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Abstract

We show that a homeomorphism of Euclidean space is quasiconformal if and only if at
each point there exists a sequence of uncentered open sets with bounded eccentricity
shrinking to that point whose images also have bounded eccentricity. This generalizes
the metric definition of quasiconformality of Gehring that uses balls instead. We also
study exceptional sets for this definition, in connection with sets that are negligible for
extremal distances. We introduce the class of CNED sets, generalizing the classical
notion of NED sets studied by Ahlfors—Beurling. A set A is CNED if the conformal
modulus of a curve family is not affected when one restricts to the subfamily inter-
secting the set A at countably many points. We show as our main theorem that CNED
sets are exceptional for the definition of quasiconformality.

Mathematics Subject Classification Primary 30C62 - 30C65; Secondary 31A15 -
31B15

1 Introduction

1.1 A new definition of quasiconformality

We assume throughout that n > 2. Let 2 C R” be an open set and f: Q& — R” be
a topological embedding, i.e., a homeomorphism onto its image, that is orientation-

preserving. We say that f is quasiconformal if [ € WIL’C" (£2) and there exists K > 1
such that
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IDfOI" < KJyp(x)

for a.e. x € Q. In this case, we say that f is K-quasiconformal. This is known as the
analytic definition of quasiconformality. In what follows all topological embeddings
are implicitly assumed to be orientation-preserving.

We define the metric distortion of f at a point x € Q2 by

. Ly(x,r)
Hy(x) = limsup ———,
r—0 lf(xar)

(1.1)
where, for r > 0,

Ly(x,r)=sup{|f(x) = f(Wl:ye, |x—yl<r} and
lpGe,ry =inf{{f(x) = fODI:y e, [x =yl =7}

By aresult of Gehring [8, Corollary 3], f is quasiconformal if and only if there exists
H > 1suchthat Hy(x) < H for every x € €. This is known as the metric definition
of quasiconformality. Geometrically, it says that f maps all sufficiently small balls
centered at x to topological balls with bounded eccentricity. The eccentricity of a
bounded open set A C R” is by definition

E(A) = inf{M > 1 : there exists an open ball B suchthat B C A C M B}.

Observe that the eccentricity of a ball is 1 and if B(x, r) C B(x,r) C £, then

Ly(x,r)

E(f(B(x,r))) = L)

The reverse inequality is not true in general. If f is quasiconformal then

limsup E(f(B(x,r)))

r—0

is uniformly bounded in 2.

A fundamental theorem proved by Heinonen—Koskela [12] is that the “limsup”
in the definition of Hy in (1.1) can be replaced by “liminf”. Thus, only a sequence
of balls centered at x and shrinking to x is required to be mapped under f to sets
with bounded eccentricity. This significant result was immediately applied in rigidity
problems in complex dynamics in the work of Przytycki—Rohde [29] and in further
works that we mention below.

One natural question is whether one can define quasiconformality by requiring the
symmetric condition that arbitrary sets of bounded eccentricity and not necessarily
balls are mapped to sets of bounded eccentricity. We prove here that this is indeed the
case. We first provide a definition.

Definition 1.1 Let Q2 C R” be an open set and f: 2 — R” be a topological embed-
ding. The eccentric distortion of f atapoint x € 2 is defined by
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Er(x) =inf{M > 1: there exists a sequence of open sets Ay C 2,k € N,
with x € Ay, k € N, and diam(A;) — 0Oask — oo
such that E(Ax) < M and E(f(Ax)) < M for all k € N},

Observe that
Ef(x) < Hy(x)

for each x € , thus, quasiconformal maps have uniformly bounded eccentric distor-
tion. We prove that the converse is true.

Theorem 1.2 Let Q2 C R" beanopensetand f: Q — R" be atopological embedding.
Suppose that there exists a constant H > 1 such that for all x € Q we have

Ef(x) < H. (1.2)

Then f is quasiconformal in .

Equivalently, f is quasiconformal if for each x €  there exists a sequence of
open sets Ay, k € N, containing x and shrinking to x such that A; and f(Ax) have
uniformly bounded eccentricity, not depending on k or x. One advantage of this con-
dition, compared to the classical metric definition, is that it is completely symmetric
with respect to f and £~

Ep(x) = Ep-1(f(x)).

Another advantage is that the sets Ay shrinking to x are uncentered, as opposed to
the balls in the metric definition. This feature makes Theorem 1.2 very powerful, as
illustrated by a compelling application in the problem of rigidity of circle domains
that we discuss below.

The proof of the theorem of Heinonen—Koskela, replacing “limsup” with “liminf” in
(1.1), cannot be used for the proof of Theorem 1.2. The reason is that it relies crucially
on the Besicovitch covering theorem (see Theorem 2.2), which roughly asserts that
a cover by open balls can be replaced by a subcover that has bounded multiplicity.
This powerful tool can be used only for coverings by geometric balls and not by
arbitrary sets of bounded eccentricity. Thus, for the proof of Theorem 1.2 we need a
new technical covering lemma, which is one of the innovations of the current work
and we term the egg-yolk covering lemma. We present this lemma in Sect. 2. Theorem
1.2 is a special case of the more general Theorem 1.3, in which we allow for some
exceptional sets as well, instead of requiring (1.2) at all points.

1.2 Exceptional sets for the definition of quasiconformality
By a result of Gehring [8, Theorem 8], in order to establish quasiconformality one

does not need to verify condition (1.1) at all points x € €2, but can allow for some
exceptional sets: a set of o-finite Hausdorff (n — 1)-measure, where we could have
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Hy; = oo, and a set of n-measure zero, where Hy could be finite but unbounded. On
the other hand, the result and methods of Heinonen—Koskela [12] do not allow for an
exceptional set, if one replaces “limsup” with “liminf” in (1.1).

Later Kallunki—Koskela [18, 19] proved a significant generalization of the theorems
of Gehring and Heinonen—Koskela, replacing “limsup” with “liminf” in (1.1) and
allowing for the same type of exceptional sets as Gehring’s theorem. The possibility
of an exceptional set in the Heinonen—Koskela theorem was immediately exploited
for resolving rigidity problems in complex dynamics [9, 10, 23, 30].

There has been along line of research in obtaining such results for Sobolev functions
in Euclidean space and for Sobolev and quasiconformal maps in metric spaces; see
[5, 6, 13, 20-22, 34].

Our main result, Theorem 1.3, is a further generalization of above results and allows
for a much larger class of exceptional sets than sets of o-finite Hausdorff (n — 1)-
measure. Namely, sets that are “negligible for extremal distances” in some weak sense
are exceptional for the definition of quasiconformality. We introduce some terminology
before stating the result.

For an open set U C R” and two continua F, F, C U the family of curves joining
F1 and F> inside U isdenoted by I'(F, F»; U).Foraset A C R" we denote by Fy(A)
the family of curves in R” that do not intersect A, except possibly at the endpoints,
and by F, (A) the family of curves in R” that intersect A at countably many points,
not counting multiplicity.

A set A C R" is negligible for extremal distances if for every pair of non-empty,
disjoint continua Fy, F» C R" we have

Mod, I'(Fy, F»; R") = Mod, (T'(F1, F2; R") N Fp(A)).

In this case, we write A € NED. We remark that we do not require A to be closed.
Closed NED sets in the plane were studied and characterized in the seminal work of
Ahlfors—Beurling [1]. Specifically, a closed set A is NED if and only if every conformal
embedding f: C\A — C is the restriction of a linear map. The role of NED sets in
higher dimensions and their connection to removable sets for Sobolev functions were
studied in [2, 31, 33].

We introduce in this paper a significantly larger class of sets and show that they
are exceptional for the definition of quasiconformality. We say that a set A C R” is
countably negligible for extremal distances if

Mod,, I'(Fi, F2; R") = Mod, (T (Fi, F2; R") N Fy (A))
for every pair of non-empty, disjoint continua Fj, F» C R”. In this case we write

A € CNED. Again, the set A need not be closed. The monotonicity of modulus
implies that NED C CNED. We now state our main theorem.

Theorem 1.3 Let Q2 C R" beanopensetand f: Q — R" be atopological embedding.
Let A, G C Q be sets such that

A € CNED and either m,(G) =0 or m,(f(G)) =0.
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Suppose that there exists a constant H > 1 such that for all x € Q \ (AU G) we have
Ef(x) = H,

and for all x € G we have
Ef(x) < oo.

Then f is K -quasiconformal in Q, for some K > 1 depending only on n and H.

Here m,, denotes the n-dimensional Lebesgue measure. If A = G = J, then we
obtain Theorem 1.2. The proof of Theorem 1.3 is presented in Sect.3. The central
technical device for the proof is Theorem 3.1.

We remark that Theorem 1.3 is innovative in three different directions, compared
to previous results of Gehring, Heinonen—Koskela, and Kallunki—Koskela. First, we
assume upper bounds for the eccentric distortion E y rather than the metric distortion
Hy;recall that Ey < Hy. Second, our proof gives a new perspective and allows the
possibility that either m, (G) = 0 or m,(f(G)) = 0, while in previous works only
the first assumption was considered. Third, the set A is assumed to be CNED, while in
the past only sets of o -finite Hausdorff (n — 1)-measure were considered. In [26] the
current author shows that the class of CNED sets includes sets of o -finite Hausdorff
(n— 1)-measure, as well as, many other known classes of quasiconformally removable
sets. A closed set A C R” is quasiconformally removable if every homeomorphism
of R” that is quasiconformal in R" \ A is quasiconformal in R”. Thus, we have the
following consequence of Theorem 1.3.

Corollary 1.4 Closed CNED sets are quasiconformally removable.

It is an open problem to characterize such sets even in dimension 2. Known classes
of removable sets include sets of o-finite Hausdorff (n — 1)-measure [4, 8], sets
with good geometry, such as boundaries of John and Holder domains [16, 17], and
NED sets [1]. In the subsequent work [26] the current author shows that the above-
mentioned classes of sets are also in the CNED class, suggesting that closed CNED
sets characterize quasiconformally removable sets.

Theorem 1.3 has already found an application in the deep problem of rigidity of
circle domains. A circle domain in the plane is conformally rigid if every conformal
map onto another circle domain is the restriction of a Mobius transformation. It is
conjectured by He—Schramm [15] that a circle domain is rigid if and only if its boundary
is quasiconformally removable. The conjecture has been established in some cases by
He—Schramm and by the author in joint work with Younsi [28]. With the aid of Theorem
1.3 the current author [27] is able to establish that circle domains with CNED boundary
are rigid, a result that features not only CNED sets, but also the use of the eccentric
distortion in the definition of quasiconformality. This development is the strongest so
far and provides substantial evidence for the conjecture of He—Schramm; for example,
if one can show that CNED sets coincide with quasiconformally removable sets, then
the conjecture is true for domains with totally disconnected boundary as a consequence
of [27].
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3236 D. Ntalampekos

We expect that our results will find further applications in rigidity problems in
complex dynamics, where often one has no geometric information about the distortion
of balls, but can control the distortion of non-round dynamical objects, such as puzzle
pieces.

2 The egg-yolk covering lemma

For quantities A and B we write A < B if there exists a constant ¢ > 0 such that
A < c¢B. If the constant ¢ depends on another quantity H that we wish to emphasize,
then we write instead A < ¢(H)B or A <y B.Moreover, we use the notation A >~ B
if A < Band B < A. As previously, we write A >~y B to emphasize the dependence
of the implicit constants on the quantity H. All constants in the statements are assumed
to be positive even if this is not stated explicitly and the same letter may be used in
different statements to denote a different constant.

2.1 Known covering results

We first state a classical covering result.

Lemma 2.1 (5B-covering lemma, [11, Theorem 1.2, p. 2]) Let X be a metric space
and B be a collection of open balls in X with uniformly bounded radii. Then there
exists a disjointed subcollection B' of B such that

JBc ss.

BeB BeB’

For an open ball B = B(xq, r9) and A > 0 we denote by AB the ball B(xg, Arg).
Note that in metric spaces the center and radius of a ball need not be unique, so we
regard the ball B(xo, ro) not only as a set, but also as a pair (xg, rp). Then there is no
ambiguity in the definition of A B.

The power of the 5B-covering lemma lies on the fact that it allows us to replace
arbitrary covers by balls with covers by essentially disjoint balls. One drawback of
the 5B-covering lemma, however, is that if f is an arbitrary homeomorphism on X,
then there is no relation between the sizes of f(B) and f(5B). In particular, rescaling
the family { f(5B)}gepn by a uniform fixed factor will not give a disjointed family
in general; more specifically, one cannot find a scaling factor A € (0, 1) and points
xp € f(5B) so that the family {B(xp, A diam(f(5B)))}pep is disjointed. For this
reason, when working with homeomorphisms of Euclidean space, one can instead use
the Besicovitch covering theorem.

Theorem 2.2 (Besicovitch covering theorem, [24, Theorem 2.7]) Let A C R" be a
bounded set and B be a family of closed balls such that each point of A is the center
of a ball in B. Then there exists a subcollection B’ of B such that

AC UB and ZXch(n).

BeB' BeB’
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Obviously, if f is a homeomorphism of R”, then the family { f (B)} < covers the
set f (A) with uniformly bounded multiplicity. Hence, unlike the 5 B-covering lemma,
here we obtain information for both {B}gcp and { f (B)}pcp. The drawback of this
theorem is that it only works with geometric balls in Euclidean space and there is no
generalization for covers by sets of bounded eccentricity, as defined in the Introduction,
or for balls in metric spaces.

The egg-yolk covering lemma that we prove in this section can be regarded as
a generalization of the 5B-covering lemma and the Besicovitch covering theorem,
giving favorable covers that encode geometric information both in the domain and the
range of a homeomorphism between metric spaces.

Before moving to the statement of the egg-yolk covering lemma, we state a well-
known inequality that is often used in combination with covering lemmas.

Lemma 2.3 [7] Let p > 1 and ) > 0. Suppose that { B;}icN is a collection of balls in
R" and a;, i € N, is a sequence of non-negative numbers. Then

ZaiXABi ZaiXB,-

ieN ieN

<c(n, p, )
LP(RM)

LP(Rm)
2.2 Egg-yolk pairs

Let (X, d) be a connected metric space. For a ball B = B(xg,r9) C X, we define
r(B) = ro. We always have diam(B) < 2r(B) andif X \ B # @, since X is connected,
we have

r(B) < diam(B) < 2r(B).

Let A C X be a bounded open set and M > 2. Suppose that there exists an open ball
B = B(xg,rp) suchthat B C 2B C A C MB. Then we call (A, B) an M-egg-yolk
pair; see Fig. 1. If (A, B) is an M-egg-yolk pair, we have the following immediate
properties.

(EY1) diam(A) < 2Mr(B).
(EY2) If X \ A # @, then

diam(B) < 2r(B) < diam(2B) < diam(A) < 2Mr(B) < 2M diam(B).

(EY3) If X \ A # 4, then dist(B, X \ A) > r(B).
(EY4) Ifx e Band y € A, thend(x, y) < (M + 1)r(B).

Moreover, the following statements are true.

(EYS) Let (A;, B;) be M-egg-yolk pairs, for i = 1,2, such that B; N By # ¢ and
Ay & Aj. Then

diam(Ajz) > c(M) diam(Ay).
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Fig.1 An M-egg-yolk pair

Proof of (EY5) 1f A, = X there is nothing to prove, so we assume that X\ Ay # (.
Also, since A, ¢ Ay, wecannothave A1 = X;thus X \ A] Z0. If (M + 1)r(By) <
dist(B1, X \ A1), then by (EY4) for x € B N B> and y € A, we have d(x, y) <
(M + 1)r(B>) < dist(B1, X\ Ay). Thus, by the triangle inequality,

dist(y, X \ A1) > dist(B1, X \ A1) —d(x,y) > 0.
It follows that A; C A}, a contradiction. Therefore, by (EY3) and (EY?2),
(M + 1)r(By) > dist(B1, X \ Aj) > r(By) > 27 ' M~ diam(A))

and, by (EY?2) again,

1
di Ar) > 2r(By) > ——— di Aq).
iam(Az) > 2r( 2)_M(M+l) iam(Ap) a

(EYO6) Let (A;, B;), i € I, be a family of M-egg-yolk pairs and suppose that there
exists igp € I such that A; N A;; # ¥ and diam(A;) < a diam(A;,) for each
i € I and for some a > 0. We set A; = |J,; Ai. Then (A, B;y) is a
c(a, M)-egg-yolk pair.

iel

Proof of (EY6) Note that B;, C 2B;, C A;, C Ay and A; C (2a + 1)M B, for each
i €1.Thus, A C 2a + 1)M B;,. O

2.3 The egg-yolk covering lemma

Lemma 2.4 (Egg-yolk covering lemma) Let X,Y be compact, connected metric
spaces, f: X — Y be a homeomorphism, and M > 2. Let {(A;, Bi)}ie; and
{(AL, B))}ier be families of M-egg-yolk pairs in X and Y, respectively, with f (A;) =
A; for each i € I. Then there exists a set J C I and families {(D;, Bj)}jey and
{(D",, B})}jej of c(M)-egg-yolk pairs in X and Y, respectively, such that

) Ujes Dj = Uies Ais
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() f(Dj) = D}for each j € J, and
(iii) the balls Bj, j € J, are pairwise disjoint and the balls B;, j € J, are pairwise
disjoint.

The remaining of the section is devoted to the proof of the egg-yolk covering lemma.
The reader interested in the proof of the main theorem of the paper, Theorem 1.3, may
skip the rest of Sect.2 and proceed with Sect. 3.

It is crucial for the application of the lemma that we are not requiring B; to be
related to B; we are only assuming that f(A;) = A/.Inthe case that X =Y, f is the
identity map, and B; = B;, compare this lemma to the 5B-covering lemma.

The main idea of the proof is to create the sets Dy with the aid of property (EY6),
by taking the union of sets A;, A; whenever B; N B; # (. The essential difficulty
is that the diameters of A; and A; might not be comparable. We first establish an
auxiliary result, which allows us to reduce to the case that A; and A ; have comparable
diameters whenever B; N B; # (.

Lemma 2.5 Under the assumptions of Lemma 2.4, there exists a set J C I and families
{(Fj, Bj)}jes and {(FJ’., B})}je‘] of c(M)-egg-yolk pairs in X and Y, respectively,
such that

) Ujes Fj = Ujer Ais
) f(Fj)) = F;foreachj € J, and
(iii) if B N Bj # ¥ (resp. B/ N B;. # 0) for some i, j € J, then

! < diam(F;) < (M) ot < diam(F)) < )
¢ = diam(F;) ~ © resp. ¢ = diam(F)) = '

We remark that {B;} j<; and {B} } jes are just subcollections of {B; };<; and {Bi/}ie[ R
respectively, which are given in the assumptions of Lemma 2.4.

If I were a finite index set, then one could choose {F}} e to be a subcollection of
{A;}ies satisfying (i) and with the property that F; ¢ F; wheneveri # j. Then (EYS)
would immediately give the crucial property (iii) in Lemma 2.5. In the case that [ is
infinite, the idea is the same, but the proof is more involved.

Proof of Lemma 2.5 Note that the collection {A;};c; is partially ordered with respect
to inclusion. By the Hausdorff maximal principle [25, §1.11, p. 69], for each k € [
there exists a maximal totally ordered set W (k) = {A;}jesx) C {Ai}ies containing
Ag. Since f isinjective and f(A;) = A;, the collection {A/j}je_](k) is also a maximal
totally ordered subcollection of {A’};c;. Define Ay ) = Ujej(k) Aj and A’W(k) =
fAww) = UjeJ(k) A/j. Obviously, [ Jie; Aww) = U,e; Ai. We define

L(W(k)) = sup{diam(A;) : A; € W(k)} and
L'(W(k)) = sup{diam(A’j) tAj e W)}

Note that both numbers are finite since A; C X, A/j C Y, and X, Y are bounded
spaces. We fix A;,, A;, € W (k) such that diam(A;,) > L(W(k))/2 and diam(Agz) >
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L' (W (k))/2. Since W (k) is totally ordered, we have A;, D A;, or A;, D A;,. Without
loss of generality, assume that A;; D A;,. Since f(A;) = A; foreach i € I, we have
A;l D A;Z. Thus, diam(Agl) > diam(Agz) > L' (W (k))/2. Summarizing, there exists
A € W(k) such that diam(A;x)) > L(W(k))/2 and diam(Ag(k)) > L'(W(k))/2.
Note that diam(A;) < L(W(k)) < 2diam(A;x)) and diam(A’j) < L'(W(k)) <
2diam(A;(k)) for each A; € W (k). Moreover, for each A; € W(k), we have A; N
Aigy # 9 and A’j N A}y, # 9 by the total ordering of W (k). By property (EY6)
kwe c;)nclude that (Aw ), Bix)) and (A/W(k), Bi/(k)) are c¢(M)-egg-yolk pairs for each
el.

If Awgy = X for some k € I, then we set j = i(k), J = {j}, Fj; = Aww),
F j’ = f(F;), and we have nothing to prove. Hence, we suppose that X \ Ay ) # @,
and thus X \ Ay # 0, foreachk € I.

We claim that

diam(Awx)) ~u diam(Awy) whenever B N Big) # 9. 2.1

The same is true for (A/W(k), B,.’(k)), k € I. To see this, suppose that B; ) N B;q) # 9.
If Awawy C Awqy = Uje](l) A, then by the compactness of Aw ) and the total
ordering of W (/), there exists an open set A; € W(l) such that Awy) C Aj. If
Aj € W(k),then Awy) = Aj, so A; is clopen. By the connectedness of X, A; = X,
a contradiction. Therefore, A; € W (I)\ W (k). This implies that W (k) U{A ;} is totally
ordered, which contradicts the maximality of W (k). Therefore, Awx) ¢ Aw() and
by (EYS5) we have diam(Awx)) Zm diam(Aw (). By reversing the roles of k and /,
we see that diam(Awx)) =y diam(Aw)).

If the mapping k +— i(k) were injective on I, then the proof would have been
completed with J = i(I) C I.In general, this might notbe the case. For j € J = i([),
we define F; to be the union of all sets Aw ) such that i (k) = j. Since (Aw ), B;)
is a c(M)-egg-yolk pair whenever i (k) = j, we conclude by (EY2) that

diam(Aw k) ~u diam(B;).

By property (EY6), (F;, Bj) is a ¢/ (M)-egg-yolk pair. We also set F]’. = f(F;) and
similarly, (F ;, B’) is a ¢/(M)-egg-yolk pair. Without loss of generality, assume that
X\F; # ¢ for each j € J. We only have to justify (iii). Suppose Bj, N Bj, # @ for
some ji, j» € J and consider k, [ € I withi(k) = j; and i(l) = j». Then, by (EY2)
and (2.1), we have

diam(Fjl) >~Mm diam(le) >~Mm diam(AW(k)) >~Mm diam(AW(l))
>~y diam(Bj,) >y diam(F},).
The same argument applies to (F l’ B;.), J € J. This completes the proof. ]

Proof of Lemma 2.4 We will show that given {(A;, B;)}ie; and {(A}, B))}ics as in
the statement, there exist families {(D;, E;)};jes and {(D", E})}jej of c(M)-egg-
yolk pairs, where {E};c; and {E}}jej are subcollections of {B;};c; and {Bi’}ie[,
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respectively, satisfying conclusions (i), (ii), and such that the sets { £ ; } jeJ are pairwise
disjoint; that is, only one half of conclusion (iii) is satisfied. Then using this statement
for f~! and for the given {(Dj, Ej)}jeyand {(D";, E})}jej (in place of {(A;, B;)}ier
and {(A!, B))}ic1), we may find families {(D;, Ej)}jej and {(D',, E})}jej of ¢(M)-
egg-yolk pairs, satisfying the full conclusions of the lemma.

If diam(A;) = O for some i € I, then A; is a singleton and is clopen. The connect-
edness of X implies that X is a singleton. In this case there is nothing to prove, so we
assume that diam(A;) > O foreachi € I.

By Lemma 2.5, we may assume that the given {(A;, B;)}ie; and {(A}, B))}ics
are families of ¢’(M)-egg-yolk pairs with f(A;) = A; for each i € I and with the
additional property that

diam(A}) >~y diam(A’j) whenever B/ N B;. £ (. (2.2)

We set L = sup;.; diam(A;), which is positive and finite, since the space X is
bounded. Define Fyp = ¥ and k9 = 0. Suppose that 7; C [ and k; € Z have been
defined for j € {0, ..., m} such that k; is increasing in j € {0, ..., m} and suppose
that we have obtained ¢(M)-egg-yolk pairs (D;, E;) and (D;, E}) fori € {1, ..., ky},
where E; € {Bj};c; and E] € {B}}jg, such that

(D) FoU---UF, Ccli el :diam(A;) >2""LyC{i €l :A; C D; forsome j €
{1, kpYyand U™, D € Uiy Ais

(2) f(Dl) = Dl/7l € {17 -"7k}7‘l}7

(3) the sets Elf,i e {l,..., ky}, are pairwise disjoint, and

@ i e I : Bi’ﬂE} # (Pforsome j € {l,....,kp}} C {i € I : A; C
D; forsome j € {1,..., ky}}.

Note that all of these statements are vacuously true for m = 0. Assuming that the
above statements are true for each m € N U {0}, we see that (1), (2), and (3) give (i),
(ii), and (iii), respectively, completing the proof of the lemma.

Now we show the inductive step. We define

Fupr ={iel:27" 'L <diam(A;)) <27™L and A; ¢ Dj, je{l,....kn}}

If 71 = 0, we define kyy, 1 = kyy,. Suppose that 5,1 # @and leti; € F,41. Since
A ¢ Djforall j € {l,...,k;y}, we conclude by the induction assumption (4) that
B HE} =@ forall j € {1,..., kn}. Suppose that B ﬂB} # (@ for some j € I with
Aj ¢ D;foralli € {1, ..., k;}. By (2.2) we conclude that diam(Agl) ~u diam(A/j).
We define E ,’{m = Bl.’l and D,’(m 41 to be the union of A;.l with the sets A’j such that
Bi’1 N B} #Wand A; ¢ D;foralli € {1,..., ky}; see Fig.2. By (EY6), we conclude
that (D,’(mH, El/c,,,+1) is a ¢(M)-egg-yolk pair. Define Dy, 41 = f_l(D]’(mH) and
Ey,+1 = Bj,. Note that Dy, 11 is the union of A;; with some sets A; such that
Ay NA; # @(sinceA;I DA/j ») Blf] DB} #Wand A; ¢ D;fori e {l1,...,ky};
thus, by the induction assumption (1) we have diam(A;) < 27" L < 2diam(A4;,). It
follows that (Dy,,+1, Ek,,+1) is a c(M)-egg-yolk pair by (EY6). We remark that by
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/
Dy, 41
ka+1 f
—_— /
Ey 1
By, il

Fig.2 Top figure: Bi’l n B} # ), so diam(A;l) ~u diam(A’j). On the other hand, B;; need not intersect
B and diam(A ;) might be much smaller than diam(A4;, ). Bottom figure: Formation of Dy, 11 by taking
the union of A;; with sets A; such that B;l n B? #0

construction we have {i € I : B/ N El/cm+l #WyCcliel: A C Djforsome j e
(. ko + 1)),

We continue in the same way, by picking i> € F,,41\{i1} such that A;, & Dy, +1.
If no such iy exists, we define ky, -1 = k;;, + 1. Note that Bi’2 NE ,’cm 41 = ¥ by the choice
of E; ,,and Bj N E; =@ foreach j € {1, ..., k;} by the induction assumption (4).
We define E ,’{m = Bl.’2 and D,’Cm 4 to be the union of A;Z with the sets A’j such that
B/ NB;#Wand A; ¢ D;fori € {l,..., ky+1}. Also, set Dy, 12 = f—l(D,;mH)
and Ex,,+2> = Bj,. In this way we produce c(M)-egg-yolk pairs (D} ,, E; ,,) and
(Di,,+2, Ei,,+2) such that E,’{m+2 N E; =@ for j € {l,...,ky + 1}. As before, by
construction we have {i € I : B/ N E,’(er2 #PyCcliel: A C Djforsome j e
{1, ... ky +2}}.
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We claim that this process will stop after finitely many steps. That is, there exists
km+1 > ky, with the property that there isno i € F, 41\ {i1, . .., ik, —k, } such that
A; ¢ Djforeach j € {kj, +1, ..., ky11}. Indeed, by the uniform continuity of L
we have

inf diam(A}) > 0. (2.3)

i€Fm+1

Each E/, i = kyn + 1,ky +2,..., is a ball of radius comparable to diam(D));
thus, diam(Elf ) is bounded below away from O by (2.3). Moreover, the balls El’ are
disjoint and are contained in the compact space Y. This shows that this process will
necessarily end after a number k,,,+1 — k;, of steps. We also conclude that if i €

Tt \its ooy ik —ky )» then A; C Dj for some j € {ky +1,..., kyy1}; this is
also trivially true fori € {i1, ..., ix,  —k,}-

We first verify (1) for the index m + 1. By the definition of D;, j € {k, +
1, ..., kp+1}, and the induction assumption (1) it is clear that Ufﬂf D; C Uie[ A;.

This explains the last part of (1). If i € Fj,41, then by the definition of F,, | we
have diam(A;) > 27" 'L.If 27" 1L < diam(A;) < 27" L, then either i € F, 11,
so A; C Dj for some j € {ky +1,...,kyy1}, or A; C Dj for some j < ky.
In combination with the induction assumption, this shows the inclusions in (1). By
construction and the induction assumption, (2) and (3), and (4) are automatically
satisfied for the index m + 1. Thus, the proof of the inductive step is completed. O
3 Proof of Theorem 1.3
3.1 Preliminaries
The 1-dimensional Hausdorff measure 7' (A) of aset A C R”" is defined by
AV (A) = lim 451 (A) = sup 4 (A),
§—0 §>0

where

o0

A (A) = inf § Y " diam(U;) : A | JU;, diam(U;) < 8
j=l1 J

If 6 = oo, the quantity jfoé (A) is called the 1-dimensional Hausdorff content of A
and is an outer measure on subsets of R”. An elementary fact is that

A1 (A) = 0if and only if AL (A) = 0.
We always have

min{# (A), diam(A)} > L (A)
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and if the set A is connected, then
AL (A) = diam(A).

See [3, Lemma 2.6.1, p. 53] for an argument.

A path or curve is a continuous function y: I — R", where I C R is a compact
interval. The trace of a path y is the image y (/) and will be denoted by |y|. The
endpoints of a path y : [a, b] — R" are the points y (a), y (b).

Let I" be a family of curves in R". A Borel function p: R" — [0, oo] is admissible
for the path family I' if

/ pds > 1
Y

for all rectifiable paths y € I". We define the n-modulus of I' as
Mod, I' = inf/pn,
0

where the infimum is taken over all admissible functions p for I". By convention,
Mod,, I’ = oo if there are no admissible functions for I"'. Note that unrectifiable
paths do not affect modulus. Hence, we will assume that families of n-modulus zero
appearing in the next considerations contain all unrectifiable paths; for example, see
(M3) below. We will use the following standard facts about modulus:

(M1) The modulus Mod,, is an outer measure in the space of all curves in R”. In
particular, it obeys the monotonicity and countable subadditivity laws.

(M2) If I'g is a path family with Mod,, ['g = 0, then the family of paths y that have a
subpath in 'y also has n-modulus zero.

(M3) If @ C R" is an open set and p: Q — [0, oo] is a Borel function with p €
LI”OC(Q), then there exists a path family I'g with Mod,, ['g = 0 such that for each
path y ¢ I'g with trace in 2 we have f pds < 00; here we implicitly assume
that if y ¢ I'g, then y is rectifiable.

M4) If p: R® — [0, oo] is a Borel function with p = 0 a.e., then there exists a
path family I'g with Mod,, I'g = O such that for each path y ¢ I'g we have

[, pds=0.

See [32, Chapter 1, pp. 16-20] and [14, Section 5.2] for more details about modulus
and proofs of these facts.

3.2 Finite distortion implies absolute continuity
The next theorem is the main technical result leading to the proof of the main theorem,

Theorem 1.3. We use the notation m;; for the n-dimensional outer Lebesgue measure
in R”.
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Theorem 3.1 Let Q2 C R" beanopensetand f: Q — R" be atopological embedding.
Let X C Q2 be a set and suppose that there exists a constant H > 1 such that for all
x € X we have

Ef(x) <H.

Then there exists a Borel function py: 2 — [0, 0o] with the following properties.

(i) (Support) There exists a Borel set U C Q2 such that X C U, m,(U) = m}(X),
mp(f(U)) =my(f(X)), and py is supported on U.

(i) (Upper gradient) There exists a path family "o with Mod,, I'o = 0 such that for
all paths y ¢ T'g with trace in Q2 we have

Ly 10 X)) < / ps ds.
Y

(iii) (Quasiconformality) For every Borel set V. C Q we have

/Vp? = Cn, H)ym,(f(UNV)).

Proof We split the proof into several parts for the convenience of the reader.

Reduction to a connected domain. First, we reduce to the case that €2 is connected.
Suppose that Q2 is disconnected and that the theorem is true in each connected compo-
nent 2, j € J, of Q. That s, there exists a Borel function p s on Q2 satisfying (i)—(iii)
in each ;. We verify that these properties hold in all of €. By (i), for each j € J,
there exists a Borel set U; C Q; such that X N Q; C Uj, m,(U;) = mj(X N Qj),
mp(f(Uj)) =m}(f(XNK;)),and ,oflgj is supported on U;. We set U = UJ-EJ U,
and observe that

my(X) =Y " mi(XNQ) =Y muU;) =m,U)

jeJ jelJ

and similar equalities hold for m ( f (X)) and m,, (f (U)). This verifies (i). By (ii), for
each j € J, there exists a curve family I'; of n-modulus zero such that for all paths
y ¢ I'j with trace in 2; we have

AL = [ oy xa,ds
Y

We let Ty = | jes I'j» which is a family of n-modulus zero by the subadditivity of
modulus. Then the inequality in (ii) is true for all curves y in €2 that are outside I'y.
Finally, (iii) is an elementary consequence of the countable additivity of m,,.
Construction of approximate gradients. From now on, we assume that  is
connected. Let {Vi}reny be an exhaustion of Q2 by connected open sets such that
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Vi CC Vig1 C Q for each k € N. We write X = Ui Xk, where X = X N Vg,
k € N. Consider a sequence of open sets Uxy; C Ury C 2, k € N, such that
XcU:= ﬂ,fil U, m(X) = my,(U), and m}(f (X)) = m}(f(U)).

We fix k € N. Since Ey < H on X, for each x € X there exists an arbitrarily
small open set Ay C Uy N Vi containing x such that

E(Ay) <2H and E(f(Ay) < 2H;

recall Definition 1.1. These conditions imply that there exists an open ball B, such that
By C 2By C Ay C 4H B, and an open ball B, such that B, C 2B, C A, C 4HB...
By considering a smaller set A,, we may also require that

c2(H)By C Uy NV and diam(By) < ca(H) k™!

where c2(H) is a positive constant, to be specified. Thus, {(Ay, Bx)}rex, and
{(A%, B})}xex, are families of (4 H)-egg-yolk pairs (recall the definition from Sect. 2)
in the compact, connected sets Vi and f ), respectively.

By the egg-yolk covering lemma, Lemma 2.4, there exist families {(A;, B;)}ier
and {(A;, Bi’)}ie 1 of ¢1(H)-egg-yolk pairs in Vi and f Vo), respectively, such that
f(A;) = A} foreachi € I, X; C J;jc; Ai C Ux N Vg, and the families {B;}ie;
and {Bi’}iel are disjointed. Moreover, {B;};c; is a subcollection of { By }xcx,. We now
choose cp(H) = c1(H) + 1, so

(ci(H)+ 1)B; C Uy NVi and (c;(H) + 1)diam(B;) < k. (3.1
We note that
A; Cci(H)B; and A} C ci(H)B]. (3.2)
In addition, since Blf is a ball, we have
diam(A})" < ¢i(H)" diam(B)" Sp 5 mu(B)). (3.3)

We set r; to be the radius of the ball B;, i € I. Consider the function

=

iel

diam(A?)

. X@un+ns
1

By (3.1), we see that pi is supported on Ui. Note that if A; N |y| # @ for some
rectifiable curve y with diam(|y|) > 1/k, then by (3.2) we have

/ X ey () +1)B; 45 = Tis
Y

provided that |y| is not contained in (c;(H) + 1) B;, which is guaranteed by (3.1).
In addition, if K C € is a compact set and A; N K # (J, then by (3.1) the set
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(c1(H) + 1) B; is contained in the open (1/k)-neighborhood of K, which we denote
by Nyi(K). Therefore,

/ X (cr(H)+1)B; X Ny (k) 48 = T
Y

We conclude that for each compact set K C 2 and every rectifiable curve y with
diam(|y|) > 1/k we have

ALFWINXNK) < Y diam(A)) < / P XNy s (BA)
14

i:A; Ny |#9
ANK£D

By Lemma 2.3, the fact that { B; };<; is disjointed, (3.3), and the fact that {Bl./}iel is
disjointed, we have

. diam(A}) " diam(A/)"
/pk Sn,H/(Zr—iXB,-) Zn,H/ZTXB,-

iel iel

~um Y diam(A)" Ko Y ma(B)) Spr ma(f (Up).

iel iel

Moreover, for each compact set K C €2, the same computation shows that

/KP/? Snoi M (f (U N Ny (K))). (3.5)

Observe that the latter measure is finite for large k¥ € N and bounded as k — oo.

Compactness argument. The uniform upper bounds of (3.5), combined with the
Banach—Alaoglu theorem [14, Theorem 2.4.1] and a diagonal argument imply that
there exists a Borel function p7: 2 — [0, oo] with pf € LT’OC(Q) and a subsequence
of py that converges to py weakly in L"(K) for each compact set K C £; see
[14, Lemma 3.3.19] for a variant of this statement. For simplicity, we denote the
subsequence by px, k € N.

The fact that Uy C Ui, k € N, implies that py is supported on Uy, k € N. Passing
to the weak limit, we conclude that p ¢ is supported on U = Mi<; Uk, as required in
(1). Let V C Q be a Borel set and K C V be a compact set. By the weak convergence
of px to pyin L"(K) and (3.5) we have

k—o00

/ P =< liminf/ ok Sni M (f(UNK)) Spo ma(f(UNV)).
K K

The inner regularity of Lebesgue measure completes the proof of (iii).
Finally, we show (ii). By Mazur’s lemma [14, Section 2.3], for each compact set
K C £ there exist convex combinations g of og, Pk+1, - - -, Pm (k) where m(k) > k,
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such that p converges strongly to ps in L" (V) for some neighborhood V of K. By
(3.4) and the fact that X; C Xi4+1, k € N, we have

A (f(yINXpNK)) < / P X Ny (k) 45
v

whenever diam(|y|) > 1/k. Moreover, X N K C X for all sufficiently large k € N,
)

ALFAyINX N K)) < / PeX e 45
Y

whenever diam(|y|) > 1/k. Observe that HkXNl/k(K) converges to oy X g in L™ (R").
By Fuglede’s lemma [32, Theorem 28.1] there exists a path family I"(K') of n-modulus
zero such that for all paths y ¢ I'(K) we have

/5kXNl/k(K)dS—>/PfXKdS
% %

as k — oo. Given a non-constant path y ¢ I'(K), we then have

AL FAyINXNK)) =< / o ds.
Y

Let 'y = U,fil I'(V}), which is a family of n-modulus zero. If y q:‘_ Iy is a non-
constant path with trace in €2, then there exists k € N such that |y| C Vi, so

ALy N X)) = ALy N X 0T < f pyds.
Y

Constant paths satisfy as well this inequality trivially. O
3.3 Completing the proof of Theorem 1.3

The following statement is a consequence of Theorem 3.1.

Corollary 3.2 LetQ2 C R" beanopensetand f: Q — R" be atopological embedding.
Let G C 2 be a set such that for all x € G we have

Ef(x) < o0

and either m,(G) = 0 or m,(f(G)) = 0. Then there exists a path family I"g with
Mod,, 'y = 0 such that for all paths y ¢ T'g with trace in Q2 we have

A (f(yING)) =0.
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Proof We write G = (J;=; Gk, where Ef(x) < k for x € Gy. We fix k € N and
consider the function pj given by Theorem 3.1 and corresponding to the set X = Gy.
If m,(G) = 0, then px = 0 a.e. by part (). If m,,(f(G)) = 0, then p; = 0 a.e. by part
(iii). In both cases, px = 0 a.e. By property (M4), this implies that there exists a path
family 'y of n-modulus zero such that for y ¢ I'y we have

/,Okdszo.
4

Combining this with part (ii) of Theorem 3.1, we see that there exists a path family
I, with n-modulus zero such that

AN f(yINGr) = AL (FyINGr) =0

for all paths y ¢ I'; with trace in Q. The desired path family is 'o = | ;2 I';. O

With the aid of Corollary 3.2 one can immediately deduce Theorem 1.3 from the
following slightly more general statement.

Theorem 3.3 Let Q2 C R" beanopensetand f: Q — R" be atopological embedding.
Let A, G C Q be sets such that A € CNED and assume that there exists a path family
'y with Mod,, Ty = 0 such that for all paths y ¢ T'g with trace in Q we have

A (f(yING) =0.
Suppose that there exists a constant H > 1 such that for all x € Q \ (AU G) we have
Ef(x) <H.

Then f is K -quasiconformal in Q, for some K > 1 depending only on n and H.

We finally focus on proving Theorem 3.3. We require the next lemma on maps that
are absolutely continuous along paths.

Lemma 3.4 [32, Theorem 5.3] Let 2 C R” be an open set, f: Q — R”" be a contin-
uous map, py: 2 — [0, o] be a Borel function, and y : |a, b] — 2 be a rectifiable
path. Suppose that for every interval [s, t] C [a, b] we have

FG @) = F )] 5/ prds < os.

Ylis.n)

Then for every Borel function p: f(2) — [0, oo] we have

f pds < /(Pof)'Pde~
foy v
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A topological ring R is a bounded open set in R” whose boundary has two com-
ponents, say F; and F;. For a topological ring R we denote by I'(R) the family of
curves joining F; and F> in R; that is, the curves of I'(R) are contained in R, except
for the endpoints, which lie in different components of d R. We will use the fact that
if F is a family of curves that is closed under subpaths, then

Mod, (T'(R) N F) = Mod,, (' (Fy, F»; R") N F).

In particular, this is true if 7 = F, (A) for some set A; recall that F (A) is the family
of curves meeting A at countably many points. Hence, if A € CNED,

Mod, (I'(R) N F5(A)) = Mod, (I'(F1, F2; R*) N F5(A))

" 3.6)
= Mod,, I'(F1, F>; R") = Mod,, I"'(R).

In order to show that the map f of Theorem 3.3 is quasiconformal, we will use the
ring definition of quasiconformality as stated in the next theorem.

Theorem 3.5 [32, Theorem 36.1] Let Q@ C R" be an open set and f: 2 — R" be a
topological embedding. If there exists K > 1 such that for each topological ring R C
R CcC Q we have Mod, I'(R) < K Mod, I'(f (R)), then f is K-quasiconformal.

Proof of Theorem 3.3 We apply Theorem 3.1 with X = Q\ (AU G). Denote by I';, the
union of the exceptional path families given by Theorem 3.1 (ii) and by the statement
of Theorem 3.3, and note that Mod,, F(/) = 0. By Theorem 3.1, there exists a Borel
function py: 2 — [0, oo] with py € L} (2) such that for all paths y ¢ I'; with
trace in 2 we have

AL UyI\NA) = AL (FUyIN(Q\ (AUG)))) < / pyds (3.7
14

and
| 7 = conmmrvn

for each Borel set V' C 2. The latter implies that for every Borel function p: f(2) —
[0, oo] we have

/(pOf)w?-SC(n,H)/,O- (3-8)

By enlarging the exceptional family I'(), still requiring that Mod, I'y = 0, we may
assume that it has the additional properties that

/pfds <00
Y
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for each y ¢ I', with trace in Q and that if y ¢ T, then all subpaths of y have the
same property; see properties (M2) and (M3).

Let R C R CC S be a topological ring. Let y : [a, b] — € be a path in (I'(R) N
Fo (A)\T(). By (3.7) and the fact that every subpath of y lies outside I'j, we have

|y @) = fy(s))] < diam(f (v (Is, 1)) = A0 (f (v (s, 1))

= AL (s D\ A) = /I pyds < o0
Vls.t]

for every interval [s, ] C [a, b]. Let p: f(2) — [0, co] be admissible for I'(f (R)).
Then by Lemma 3.4 we have

[wonppas= [ pas=1.
4 foy

This shows that (p o f) - py is admissible for (I'(R) N F5 (A)) \ '), so using (3.8),
we arrive at

Mod,,(I'(R) N F (4)) = Mod, ((N'(R) N Fy (4)) \ Tp)
< [@ory-oj=cam [0
We conclude that
Mod, (I'(R) N F5(A)) < C(n, H) Mod, I'(f(R)).
Finally, the assumption that A € CNED and (3.6) imply that
Mod,,(I'(R) N F5(A)) = Mod, I'(R).

An application of Theorem 3.5 completes the proof. O
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