable and

`(Γ) ≤ ||ϕ′||H1.



Conversely, assume Γ is rectifiable. Then given r < 1, choose a partition {θ0 <

θ1 < . · · · < θn} of [0, 2π], so that
n∑
j=1

∣∣∣ϕ(reiθj)− ϕ(reiθj−1)
∣∣∣ ≥ `(Γr)− ε,

where Γr = ϕ({|z| = r}). Write

ψ(z) =

n∑
j=1

∣∣∣ϕ(zeiθj)− ϕ(zeiθj−1)
∣∣∣.

Then ψ is subharmonic on D and by Carathéodory’s theorem ψ is continuous

on D, so that supDψ(z) = supθ ψ(eiθ) ≤ `(Γ). Thus∫
|ϕ′(reiθ)|dθ = `(Γr) ≤ ψ(r) + ε ≤ `(Γ) + ε.

Therefore ϕ′ ∈ H1 and the equality (1.1) holds. �



Theorem 1.2: Let Ω be a simply connected plane domain such that Γ =

∂Ω is a rectifiable Jordan curve and let ϕ : D → Ω be conformal. Then

ϕ′ ∈ L1(∂D). For any Borel set E ⊂ ∂D,

Λ1(ϕ(E)) =

∫
E

|ϕ′|dθ,

and for any Borel set A ⊂ ∂Ω,

ω(A) = 0⇐⇒ Λ1(A) = 0. (1.4)



Proof: Assume that Γ = ∂Ω is a rectifiable Jordan curve and let A ⊂ Γ be a

Borel set. Write A = ϕ(E) and z0 = ϕ(0).

Then by Carathéodory’s theorem

ω(z0, A,Ω) =
1

2π
|E|.

When A is an arc, Theorem A.1 from Appendix A and the proof of (1.1) yield

Λ1(A) = Λ1(ϕ(E)) = lim
r→1

∫
E

|ϕ′(reiθ)|dθ =

∫
E

|ϕ′(eiθ)|dθ, (1.3)

because ϕ′ ∈ H1, and if (1.3) holds for arcs then (1.3) also holds for all Borel

sets A ⊂ ∂Ω.



Consequently

ω(A) = 0 =⇒ Λ1(A) = 0.

Conversely,

Λ1(A) = 0 =⇒ ω(A) = 0,

because by Corollary A.2, ∣∣{θ : |ϕ′(θ)| = 0}
∣∣ = 0.

Thus when Γ is rectifiable, harmonic measure for Ω and linear measure on Γ are

mutually absolutely continuous,

ω � Λ1 � ω. �



Corollary 1.3 Let Ω be a domain such that ∂Ω = Γ is a rectifiable Jordan

curve and let ϕ be a conformal map from D onto Ω. Then ϕ has a non-

zero angular derivative at ζ and Γ has a tangent at ϕ(ζ), both for Lebesgue

almost every ζ ∈ ∂D and for Λ1 almost every ϕ(ζ) ∈ Γ

For the proof, see the textbook.





Section VI.2: Privalov’s Theorem and Plessner’s Theorem



Ivan Ivanovich Privalov (1891-1941)

https://mathshistory.st-andrews.ac.uk/Biographies/Privalov/


Abraham Ezechiel Plessner (1900-1961)

https://mathshistory.st-andrews.ac.uk/Biographies/Plessner/


Let ζ ∈ ∂D, let α > 1 and let 0 < h < 1. The truncated cone Γhα is

Γhα(ζ) = {z : |z − ζ| < α(1− |z|) < αh}.



Definition V.5.1: We say that ∂Ω has an inner tangent with inner

normal eiθ at ζ ∈ ∂Ω if for every β ∈ (0, π/2) there is an ε = ε(β) > 0 so that

Γεβ(ζ, θ) ⊂ Ω. (5.1)

When θ = π/2 we say ∂Ω has vertical inner normal.

If ∂Ω has an inner tangent at ζ and if

lim
Γεβ(ζ)3z→ζ

f (z) = A,

we say the function f has nontangential limit A at ζ.



Definition V.5.2: Suppose F : Ω→ Ω′ is a conformal mapping and suppose

∂Ω has an inner tangent at ζ ∈ ∂Ω. We say F is conformal at ζ if F has a

non- tangential limit

F (ζ) ≡ lim
Γεβ(ζ)3z→ζ

F (z)

and if the limit

Aζ = lim
Γεβ(ζ)3z→ζ

arg
F (z)− F (ζ)

z − ζ
(5.2)

exists for every β ∈ (0, π/2).



Definition V.5.3: Suppose F : Ω → Ω′ is a conformal map defined on Ω

and suppose ∂Ω has an inner tangent at ζ ∈ ∂Ω. We say F has angular

derivative F ′(ζ) if for all β ∈ (0, π/2) the two limits

F (ζ) ≡ lim
Γεβ(ζ)3z→ζ

F (z)

and

F ′(ζ) ≡ lim
Γεβ(ζ)3z→ζ

F (z)− F (ζ)

z − ζ
(5.3)

exist and are finite.

It is clear that if F has a non-zero angular derivative at ζ then F is conformal

at ζ and Aζ = argF ′(ζ).



Defn 2.1: The function u is nontangentially bounded at ζ if there

exist M <∞, α > 1, and 0 < h < 1 such that

|u(z)| ≤M on Γhα(ζ).

Notice that the definition of nontangential boundedness only requires that u(z)

be bounded on a single truncated cone, whereas the definition of nontangential

convergence requires that u(z) has a limit through every cone Γα(ζ).



Theorem 2.2 (Privalov): Suppose E ⊂ ∂D and suppose u(z) is nontan-

gentially bounded at each ζ ∈ E. Then u(z) has a nontangential limit at

almost every ζ ∈ E.



Proof: Let ε > 0. By a little measure theory there exists a compact set K ⊂ E

with |E \K| < ε and there exist constants α, h, and M such that |u| < M on

U =
⋃

ζ∈K
Γhα(ζ).

To prove the theorem it is enough to show u has a nontangential limit almost

everywhere on K.



Let Ui be one component of U and let ϕi be a conformal map of D onto Ui.

Then u◦ϕi is a bounded harmonic function on D and by Fatou’s theorem, u◦ϕi
has a finite nontangential limit almost everywhere on ∂D.

Because α and h are fixed, ∂Ui is a rectifiable Jordan curve. See Figure.



For Lebesgue almost every ζ ∈ K ∩ ∂Ui, ϕi is conformal at ϕi
−1(ζ) and u ◦ ϕi

has a finite nontangential limit at ϕi
−1(ζ), both by the

But when ϕi is conformal at ϕi
−1(ζ), u◦ϕi has a nontangential limit at ϕi

−1(ζ)

if and only if u has a nontangential limit at ζ .

Since K =
⋃
iK ∩ ∂Ui, we conclude that u has a finite nontangential limit at

almost every ζ ∈ K. �



Many proofs are simple variations on the previous argument.

Define a cone domain to be a domain of the form

U =
⋃
ζ∈K

Γα(ζ) or U =
⋃
ζ∈K

Γhα(ζ),

where K ⊂ ∂D is compact, α > 1, and 0 < h < 1.



Theorem 2.3: Let f (z) be a meromorphic function on D and let E ⊂ ∂D
have |E| > 0. If for each ζ ∈ E there is α = α(ζ) > 1 such that

lim
Γα(ζ)3z→ζ

f (z) = 0,

then f (z) ≡ 0 in D.



Proof: Let K ⊂ E be compact with |K| > 0 and take the cone domains Ui

and the maps ϕi as in the proof of on D, and by the F. and M. Riesz theorem,

f ◦ ϕi has nontangential limit 0 on a set of positive measure. Then by (1.4),

f ◦ ϕi ≡ 0 so that f ≡ 0. �

Nontangential approach regions are necessary in Theorems 2.2 and 2.3. Bagemihl

and Seidel [1954] showed that there is a non-constant analytic function on D
having radial limit 0 almost everywhere on ∂D.



Definition 2.4: Let f (z) be a meromorphic function on D. A point

ζ ∈ ∂D is a Plessner point for f if for all α > 1 and all 0 < h < 1,

f
(
Γhα(ζ)

)
is dense in C.



Theorem 2.5 (Plessner): Let f (z) be a nonconstant meromorphic func-

tion on D. Then there are pairwise disjoint Borel subsets N , G, and P of

∂D such that ∂D = N ∪G ∪ P and

(a) |N | = 0,

(b) At each ζ ∈ G, f has a finite nontangential limit f (ζ) and f (ζ) 6= 0,

and

(c) Each ζ ∈ P is a Plessner point for f .



Proof: Let P be the set of Plessner points for f and let E = ∂D \ P.

Then P and E are Borel sets, and the theorem is equivalent to the assertion

that f has a finite non-zero nontangential limit at almost every ζ ∈ E.

Let {wn} be a countable dense subset of C and set

En =
{
ζ : there exist α > 1, 0 < h < 1,

and ε > 0 such that
∣∣f − wn| ≥ ε on Γhα(ζ)

}
.

Then E =
⋃
nEn. By Privalov’s theorem 1/(f (z)− wn) has a nontangential

limit a.e. on En and hence f has a nontangential limit at almost every ζ ∈ E.

By Theorem 2.3, applied to f and to 1/f , the limit is finite and non-zero a.e..

�



Section VI.3: Accessible Points



By Corollary V.3.6, ∫ 1

0

∣∣ϕ′(rζ)
∣∣dr <∞ (3.1)

except on a capacity zero subset of ∂D.

If (3.1) holds then ϕ has a radial limit at ζ , and it follows from Lindelöf’s

theorem, (Exercise II-3(d)), that ϕ has a nontangential limit at ζ.

Thus ϕ(ζ) is defined except on capacity zero (= Hausdorff dimension zero).

w ∈ ∂Ω is an accessible point if it is the endpoint of an open arc σ ⊂ Ω.



Lemma 3.1: If ϕ has a nontangential limit ϕ(ζ) at ζ ∈ ∂D, then ϕ(ζ) ∈ ∂Ω

and ϕ(ζ) is an accessible point of ∂Ω. Conversely, every accessible w ∈ ∂Ω

is a nontangential limit w = ϕ(ζ).



Proof: Suppose ϕ has nontangential limit at ζ ∈ ∂D. Then clearly ϕ(ζ) ∈ Ω.

But if ϕ(ζ) ∈ Ω then there is z ∈ D with ϕ(ζ) = ϕ(z), and that means that

ϕ−1 is not single valued in some neighborhood of ϕ(z).

Therefore ϕ(ζ) ∈ ∂Ω and clearly ϕ(ζ) is an accessible point.



For the converse, suppose w ∈ ∂Ω is the endpoint of an arc σ ⊂ Ω.

The preceding argument above shows that limσ3z→w |ϕ−1(z)| = 1.

Because ϕ has nontangential limits a.e. and ϕ−1(σ) is an arc, Theorem 2.3,

applied to ϕ(z)− w, shows that limσ3z→w ϕ
−1(z) = ζ ∈ ∂D exists.

It then follows from Lindelöf’s theorem, Exercise II.3(d), that ϕ has nontangen-

tial limit w at ζ. �



Let A be the set of accessible points of∂Ω.

Then A is the range of the boundary function ϕ(ζ), defined except on a set of

capacity zero, and A is dense in ∂Ω.



Theorem 3.2: Let Ω be a simply connected domain. Then the set A of

accessible points is an ω-measurable subset of ∂Ω and for all z ∈ Ω,

ω(z, A,Ω) = 1. (3.2)

If E ⊂ A, then

ω
(
z, E,Ω

)
= ω

(
ϕ−1(z), ϕ−1(E),D

)
. (3.3)

In particular,

ω(z, E,Ω) = 0⇐⇒ |ϕ−1(E)| = 0.



Proof: By Egoroff’s theorem and Lemma 3.1, there are closed sets Kn ⊂ ∂D
such that |∂D \Kn| < 1/n and such that ϕ is continuous on the compact set

∪KnΓπ/2(eiθ). Hence ϕ(Kn) ⊂ A is compact and ω(∪nϕ(Kn)) = 1.

Thus A is ω-measurable and (3.2) holds.

We may assume z = ϕ(0).

Let rn ↑ 1, and set Ωn = ϕ({z : |z| < rn}), and let f ∈ C(Ω).



Then by the definition of harmonic measure, by Lemma 3.1, and by dominated

convergence,

∫
∂Ω

f (ζ)dω(ζ) = lim
n→∞

1

2π

∫
f (ϕ(rne

iθ))dθ =
1

2π

∫
f (ϕ(eiθ))dθ. (3.4)

Each side of (3.3) defines a Borel measure and since Borel measures are deter-

mined by their actions on continuous functions, (3.4) also implies (3.3). �





Section VI.4: Cone Points and McMillan’s Theorem



Suppose ϕ : D→ Ω is conformal.

Write

G =
{
ζ ∈ ∂D : ϕ has non-zero angular derivative at ζ

}
and

B =
{
ζ ∈ ∂D : ϕ has a nontangential limit at ζ, and

lim inf
Γα(ζ)3z→ζ

|ϕ′(z)| = 0, for all α > 1
}
. (4.1)



Theorem 4.1: Let ϕ be a univalent function on D. Then G ∩B = ∅ and

|G ∪B| = 2π.

Proof: Because ϕ has a nontangential limit almost everywhere, this just

Privalov’s and Plessner’s theorems, applied to the function ϕ′. �



We call a point w ∈ ∂Ω a cone point of ∂Ω if w is the vertex of an open

isosceles triangle T ⊂ Ω. Every cone point is an accessible boundary point. We

know that the following implications hold pointwise:

ϕ has non-zero angular derivative at ζ

⇒ ϕ is conformal at ζ

⇒ ∂Ω has an inner tangent at ϕ(ζ)

⇒ ϕ(ζ) is a cone point of ∂Ω,

All three converse implications fail pointwise, but Theorem 6.1 will show that

these four conditions are almost everywhere equivalent.



Write K = K(Ω) =
{

cone points for Ω
}
.

Theorem 4.2 (McMillan): Let Ω be a bounded simply connected domain.

Then K is a Borel set, with σ-finite Λ1 measure, and when E ⊂ K,

ω(E) = 0⇐⇒ Λ1(E) = 0. (4.2)

Moreover, at almost every w ∈ K, ∂Ω has an inner tangent.



Proof: Let {Ln} be the countable set of lines having rational slope and rational

y intercept. For each n, put w ∈ Kn if w ∈ ∂Ω \ Ln and w is the vertex of an

open isosceles triangle Tn(w) ⊂ Ω such that

(a) Tn(w) has base on the line segment Ln ∩ {|z| ≤ n},
(b) Tn(w) has vertex angle π

n, and

(c) Tn(w) has height hn(w) satisfying 1
n ≤ hn(w) ≤ n.



Then K =
⋃
nKn, where Kn is compact, so that K is an Fσ set.

Note that dist(Kn, Ln) ≥ 1
n. Let Ωn =

⋃
Kn
Tn(w). Then Ωn ⊂ Ω, and by (a),

(b), and (c), Ωn has finitely many components Ωn,j.

Each component Ωn,j is bounded by a Jordan curve Γn,j, and except for end-

points on Ln, these Jordan curves are pairwise disjoint.



We have K ⊂
⋃

(Γn,j \ Ln) and K has σ-finite Λ1 measure.

If we assume the line Ln is horizontal, then Γn,j is the union of an arc of Ln and

the graph of a Lipschitz function defined on that arc.

In particular Γn,j is rectifiable, and Ω has an inner tangent at Λ1 almost every

point of Γn,j, and thus at Λ1 almost every point of K.



Then to prove (4.2) we can assume E ⊂ Γn,j \ Ln.

Suppose Λ1(E) > 0. Then by the F. and Riesz theorem, ω(z, E,Ωn,j) > 0 for

all z ∈ Ωn,j, and therefore ω(z, E,Ω) > 0.



Conversely, suppose E ⊂ Γn,j \ Ln is a compact set such that Λ1(E) = 0. We

may suppose Ln is the real axis. Set U =
⋃
E Tn(w).

Translate Ln by 1
10n units in the direction of Ωn,j to a parallel line L′n. When

w ∈ E, let T ′n(w) ⊂ Tn(w) be the isosceles triangle having vertex w, base on

L′n, and vertex angle π
n+1. Set V =

⋃
E T

′
n(w).



Translate Ln by 1
5n units in the direction of Ωn,j to a parallel line L′′n. Repeat

this construction with L′′n and with triangles T ′′n (w) now having bases on L′′n and

vertex angle π
n+2. Set W =

⋃
E T

′′
n (w).

Then W has finitely many components. We may assume E has no isolated

points so that W is not a triangle. We can also assume W , and hence U and

V , is connected by replacing E by a subset if necessary.



Then W ⊂ V ⊂ U ⊂ Ωn,j ⊂ Ω.

Similiar to Γn,j the domains ∂U, ∂V , and ∂W consist of a segment of Ln, L′n,

L′′n, respectively, and a Lipschitz graph over that segment.

Each component τk of ∂V \ E is an arc having endpoints in E, and these

endpoints are also the endpoints of a component σk of ∂W \E and a component

γk of ∂U \ E.

τk, σk, γk are each polygonal arcs with at most three sides and angles bounded

below.



Let Uk be the unbounded component of C \ (τk ∪ σk). Only one σk satisfies

σk ∩ L′n 6= ∅. Then for each E

inf
γk
ω(z, σk,Uk) = α > 0,

uniformly in k, by a normal families argument for instance.



Therefore

inf
∂U\E

ω(z, ∂Ω \ E,Ω \ V ) ≥ α > 0 (4.3)

and by the maximum principle

inf
∂U\E

ω(z, ∂Ω \ E,Ω) ≥ α > 0.



But ∂U is rectifiable and Λ1(E) = 0, so by the Riesz theorem, ω(z, E, U) = 0.

Thus ω(z, ∂Ω \ E,Ω) ≥ α on U ⊃ ∂V \ E and

β = inf
∂V \E

ω(z, ∂Ω \ E,Ω) ≥ α.



Therefore

ω(z, ∂Ω \ E,Ω) = ω(z, ∂Ω \E,Ω \ V ) +

∫
∂V

ω(ζ, ∂Ω \E,Ω)dωΩ\V (z, ζ)

≥ ω(z, ∂Ω \ E,Ω \ V ) + βω(z, ∂V,Ω \ V )

= (1− β)ω(z, ∂Ω \ E,Ω \ V ) + β,

for all z ∈ Ω \ V . But taking z ∈ ∂U \ E then gives

β ≥ α ≥ (1− β)α + β.

If β < 1 this gives β > β, a contradiction. Thus β = 1 and ω(E) = 0. �



A twist point of ∂Ω is a point ζ ∈ ∂Ω so that on arg(z − ζ) is unbounded

above and below along every curve in Ω ending at ζ .

McMillan twist point theorem: If Ω is a Jordan domain, then a.e.

(w.r.t. harmonic measure) point of ∂Ω is either a cone point or a twist

point.

This is proved in Appendix I of the textbook.



Now assume Γ is a Jordan curve and let Ω1 and Ω2 be the two simply connected

components of C∗ \ Γ. Fix pj ∈ Ωj, let ϕj : D → Ωj be a conformal mapping

with ϕj(0) = pj and write ωj = ω(pj, ·,Ωj).

Set

Tn(Γ) =
{
w ∈ Γ : Γ has a tangent at w

}
.

If w ∈ Tn(Γ) then by Theorem II.4.2, ϕj is conformal at ϕj
−1(w) for j = 1, 2.

Consequently, by Theorem 4.2 the three measures ω1, ω2, and Λ1 are in the same

measure class on Tn = Tn(Γ),

χTnω1 � χTnΛ1 � χTnω2 � χTnω1.



Theorem 6.3 below will show, without using the twist point theorem, that on

Γ \ Tn(Γ), ω1 ⊥ ω2 .

Write Twi(Γ) for the set of twist points of Γ.



Example 4.3 (von Koch Snowflake):



Section VI.5: Compression and Expansion



Λα = α-Hausdorff measure.

Λα(E) = lim
δ↘0

inf{
∑
j

rαj : E ⊂ ∪jD(xj, rj), rj < δ}

dim(E) = inf{s : λs(E) = 0}.

If h : [0,∞) → [0,∞) is a homeomorphism, we call it a gauge function and

define

Λh(E) = lim
δ↘0

inf{
∑
j

h(rj) : E ⊂ ∪jD(xj, rj), rj < δ}.



For two measures, µ� ν if ν(E) = 0⇒ µ(E) = 0.

For two measures, µ ⊥ ν if for some set E, ν(E) = 0 and µ(Ec) = 0.



Let Ω be a simply connected domain, let ω be harmonic measure for some fixed

z0 ∈ Ω and let ϕ : D→ Ω be a conformal mapping.

If Λα(∂Ω) > 0 and ω ⊥ Λα, then the conformal map ϕ compresses a set

E ⊂ ∂D having full harmonic measure into a set ϕ(E) having Λα(ϕ(E)) = 0.

On the other hand, if ω � Λα, then ϕ cannot compress a set E with |E| > 0

into a set with Λα(ϕ(E)) = 0.



If ∂Ω is a rectifiable Jordan curve then by the F. and M. ω � Λ1 � ω.

In 1936 Lavrentiev made the more precise lower estimate

ω(E) ≤ C log Λ1(∂Ω)

1 + | log Λ1(E)|
, (5.1)

when ∂Ω is rectifiable, E ⊂ ∂Ω, and dist(z0, ∂Ω) ≥ 1.

In 1994 Bishop and Jones proved a version that only requires E to lie on a

rectifiable curve Γ
ω(E)

logωE)
≤ C log+ Λ1(Γ)

1 + | log Λ1(E)|
, (5.1)



Mikhail Alekseevich Lavrentev (1900–1980)

https://mathshistory.st-andrews.ac.uk/Biographies/Lavrentev/


Peter W. Jones (1952–)

Math Reviews of Jones’s papers

https://en.wikipedia.org/wiki/Peter_Jones_(mathematician)
https://www.math.stonybrook.edu/~bishop/classes/math639.S26/Jones_MR.pdf


In 1936 Lavrentiev constructed a Jordan domain for which ω 6� Λ1.

In 1973 McMillan and Piranian constructed a Jordan domain such that

ω ⊥ Λ1.

Kaufman and Wu (1982) built, for any measure function of the form

h(t) = t exp(| log t|α), 0 < α <
1

2
,

a Jordan domain for which ω ⊥ Λh.

Thus ϕ can compress E with |E| = 2π into ϕ(E) where Λh(ϕ(E)) = 0.



On the other hand, ϕ cannot compress harmonic measure very much.

Beurling’s projection theorem (Corollary III.9.3) implies ω � Λ1
2
.

In 1973 Carleson improved this to ω � Λβ for some β, 1
2 < β < 1.

In 1985 Makarov gave an surprising improvement of this.



Theorem 5.1 (Makarov): Let ω be harmonic measure for a simply con-

nected domain Ω and let 0 < α < 1. Then

ω � Λα.

Theorem 5.2 (Makarov): Let ω be harmonic measure for a simply con-

nected domain Ω and let h(t) be a measure function such that

lim
t→0

h(t)

t
= 0.

Then ω is singular to Λh, ω ⊥ Λh.

Thus harmonic measure on simply connected domains has dimension 1.

Later, Jones and Wollf proved it has dimension ≤ 1 for any planar domain.

We will prove Thm 5.2 now, and Thm 5.1 in the next chapter.



Nikolai Georgievich Makarov

https://grokipedia.com/page/nikolai_georgievich_makarov


Tom Wolff (1954-2000)

https://www.ams.org/notices/200105/fea-wolff.pdf


Defn: Let E ⊂ ∂D and let S = {zk} be a sequence in D. We say S is

nontangentially dense a.e. on E if there is α > 1 such that for almost

every ζ ∈ E,
ζ ∈ S ∩ Γα(ζ).



Lemma 5.3: Assume {zk} is nontangentially dense a.e. on E ⊂ ∂D and

let ϕ be the conformal map from D onto a simply connected domain Ω.

Then set wk = ϕ(zk), rk = dist(wk, ∂Ω), Bk = B(wk, 2rk), and

V = ∂Ω ∩
(⋃

Bk

)
∩ A,

where A is the set of accessible boundary points. Then

|E \ ϕ−1(V )| = 0. (5.2)



Proof: Suppose (5.2) is false and let Wk be the component of Bk∩Ω such that

wk ∈ Wk.

Since ∂Ω is connected,

ω(wk, V,Ω) ≥ ω(wk, ∂Ω ∩Bk,Wk) ≥ c,

by the Beurling projection theorem (Exercise III.10).

Consequently u(z) = ω(ϕ(z), V,Ω) satisfies u(zk) ≥ c.



But u has nontangential limits a.e. and almost every ζ ∈ E is the nontangential

limit of a subsequence of {zk}, so that

lim
Γα(ζ)3z→ζ

u(z) ≥ c

almost everywhere on E.

On the other hand, by Theorem 3.2 u(z) = ω(z, ϕ−1(V ),D), so that u(z) has

nontangential limit χϕ−1(V ) almost everywhere on ∂D. Consequently

χϕ−1(V ) ≥ c

almost everywhere on E, and (5.2) follows. �



Proof of Theorem 5.2: Fix ε > 0. When z ∈ D and |z| > 1
2, define

I(z) =
{
ζ ∈ ∂D : |z − ζ| < 2(1− |z|)

}
.

Then 1− |z|2 ≤ c|I(z)| and ζ ∈ I(z) if and only if z ∈ Γ2(ζ).



Let ϕ be the conformal mapping from D to Ω, and set α = 2. By Theorem 2.3,

lim inf
Γα(ζ)3z→ζ

∣∣ϕ′(z)
∣∣ <∞

for almost every ζ ∈ ∂D, and the sets

En =
{
ζ ∈ ∂D : lim inf

Γα(ζ)3z→ζ

∣∣ϕ′(z)
∣∣ < n

}
satisfy En ⊂ En+1 and

∣∣⋃En

∣∣ = 2π.



Every ζ ∈ En is covered by arbitrarily small arcs I(z) such that∣∣ϕ′(z)
∣∣ < n, (5.3)

and

1− |z|2 < δn, (5.4)

where we choose δn < ε/n so small that

h(t)

t
<

ε

n2n+2
(5.5)

whenever t < 4 · n · δn.



By the Vitali covering lemma, Exercise I.9, for each fixerd n, there is a sequence

{zn,j} satisfying (5.3) and (5.4) such that∣∣En \
⋃

j
I(zn,j)

∣∣= 0 and
∑
j

|I(zn,j)| ≤ 2π. (5.6)

Then by (5.3), (5.4), and (5.5),∑
j

h
(
2|ϕ′(zn,j)|(1− |zn,j|2)

)
≤ C

∑
j

h(n|In,j|)

≤ C
∑
j

n|In,j|ε/(n2n)

so ∑
j

h
(
2|ϕ′(zn,j)|(1− |zn,j|2)

)
≤ Cε

2n
. (5.7)



With ε fixed, we take {zk} =
⋃
n{zn,j}, wk = ϕ(zk), rk = dist(wk, ∂Ω), Bk =

B(wk, 2rk), and

Vε = ∂Ω ∩ (∪Bk)).

Then by (5.4) and Theorem I.4.3,

2rk ≤ 2|ϕ′(zk)|(1− |zk|2) ≤ 4ε,

so that (5.7) yields ∑
k

h(2rk) ≤ Cε.



Consequently, V =
⋂∞
m V 1

m
satisfies Λh(V ) = 0.

But by (5.6), {zk} is nontangentially dense a.e. in ∂D.

Therefore ω( · , V 1
m
,Ω) = 1 by Lemma 5.3 and ω( · , V,Ω) = 1. �



Theorem, Besicovitch (1956): Suppose that A is an analytic set, f is a

gauge function, and A is not σ-finite for Λf . Then there is a gauge function g

such that g(t) = o(f (t)) and A is not σ-finite for Λg.

Besicovitch, A. S. (1956). “On the definition of tangents to sets of infinite linear

measure”. Proc. Cambridge Philos. Soc. 52, 20–29

Extending Borel’s Conjecture From Measure to Dimension Theodore A. Slaman.

We could deduce harmonic measure gives full mass to a σ-finite set, if Makarov’s

proof applied to a single set of full measure, independent of h.

https://math.berkeley.edu/~slaman/papers/sdim.pdf


Section VI.6: Pommerenke’s Extension



Recall the notation

G =
{
ζ ∈ ∂D : ϕ has non-zero angular derivative at ζ

}

B =
{
ζ ∈ ∂D : ϕ has a nontangential limit at ζ, and

lim inf
Γα(ζ)3z→ζ

|ϕ′(z)| = 0, for all α > 1
}
. (4.1)

K =
{

cone points for Ω
}
.

We know G ∩B = ∅, |G ∪B| = 2π and ϕ(G) ⊂ K.



Theorem 6.1 (Pommerenke): Let Ω be a simply connected domain and

let ϕ : D→ Ω. Then there is a subset S ⊂ ϕ(B) \K such that

Λ1(S) = 0. (6.1)

and

ω(S ∪ ϕ(G)) = 1. (6.2)

In particular, the set P = ϕ(G)∪S has σ−finite Λ1 measure and ω(P ) = 1.

Consequently,

Λ1(K \ ϕ(G)) = ω(K \ ϕ(G)) = 0.

By McMillian’s twist point theorem, ω a.e. w ∈ S is a twist point of ∂Ω.



Christian Pommerenenke (1933-2024)

https://www.tu.berlin/en/math/news-details/das-institut-fuer-mathematik-trauert-um-prof-em-dr-christian-pommerenke


Proof: We follow the proof of Theorem 5.2.

Again by the Vitali covering lemma, there are {zn,j} such that

|ϕ′(zn,j)| < 2−n−3, (6.3)∣∣B \⋃
j

I(zn,j)
∣∣ = 0,

and ∑
j

|I(zn,j)| ≤ 2π.



Now take wn,j = ϕ(zn,j), rn,j = dist(wn,j, ∂Ω), Bn,j = B(wn,j, 2rn,j), and

Vn = ∂Ω ∩ (
⋃
j

Bn,j).

Then as before, (6.3) yields∑
j

2rn,j ≤
∑
j

2|ϕ′(zn,j)|(1− |zn,j|2) ≤ cπ2−n,

and

V =
⋂
k

⋃
n≥k

Vn

has Λ1(V ) = 0. Set

S = V ∩ ϕ(B).

Then (6.1) holds for S.



By Beurling’s projection theorem, ω(wn,j, Vn,Ω) ≥ c, and⋃
n≥N

{zn,j}

is nontangentially dense on B. Therefore by Lemma 5.3 (non-tang. accessible

pts have full measure) ∣∣B \⋃
n≥k

ϕ−1(A ∩ Vn)
∣∣ = 0

for any k, where A is the set of accessible points. Hence∣∣B \ ϕ−1(S)
∣∣ = 0,

and (6.2) then follows from Theorem 4.1 (G ∪B has full measure).

Since Λ1(S) = 0, if we replace S by S \ K then (6.1) and (6.2) still hold by

Theorem 4.2 and ω(K \ ϕ(G)) = 0. By Theorem 4.2, Λ1(K \ ϕ(G)) = 0. �



Corollary 6.2: Let Ω be a simply connected domain and let S ⊂ ∂Ω be

the set given in Theorem 6.1. Then

ω � Λ1 ⇐⇒ ω(S) = 0⇐⇒ |G| = 2π,

and

ω ⊥ Λ1 ⇐⇒ |G| = 0.



Theorem 6.3 (Bishop): Suppose Γ is a Jordan curve, and let Ω1 and Ω2

be the two components of the complement C∗ \ Γ. Let E be a Borel subset

of Γ such that ω(zj, E,Ω) > 0 for zj ∈ Ωj, j = 1, 2, and let ωj|E be the

restriction of ωj = ω(zj, ·,Ωj) to E. Then

ω1|E ⊥ ω2|E
if and only if

Λ1(Tn(Γ) ∩ E) = 0,

where Tn(Γ) is the set of tangent points of Γ.



Proof:

We start with the easy direction.

Assume Λ1(Tn(Γ) ∩ E) > 0. On Tn (Γ), ωj � Λ1 � ωj by Theorem 4.2, so

that for j = 1, 2, ωj|E(Tn(Γ)) > 0 and

ω1|E 6⊥ ω2|E.



For the other direction, assume ω1|E 6⊥ ω2|E. We want to prove thatE intersects

the tangent set in positive length (equivalently, positive harmonic measure for

either side).

We may assume dist(zj,Γ) ≥ 1. Let w ∈ Γ. For 0 < t < 1, let Jj(t) be any arc

in Ωj ∩ {z : |z − w| = t} such that Jj separates zj from w, and write

tθj(t) = `(Jj(t)).



Then by Theorem IV.6.2,

ωj(B(w, r)) ≤ 8

π
exp

(
−π
∫ 1

r

dt

tθj(t)

)
.

Because
(

1
θ1

+ 1
θ2

)
(θ1 + θ2) ≥ 4, (by Cauchy–Schwarz) and θ1 + θ2 ≤ 2π, we

have
1

θ1
+

1

θ2
≥ 2

π
.

Therefore

ω1(B(w, r))ω2(B(w, r)) ≤ 64

π2
exp

(
−
∫ 1

r

2dt

t

)
=

64

π2
r2. (6.4)

or
π

8

√
ω1(B(w, r))ω2(B(w, r)) ≤ r.



By assumption, there is a compact set EN ⊂ E such that ωj(EN) > 0 and

ω1(S)

N
≤ ω2(S) ≤ Nω1(S)

for all Borel S ⊂ EN .

Cover S ⊂ EN by balls B(wk, rk), wk ∈ Γ, and rk < 1. Then by (6.4),∑
rk ≥

π

8
√
N
ωj(S),

and hence

Λ1(S) ≥ π

4
√
N
ωj(S). (6.5)



Let ϕj be a conformal map of D onto Ωj, let Gj ⊂ ∂D be the set where ϕj has

non-zero angular derivative and let S = Sj ⊂ B be the set of zero length and

full harmonic measure in B given by Theorem 6.1 for Ωj. Then ω1(S∩EN) = 0

by (6.1) and (6.5).

Therefore

ω1

(
ϕ1(G1) ∩ ϕ2(G2) ∩ EN

)
> 0

so that by Theorem 4.2,

Λ1

(
ϕ1(G1) ∩ ϕ2(G2) ∩ EN

)
> 0,

which proves the theorem because

ϕ1(G1) ∩ ϕ2(G2) ⊂ Tn(Γ). �

My original proof of this is given on pages 5 to 18 of my PhD thesis

https://www.math.stonybrook.edu/~bishop/papers/CJBishop-thesis.pdf


Let w ∈ Γ, take θj(t) as in that proof, and set

ε(w, t) = max{|π − θj(t)| : j = 1, 2}.

Corollary 6.4 (Bishop, 1987): If Γ is a Jordan curve, then at Λ1 almost

every tangent point w of Γ,∫ 1

0

ε2(w, t)
dt

t
<∞. (6.7)

Converse was known as Carleson’s ε2-conjecture, and was eventually proven by

Jaye, Tolsa and Villa in 2021 Annals of Mathematics paper, using a partial

result of Bishop and Jones.



Proof: Since

ε(w, t) = max{|π − θj(t)| : j = 1, 2}
by Taylor series

1

θ1
+

1

θ2
≥ 2

π
+

2

π

(ε(w, t)
π

)2

.

The proof of (6.4) yields

ω1(B(w, r))

r

ω2(B(w, r))

r
≤ 64

π2
exp
(
− 2

π2

∫ 1

r

ε2(w, t)
dt

t

)
. (6.6)

But by Theorem 4.2 the left side of (6.6) is bounded below at Λ1 (or ωj) almost

every point of Tn(Γ). Thus the integeral is bounded at these points. �



Example (Exercise VI.9): Suppose Γ is the graph of a real-valued function

f and consider the domain Ω1 and Ω2 above and below Γ.

• both harmonic measures are absolutely continuous to length measure.

• If f is nowhere diffentiable, then ω1 ⊥ ω2.

• For f (x) =
∑

2−n cos(2nx) the function is nowhere differentiable but the

graph Γ has tangents ωj almost everywhere, hence on a set of positive linear

measure. (Uses fact the Γ is a quasicircle.)



Example (Exercise VI.10):

• There is a Jordan curve so that harmonic measure on one side is supported

on the cone points and for the other side is supported on the twist points.




