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Goals for Chapter III:

e Solve Dirichlet problem for general planar domains
e Define logarithmic capacity

e Define and characterize regular points of boundary

e Basic estimates for harmonic measure






There are three traditional ways to solve the Dirichlet problem:

e The Wiener method is to approximate €2 from inside by subdomains 2,, of the
type studied in Chapter II and to show that the harmonic measures w(z, F, €),)

converge weak-star to a limit measure on 9f).

e The Perron method associates to any bounded function f on 02 a harmonic
function uy on €). The function uy is the upper envelop of a family of sub-
harmonic functions constrained by f on 0€). Perron’s method is elegant and

general.

e The Brownian motion approach, originally from Kakutani [1944], identifies
w(z, F/,)) with the probability that a randomly moving particle, starting at z,
first hits 0€) in the set . This method has considerable intuitive appeal, but it

leaves many theorems hard to reach.

We will follow Wiener’s method.



Norbert Wiener (1894-1964)


https://mathshistory.st-andrews.ac.uk/Biographies/Wiener_Norbert/
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Oskar Perron (1880-1975)


https://mathshistory.st-andrews.ac.uk/Biographies/Perron/
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Shizuo Kakutani (1911-2004)



https://mathshistory.st-andrews.ac.uk/Biographies/Kakutani/

Section III.1: Capacity and Green’s functions



Let E be a compact plane set such that 0 = C*\ E is a finitely connected
Jordan domain. By Chapter II and a conformal mapping, we see that (2 has

Green’s function gq(z, 00) with pole at oo, and if a ¢

ga(z,00) =log |z — a| + h(z, 00),

where h(z,00) is harmonic on {2 and continuous on 0f2 and

h((,o0) = —log|¢ —a| ¢ o0



The quantity
v =7(E) = h(oco, 0),
is called Robin’s constant for £, and we have

go(z,00) = log |z| + v + o(1), as 2 — 00.

Define the logarithmic capacity of E to be Cap(E) = e 7F),

(1.1)



Suppose £2; and {2y are finitely connected Jordan domains such that co € 2,

and set E; = C*\ ;. Suppose ¥ : € — )y is conformal and for |z| large
b
P(2) :az+bo+;1+...
with @ > 0. Then gq,(z,00) = ga,(¥(2), 00), so that by (1.1)

v(E1) = v(Es) +loga and Cap(FEs) = aCap(Ey). (1.2)

Cap(D(z,r)) = r, because gew (2, 00) = log |z|.



Now let £ be any compact plane set and write €2 for the component of C* \ E

such that oo € Q. Fix a sequence {€2,} of finitely connected domains such that

00 €8, C ), CQyiy CO,

such that

Q =],

and such that 02, consists of C'*® Jordan curves for some o > 0. Define
E, = C\ €,. All our results will be independent of the sequence {€,}.



Because €, C 11, the maximum principle implies that gq, ., (2, 00) > gq, (2, 00)
on €),, and hence that v(E,.1) > v(FE,) and Cap(FE,,1) < Cap(FE,). Define

Cap(F) = h}bn Cap(FEy,). (1.3)

Because gg(z,w) is an increasing function of €2, an interlacing of the domains

(2, shows that the definition (1.3) does not depend on the choice of the sequence
{€,,}. Note that if £ = C \ €, then by definition,

Cap(OF) = Cap(E) = Cap(E) = Cap(dE). (1.4)

Here E is “polynomial hull” of ¥ = E plus bounded complementary compo-

nents.



We define the Robin’s constant of E as
1

E) =1 ( ) — lim~(E,).

WE) = log\ o) = m v (Bn)

If E C F then by (1.3)
Cap(E) < Cap(F) and y(E) = v(F). (1.5)

If Cap(E) > 0, then lim, v(E,) = v(F) < 0o, and by Harnack’s principle
ga(z,00) = lim gq, (2, 00)
defines a positive harmonic function on {2 having expansion at oo

ga(z,00) =log|z| +~v(E) + o(1) (1.6)



When z = oo, the symmetry (2.8) of Chapter II shows that

im g (00, ) = lim g, (a0, 00)
exists for all w € 2\ {oo}. Thus by Harnack’s principle the limit

golz,w) = liénggn(z,w) (1.7)

exists for all 2z, w € Q with z # w, and gq(z, w) satisfies conditions (2.2), (2.4),
and (2.5) of Chapter 1II.

The function go(z,w) is Green’s function for ) with pole at w.

[t might not be zero everywhere on the boundary (punctured disk).



Computing capacity from Laurent expansion:

Suppose E is compact and connected. Let €2 be the unbounded component of
C*\ E and let ¢ :  — C*\ D be conformal. Assume (z) = az + by + %1 —

...,a > 0 near oo.

For r > 1, Q, = {2z : |¢(2)| > r} is bounded by an analytic Jordan curve and
g0, (z,00) = log [¢(z)/r|. Then by (1.7), ga(z, 00) = log [¢(z)| and by (1.2),

1 = Cap(D) = aCap(F).



Example 1.1 (capacity of interval):

The Joukowski map 3(z+1/z) maps {|z| > 1} to C\ [—1, 1], so we can compute
Cap([—1,1]) = 1/2.

Consequently Cap([a, 5]) = % for every interval in R.



Example 1.2.a (arc of unit circle):
If E C 9D, is an arc then Cap(E) = sin(|E|/4).

Assume F is centered at 7. Let
M\ =C\E, Q=C\VE
Qg = C\ [—sin(|E]/4),sin(|E]/4)]

where v/ E consists of two intervals of length | F| /2 centered at 4=i. For j = 1,2, 3
let g;(z) denote the Green’s function of €2; with pole at oo and let v; denote

the Robin’s constants.



Using the uniqueness of Green’s functions, is not (too) hard to check that
1

g2(2) = 501(z") and  g5(2) + 92(1/2) = g5 (2)),
where J(z) = 1(z + 1/z). By definition, near infinity we have for j = 1,2, 3
9;(z) = log|z| 4+ ; + o(1),
and using symmetry we can verify that
9:(0) = (0, 00) = h(c0,00) = 7>
where
go(z) =logla — z| + h(z, 00)

and h(z, 00) is the harmonic extension of log |z — a| for some a & Q.



Combining the equations gives by Example 1.1.

V1 = 2% and 2vy = 3 —log?2

Y1 = 3 — log 2

Cap(E) = 2Cap([— sin(| E|/4), sin(| E|/4)]) = 2 - 2sin(|E] /4)/4 = sin(| E]



Example 1.2.b: If E C 9D, then Cap(E) > sin(|E|/4).

Because of (1.3) we may assume E is a finite union of arcs. Define

1 10
F(@:Z/EG L)

el — 2
and let w(z) = w(z, £, D).

on Q= C*\ E and F(0) = —F(c0) = |E|/4. Hence H(z) = ¢¥'*) maps Q
into the right half-plane and H(oo) = H(0).



Now

G(z) = log zg(z> +H(0)

is superharmonic on {2 and

liminf G(z) >0
2230—00

By the maximum principle, G(z) > 0 in ) so that G(z) > gq, (7, 00) for all n.

For |z| large

_ £
G(z) = log || — logsin(— 0 )+ ...,
so that by (1.1)

£

— log sin(~— 0 ) > 7(0%2,) = y(E)

and Cap(F) > sin(|E|/4).



Section III.2: The Logarithmic Potential



Let p be a finite, compactly supported signed (Borel) measure. The logarith-

mic potential of  is the function

1
Unlz) = /log = Z,dﬂ(C)-

By Fubini’s theorem, the integral U, is absolutely convergent for a.e. z (area).



Defn: Superharmonic

for all  sufficiently small.
log 1/|z| is superharmonic.
Defn: Lower semicontinuous: f real-valued and f(z) < liminf,, . f(w).

Alternative: {2z : f(2) > a} is open for all real a.



Let p be a finite, compactly supported signed (Borel) measure.

The logarithmic potential of u is the function

1 1 1
Uu(z) = /10g = Zld,u(C) = logm*,u = loglj‘*,u.

By Fubini’s theorem, the integral U, is absolutely convergent for a.e. z (area).

Lemma 2.1: If p > 0, the potential U, ts lower semicontinuous and

superharmonic.

Proof: The lemma holds because for ( fixed, the function
1

€ ==

is lower semicontinuous and superharmonic.  [J

2 — log



Suppose = C*\ E is bounded by a finite family of disjoint C** Jordan

curves, a > 0, write g for the harmonic measure of oo relative to (2,

1 9g(¢, )
2 Ong

dup = dw(oco, - Q) = ds = Py (()ds.



Theorem 2.2: [f ) = C*\ F is connected and bounded by finitely many
pairwise disjoint C1T Jordan curves, then the integral U up(2) is absolutely

convergent at every z € C. The potential U,, is continuous on C and

g(z,00) =v(E) = U, (2), z €, (2.1)
U,.(z) <~v(E), z € (), (2.2)

and
U,.(z) =v(E), ze BE=C"\ . (2.3)

It turns out that pg is the unique probability measure p on £ such that U, is

constant on £/, and pg is called the equilibrium distribution for E.



Proof: We can assume 0 ¢ €. Clearly, the integral U 1.(2) 1s absolutely conver-
gent at all z ¢ 0€). Since

g(z, o0) = log|z| / log |¢] dw(z, C),

o

by setting z = co we have y(E) = — [, log [¢] dug(C).



On the other hand, for fixed zy € €2,

Z

g(z, z9) = log dw(z, (), (2.4)

/ o 2
=2 Joa IC— 20
because the right side of (2.4) satisfies the conditions (2.3), (2.4), and (2.5) from

Chapter II and those conditions determine Green’s function.

Then sending z to oo yields

0 < g(oo, 20) = 7(E) — /log :

|C—%\

For z € €2, (2.1) is then a consequence of the symmetry, i.e., g(oo, z) = g(z, 00).

dpe(C) = (E) = Ungl20)-

Because g(z,00) > 0 on €, (2.1) implies U, .(2) < 7(E), z € ) which is
(2.2).



For z ¢ Q, v(¢) = log (|¢|/|¢ — 2|) is harmonic on a neighborhood of  and

0=1v(c0) = /10g|§\dﬂE<C> + /10g dure(C)

= —Y(E) + Uypl2).

1
¢ — 2]

Therefore U, . (2) = v(E), z € E =C*\Q (this is (2.3)) holds for z ¢ €.



It z € 01, the lower semicontinuity of U, gives

Uy(z) <liminf U, (w) < y(F) < oo.

Qw—z

The integrand is bounded below, so the integral U,(z) converges absolutely.

Because 0f2 is smooth so Area(d2) = 0. By the superharmonicity of U,

. dédn
U,z thsup/ U,(()——=.
ﬂ( ) B(2.6) N( ) 7T(52

0—0
Since U, = y(E) — g(00, 2p) and g tends to zero continuously on F.

: d&dn d&dn
U,(z) > limsup / U C—+/ 7y = .
) 5—0 { QNB(2,0) 2 >7T52 Bzopa = O

Hence (2.1) and (2.3) hold for z € 952, and so U, is continuous in C.  [J




Let E be a compact set with Cap(£) > 0, and let E, = C*\ Q, be as in
Section 1. Then by (1.7) and Theorem 2.2 any weak-star cluster point g of
the sequence {up, } satisfies both (2.1) and (2.2) on ). Later we will show the

limit is unique.



Section II1.3: The Energy Integral



Let v be a signed measure with compact support. If

[ler=e

we say v has finite energy and define the energy integral I(v) by

)) = / / log ‘Zi V(Qv() = / U, (2)dv(2)

log dlv|(¢) dlv|(z) < oo,




The energy integral is positive definite:

Theorem 3.1: If (3.1) holds and if [ dv =0, then I(v) > 0. Moreover, if
I(v) =0, then v = 0.



Th proof of the theorem will use the following technical lemma (a version of the
Poincaré inequality).

Lemma 3.2: Assume U,(z) € C*(C) satisfy
Un(2)] < O/, (3.9)

and

/ / U, Pdzdy — 0, (3.10)
K

Then

for every compact set K.



Proof: Assume K C [—-L, L] x |-R, R|. Then

L
/ U, (z,y)Pdr < 2/ U, (z,y) — Up(x, —L)|*dx + 2C?*/ L
[_LvL] —L

[/,

< 4L||VU,|[3+2C%/L.

oU,,
0y

I

2
dy) dx +2C%/L

and a second integration gives (3.10) when L is large compared to R. [J



Proof of Theorem 3.1 (energy integral is positive definite):

Write L(z) = log ‘—i| By Green’s theorem if f € C'*° has compact support, then

_iw // L(z — w)Af(w)dudv. (3.2)

First assume dv = h(z)dxdy where h € C* has compact support and satisfies

/ / h(2)dxdy = 0. (3.3)

Then the convolution U, = L x h is also C* and by (3.3),

U,(2)] < % (3.4)
and o
VU, (2)] < PE (3.5)

for |z| large.



For any f € C° with compact support, Green’s theorem (3.2) and Fubini’s

theorem give

/ / AU, fdzdy = / / U,Afdxdy = —2r / / hfdzdy.

Therefore AU, = —27h.

Now by (3.4), ), and Green’s theorem again

//Uhdmdy———//UAdedy——//|VU|d:z:dy

Thus I(v) > 0 in this special case.

Moreover, if I(r) = 0 then VU, = 0 and h = —%AUD =0,s0v = 0.



Next we do the general case by smoothing a general measure, applying the

previous case, and taking a limit.

Let K € C°(C) be a smooth, compactly supported function such that
(i) K is radial, K(z) = K(|z|),

(ii) K > 0, and

(iti) [ Kdxdy = 1.

Set K.(z) = e 2K(z/¢e) and let v, be absolutely continuous with density
he(z) = K. xv(z) = /Kg(z — w)dv(w).

Then for all continuous f

jim / Fdv, — / fdv, (3.6)

and h. € C™ has compact support and satisfies (3.3).



By Fubini’s theorem and assumption (i) above,

I(v.) = / / K. % K. % L(z — O)dv(2)dv(C),

where

K. x K ( /K z — w) K (w)dudv

and

K.x K. x L(w) = /(KE * Kg(z))L(w — z)dxdy.



Now because K. is radial, K. x K_ is also radial. Since L(z) is superharmonic,

K.+« K.* L(z) < L(z2). (3.7)

Since L(z) is continuous as a map into (—oo, 0o, we have

K.x K.x L(z) = L(2), as € — 0.

Since [ dv =0, for any @ > 0 we have

//bg'w_&gldu Oy (2 //k)glz_ddy (C)dv(2).

Hence we may assume v has support in {z : |z] < 1/2}.




Recall that we assumed

[l

Using this, (3.7) and dominated convergence, we get

I(v) =lim I(v.) > 0.

e—0

log

dlv|(¢) dlv|(z) < oc. (3.1)



To finish the proof, we want to show I(u) = 0 implies v = 0.

Assume I(v) = 0 and set U, = U,,. Then
/ VU |*dzdy = I(v.) — 0. (3.8)

We also have U(z) = O (é) uniformly in €, because all h,, € < 1, satisfy (3.3)

and vanish outside a common compact set. Then by (3.8) and Lemma 3.2,

lim / / U.(2)| dady = 0.
e—0

To prove v = 0 note that for any smooth f € C*° with compact support, (3.6)

and Green’s theorem imply

—1
/fdy = lim/fdy6 =lim— | Af Udxdy =0. U

e—0 e—0 27



Section I1I.4: The Equilibrium Distribution



We want to define a equilibrium measure on general sets by taking limits of

measures on smooth approximating sets.

The problem is to show the limit is unique and independent of how we choose

the approximations.

Let Q2 be the component of C*\ E such that co € €, and define E = C \ Q.

This is sometimes called the polynomial hull of FE.



Theorem 4.1: Assume Cap(F) > 0. Then sequence {u,} = {ug,} con-
verges weak-star to some p = pup € P(E), and the limit does not depend

on the choice of the sequence {E,}. Moreover,

v(E) =1(pug) =inf{l(c) : 0 € P(F)} (4.1)
and I(o) > ~(F) for all 0 € P(E) with 0 # ug.

[t follows that the measure pp is the unique p € P(E) satistying U, = v(E)

almost everywhere du.

By definition pg is the equilibrium distribution of £, and U, is called

the equilibrium potential.



Lemma 3.2: Let E be a compact set and let {u,} be a sequence in P(E).
If n, converges weak-star to y € P(E) then

Uy(z) <liminfU, (2), z € C, (4.2)

and

I(p) < lminf I'(py,). (4.3)



Proof: Write h(z,{) = logl/|z— (| and for N > 0 define hy(z,() =
min(h(z, (), N).

Then each hy is continuous, h = lim hy, and hy < h. Therefore

/ hiv(z, Q)dp(¢) = lim / h (2, C)dpn(C)
< limninf/h(z,od,un<o
= liminf U,,.

Because hy increases to h, this gives (4.2). Because u,, X p, converges to u X u

weak-star, a similar argument gives (4.3). [



Proof of Theorem 4.1 (unique limits):

First we assume that 2 = C*\ F is bounded by finitely many pairwise disjoint

C1* Jordan curves and prove pg is the unique minimizer for (4.1).

For such B, U, = v(F) on E by (2.3), so that I(ug) = [ U, dup = v(E).
Thus if ¢ € P(FE), then by Fubini’s theorem

v(E) :/UuEdaz/Ugd,uE
But if o # pg, then by Theorem 3.1,
0 < [(O’ — ,LLE)

= [(o) + I(ug) — /UMECZO — /UaduE = I(o) —y(E).
Therefore (4.1) holds, and I(o) = ~(E) if and only if o = up.



Now suppose F is any compact set. By the Banach—Alaoglu theorem there is a
subsequence {p,, } of {up,} that converges weak-star to some p € P(FEy). By
43)

I(p) < liminf Iy, ) = liminfy(E,,) = y(E).

Moreover, because pg, has support dF,, any such p has support contained in

i, (ﬂ En> —0F C F, (4.4).

If o € P(E) C P(F,) then, because (4.1) holds for the sets F,,
1(0) > ln~(E,) = +(E).

Therefore I(o) > I(p) = y(E).



Suppose 0 € P(FE) satisfies I(0) = v(F) and ¢ # u. By Fubini’s theorem
[ U,do = | Uydu, and by Theorem 3.1

O<I(0—,u):I(J)+[(u)—2/Uuda. (4.5)

Therefore
Uydo < ~(E). (4.6)
noindent But if oy = to + (1 — t)p, 0 <t <1, then oy € P(F) so that
V(E) < I(o)) = £1(0) + (1 — 2I(0) + 2(1 — 1 / U, do
S0

2(B) < o) < 2(B)+ 2 ( [ Udo —2(B)) e+ 0(). 41

For ¢ small (4.6) and (4.7) are in contradiction and hence p is the unique extremal

for the minimizing problem (4.1).



The uniqueness implies {p,} converges weak-star, because the sequence {,}

has a unique weak-star accumulation point.

Uniqueness also shows that the limit g cannot depend on the choice of {E,}.
L]



For any compact set F/,
OF COE C ECE,

and by (4.4), g is supported on OE. By (1.4) and the uniqueness in Theo-

rem 4.1,

HE = HoE = K = HyE-

The capacity of any Borel set A is defined as
Cap(A) = sup{Cap(F) : E compact, E C A}. (4.8)

Sets of capacity zero are also called polar sets.



Corollary 4.3: If E is compact and Cap(FE) = 0, then I(u) = +oo for
all p € P(FE). Consequently, if A is Borel with Cap(A) = 0 and if p is a
positive measure with I(p) < oo, then u(A) = 0.

Proof: Suppose E is compact and Cap(F) = 0 and suppose u € P(F). Then
P(FE) C P(E,) and I(u) > ~(E,) — oo by Theorem 4.1.

If Aisa Borel set with Cap(A) = 0 and if ¢ is a positive measure with o(A) > 0,
then take £ C A compact, such that o(E) > 0.

Then p = (xg/o(F))o € P(E) and I(u) = oo. Thus I(0) =oc0. [



The Hausdorff a-content of a set is the

Ho, = inf {Z ri}
where the infimum is over collections of disks {z;,r,} that cover E. The Haus-

dorff dimension is the infimum of « so that H (F) = 0.



Frostman’s Lemma says that if a set has costive a-dimensional Hausdorft con-
tent, then it supports a finite positive measure p so that for all z € C and
r >0

u(D(z,r)) < re.

[t is not hard to check that such a measure had finite energy.

Thus the corollary implies that sets of zero logarithmic capacity have zero Haus-

dorfl dimension.



Felix Hausdorff (1868-1942)


https://mathshistory.st-andrews.ac.uk/Biographies/Hausdorff/

Otto Frostman (1907-1977)


https://www.icmihistory.unito.it/portrait/frostman.php

Theorem 4.4: Let E be a compact set such that Cap(E) > 0 and let ug
be the equilibrium distribution for E. Then

Unp(2) <y(E),  z€C (4.9)
Ung(2) = 7(E) = ga(z,00) <1(E), z€Q=C"\E, (4.10)

Cap({z € E': Upg(2) #1(E)}) = 0. (4.11)



Proof:

Since Uy, < y(k,) and y(E,) — v(F), (4.9) follows from Lemma 4.2.

By (1.7), (2.1), and the weak-star convergence of pp,, we conclude that U, . (z) =
Y(E) — galz,00) for z € (.

It U, () = v(£) at some z € (2, then by the maximum principle, U, is
constant on {2, but
lim U, (z) = —o0.

Z—r00

Therefore (4.10) holds.



To prove (4.11), let K be any compact subset of E such that Cap(K) > 0
and take o € P(K) with I(0) < co. For 0 < t < 1, the inequality (4.7) still

obtains, so that the coefficient of ¢ in (4.7) is non-negative:

/UuEdO' —v(E) > 0.

But then by (4.9)
/UMECZJ = v(F)

and U, (2) = v(£) almost everywhere with respect to . Thus Cap(K) = 0
whenever K C {z € E : Uy(2) #~(E)}. O



Theorem 4.5: Suppose ¢ is a contraction: |(z) — Y (w)| < |z —w| for all
z, w € FE. Then

Cap(y(E)) < Cap(E).

If E* ={|z| : z € E} is the circular projection of E onto R, then

E*
Cap(FE) > Cap(E™) > | ] ‘, (4.12)

where |E*| denotes the length of E*.



Proof: We may assume that Cap(¢)(FE)) > 0. Let u € P(1(F)) be such that
I(p) < 0o. By Lemma 4.6 below there is v € P(FE) such that 1,(v) = u, where
. (v) is defined by

Uu(v)(A) = v(y(A)) (4.13)

for all Borel A C ¥(F). Then

//bgw dv(=)dv(w) > 1(v),

and by Theorem 4.1, y(E (@D(E)) and Cap(E) > Cap(y(F)).




In proving (4.12) we may assume that F is a finite union of smooth curves and

E* 1s a finite union of intervals in R .

Let F' be the interval obtained by sliding the intervals of £* together without
altering their lengths.

Then F' is obtained from E by applying two contractions, and hence Cap(F) >
Cap(E*) > Cap(F). But then by Example 1.1, Cap(F) = |F|/4 = |E*|/4.
]



Lemma 4.6: Let E be a compact set and let ¢ be a continuous map from
E onto ¢(FE). For v € P(FE) define ¥.(v) by

Vu(v)(A) = v(p~ ' (A)) (4.13).
Then ¥, maps P(E) onto P(Y(FE)).

Proof: By its definition, the map ¢, : P(E) — P(y(F)) is continuous, weak-

star to weak-star. Given u € P(y¥(F)), let i, be a sequence of atomic measures
Ny

j=1
where 0, denotes the point-mass at z, such that z](-n) € (F), such that a
and ) a§-n> = 1, and such that u, — p weak-star.

(n)

>0



Pick any w](-n) S w_l(zj(-n)), and set

Then 9, (v,,) = py, and if a subsequence of {v,} converges weak-star to v, then
vePE)and Y, (v) =p. O



Alternate proof of Koebe i-theorem:

Corollary 4.8 Let p(z) be a univalent function on the unit disc D. If ¢ is
normalized by p(0) =0 and ¢'(0) = 1, then
e(D) D {w : |w| < 1/4}. (4.15)

Proof: Let a = inf{|w| : w ¢ ¢(ID)}. Then
1 b
Y(z)=——=2+by+—+...
o(3) 2
is a conformal map from C*\ D to a domain € and £ = C*\ € is a connected

set with circular projection E* = |0, 1/al.

By Theorem 4.5 and Example 1.1, 1 = Cap(E) > Cap(E*) =

= ﬁ, which gives
(4.15). O



Section 111.5: Wiener’s Solution to the Dirichlet Problem



Suppose Cap(C \ €2) > 0, the sequence {u,(z)} converges uniformly Let {€2,}
be an exhaustion of {) by smooth domains, extend f to a continuous function
on C and let u,, be the solution of the Dirichlet problem on €2, with boundary
values f|aq, .

Theorem 5.1 (Wiener): If Cap(C\ Q) > 0, the sequence {u,(z)} con-
verges uniformly on all compact subsets of § to a harmonic function u(z),

and u(z) does not depend on the choice of the sequence {§2,} nor on the
choice of the extension of f € C(01).

We write u(z) = uy(z) and we call uy(z) the Wiener solution to the Dirichlet
problem with boundary values f(().

Note that we do not claim u has boundary values f; this can fail without extra

assumptions.



Proof: Suppose co € Q. Let pu, = pp, = w(oo, -, ;) where E, = C\ €,.

By Theorem 4.1, the sequence {p,, } converges weak-star to pup, where E = C\(.

Hence

lim u,(c0) = lim a@f(()duEn(Oz an(C)duE(C)- (5.1)

n—oo n—oo

The latter integral does not depend on the sequence {€2,}. It also does not

depend on the extension of f because the limit measure ug is supported on 0f).



For z € 2 and z # oo, let T' be a Mobius transformation such that Tz = oo
and note that
Cap(0€)) > 0 <= Cap(T'(012)) > 0. (5.2)

Indeed, if Cap(9€) > 0, then by (1.7), go(w, T~(00)) exists and (5.2) is implied
by
go(w, T~ (00)) = lim go,, (w, T (c0))

The argument for z = 0o shows lim,, . u,(2) = u(z) exists for all z € 2 and

the limit u(z) is independent of {€2,,} and the extension of f.

Because the functions {u,(z)} are uniformly bounded and harmonic, the con-
vergence u,(z) — u(z) is uniform on compact subsets of {2 and the limit u(z2)

1s harmonic in €2. [0



Theorem 5.1 says
w(z, -, Q)= lim w(z, -,Q,) (5.3)

n—oo

exists and is independent of the choice of {€2,}. Then for any f € C'(052),
w2 = | Ol

where wus(2) is the Wiener solution to the Dirichlet problem for f(().

By definition, the limit measure w(z, -, §2) is the harmonic measure for z

relative to €.

This definition of harmonic measure agrees with the definition in Chapter II for

finitely connected Jordan domains.



Mutual absolute continuity.

w(z, A, ) is a harmonic function of z € Q and 0 < w(z,4,Q) < 1. By

Harnack’s inequality,

w(z, E,Q) <O, ., - w(ze, B, Q)

for every pair z;, 29 of points in €2, where the constant C,, ., > 0 depends only

on z1, 29, and (.

Thus the measures w(z, -, §2), z € ), are mutually absolutely continuous.



Equilibrium measure = harmonic measure from infinity.

If z = oo, then (5.1) shows that w(oo, - ,€) = psg. If z € Q and if T is a

Mobius transformation with T'(z) = oo, then for every Borel set A,

w(z, A, Q) = HT(60) (T(A))

By (5.2) and Corollary 4.3
Cap(A) =0 = w(z,A,Q) =0 (5.4)
for every €2 with Cap(C \ Q) > 0 and every z € ).



Polar sets have no harmonic measure.

If Cap(C* \ ©2) = 0 then, as we shall see in Section 8, each bounded or positive

harmonic function on 2 is constant.

Therefore we cannot define harmonic measure or solve the Dirichlet problem

when Cap(C* \ 2) = 0.



Harmonic measure has no atoms.

Proposition 5.3: Let {€2,} be a smooth exhaustion of Q. If E = C\ Q
satisfies Cap(E) > 0, then for any ¢ € 952, and any € > 0,

lim  sup w(z,00,N Bs((),Q,) =0 (5.5)
020 2e0,\ B(¢)

uniformly in n.



Proof: Without loss of generality, assume oo € {2 and ( = 0.

Let J = EN{z:1/M < |z| < M} with M so that Cap(J) > 0. For €2, as
before, set J, ={z: 1/M < |z| < M} \ Q,.

Let p,, be the equilibrium distribution of J,, and let +,, be Robin’s constant for

J,. Then

1
Uyz) =log— —U, (2) = / log
JIn

Z=G

2 2

‘dun(o

is harmonic on C*\ (J, U {0}).



For § < 1/M we have

1 1
Un(2) > log (m — 1) , 2 € 0B5(0) = —log M + 10g(5 — M),

and .
Un(2) 2 log — = 2 € C

These imply that

Un(x) +log M +~, >0
everywhere, and that

Upy(x) +logM + v, > 1
on the boundary of By(0).



For 0 < e, these inequalities and the maximum principle give

(2,00, 0 By(0), ) < 2 (Z>l+ 08 M 7
1Og(3 o M> + T

on {|z] >0} NQ,. Henceif |z| > € >,
log (1+%) + log M + ~,

w(z, 08, N Bs(0),€,) <
log (% — M) + Yn

But because M is fixed and J C J, C By(0), the quantities =, are bounded
above and below, and therefore (5.5) holds. [



Suppose 0 ¢ . Then by Theorem 5.1 and the definition of g(z, c0) for finitely

connected domains,
h('za OO) — g('Z? OO) o 1Og |Z|
coincides with the solution to the Dirichlet problem in €2 with boundary value — log | z|.

The following proposition gives a similar result when 2 = C*.

Proposition 5.3: Let E C {z : |z2| < R} be a compact set such that
Cap(E) > 0 and let QQ = C*\ E. Then U,, is the solution to the Dirichlet
problem on Q' = QN B(0, R) with boundary data

£(0) = v(E) for ¢ € 012,
Up(C)  for |C] =R,
and go(-,00) is the solution to the Dirichlet problem on QF with boundary

data y(E) — f(¢).

For the proof, see the textbook.



Section II1.6: Regular Points



Next we study when the Wiener solution has the correct boundary values.

A point ¢ € 0¢) is a regular point for () if
limuy(=) = £(C) (6.1)

Q5z—(C

for all f € C'(952).

Equivalently, ¢ € 02 is a regular point if
lim w(z,-,Q2) =4

03z—C

in the weak-star topology, where o, is the point mass at (.



A boundary point this is not regular is called an irregular point.
In 2 =D\ {0}, the origin is irregular.

We shall prove that “most” boundary points are regular.



Theorem 6.1 (Barriers): The point ( € 050 is a reqular point for ) if
and only if there 1s p > 0 such that for every € > 0, there exists a function

V., harmonic in QN {z : |z — (| < p}, satisfying

Va(z) 2 0, (6.2)
limsup V-(z) < e, (6.3)
2—(
Vi(z) >1/2 on {z:e<|z—=(| <p}nQ. (6.4)

Theorem 6.1 implies that the regularity of ¢ is a local question; it depends only

on the behavior of {2 in some neighborhood of (.



A barrier is a harmonic function V on €2 such that
lim V(z) =0,
2—(

and

liminf V(2) > 0

Z—Q

for o € ON\ {(}. If V is a barrier, then there are constants C. > 0 such that
the functions V. = C.V satisfy (6.2), (6.3), and (6.4).



Proof: Let ¢ be a regular point. Fix € > 0. For 0 < § < e choose f € C(9?)
such that
0<f<1,
{2 €00 fz) =0} = {¢},
and
f(z) =1, when |z — (| > 6.

Then clearly V.(z) = us(2) satisfies (6.2) and (6.3), and when ¢ is small enough
(6.4) also holds by Proposition 5.2.



Conversely, suppose the functions V.(z) exist.

Let f € C(C*) satisty
0<f<1/2and f71(0) = ¢
and let €2, be as above. If 8 > 0, then for ¢ sufficiently small,
f(z) SV(z) +0

on{z:|z— (| < p}No,.

(6.5)



Let u,, solve the Dirichlet problem on the subdomain €2, for the boundary value
f. Then
un(z) <sup f < 1/2 < Vi(z)
on 0, N{z: |z — (| = p}, and by the maximum principle
un(2) < Vo(z) 49
on Q, N{|z — (| < p}. Thus
0 <wusp(z) <V.(2)+6

on QN {|z — (| < p}. Because 0 is arbitrary, (6.3) now yields
lim uf(z) = 0.

2—(

Because every real g € C(C¥) is a constant plus a linear combination of two

functions satisfying (6.5), it follows that ( is a regular point.



Corollary 6.2: Let ¢ € 0. If the connected component of OS2 containing
( consists of more than one point, then ¢ s a reqular point for ). In
particular, if € is simply connected, then every point of 05) is a reqular

point.

Proof: For ¢ > 0, let E. be the component of 92 N B((, €/2) containing (.
Then E. # {(}.

Let 1) be a Riemann map of C*\ E, onto D with ¢.(c0) = 0. Then |1).(z)] — 1

as C*\ F. > z — FE, and

1

10g m

Vi(z) =

_1
Ve(2)

inf log
e<|z|<1

satisfies (6.2), (6.3), and (6.4) with p=1. O



Theorem 6.3: Assume E = C*\(2 is a compact plane set with Cap(E) > 0
and let g be the equilibrium distribution for E. Then for ( € 05) the

following conditions are equivalent:

C 1s a reqular point, (6.6)
lim gq(z,00) =0, (6.7)
052—(C

Us(€) = (E). (6.8)



Proof: (6.6) = (6.7).

Take R > 0 such that E C B(0, R). Then by Proposition 5.3, gqo(-, 00) is the
solution to the Dirichlet problem in Qf = QN B(0, R), for the boundary data

0 for z € 0f),
ga(z,00) for |z| = R.

If ¢ € 0L is a regular point, then by Theorem 6.1, ( is also a regular point for
Q" and hence (6.7) holds.



(6.7) = (6.8).

Now suppose (6.7) holds. Then by (4.10)

U.p(2) = 7(E) — ga(z,00) = (E),

as z € (2 — F. Because log 1/|z| is superharmonic, we have

> 7r'r2 / / z)dxdy,

while by Theorem 4.4, for all z we have
Um;(*z) <~(E)

(6.9)

(6.10)



Therefore

0<~v(E)—-U,(¢) <lim sup — // — U, (2))dzdy
r—0 Cr
+hmsup—// — U, (2))dzdy.
r—0 QT'

By (6.9) and (6.10) the first limit is 0, while by the remark after Corollary 4.3
and Theorem 4.4,

Area({z ¢ ©: Uy (z) # 4(E)}) =0

so that the second limit is also 0. Hence (6.8) holds.



(6.8) = (6.6).

Set E. = ENB(¢,€2/4). If  and {z : |[z—(| = €?/4} lie in the same component
of B, U{z: |z — (| = €2/4}, then the complement in C* of that component is
a simply connected domain €2, D Q2N B (C €2/ 4), and ¢ € OS2

By Corollary 6.2, ( is regular for €)., and then by Theorem 6.1, ( is regular for
(). Thus we may assume there is a (closed) C* Jordan curve o, C QN B (C €2/ 4)
such that ¢ is in the bounded component W, of C \ o-.



Let pe be the equilibrium distribution for E,, and let U, be its logarithmic
potential. We will verify conditions (6.2), (6.3), and (6.4) for the functions
Us(2)

Velz) =1~ v(E:)

and this will show that ( is regular.

First note that e™7¥) = Cap(E.) > 0, because if not, then by Corollary 4.3,
us(B(C,€/4)) = 0.

But then ¢ would be in the unbounded component of V' = C\ supp(ug), where
supp(ug) is the closed support of pg. Then (4.10) and the maximum principle
would give U, .(¢) < v(E), contrary to the assumption (6.8).



By Theorem 4.4, (6.2) holds for V.. Note that if |z — (| > ¢, then

| 2
U.(z) = / log P dpp. (w) <log-.
B |z —w| €

Since v(FE:) > log ;iz, we get Vo(z) > 1/21in |z — (| > ¢, and (6.4) holds for V..

Choose M. > 0 so that when z € o,
V(E:) — Us(z2) < ME(V(E> - UME(Z>)‘ (6.11)

By Proposition 5.3, each side of (6.11) is the solution to a Dirichlet problem
in W, N with boundary data 0 on 92 N W, and hence the inequality (6.11)
continues to hold in W, N Q. Sending z — ( then yields (6.3). Then ( is a
regular point by Theorem 6.1. [



Corollary 6.4 (Kellogg’s theorem): Let €2 be any domain in C*. Then
Cap({C e 0Q):(is irregular}) = 0.

Proof: We may assume oo ¢ 2. Then the corollary is immediate from Theorem
4.4 and Theorem 6.3. [



Corollary 6.5: Let Q) be any domain in C* with Cap(C* \ ) > 0. Then
w(z,{¢ € 0N : ( is irregular}, ) = 0
for all z € ().

Proof By (6.8), the set of irregular points is a Borel set, so the corollary follows
from (5.4) and Corollary 6.4. [



Section II1.7: Wiener Series



Let A, = A,(¢) be the ring A, = {2z : 27" < |z — (] < 27"}, and recall the
Robin’s constant

VE) = 10g(1/Cap(E))-

Theorem 7.1 (Wiener): Let ) be a domain in C* and let ( € 0S2. Then

the following are equivalent:

¢ 1s a reqular point, (7.1)
- n

2 A ™ (72
- n

Zy(AnﬂE?Q):OO' (7.3)

I
—_

n

For proof, see textbook.



Application: If ) is the complement of the Cantor middle third set £ = 9¢),

then every point of E' is regular.



Corollary (Beurling): Let E be a compact set. Assume 0 € E and set

E*={lz| .z € E}. If ]
.

then 0 is a reqular point for 2 =C*\ E.

Proof: Set F,, = EN A, and E," ={|z| : z € E,}. Then Cap(E,) > |E}|/4
by Theorem 4.5, and consequently we have )~ 2"Cap(FE,) = oo by (7.9).

But 2"Cap(E,) < Cn/v(E,), because Cap(E,) < 27" and the function
xlog 1/x is increasing on [0, 1/e]. Therefore the series (7.3) also diverges and 0

is a regular point. [



Arne Beurling (1905-1986)


https://mathshistory.st-andrews.ac.uk/Biographies/Beurling/

Who Got Einstein’s Office?




Corollary 7.4: Assume ( € E = 0. If

Cap(F N B
lim sup " (<) > (), (7.11)
r—0 r

| log(1/7)
P BN B, )

then ¢ 1s a reqular point of O€).

or if

> (), (7.12)



Proof: [t is clear that (7.11) implies (7.12) and that (7.12) implies

n
lim sup > (.

n—00 ’V(Em B(C 27 ))
Then by Lemma 7.5 below

hmsupz EﬂAk 0,

n—oo

and (7.3) again diverges. [



Lemma 7.5 (subadditivity): Suppose Ei, ..., E, are disjoint Borel sub-
sets of B(0,1/2). Then

1 "1
(U E) : ;7<Ek>'

Proof: By the definition of capacity, we can suppose each Ej. is bounded by

finitely many pairwise disjoint C* Jordan curves.

Let p be the equilibrium distribution for F = | J E}, let py be the equilibrium
distribution for Ej, let o = > pu/v(Ey) and let U,, U, , and U, be their

potentials.



Then because U, = y(E) on E and supp(c) C E, by Fubini’s theorem we have

(Z 7(2%)%@) - / Under = / Uodt

Because U,, > 0 on £ (it has diameter < 1) and U,, = v(E}) on Ej, we have
Uy > 1 on supp(p).

Consequently

/Ugdu > 1

and the lemma follows. [



Section III.8: Polar Sets and Sets of Harmonic Measure Zero



Theorem 8.1: Suppose ) is a domain such that Cap(C*\ Q) > 0, and
suppose A is a Borel subset of OS2 such that

w(zp, A, ) =0, (8.1)
holds for some zy € ). Let u(z) be a subharmonic function in . If u is
bounded above in ) and if

limsupu(z) < m (8.2)

2—(

for all { € 00\ A, then
u(z) <m

for all z € ().



Proof: On €, define

u(C), ¢ef,
V(€)= 4 lim supu(z), ¢ € .
O5z2—(C

Then by hypothesis, V' is bounded above, and V is upper semicontinuous on 2

because subharmonic functions are upper semicontinuous. By (8.1) and (8.2),

/ V(Q)dw(z,¢,2) <m (8.3)
0f)
for every z € ().

Let {€2,,} be the subdomains from before. Then for any z € €,
w(z,-, Q) = lim w(z,-,Q2),

n—oo

with respect to weak-star convergence of measures on ).



Let Vi(C) be a sequence of continuous functions that decreases to V({) on (2,

and let u ,(2) be the harmonic extension of Vj to €,,.

Because wu is upper semicontinuous on {2, C €2,

lim sup (u(z) — w(2)) = u(¢) — Va(¢) <0

Qp32—C
at every av € 0€),,. Hence by the ordinary maximum principle,

) S wae) = [ VOl )

oy,
for z € €),. Then by the weak-star convergence

ulz) < /a (Ol

so that by monotone convergence

u(z) < /a VIQdu(z.,9).

z € ). Then (8.3) and (8.5) imply that u(z) < m in Q = J,.

(8.4)

(8.5)



Theorem 8.2: Suppose A is a Borel set. Then A is a polar set if and only
if

w(z, AN 9N, Q) =0 (8.6)
for every domain Q) such that Cap(C*\ Q) > 0 and for every z € Q.

Proof: By (4.8) and the regularity of harmonic measure, we may assume that
the set A is compact. If Cap(A) = 0, then (8.6) follows from (5.4).

Conversely, if Cap(A) > 0 let pg be the equilibrium distribution for A and let
() be the unbounded component of C\ A. Then Cap(C*\ 2) = Cap(A4) > 0
and w(oco, AN O, Q) =px(A)=1. O



Corollary 8.3: Suppose ) is a domain such that Cap(C*\ ©2) > 0, and

suppose u s subharmonic and bounded above in ). If

limsupu(z) < m
2—(

for all { € 00\ A, where A is a Borel set and Cap(A) =0, then

supu(z) < m.
0

Proof: Immediate from Theorems 8.1 and 8.2. [



Corollary 8.4: Suppose E is a compact polar set. If u(z) is subharmonic
and bounded above in C*\ E, then u is constant. If Q D E is a Jordan
domain then every bounded harmonic function on 2\ E extends to be har-
monic on E. Conversely, if Cap(E) > 0, if Q2 is the unbounded component
of C*\ E, and if A is a compact subset of E such that 0 < up(A) < 1, then

u(z) = w(z, A, Q) is a non-constant bounded harmonic function on §J.

If E'is a compact polar set then by Corollary 8.4 every positive harmonic function

in C*\ F is constant and every bounded harmonic function in C*\ E is constant.



Proof: Let zp € C*\ E, § < dist(z, E), and Q = C*\ (E U B(2,9)). Then
Cap(C* \ ©2) > 0 and by Corollary 8.3,

supu(z) < sup u(z).
Q 0B(z0,9)

Letting 6 — 0 we obtain

Because z is arbitrary in C* \ F| u is constant.

To prove the second statement, we shrink €2 so that u is continuous on 0€). Let
v be the solution to the Dirichlet problem on (2 for the function w. Then by
Corollary 8.3, © = v and v is the harmonic extension of u to 2. The converse

assertion is clear. [l



Section II1.9: Estimates for Harmonic Measure



Theorem 9.1: Suppose E C {z:0< 6 < |z| <r <1} and set
V(E) = —log (Cap(E)).

Then there are constants c1(r) and co(6,7) such that

co(6, 1)
V(E)

<w(0,E,D\ E) <

(9.1)



Proof: Let P
—Z
9(z,¢) = 1Og 7

vskip.lin be Green’s function on D and 1et (g be the equilibrium distribution
for F/. Then the Green potential

V(z) = /@ 90 )dus(c)

is continuous on I\ E and harmonic on D\ E.
<

Also, log 2 < V(0) <logz, V =0 on 9D, and for z € E, by (2.3) we have
Y(E) +log(l —1%) < V(2) < y(E) + log(L + )

Hence

log (;) log (3)
V(E) + log(1 4 r?) <w, EDAE) < Y(E) 4 log(1 —r2)’ (9:2)

provided that y(E) + log(1 — r?) > 0.




This gives the left-hand inequality in (9.1) with ¢i(r) = (logr)?/log(r + 1/7),
because y(FE) > log(1/r).

If v(E) > 2log1/(1 — r?) the upper bound in (9.2) gives the upper bound in
(9.1) with constant 21log(1/6), and if y(E) < 2log1/(1 — r?), the upper bound
n (9.1) follows from the trivial estimate

2 log ﬁ

Y(E) -

w(0, B D\ E) <1<



Theorem 9.2 (Beurling): If E C D\ {0}, and E* = {|z| : 2 € E} is the
circular projection of E, then

Wiz, B,D\ E) > w(—|2|, E*, D\ E*).



Proof: By Green’s theorem

1 Ow(()

w(szv]D\E):w<Z> - % 8Eg<z,<> 6n¢

_ /a 9(.0)do(€), 93)

in which the normal n, points out of D \ E, so that o > 0.

ds

Consider the circular projection o* of o,
0" (A)=c({z € F:|z| € A}),

and its Green potential

V= [ gtelchao”



Because

g(—I2],[¢]) < g(2,¢) < g(|z], [<]),

we have
V(=[z]) Sw(z, E,D\ E) < V([z]).

Let 2z, — z € E. By the right-hand inequality;,
lim inf V(|z,]) > 1,
which implies w(z, E*, D\ E*) < V(z). With the left-hand inequality we get
w(=|z|, B, D\ E7) < V(=|z]) S w(z),

which proves the theorem. [



Corollary 9.3: Let ) be a simply connected domain, let z € () and let
¢ € 05). Then for r sufficiently small,

w(z, B((,r) N0, 0) < Cr?.



Proof: We may assume ¢ = 0 and z = —1. We project 02\ B(0,7) to the
positive real axis and apply Beurling’s theorem in C*\ B(0, ) to get

w(z, B(0,r)N 0N, Q) < w(=1,B(0,r),C\ (B(0,r)U [r,00)))

2 —
:_arg(% ﬁ)

s ’L—|—\/77
1

= —tan /1. O

T




A dyadic Carleson square in the upper half-plane is a set of the form
Q={2" <w<(G+127"0<y <27,
and write £(Q) = 27", Fix 2y = ¢ and for convenience assume E is compact and

Ec{o<z<l1, 0<y<1/2}. (9.4)



Lennart Carleson (1928-)


https://mathshistory.st-andrews.ac.uk/Biographies/Carleson/

Let A = Ag be the set of positive measures o on E such that

(i) o is a Carleson measure with constant 1, and or every dyadic Carleson box

Q?

o(Q) < Q). 0.5)

(ii) the top half T(Q) = Q N {y > €(Q)/2} of every dyadic Carleson box @
satisfies

(T(Q) ! o 06




Theorem 9.4: Assume E satisfies (9.4). Then there are constants Cy and
C5 such that

Ciw(i, E,H\ FE) <sup{o(F):0 € Ag} < Cow(i, E,H\ E). (9.7)



Special Case 1:
Beurling’s projection theorem (with a larger constant) is a special case:

Suppose gyg(A) = w(0, AN E*, D\ E*) and let o be any positive measure on £

that projects circularly onto op. Then an elementary comparison gives

0(Q) < 00(Q7) < CUQ")

for some constant C', so that C 1o satisfies (9.5).

To check (9.6) for C'o notice that by (4.12) the right side of (9.6) becomes
smaller when E is replaced by E* and then apply the right-hand inequality in
(9.2) with 6 =1 —4(Q) and r = (1 +§)/2.



Special Case 2:

When E C H we still write E* = {|z| : z € E} for the circular projection of
E, but for z = x + iy € H we define z* = —|x| 4 iy. The estimate

w(z, F,H\ F) > -w(z*, ", H)

Wl Do

is known as Hall’s lemma. With a different constant, the most important
special case of Hall's Lemma, when F C {argz < 7/4} and z = 2* also follows

casily Theorem 9.4.



Proof of Theorem 9.4: The proof uses the Green’s function for the upper

half-plane:
=G
=1
9(z,¢) =log vl
and ¢g(z, () satisfies
g(z,¢) =log A O(1), if 2 - g <c<1, (9.8)
[z = ¢ |z = ¢
and ,
=G dyn 77
Z, —1 it |z — (] > -. 9.9
o 0) ~ || —1= it e — 1> ] 99




The Green potential of a measure p on H is

GA@=A§@4MM0

Let pg denote the (logarithmic) equilibrium distribution of £ NT'(Q). Then by
(9.8), for z € ENT(Q) we have

Gm@%i/M&@de~1+WEHT@D—MT@»

Thus if we define
HQ

Vo = :
YT 1+(ENTQ)) —AT(Q))
then for some constant

C < / 9(z,Q)dvg < C (9.10)
ENT(Q)

on ENT(Q).



To prove the left half of (9.7) we may assume E C {y > 27V},
We inductively define a measure v = vy on E as follows: Set 1y = 0.

Assume that vy, is defined and has support in EN {¢ : n < 27VTF) Let

Q € D = {Q dyadic : £(Q) =27V and Cap(ENT(Q)) > 0}.

If inf grp ) Gy, < 1, take Bg > 0 such that

E%g?@)(Gyk(z) + B0Gyy(2)) = 1. (9.11)



If infprrg) Gu, = 1, take B = 0. Then define
Vi1 = Vi T Z Bo vo.

D11

Finally take v = vy, and ¢ = nv. Then by construction G, > 1 on E and
G, =0 on R. But by (9.4) and (9.9),

G,(1) < C/ ndv(¢) = Co(F).

E

Therefore by the maximum principle

wii, E,;H\ E) < G, (i) < Co(E),
and if we can show that co € Apg for some constant ¢, then the left-hand
inequality in (9.7) will hold with C; = (cC)~1.



To verify (9.5) for co let Q be a dyadic box of side 27V 1 and first assume
Bo > 0. Then by (9.11) there exists z € E NT(Q) such that

1 = Gyk(Z) + 5QGVQ(Z)
do
> /Qg<za O?

1V

o(T(Q)) v
¢ ((Q) i C/Q\T(Q) |z — C|2d

o(Q)
“UQy

and therefore (9.5) holds for Q.

1V



But if Sg = 0 then o(T'(Q)) = 0 and
o(Q) = {0(Q):Q CQ, By >0, Q maximal},
so that (9.5) also holds for Q.

To verify (9.6) for the dyadic box ) observe that by (9.10) and (9.11)

Io%8)
STTAENTQ) — Q) = ¢

This proves the left side of (9.7).




To prove the right-hand part of (9.7) let o € Ap and set

O_/

o = Z o(T(Q))pg and v = —.
@ dyadic 77
Then G, is harmonic on H \ £ and
G, =0 (9.12)
on R since E is compact. By (9.4) and (9.9)

G, (i) ~ /E ndy = o(E),



Now let z € F and fix a dyadic box @ with z € T(Q). Then by (9.5) and (9.9)

do’(¢)
Odv(C) < C
/|<z|>e<c2>/4g<z i) y/|42|>f<@>/4 |z = CF

— 2l < 2"
_ OyZ AN

and by (9.6) and (9.8)

/ gz C)dv(C) < C
|(—2|<l(Q)/4

for some constant C. Therefore G,(z) < C on E and by (9.12)

w(i, B,H\ E) > C7'G,(i) > Co(E).
That proves the right-hand inequality in (9.7). O









