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Intentions

Despite many previous opportunities and a brush with conformal dynamics in the
form of Kleinian groups, I had never worked on the iteration of holomorphic functions
until April 2011 when I met Misha Lyubich on the stairwell of the Stony Brook math
building he told me that Alex Eremenko had a question for me. Alex was visiting for
a few days and his question was the following: given any compact, connected, planar
set K and an € > 0, is there a polynomial p(z) with only two critical values, whose
critical points approximate K to within € in the Hausdorff metric?

It turns out that we can assume the critical values are =1 and then T' = p~([-1, 1])
is a finite tree in the plane and Alex’s question is equivalent to asking if such trees
are dense in all compact sets. Such a tree is conformally balanced in the sense that
every edge gets equal harmonic measure from oo and every subset of an edge gets
equal harmonic measure from either side. This makes the existence of such trees
seem unlikely, or at least requiring very special geometry, but I was able to show that
Alex’s conjecture was correct by building an approximating tree that is balanced in
a quasiconformal sense and then “fixing” it with the measurable Riemann mapping
theorem.

When I asked for the motivation behind the question, Alex explained that entire
functions with a finite number of critical points play an important role in transcen-
dental dynamics because they mimic certain properties of polynomials, e.g., Dennis
Sullivan’s “no wandering domains” theorem can be extended to such functions. He
wanted to know if the geometry of polynomials of high degree but with a low num-
ber of critical points was somehow “special”. At least in the case of this particular
question, the answer is no.

This discussion led to an analogous question for entire functions. If f is entire
and has only two critical points, say +1, then T' = f~!([—1,1]) is an unbounded tree

in the plane. Conversely, given an unbounded tree in the plane can we approximate
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ii INTENTIONS

it by a tree of this form? We need to impose a few conditions, but the basic answer
is yes, any “reasonable” tree T can be approximated. The “reasonable” conditions
include that the tree has uniformly bounded degrees, the edges are uniformly C? arcs,
adjacent edges have comparable Euclidean lengths and one more technical looking
condition. Since 7" is connected and unbounded, its complementary components are
simply connected and can be conformally mapped to a half-plane with co mapping
to infinity. Pulling back Lebesgue measure on the boundary of the half-plane to T
defines a conformal length for each side of each edge. We require that each side of
each edge in the tree has conformal length that is uniformly bounded away from zero.
Given this, we can approximate the tree in a precise sense by a tree T” of the form
F7Y([—1,1]) where f is entire and has exactly two critical values.

With this construction in hand, one can create a large number of new entire
functions with finite singular set S(f) (critical values and finite asymptotic values).
This collection is called the Speiser class. With a small variation we can also build
functions in the larger Eremenko-Lyubich class (bounded singular set). One of the
first applications was to build an entire function in the Eremenko-Lyubich that has
a wandering domain; as noted above, this is impossible in the Speiser class, but was
previously known for more general entire functions. Another application of the ideas
(though not of the precise method) led to the construction of an entire function whose
Julia set has Hausdorff dimension 1. Baker had proven in 1975 [?] that the Julia set
of an entire function always contains an non-trivial continuum, so its dimension is
always > 1, and Stallard [130], [132] had given examples with dimension 1+¢ for any
e > 0. Furthermore, the new example has packing dimension 1 and is the first entire
function known to have packing dimension < 2. At this writing, no known examples
have packing dimension strictly between 1 and 2 (but I hope this will change shortly).

In the course of thinking about my examples, I looked at many papers in the field
and benefited greatly from a number of well written surveys, especially by Bergweiler
and Schleicher. However, I felt that I needed to learn some of the basic theory in
more detail and the standard way to do this quickly is to offer to each a graduate
course on the topic, which I volunteered to due during Spring 2013, and followed by a
sequel during Spring 2014. These notes are my attempt to record and organize some

of the topics I hope to cover.
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First, there are topics from complex analysis that are not usually covered in the
standard first year graduate course, such as the hyperbolic and spherical metrics, the
uniformization theorem, Koebe’s }L—theorem, normal families, the Ahlfors 5 islands
theorem, Arakelian’s approximation theorem (or is it Arakeljan?), Hausdorff and
packing dimensions, extremal length, harmonic measure estimates. We will also
need a certain amount of quasiconformal theory, especially the measurable Riemann
mapping theorem, and some extensions of to more general homeomorphisms.

Second, there are the topics from transcendental dynamics that are the real goal
of the course. I will interpret “transcendental dynamics” as the iteration of entire
functions. One can also develop parallel theories for holomorphic functions mapping
C* = C\ {0} to itself, for meromorphic functions on the plane, or even for maps
between domains on a Riemann surface, but I will limit myself to entire functions,
except in a few cases where we can obtain a more general result for no extra work or
need a more general result for an application to entire functions.

If f is entire let { "} denote the iterates of f. The basic objects of study are the

Fatou set
F(f)={z:{f"} is a normal family on a neighborhood of z},

its complement the Julia set, J(f). The escaping set

I(f) ={z: f"(2) = oo},

plays a crucial role in the theory; J(f) = 0I(f) for all entire functions and J(f) =
I(f) in many cases of interest (e.g., the Eremenko-Lyubich class). I(f) often has an
interesting internal structure, due in part to the ability to define subsets in terms of
the rate of escape to co. We will spend a great deal of effort trying to understand
its geometry. Indeed, the first “dynamical” result we prove (after some background
material) is that I(f) # 0, a fundamental result of Eremenko.
Some of the other results we will cover include:

e The Julia set is non-empty, the closure of the repelling fixed points and the boundary
of the escaping set. It is either the whole plane or nowhere dense.

e The Fatou set has no unbounded multiply connected components. Thus the Julia

set can’t be totally disconnected and must have dimension > 1.
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e Multiply connected components of the Fatou set must be wandering domains. Ex-
amples exists with all connectivities 2,3, ..., co.

e Properties of various subsets of the escaping set defined in terms of rates of escape,
especially the “fast escaping set”.

e Special results for the Speiser and Eremenko-Lyubich classes, e.g., the Julia set con-
tains the escaping set, the Hausdorff dimension of the Julia set is strictly bigger than
1, but the escaping set can have dimension 1. The Julia set has packing dimension
2. How to construct such functions with prescribed geometry near infinity.

e The Julia set of exp(z) is the whole plane. Examples where the Julia set has positive
area, but is not the whole plane, where it has zero area but Hausdorff dimension 2,
examples of dimension < 2.

e Periodic components of the Fatou set of an entire functions include all the possi-
bilities for polynomial plus one other. There can be Baker domains, i.e., unbounded
periodic domains that iterate to co, a sort of analog to a the petal associated to a
rationally neutral fixed point. We will give examples, estimate the escape rate in such
a domain and show that they force the presence of nearby singular points (although
the Baker domain itself need not contain any singular points).

e Progress on Eremenko’s question: is every component of the escaping set is un-
bounded? Among other partial results we know this is false for path components,
true for the closure of the escaping set, and there is always at least one unbounded
component.

e Progress on Baker’s conjecture: an entire function that grows slower than exp(,/z)
has only bounded Fatou components. This is known to be true under various extra
conditions such as very slow growth or some regularity on growth (e.g., the maximum
modulus on the circle of radius 7 is “nice” as a function of r).

Well, this should be enough to get started. In general, I am most interested in
topics where the behavior for entire functions contrasts with that for polynomials.
For example, the “simplest” examples of transcendental Julia sets have dimension 2;
it requires work to build one of dimension < 2 and more work to reach the minimum
value 1. For polynomials, the situation is reversed; it is easy to build Julia sets that
are small Cantor sets but required sophisticated methods to construct examples with
dimension 2 [128], [129] or positive area [38], [39].
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The prerequisite for reading these notes is to be Lars Ahlfors, or failing this, to
have read Ahlfors’ book “Complex Variables”, or at the very least, to believe results
quoted from this book.

At present the notes are incomplete, missing many references and contain more
mistakes than I care to contemplate. Use extreme caution when reading them and

please let me know of the errors you find.

Chris Bishop
Stony Brook, NY
March 2014
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CHAPTER 1

The hyperbolic metric

The study of conformal dynamics is made possible in great part by the use of con-
formal invariants, i.e., numerical values that can be associated to a certain geometric
configurations and that remain unchanged (or at least change in predictable ways)
under the application of conformal or holomorphic maps. In the course of these notes
we shall see several examples: hyperbolic distance, harmonic measure and extremal
length, to name a few. In this chapter we start with the the definition and properties
of the hyperbolic metric; first on the disk, then extending it to simply connected do-
mains via the Riemann mapping theorem and then to general planar domains (with
a few exceptions) via the uniformization theorem.

For simply connected domains, the principal tool is the Koebe i—theorem that
allows us to estimate hyperbolic distances, up to a bounded factor, by Euclidean
quantities. For more general domains, similar estimates are obtained from compar-
isons with the hyperbolic metric for the twice puncture plane. Also of critical impor-
tance is Schwarz lemma: holomorphic maps never increase hyperbolic distances. The
Schwarz lemma has a number of important implications in dynamics, e.g., it limits
how quickly a point can iterate to the boundary of a Fatou component (assuming
all iterates remain in the same component), and we shall end the chapter by proving
that every non-trivial entire function has a point that iterates to oo, i.e., the escaping

set, is non-empty.

1.1. Schwarz’s lemma

The hyperbolic metric on D is given by dp(z) = |dz|/(1 — |z]?). This means
that the hyperbolic length of a rectifiable curve v in D is defined as

0 6o = [ T

1



2 1. THE HYPERBOLIC METRIC

and the hyperbolic distance between two points z, w € I is the infimum of the lengths
of paths connecting them (we shall see shortly that there is an explicit formula for
this distance in terms of z and w). In many sources, there is a “2” in the numerator
of (1), but we follow [59], where the definition is as given in (1). For most things,
this makes no difference, but the reader is warned that some of our formulas may
differ by a factor of 2 from the analogous formulas in some papers and books.

We define the hyperbolic gradient of a holomorphic function f: D — D as

DUF(:) = ()
1—f(z)]?
More generally, given a map f between metric spaces (X, d) and (Y, p) we define the
gradient at a point z as
Dis(e) =ty 40
The use of the word “gradient” is not quite correct; a gradient is usually a vector
indicating both the direction and magnitude of the greatest change in a function. We
use the term in a sense more like the term “upper gradient” that occurs in metric

measure theory to denote a function p > 0 that satisfies

|ﬂ@—fmns/mm

”
for any curve v connecting a and b. I hope that the slight abuse of the term will not
be confusing.

In these notes, the most common metrics we will use are the usual Euclidean
metric on C, the spherical metric

ds
1+ 2%

on the Riemann Sphere, C and the hyperbolic metric on the disk or on some other
hyperbolic planar domain (these will be defined in Section 1.4). To simplify (?)
notation, we use E, S and H to denote whether we are taking a gradient with respect
to Euclidean, Spherical or Hyperbolic metrics. For example if f : U — V', the symbol
DE f means that we are taking a gradient from the hyperbolic metric on U to the
hyperbolic metric on V' (assuming the domains are clear from context; otherwise we

write Dy or D% it we need to be very precise).
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In this notation, the spherical derivative of a function, usually denoted

N C)
&= e

is written D73 f(2) since it is a limit of quotients where the numerator is measured in
the spherical metric and the denominator is measured in the Euclidean metric. Sim-
ilarly D7, denotes a gradient measuring expansion from a hyperbolic to the spherical
metric. This particular gradient will be important in Chapter 2 when we characterize
conformally invariant normal families.

A linear fractional transformation is a map of the form
2 — a+brc+dz,

where a,b,c,d € C. These exactly the 1-to-1, holomorphic maps of the Riemann
sphere to itself. Such maps are also called Mobius transformation

EXERCISE: Show that the linear fractional transformations that map D 1-to-1,
onto itself are exactly those of the form z — A(z — a)/(1 — @z) where |a|] < 1 and
Al = 1.

LEMMA 1.1.1. Mébius transformations of D to itself are isometries of the hyper-

bolic metric.

PRrROOF. When f is a Mobius transformation of the disk we have

f&) =
/ - 1- |CL|2
f'(z) = 1= a)
Thus
R et (L RS St R Sl S Sl 1
Dul) = AP T-17eP ~ Q—aP1-|==]
(1 — la*)(1 — |2*) (1 —la?)(1 — |2*)

1—az|2—|z—al? (1—az)(1—az)—(z—a)(zZ—a)
(1 —fal*) (@ — |21
(1—az—az+laz?) — (|z]? —aZ — za + |a|?)
(- JaP)1—2P)
(1 +faz? = [2]* —[a]?)
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Note that

L) < [ Do

1—|z]?
.
Thus Mobius transformations multiply hyperbolic length by at most one. Since the
inverse also has this property, we see that Mobius transformation preserve hyperbolic
length. U

The segment (—1,1) is clearly a geodesic for the hyperbolic metric and since
isometries take geodesics to geodesics, we see that geodesics for the hyperbolic metric
are circles orthogonal to the boundary.

On the disk it is convenient to define the pseudo-hyperbolic metric

The hyperbolic metric between two points can then be expressed as

T(z,w) = |[———

1 —wz

1, 14+T(w,z2)
2 = log ——— V)
(2) plw,z) = S log 1 ~T(w.2)
On the upper half-plane the corresponding function is
Z—w
T -
(5 w) = 12—

and p is related as before.

EXERCISE: Show a hyperbolic ball in the disk is also a Euclidean ball, but
the hyperbolic and Euclidean centers are different (unless they are both the origin).
Compute the Euclidean center and radius of a hyperbolic ball of radius r centered at

zin D.

LEMMA 1.1.2 (Schwarz’s Lemma). If f : D — D is holomorphic and f(0) = 0
then |f'(0)] < 1 with equality iff f is a rotation. Moreover, |f(z)| < |z| for all |z| < 1,
with equality for z # 0 iff f is a rotation.

PROOF. Define g(z) = f(z)/z for z # 0 and ¢g(0) = f’(0). This is a holomorphic
function since if f(z) = >_ a,2" then ap = 0 and so g(z) = >_ a,2" ! has a convergent
power series expansion. Since max|—, [¢(z)| < * max, -, |f| < 1. By the maximum
principle [g| < + on {|z| < r}. Taking r /1 shows [g| < 1 on D and equality
anywhere implies ¢ is constant. Thus |f(z)| < |z|] and |f'(0)] = |g(0)] < 1 and

equality implies f is a rotation. 0
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In terms of the hyperbolic metric this says that
p(f(0), f(z)) = p(0, f(z)) < H.(0, 2),

which shows the hyperbolic distance from 0 to any point is non-increasing. For an
arbitrary holomorphic self-map of the disk f and any point w € D we can always
choose Mobius transformations 7,0 so that 7(0) = w and o(f(w)) = 0, so that

oo for(0)=0. Since M&bius transformations are hyperbolic isometries, this shows
COROLLARY 1.1.3. If f : D — D is a holomorphic then p(f(w), f(2)) < p(w, 2).
Another formulation is

COROLLARY 1.1.4. If f : D — D is holomorphic then DE f(z) < 1.

COROLLARY 1.1.5. If f : U — V is conformal and zy = f(z0) € U C V, then
|f'(20)| > 1 with equality iff U =V.

EXERCISE: Show that the only isometries of the hyperbolic disk are Mobius
transformations and their reflections across R.
Since f(z) = 2% maps the disk to itself, it strictly contracts the hyperbolic metric;

a more explicit computation shows

1—Jz2 2[4
Dif(z) =2 = <1
nf(z)=| le—]z|4 1+ |22
Thus ¢g(z) = /z is locally an expansion of the hyperbolic metric, at least on a
subdomain W C ID where it has a well defined branch. For z # 0,
11—z _ 147
3 Dig(z) = > :
For 2 =0 0.3
) p(0,y/2
DHg(0) = limsup —~=2 =
Hg( ) Z_>0p p(0’2>
Similarly, if a > 0, then the map p,(z) = 2 sends D to D, and satisfies
(4) Dipa(z) = a|z\a’11_—|z|2 <1
HPa 1— |22 '

hence is a hyperbolic contraction if & > 1 and an expansion if a < 1.

EXERCISE: If @ > 1 and 0 < r < 1 show that

w1 =12
(5) ar 11——7"26‘ < 1,



6 1. THE HYPERBOLIC METRIC

ifa>1land 0 <r <1.
Another consequence of the Schwarz lemma that we will use later is the Borel-

Carathéodory theorem: Borel and Carathéodory:

LEMMA 1.1.6. If g = u + iv is holomorphic on D and g(0) = 0 then

ma 2)| < 2maxu(z).
|z\<1>/(2|g( )| - |z\<}1( ( )

Proor. Without loss of generality we may assume that © < 1 on D, so that ¢
maps the disk into the half-plane H = {z + iy : « < 1}. If 7(2) = z/(2 — 2) is a
Mobius transformation that takes H to D and fixes 0, then by the Schwarz lemma,

17(9(2))| < |z|. Therefore g maps D into 7~ *(D(0, 3)) C D(0,2). O
EXERCISE: Show, more generally, that
L+r
sup |g(z)| < sup u(z) + |9(0)].
|z|=r =T zI<1 1—r

this is the “full strength” version of the Borel-Carathéodory theorem.

1.2. Uniformization for planar domains

let p : E — B be continuous and surjective. An open set U C B is evenly
covered if the inverse image p~!(U) can be written as a disjoint union of sets V,, so
that p restricted to each V, is a homeomorphism onto U. If every point b of B has
a neighborhood U that is evenly covered by p, then p is called a covering map. A
space X is simply connected if it is path connected and if its fundamental group

is trivial, i.e., every closed loop in X can be homotoped to a point.

LEMMA 1.2.1 ([102], Lemma 8.4.1). Let p : E — B be a covering map; let
pleg) = bo. Any path f[0,1] — B beginning at by has a unique lift to a path finE

beginning at eq.

LEMMA 1.2.2 ([102], Exercise 8.4.12(a)). Let p : E — B be a covering map; let
pleg) = bo. Let f Y — B be continuous with f(yo) = bo. If Y is locally path

connected and simply connected then f can be lifted uniquely to a continuous map

f:(Y,y),— (E,eo).

The theory of covering spaces says that every Riemann surface has a universal

covering surface that is also a Riemann surface. Koebe’s uniformization theorem
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says that there are only three simply connected Riemann surfaces (up to conformal
isomorphism): D, C and C. Any other Riemann surface (and there are many) is the
quotient of one of these by a discrete group of Mobius transformations. An element of
such group can’t have a fixed point, and this implies that the sphere covers only itself
and the plane covers only genus 1 tori and the once punctured plane C* = C \ {0}.
Every other Riemann surface is the quotient of the disk by a Fuchsian group (i.e., a
discrete group of Mdbius transformations acting on D).

We will not prove the complete uniformization theorem here, although there are
proofs using potential theory that take only about a dozen pages (e.g. see Don Mar-
shall’s paper [91]). However, we will give the proof for hyperbolic planar domains, a
case that we will use throughout these notes. A planar domain €2 is called hyperbolic
if C\ Q has at least two points.

THEOREM 1.2.3. Every hyperbolic plane domain ) is holomorphically covered by
D (i.e., there is a locally 1-to-1, holomorphic covering map from D to Q).

We will first prove this for bounded domains, then for general simply connected
domains, and then finally general hyperbolic domains. The proof will use Montel’s
theorem that a sequence of uniformly bounded holomorphic functions on D has a
subsequence that converges uniformly on compact sets. This will be proved later; see
Theorem 2.3.2. We will also need the following.

LeEmMA 1.2.4. If {f.} are holomorphic functions on a domain € that converge
uniformly on compact sets to f and if z, — z € Q, then f,(z,) — f(z).

PROOF. We may assume {z,} are contained in some disk D C Q around z. Let
E ={z,} U{z}. This is a compact set so it has a positive distance d from 0Q2. The
points within distance d/2 of E form a compact set F' on which the functions {f,}
are uniformly bounded on F, say by M. By the Cauchy estimate the derivatives are
bounded by a constant M’ on E. Thus

1f(2) = falzn) < [f(2) = fu(2)] + | ful(2) = fulzn)| < |f(2) = ful2)| + M|z — 2],
and both terms on the right tend to zero by hypothesis. U

PROOF OF UNIFORMIZATION FOR BOUNDED DOMAINS. If €2 is bounded, then by

a translation and rescaling, we may assume 2 C D and 0 € 2. We will define a
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sequence of domains {€2,,} with Qg = © and covering maps p,, : 2,, = Q,,_1 such that
p(0) = 0. We will show that 2, contains hyperbolic disks centered at 0 of arbitrarily
large radius and that the covering map ¢, = pyo---op, : 2, = Qg = ) converges
uniformly on compacta to a covering map ¢ : D — Q.

If Qy = D we are done, since the identity map will work. In general assume
that we have ¢, : Q, — Qo and that there is a point w € D\ ,. Let 7 and o be
Mébius transformations of the disk to itself so that 7(w) = 0, choose a square root
a of 7(0) and choose o so o(a) = 0. Then p,41(2) = o(y/7(2)) and let Q.1 be the
component of U = p, 1, (€2,) that contains the origin (the set U will have one or two
components; two if w is in a connected component of D\ ,, that is compact in D,
and one otherwise). Since ¢ and 7 are hyperbolic isometries and /z expands the
hyperbolic metric, we see that 2,1 contains a larger hyperbolic ball around 0 than
2, did. Suppose dist(99,,0) < r < 1 for all n. Then (3) says that

1+r
Diipn(0) = Dj 0)) > > 1
f0) = DYVE(O) > 5 > 1
since |7(0] = |w| > r. Hence D¥q,(0) increases by this much at every step. But

DHq,(0) < 1, which is a contradiction. Thus d,, — 1.

Thus {g,} is a sequence of uniformly bounded holomorphic functions on the disk.
By Montel’s theorem, there a subsequence that converges uniformly on compact
subsets of D to a holomorphic map ¢ : D — . It is non-constant since it has non-
zero gradient at the origin; moreover, by Hurwitz’s theorem, ¢’ never vanishes on D
since it is the locally uniform limit of the sequence{q,}, and these functions never
vanish since they are all covering maps. Next we show that ¢ is a covering map
D — Q.

Fix a € Q and let d = dist(a,02). Since 2 is bounded, this is finite. Let D =
D(a,d) C . Since g, is a covering map, every branch of ¢! is 1-to-1 holomorphic
map of D into D and hence each g, is a contraction from the hyperbolic metric on D
to the hyperbolic metric on ID. Thus every preimage of %D has uniformly bounded
hyperbolic diameter.

Now fix a point b € ¢ '(a). Since ¢,(b) — q(b) = a, ¢.(b) € +D for n large
enough, so there is branch of ¢! that contains b. Since these branches are uniformly

bounded holomorphic functions, by Montel’s theorem we can pass to a subsequence
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so that they converge to a holomorphic function ¢ from %D into ID. Moreover,

q(9(2)) = lim gu(q," (2)) = 2,
by Lemma 1.2.4. O

This proves the existence of a covering map for bounded domains Q. If Q is
bounded and simply connected, then we have proved the Riemann mapping theorem
for €2. To deduce Riemann’s theorem for all proper simply connected plane domains,

we only need:

LEMMA 1.2.5. Any simply connected planar domain, except for the plane itself,

can be conformally mapped to a bounded domain.

ProoF. If the domain €2 is bounded, there is nothing to do. If 2. omits a disk
D(z,r) then the map z — 1/(z — x) conformal maps 2 to a bounded domain. Oth-
erwise, translate the domain so that 0 is on the boundary and consider a continuous
branch of /z. The image is a 1-1, holomorphic image of €2, but does not contain
both a point and its negative. Since the image does contain some open ball, it also
omits an open ball and hence can be mapped to a bounded domain by the previous

case. O

Next we want to deduce the uniformization theorem for all hyperbolic plane do-
mains (we have only proved it for bounded domains so far). It suffices to show that
any hyperbolic plane domain has a covering map from some bounded domain W, for
then we can compose the covering maps D — W and W — Q.

Assume for the moment that we already have a covering map of the twice punc-
tured plane, ¢ : D — C* = C\ {0,1}. If {a,b} € C\ Q then h(z) = bg(2) + a is
a covering map from U = h™1(2) C D to Q. Any connected component of U shows
that € has a covering from a bounded plane domain, finishing the proof. Thus we

are reduced to proving:
THEOREM 1.2.6. There is a holomorphic covering map from D to C* = C\ {0, 1}

PROOF. Let

1 1
Q:{z:x+iy:y>0,0<x<1,\2—5\>§}C]I-]I.
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This is simply connected and hence can be conformally mapped to H with 0,1, oo
each fixed. We can then use Schwarz reflection to extend the map across the sides of
Q). Every such reflection of {2 stays in H maps to either the lower or upper half-planes.
Continuing this forever gives a covering map from a simply connected subdomain U
of H to W. Since U is simply connected and not the whole plane (it is a subset of

H) it is conformally equivalent to D and hence a covering g : D — W exists. U

FIGURE OF COVERING MAP, TESSELATION OF UPPER HALF-PLANE

EXERCISE: Show that the domain U formed by repeated reflections across 0f)
is, in fact, all of H.

There is an explicit formula for the covering map from the upper half-plane to
C\ {0, 1}. in terms of the Weierstrass P-function. See [].

1.3. Koebe’s }l-theorem

We start by recalling Green’s theorem and some useful variants. We start with
the “standard version”:
0 ou
(6) // ulAv — vAudzdy = usl 2t ds,
Q 80 Gn 8
where n denotes the outward pointing normal vector of 9€2. We will also use Green’s

theorem in the following form:

(7) flz,y)dr + g(z,y)dy / ———dd
o0
and its simple consequence that the area of a region € is given by
1 1 _
(8) area(Q)) = —/ xdy — ydxr = — Zdz.
2 Jo 21 Jag

The complex form of Green’s theorem uses dz = dx + idy,

/gdz = /gdac—l—/ 1gdy
o9 o9 09

B 89 dg
= [ 05t~ ey

= 22// agdxdy



1.3. KOEBE’S ;-THEOREM 11

Next, apply this to the domain Q\ D(e, w) where w € € and the function g(z)/(z—w)
to get

/39 wdz - /8D<e,w> Wdz - / /Q\D (e;0) 8z L fu(w) Jdwdy

= dxdy.
//S;\D (e;w) 82 z = )

Since g is continuous at w, the integral over 9D (e, w) tends to 0 as € \, 0 and by the

Cauchy’s theorem, the integral over 0f2 is equal to

/ 9(2) dz — 2mig(w).
)

Q< — W

Since |z — w|™! is integrable over bounded sets, the area integral above tend to the

integral over all of €2. Thus we obtain Pompeiu’s formula:
1 1 zoar
(9) g(w) = —/ Mdz - — // nga:dy.
211 Joq 2 —w T JJo\D(ew) Z — W
We now start towards the proof of Koebe’s theorem.

THEOREM 1.3.1 (Area theorem). Suppose g(z) = L 4 by + biz + ... is univalent
inD. Then >>7  n|b,|* < 1. In particular, |by| < 1.

PROOF. For 0 < r < 1let D, = C\ g(D(0,r)). If 2 = g(w) and w = € then
dw = iwd#, so by (8

area(D // dedy = — zZdz = g(w)g' (w)dw.
X oD, 2 aD(0,r)

To evaluate the right hand side note that
1
g(z) = ;+bo+b1z+...,

1
Jd(z) = §+0+b1+2b22+...,

so that
/ sy = / g(w)g (w)wdd
R 1
_ @/(E+b0+b1w—|—...)(—a+b1w+2b2w+..-)de

L1
= 27rz(—r—2 + by 2?4 20bg |t 4.
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Thus,
1 - 2,.2n
0 < area(D,) = W(ﬁ — ;n|bn| ).
Taking » — 1 gives the result. 0

COROLLARY 1.3.2. If f(2) = 24+ > .0, a,2" is univalent on the unit disk, then
|CL2| S 2.

PROOF. Let F(z) = z1/f(2%)/2%. Then the quantity inside the square root is

even and doesn’t Vanlsh in D, so F'is odd, univalent and

F(z)zz—}—%z—k....

2
Thus . )
az
g(z) = F(z) . 22+...,
is univalent and satisfies Theorem 1.3.1, so |aq| < 2. O

THEOREM 1.3.3 (Koebe 1/4 theorem). If f is univalent on D, then
1 . ,
yUARIC |2[%) < dist(f(2),0Q) <|f'(2)|(1 = |2*).

PRrROOF. By pre-composing with a Mobius transformation and post-composing by
a linear map, we may assume z = 0, f(0) = 0 and f’(0) = 1. Then the right hand
inequality is just Schwarz’s lemma applied to f~1. To prove the left hand inequality,

suppose f never equals w in . Then

Ll
T B

1 1 1
= w(z+a222+...)E[(l—i—E(z—i—ang—i—...)%—E(2+a2z2+...)2+...)]

1
= z+(ap+ )2 +...,
w
is univalent with f(0) =0 and f(0) =1. Applying Corollary 1.3.2 to f and g gives

<|G2’+|&2+—’<2—|—2—4

Thus the omitted point w lies outside D(0,1/4), as desired. O

A second proof of Koebe’s theorem using extremal length is given in the Appendix,
Theorem A.12.4.

The following estimate is known as the distortion theorem.
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LEMMA 1.3.4. Suppose f is univalent on D, f(0) =0 and f'(0) = 1. Then
1+ 2]

(1 —1]=))*
ProOOF. Fix a point w € D and write the Koebe transform of f,

f(r(2) = f(w)

— 12|

(10) s E)

s SR <

FE = P ey
where
zZ+w
T(z) = T

This is univalent, so by Corollary 1.3.2, |az(w)| < 2. Differentiation and setting z = 0

shows

)
FE = T wp i)

PR P
Bz = 0P

7(0) =1 —[wl*, 7"(0) = —2(1 — [w]),

F"(0) = J;’((;”)) (1 — |w|*) — 2w.

This implies that the coefficient of 2% (as a function of w) in the power series of F' is

f"(w)
f'(w)

Using |as| < 2 and multiplying by w/(1 — |w|?), we get

L)L) o),

az(w) = 5

wf'w) Al dlul
fllw)  T—=|w = 1—|w*
Thus

Sl —4ful _ wf'(w) _ 4ol + 2w

L—|wpr = f(w) = 1—w*
Now divide by |w| and use partial fractions,
_ _ "

1 3 < 1 wf’(w) < 3 1

+ — +
L—fw] T4 |w] = Jw| f(w) ~— 1—|w 1+ [uw]
Note that
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S-log|f(re®)| = £ Relog f(2)
0
= Reﬂa—logf( z)
L1 )
BRERRNACR

Since w = re? and f/(0) = 1, we can integrate to get
log(1 —r) — 3log(1 +r) < log|f'(re?®)| < —3log(1 — ) + log(1 4 r).

Exponentiating gives the result. U

EXERCISE: Integrate the distortion theorem to obtain the growth estimate:

2| ||

(1 +1z[) (1 —lz)*

If f:w — D is conformal, then clearly [, |f'(z)°dzdy = area(D) = m. The

distortion theorem implies a better estimate is true.

e S )<

COROLLARY 1.3.5. If f : Q — D is conformal then [, |f'(z)|Pdzdy < oo for all
2<p<3.

PROOF. Let g = f~. Then

zywnmwzémmww

and the right-hand side is finite for 2 < p < 3 by the left-hand side of (10). O

The famous Brennan conjecture [37] states that this is true for all % <p < 3. For
p < 3 or p > 4 the integral diverges for f~(z) = g(z) = z/(1 — 2)?, where f maps a
slit plane to the disk. Pommerenke [108] proved the integral converges for p < 3.39,
and this has been improved by Bertilsson [22], Shimorin [127] and Hedenmalm and
Shimorin [66].
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1.4. The hyperbolic metric in simply connected domains

If Q@ C C has at least two boundary points we want to use the covering map
p: DD — Q to define a metric pq(z)ds on Q. p should be defined so that p is locally

an isometry, i.e., for w € D, z = p(w),

1 = Dipw)
= D, 1d(w)- Dgp(w) - DF1d(p(w))

- ﬁ P @)] - pal2)

and so we take

_ P/ (w)|

= 1_—|w|2 = [p'(w)]pp(w)

pa(2)

where p(w) = z. Different choices of p and w give the same value for pq(z) since they
differ by an isometry of ID. Thus every hyperbolic planar domain has a hyperbolic
metric.

For parabolic planar domains (i.e., C and C* = C\ {0}) it is convenient to
define the “hyperbolic metric” to be p(z) = 0. This reflects the fact that there are
only constant holomorphic maps from a parabolic domain to a hyperbolic domain
(Picard’s little theorem, Theorem 2.3.1) and no restrictions on a holomorphic map
from a hyperbolic to a parabolic domain.

We want to give some useful estimates for pg in terms of more geometric quanti-

ties, such as the quasi-hyperbolic metric, defined as

ds

palz)ds = dist(z,09Q)

For simply connected domains, p and p are boundedly equivalent; for more general
domains this can fail, but some useful estimates are still available.

The first observation is that if f: U — V is conformal and py(z)ds and py(2)ds
are the densities of the hyperbolic metrics on U and V' then

pv(f(2)) = pu(2)/1f(2)].

Applying this to the map 7(z) = (2 + 1)/(z — 1) that maps the right half-plane
H, = {x + iy : * > 0} to the unit disk D, we see that the hyperbolic density for the
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half-plane is
2 1 1 1
pumy / = = — —_— .
pr:(2) = [T Een(T(e) = 9 T R ~ 20— 2dii(z, OH,)
Thus the hyperbolic density on a half-plane is approximately the same as the quasi-

hyperbolic metric. Using Koebe’s theorem we can deduce that that this is true for

any simply connected domain.
LEMMA 1.4.1. For simply connected domains, the hyperbolic and quasi-hyperbolic
metrics are bi-Lipschitz equivalent, i.e.,

(11) dpa < dpa < 4dpq.
ProoF. Using Koebe’s theorem,

_ po(2) . 1—|22 1
Pl ) =150 = ) G(), 00~ Gr(), 00

which is one half of the result. The other half is similar:

~ pp(2) 1 I—1]z2 1.
pa(f(z)) = 7] > Z[)D(Z)W = Z'O(f z)).

~—~

COROLLARY 1.4.2. Suppose € is simply connected, z,w € . Then

1 dist(z, 092)
> — —_].
plz,w) = 7[log dist(w, 092) |

PROOF. Suppose 7 is a curve in 2 connecting the two points. Then the quasi-

hyperbolic length of v is at least

| dist(w,00) dt‘ 0 dist(z, 02 |
—| = |log ————~|.
dist(2,09) t dlSt<w7 aQ)
By our previous remarks, the hyperbolic distance is at least i of this. O

COROLLARY 1.4.3. If f: Q — Q' is conformal, then
dist(f(2),0€) , 4dist(f(z), 0€Y)
< <
4dist(z,082) — A dist(z, 0€2)

Proor. Write f = goh™! where g : D — Q" and h : D — Q and use the chain

rule and Koebe’s theorem. O

The following is a consequence we will use repeatedly
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COROLLARY 1.4.4. Suppose € is simply connected and a & Q. Then if |z| > 2|al
and w € €2,

|w] < [2] exp(8p(z, w)).

PRrROOF. If |w| < |z|, there is nothing to do, so assume the reverse is true. Connect
z and w by a curve in € and let v be a subarc that connects the circles of radius |z
and |w| without leaving the annulus between these circles. For y € v with |y| = ¢,
the pseudo-hyperbolic metric is bounded below by
1 1 1 1
. > > > ;
dist(y, 90 — |y —a| ~ [yl +[a] ~ 2Jy|

so the length of ~ in this metric is at least 3 log|w|/|z|. Thus

w| < 2] exp(2p(z,w)) < [2] exp 8p(2, w)).

If we apply the previous result and the Schwarz inequality we get:

COROLLARY 1.4.5. Suppose ) is simply connected, 0 ¢ Q and f : Q — Q is
holomorphic. If z,w € €1, then

|[f(w)] < [f(2)| exp(8p(z, w)).

This will be useful later when we consider iterations of f, e.g., if  is unbounded,
proper, simply connected domain and f : {2 — ) then the iterates of z cannot grow
faster than C™ where C' = exp(8p(z, f(z)). As we shall see later, this is rather slow
escape to oco; a transcendental entire function always has points that iterate to oo
much faster than this (see Chapter 6).

COROLLARY 1.4.6. If Q is simply connected and not the whole plane, f : 2 — Q
is holomorphic, and z € Q, then there is a C < oo so that |f"(2)] < C™

1.5. Hyperbolic metric multiply connected domains

The following is immediate from Schwarz’s lemma.

COROLLARY 1.5.1. If U C V are both hyperbolic, then py > py .
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Proor. If Iy : D — U and IIy, : D — V are the covering maps then the inclusion
map U — V can be lifted to conformal map D — H‘_/I(U) C D. Applying Schwarz’s
lemma to this map (and using the fact that the projections are local isometries) gives
the result. O

We will also need estimates for hyperbolic metrics in domains that are not simply
connected. The most important (and useful) cases are the punctured disk C* =
D\ {0}, an annulus, and the twice punctured plane C** = C \ {0, 1}.

For the punctured disk, z — exp(z) is a covering map from the left half-plane to

C*. Transferring the hyperbolic metric on the half-plane gives

|
(12) poe(2) = 2[z[log(1/]z])’

Note that in this case, the hyperbolic and quasi-hyperbolic metrics are not boundedly
equivalent: the circle of radius r around the origin has length 27 for the quasi-
hyperbolic metric but only has length 27 /log1/r.

The exponential map sends the strip S = {z+iy : |y| < 7} to the right half-plane

and this can be used to show that the hyperbolic metric density on S is
1
cosy’

ps(z) =

The vertical strip V = {x + iy : loga < x < logb} is mapped by the exponential to

the annulus A = {2z : a < |z| < b}. If we simplify slightly to the case 0 < a < 1 and
= 1/a, then we get

(13) pa(z)

™

~ |logal cOS( g7 108 7) '

The next case we consider is C** = C\ {—1,1}.

LEMMA 1.5.2. The hyperbolic density p for C* = C\ {—1,1} satisfies

1
o)~ — 2,
= Tog 7]
(=) ! 21 < 1/2
Z) =~ z —
P |z —1|log1/|z — 1| ’
1
o(2) a1 <1/2,

|z +1log1/|z + 1]’
and p ~ 1 elsewhere.



1.5. HYPERBOLIC METRIC MULTIPLY CONNECTED DOMAINS 19

PRrROOF. The upper bounds are immediate by Lemma 1.5.1 and comparing to a
punctured disk; the lower bounds require some more work.
We saw earlier that the covering map F' : H — C** was obtained by conformally
mapping
W={z+iy:|z| <1 |z| > 1}
to the upper half-plane H with —1, 1, oo each fixed and then extending this to the rest
of H by repeated reflections. Thus F' restricted to W can be written as a composition

of three conformal maps:
fW=S={z+iy:y >0,z <1},
exp: S —>U={x+iy:y>0|z| >1}.
J:U — H.
Here J(z) = 5(z+1) the Joukowsky map. Let V be the union of W and its horizontal

translates by 2Z. By reflection, f extends to be a conformal map of V' to H and since
0 < 3(f(2)) <1 on dV, one can prove that I(z) — 1 < I(f(2)) < (z). By the

Koebe theorem,

I S(f(2))
~ ~1
o) = g = 1
for y > 2. Similarly,
1 1
J(z)==(1-—=
(:)= 501~ )
so 3 < |J'] < 2for |z| > 2. Thus if z = F(w),
pu(w) 1 1

P2 = 1P ™ Teplw)S(w) ~ ollog 4l

for |z| > 2. The estimates in D(—1,1) and D(1,1) follow by applying Mdbius trans-
formations that permute —1, 1, 00. The remaining region of the plane is compact and

so p is bounded above and below there. U

f exp J

'

FIGURE 1. The sequence of maps in the proof of Lemma 1.5.2.
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The twice punctured plane is one of the few domains for which there is an explicit

expression for the hyperbolic metric. Assuming the punctures are 0, 1, the hyperbolic

RNV
er‘wfébu—4x2—wwi@'

See [1], [85]. For C \ {a, b, c} it has the more symmetric looking form

L[ w—a)w—bw—a)
plw) 7r//(C|(z—a)(z—b)(z—c)(z—w)|d dy.

We will not prove these formulas since the simpler estimate in Lemma 1.5.2, will be

density is given by

enough for our applications.

We can now give a geometric estimate of the hyperbolic density that is valid in
all planar hyperbolic domains. We normalize by supposing 1 € 2 and that 0 € 0€ is
a closest point of 92 to 1 (thus D(1,1) C §2). Let R be the maximum value such that
A ={% < |z] < R} C Q. R must be finite, for otherwise  is the once punctured

plane and hence a parabolic, not hyperbolic, domain.
LEMMA 1.5.3. With notation as above, po(1) ~ 1/(1 + log R).

PRrROOF. The inclusion A C 2 gives pa(1) < 1/(1 4 log R). By the maximality
of R there is a point w € 02 on either {|z| = R} or {|z| = 1/R}. The inclusion
Q C C\ {0,w} gives the other direction. O

COROLLARY 1.5.4. For a,b € C let p,p(2) be the hyperbolic density for the C\
{a,b} and let

Ta(z) = sul_P Pap(2)-

There is a C' < oo so that for any hyperbolic planar domain Q Yq(z) < pa(z) <

PRroOOF. The first inequality is clear by Lemma 1.5.1. The second is given by the
proof of Lemma 1.5.3. O

This result is due to Gardiner and Lakic [57], and explicit estimates for C' are
given in [23], [5] and [134].

A special case that we will need is:
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COROLLARY 1.5.5. There is a constant ¢ > 0 so that the following holds. Suppose
w € Q, but there are points a,b & Q with |a| = |w| and |b| = 2|w|. Then p(w) > ¢/|w|.

LEMMA 1.5.6 (Bohr’s lemma). If0 <r < 1 let p = p(r) be the hyperbolic distance
from 0 00 r in D, let ¢ be the constant from Corollary 1.5.5 and let f = [(r) =
exp(r/c) > 0. If f is holomorphic on D, |f(0)] < B, |f| < 1 on D, and |f| = 1
somewhere on OD,., then 0D, C f(D) for some t > 5.

PROOF. Let R = sup{t: {|z| =t} C disk}. Choose |w| = r so that |f(w)| = 1.
We will estimate the hyperbolic distance between f(0) and f(w) in f(D) in two
different ways, that give a contradiction if R < . This implies the lemma.

So suppose R < . Let 7 be the radial segment joining 0 and w; by definition
it has hyperbolic length p. Since |f(0)] < 3, f(7) contains a subarc ¢ that connects
{|z| = B} and {]z| = 1} and is contained in the annulus between these circles. At
each point 2z € o, Corollary 1.5.5 says the hyperbolic metric is bounded below by

¢/|z| and hence

1
dt 1
,Of(]D))('LU, f(O)) > pf(]D))(U) > C/ 7 = ClOg E
B
Thus by Schwarz’s lemma
> cl !
P clog —,
B

or
B < exp(r/c).

This contradicts the definition of 5 = exp(r/c), and hence R > 5. Thus f(D) contains
0Dy, for some t > £5. O

There is a beautiful estimate of Weitsman [141] that says for any hyperbolic

domain W,

min{pp(z) : z € D, |z| =} > pp-(r),
where D* is the circular symmetrization of D (if {|z| = ¢t} C D, then it is also in
D*, otherwise —t ¢ D* N {|z| = t} and D* N {|z| = t} is an open arc centered at t
whose total length equals that of D N {|z] = t}.) In the proof of Bohr’s lemma, this
allows us to estimate the hyperbolic density in U by comparing it to the density for
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C\ [-R, —o0) and using Koebe’s theorem gives the estimate

pulw, £(0)) = {log(1 +5),

which leads to R > g(e* —1)7!. Taking r = 1/2 gives p = $log3 and s = (¢?” — 1 =
(e89 — 1)~ = 1/8. For this particular application, the symmetrized domain D* is
simply connected, and in this case the necessary estimate had been proven earlier by
Hayman [63]. See also [69]

Next we record a result that will be used later in the book when we discuss fast

escaping points (see Theorem 6.8.4).

LEMMA 1.5.7 (Schottky’s Lemma). Suppose f is a holomorphic function on a
hyperbolic domain 2 and that f omits the values 0,1. If K C Q 1is compact, then
there is are constants B,C, depending only on K, so that

ma| ()] < B(1L+min | f(2)])°.

PROOF. f is a holomorphic map from Q to C* = C\ {0,1} and hence is a
contraction of the hyperbolic metrics. Since K C €2 is compact, it has finite hyperbolic
diameter in Q and hence f(K) has finite hyperbolic diameter d in C**. We may also
assume f(K) is connected (if not, replace it by a covering hyperbolic ball of at most
twice the diameter).

Let ro = 1, r; = 2 and, in general, r, = (r,_;)?> = 22". By Corollary 1.5.4 the

hyperbolic distance between these circles is at least
22n+1

> loglog 22" _ loglog 2% = log 2.
gon  rlogr

Thus the circles are a uniformly positive hyperbolic distance apart in C** and hence
f(K) hits at most a bounded number of them and hence is trapped between r; and
Tr+nm some k (depending on f) and some M (depending only on d). This proves the
result with B = 2 = C' = 2M+1, O

1.6. Maximum modulus
If f is entire we define
m(r, f) = min{|f(2)] : |z = r},
M(r, f) = max{|f(2)] : |z = r}.
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The iterates of M are defined iteratively as
M"(r, f) = M(M""X(r, f), ),
where M'(r, f) = M(r, f). Note that
M(r, f*) < M™(r, f),

and strict inequality is possible, but we shall see later (Theorem 6.5.2) that the two
quantities are always close in a certain sense. Also note that if |z| < M™(r, f) then
|f¥(2)| < M™*(r, f). The most important properties of M(r, f) are described in the

following results.
LEMMA 1.6.1. Forr >0, M(r, f) is an increasing, convex function of logr.

PRrROOF. Clearly M(r, f) increases with r by the maximum principle. Since g(z) =

f(e?) is entire, log|g(2)| is subharmonic on the plane. Hence

M(e®, ) = sup{log|g(z +iy))| : y € R},
is a subharmonic function of x alone and hence convex (a supremum of subharmonic

functions is subharmonic). O

As a consequence of convexity we see that
IOgM(T,f) B 10gM<1af>
log r

increases with > 0 and hence has a limit in [0, 00| as r — oco. If f is a polynomial
of degree d then it is easy to check the limit is d. Conversely, if the limit is < d, then

for r = |z| large we have
log M (r, f) <logM(1, f) + dlogr,

or
[f(2)] < M(1, f)l=|,
which implies f is a polynomial of degree < d by a well known argument (use the

Cauchy estimates to show all derivatives of order > d vanish at the origin). Thus

LEMMA 1.6.2. If f is a transcendental entire function,

log M
i 08 M f) _

r—00 logr
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LEMMA 1.6.3. If f is a transcendental entire function and A > 1, then
MO )
7—00 ]\4(7”7 f)
PROOF. Since log M(r, f) is an increasing convex function of log r, log(M (Ar, f)—
log M (r, f) is increasing in r if A > 1 is fixed. If this difference is bounded above by

A < oo for all » > 0, then setting r,, = A" and summing a telescoping series shows

Ml ) < (n+ DA = (14 1)

which implies f is a polynomial of degree d < Alog A by Lemma 1.6.2. 0

log ry,,

LEMMA 1.6.4. If f is a transcendental entire function and A > 1, then there is
an R > 0 so that for allr > R and all ¢ > 1,

log M (7€, f) > Ac— 1) log M(r, f).

PROOF. Since log M (r, f) is an increasing, convex function of logr it is the inte-

gral of some positive, increasing function, say

logr
log M(r, f) = / a(t)dt.
Choose R so that a(t) > X if t > log R. Then if r > R,
clogr
log M(r¢, f) —log M (r, f) = / a(t)dt > Ac—1)logr.
logr

O

EXERCISE: For any increasing function ¢ : [0,00) — [0,00) there is an entire
function f so that M(r, f) > ¢(r) for all sufficiently large r. (Hint: apply Arakelian’s
theorem (Theorem A.5.4) to ¢ on [0,00).)

EXERCISE: [Polya’s lemma [106]] Suppose g, h are entire and define an entire

function f = g o h. Then

1

M(r, f) > M(B(3)M(57.h).9)

where [ is the constant from Bohr’s lemma.
EXERCISE: Use Polya’s lemma to prove: if g and h are entire functions such
that f = g o h has finite order then either

(1) h is polynomial and ¢ has finite order, or

(2) h transcendental of finite order and g is zero order.
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1.7. The escaping set is non-empty

If f is holomorphic on C, we define the escaping set as

I(f) = {2 f"(2) = oo},

Our first ‘dynamical” result is to show this set is non-empty. This important result
is due to Eremenko [47], but here we give a later proof by Dominguez [42] that uses
Bohr’s lemma. (Dominguez’s proof applies to meromorphic functions with finitely
many poles, but we only apply in the case of entire functions.) Eremenko’s proof uses
delicate estimates of Wiman and Valiron about the behavior of an entire function f
near a point where |f(z)| = M(|z|, f), and we will give his proof in Chapter 6 when

we study the rate of escape of iterates of f.

THEOREM 1.7.1. If f is a transcendental entire function then I(f) # 0. In fact,

I(f) intersects every circle {|z| = r} for all sufficiently large r.

PROOF. Let 3 = ((3) be the constant from Bohr’s lemma (Lemma 1.5.6). Choose
r so large that M(3s, f) > %s for s > r. It then follows from Bohr’s lemma (Lemma
1.5.6) that f(D,) contains a circle 0D for some

s> 1]\/[(17“, f)>2r
8 2

Let v; = dD,.. Let v2 be the boundary of the unbounded component of C\ f(D,.).
We call this the outer boundary of f(ID,.). It is a subset of f(9D,), so Ky = f~(y2)Nm
is a non-empty, compact subset of v; and |f| > 2r on K.

Now repeat the argument with D, replaced by D,,.. Bohr’s lemma and our as-

sumptions imply f(IDy,) contains a circle D, for some
1 2
82 BM(5(2r). [) 2 B+ 5 - 2r = 4.

Since Dy, is contained in the region Dy bounded by ~,, f(Ds) also contains this
circle. Let 73 be the boundary of the unbounded component of C\ f(D) and let
K3 = f7%(v3) Ny1. Thus K3 C Ky C 7y, and |f?| > 4r on K3.

In general, suppose v, bounds a region D,, that contains Dyn-1,.. By Bohr’s lemma,
f(Dyn-1,) contains a circle of radius s > 2'r and hence the same is true of the larger

region f(D,). Thus the outer boundary =, of f(D,) bounds a region D, ; that
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contains the disk Dgn,.. Thus f~*(v,41) N ¥, is a non-empty, compact subset of 7,

and |f| > 2™ on this subset. Let K, 11 C K, be the f"-preimage of 7,1 in 7;.
Continuing in this way we build a sequence of nested sets vy D Ky D K3 D ...

so that |f"| > 2"7! on K,,. Clearly N, K, is non-empty and contained in I(f). O

Later we will want to use a variation of this argument to show that the Julia set
of a transcendental entire function always contains an escaping point (see Theorem
2.6.10). The lower bound on the rate of escape we have given is rather slow. Ere-
menko’s proof, based on Wiman-Valiron theory, constructs points that escape as fast
as possible, essentially as fast as M™(R, f) for some R. In particular, it shows show
that every transcendental entire function has points whose iterates satisfy

liyxgior.}f % loglog | f"(2)| = oo.
Thus | f™(z)| is eventually larger than exp(exp(Cn)) for any finite C' See Lemma 6.8.1.

The fact that I(f) hits {|z| = r} for all sufficiently large r implies that I(f)
always has Hausdorff dimension > 1; proving that this is also true for Julia sets is
one of the main goals of the next chapter. This fact also suggests that
e /(f) may contain unbounded connected components (known true, Theorem 6.7.12),
e [(f) contains paths to co (known false, Theorem 9.3.1), or
e every connected component of I(f) is unbounded.

The latter is still open and known as Eremenko’s question; a great deal of research
effort has been focused on answering his question and we will return to it several

times in these notes.



CHAPTER 2

Normal families

Normal families refer to pre-compact families of holomorphic functions and thus
many arguments using normal families are essentially compactness arguments. Such
techniques are ubiquitous in conformal dynamics, indeed, the standard definitions of
the Fatou and Julia sets are simply the sets where the sequence of iterates either
form a normal family or do not.

We start with a review of the basic definitions and properties of normal families
and introduce the idea of a conformally invariant normal family. These can be char-
acterized by certain boundedness conditions on the derivatives of members of the
family. We shall also discuss Zalcman’s lemma, a remarkable result that turns the
failure of normality into a very useful property: we can always extract a sequence
from a non-normal family that, after normalization, converges to limiting function
with certain nice properties.

We then turn to the definitions and basic properties of the Fatou and Julia sets,
showing, for example, that the Julia set is the boundary of the escaping set and that
it is the closure of the pre-periodic points that it contains (in the next chapter we will
show that it is the closure of the repelling fixed points). We then discuss multiply
connected Fatou components and prove Baker’s theorem that any such component
must be bounded and must be wandering (all of its iterates are disjoint); we also
give examples to show that this can actually occur. This fact is one of the main
distinctions between the dynamics of polynomials and the dynamics of transcendental

entire functions.

2.1. Zalcman’s lemma

A family F of functions from one metric space (X, d) to another (Y, p) is called
equicontinuous if for each € > thereisa § > 0sothat d(x,y) < d = p(f(x)—f(y)) <
e for every f € F. This is the same as the definition of continuity at a point, except

27



28 2. NORMAL FAMILIES

that ¢ can be chosen independent of the point and of the function f. and it consists of
all transcendental entire functions have have a bounded singular set (defined below).
Such functions have nice behavior when |f| is large; in particular, they have a strong
expansion property near infinity that is extremely useful. For example, we shall use
this expansion property to show that the Julia set of an Eremenko-Lyubich function
is the closure of the escaping set; for general entire functions the Julia set is the
boundary of the escaping set (). A family F of meromorphic functions on a planar
domain 2 is a normal family if every sequence in F contains a subsequence that
converges uniformly on every compact set or converges uniformly to oo on every

compact set.

LEMMA 2.1.1. If a sequence of meromorphic functions converges uniformly on
compact sets in the sense of spherical distance, then the limit is meromorphic or
identically oco. If a sequence of homomorphic functions converges in the same sense,

then the limit is either holomorphic or identically oo.

PROOF. O

If a sequence of homomorphic functions converges uniformly on compacta to a
holomorphic limit, then the derivatives also converge uniformly on compacta.
EXERCISE: Show that if F is a normal family, 7" = {f" : f € F} need not be

normal. (Hint: consider f,(z) = n(z? —n).)

THEOREM 2.1.2 (Arzela-Ascoli). A family F of continuous functions from a pla-
nar domain Q to a metric space (X,d) is normal if and only if
(1) F is equicontinuous on every compact E C Q.

(2) For any z € Q, {f(2) : f € F} is pre-compact (lies in a compact subset).

The following is taken from Ahlfors; book [2], but since it plays such a crucial

role in what follows, we repeat the proof here.

THEOREM 2.1.3 (Marty’s theorem). A family F of meromorphic functions on a

hyperbolic planar domain ) is normal iff

supsup D f(2) < oo,
fEF zeK

for every compact K C €.
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PROOF. One direction is easy; if the spherical gradient is bounded at each point
then F is equicontinuous, hence normal. Conversely, suppose F is normal but there is
compact set K, a sequence {z,} C K and a sequence {f,} C F such that D% f,(z,) —
00. By passing to a subsequence if necessary, we may assume f, converges uniformly
to a meromorphic function f on an open disk around z (f = oo is allowed).

First assume the limit function f is finite at z. Then f is bounded on some disk
around z and hence f’ is bounded on a smaller disk by the Cauchy estimate

F) < sup 1) - fw).
T oD (w,r)
Since f/ — f’ on this disk, f’ is uniformly bounded. Since D7 f < |f’|, the spherical
gradient is uniformly bounded on a neighborhood of z.

On the other hand, if f(z) = oo, then consider 1/f. Since z — 1/z corresponds to
a rotation of the Riemann sphere by 180 degrees, its spherical gradient is 1 everywhere
and hence

1 1

D} ()= DY - Df(:) = 1- Dif(2)

Thus the argument above, applied to 1/f, again shows that the spherical gradient of
{fn} is uniformly bounded on some neighborhood of K.

Since K is compact, it can be covered by a finite number of these neighbor-
hoods where f has bounded spherical gradient, and we deduce that D% f is uniformly
bounded on K. 0

The following lemma, due to Zalcman, is extremely helpful. It turns the failure

of normality into a useful property.

LEMMA 2.1.4 (Zalecman’s lemma). Suppose Q2 is a planar domain and F is a
family of meromorphic functions on ). If F is not normal, then there is a sequence
of points {z} in Q converging to a point zo € Q, a sequence {pr} C (0,1) converging
to 0 and a sequence {fx} C F so that fr(zx + prz) converges uniformly on compact
sets to a meromorphic function f on C. Moreover,

sup DEF(2) < 1 = DEF(0).
2€eC

PROOF. By Marty’s theorem, there is a sequence {f,} € F and {w,} € Q so
that w, — wy € Q and D3 f,(w,) / oo. Without loss of generality, we assume

wy = 0 and D C Q. Since (1 — |2])D3 f.(2) is continuous on D and vanishes on its
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boundary, it attains a maximum M,, at some point z, € . Note that M,, — oo since
M, > (1 — |w,|) D3 fn(w,) — oo and since w,, — 0. Define

B 1 11— BN
D%fn(zn) M,

Pn

and
gn(2) = fu(zn + pnz).
Note that
Dn(0) = puDifu(zn) = 1.

Also note that 0 < p, < 1/M,, — 0 and |z, + pp2z| < 1 if |z| < (1 = |z,.|)/pn = M.
Thus g, is defined on Dy, , and for z € Dy, ,

Dggn<z) = anJSEfn(Zn +pnz)
I n
= ]wlj |D%fn<zn ""an>
_ 1— |Zn| . (ll B |Zn + pnz|)D£SCfn(Zn + ,OnZ)
1 — |zn + pnz| M,
<gq 1_—‘2”‘ .1
1 — |z + puz|
1 —|z,|
<
1 — |zn| = |pnz|
B 1
o n 2]
S e
B 1
1= |2/ M,|
< 1
—  1—|z/M,|

This tends to 1 for z fixed and n — co. By Marty’s theorem, {g,} has a subsequence
that converges uniformly on compact subsets of C to a function f with D5 f < 1.
Passing to another subsequence, if necessary, we may assume z; converges to some
point zy € D C Q. Since D%,g,(0) = 1 for all n, D3 f(0) = 1, hence f is non constant
and D3 f < 1 everywhere on C. O
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2.2. Normal functions

Let A(D) denote the collection of Mobius transformations of the unit disk to
itself (i.e., its conformal automorphisms). A meromorphic function f on D is called

a normal function if the family
F={foo:0€e AD),},

is a normal family. A family of functions F on D is called a conformally invariant

normal family if
G={foo:feF,oecAD)},
is a normal family.

THEOREM 2.2.1. A meromorphic function f is normal on D iff D3, f is bounded
on D.

PROOF. Let
z+a
o(z) = —.
1+az
This is a Mobius transformation of D to itself that maps 0 to a. Then
D3 (f 0 a)(0)

= Dy f(0(0)) - Dygo(a) - DE1A(0)
= D3 f(0)-1-1.
Thus for any compact set K C D,

supsup Dy (f o 0)(a) = sup D f(a).
o aceK acD
By Marty’s theorem we see that f is a normal function if and only if D¥ f is uniformly

bounded on the disk. O

The following is given by essentially the same argument.

COROLLARY 2.2.2. F is a conformally invariant normal family on D iff D3 f is

uniformly bounded over D and F.

Next we generalize from the disk to more general domains. A function f on
a hyperbolic plane domain is called normal if f o p is normal on the disk, where

p: D — Q is the covering map. A family of meromorphic functions on 2 is called
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a conformally invariant normal family on Q if G = {fop: f € F} is confor-
mally invariant normal family on the disk. The following is immediate from these

definitions.

COROLLARY 2.2.3. Suppose €) is a hyperbolic planar domain. Then f is normal

on Q iff D% f is bounded on Q. F is a conformally invariant normal family on ) iff
D% f is uniformly bounded over € and F.

Our next goal is to prove a result of Lehto that says normal functions can’t have

essential singularities at isolated boundary points. The proof uses the following fact.

LEMMA 2.2.4. If f is holomorphic on D, = {z : |z| > r} and has an essential
singularity at oo then Fy(z) = f(Az2)f(Z) also has an essential singularity at oo for
some X with |\ = 1 (in fact, this holds for all but countably many A on the unit

circle).

PROOF. By scaling, we can assume r < 1, say » = 1/2. f has a Laurent series
f(2) = 322 _a,z" that converges in D,. This implies |a,| = O(r/"!), and this in
turn implies that if b, , = axa,_x, then

(14) [ba il = O( ™).

Thus the Laurent series for F satisfies (n = m + k),

Fz) = f(A2)f(Z)

= (D a(A)*) am2")

and A, (\) is a holomorphic function of A on some neighborhood of {|A| = 1} (since
(14) implies that for each n, the {b,}3>_., define a Laurent series that converges in
r<|A <1/r).

Fix some k so that a; # 0. If a,,_x # 0 as well, then axa,_r # 0. By assumption,

I has an essential singularity at co, so a,_j is non-zero for arbitrarily large positive



2.2. NORMAL FUNCTIONS 33

n, hence the Laurent series for A,, has some non-zero coefficients for arbitrarily large
n. For such n’s; A,()\) is not the constant zero function, and hence vanishes at
most finitely often on the circle {|A\| = 1}. Thus, except for a countable set of \’s,
A, (X) # 0 for an infinite set of positive n’s. For these A, F)(z) has an essential

singularity at oo. 0

LEMMA 2.2.5 (Lehto [86]). If f is meromorphic in I, and has an essential sin-

gularity at oo, then
limsup |z| - DZf(2) > 1/2.

|z]—o0

PROOF. Recall that points w, z are antipodal on Ciff zw = —1. For any [\ =1,

[e.9] o0

F(z) = fQO)fE) = (D anA2))( Y @nz")

n=—oo n=—oo

is meromorphic in @i, and for some choice of A\, F' has an essential singularity at oo
by Lemma 2.2.4.

If F(z) = —1let r = |z| and note that f maps Z, Az € D, to antipodal points on
C. Hence v = f(dD,) has spherical length at least 7. This means that D3 f > 1/2r
somewhere on OD,. Similarly, if |F(z) + 1] < ¢, then we can deduce D3 f > m
somewhere on 0D, for some ¢ that tends to zero with e.

To finish the proof, note that either there is a sequence z, — oo so that F(z,) —
—1 or there is not. If there is, then the argument above shows |z| - D3.f — % along
some sequence tending to oo. If not, then 1/(1+ F') is bounded in a neighborhood of
oo, which implies it has a removable singularity there and hence F' is meromorphic

at oo, which is a contradiction. l

This immediately gives its contrapositive:

COROLLARY 2.2.6. If f is meromorphic in D} and

limsup|z| - D2.f(2) < 1/2,

|z| =00

then f is meromorphic at co.

THEOREM 2.2.7. Suppose f is a normal function on a hyperbolic planar domain

Q. Then [ has a meromorphic extension to any isolated boundary point of €.
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Proor. Without loss of generality, we may assume the boundary point is oc.
Since f is normal

Dpf(z) = Dgld(z)- Dif(2)
1

= O(———)-0(1
NELTIE
1
= O(_)’
2|
so by Corollary 2.2.6, f has a meromorphic extension at co. U

2.3. Picard’s theorems

The following could have been proven in the previous chapter as a corollary of
Theorem 1.2.6.

THEOREM 2.3.1 (Picard’s little theorem). If f is a non-constant entire function,
then E = C\ f(C) contains at most one point.

PRrOOF. If E contains two points {a, b}, then using the covering map p : D —
C\ {a, b}, f can be lifted to a holomorphic map f : C — D. By Liouville’s theorem,

the lift is constant and hence so must f. O

THEOREM 2.3.2 (Montel’s theorem). If F is a family of holomorphic functions
on a planar domain Q all taking values in W = C\ {a, b} for some a # b, then F is

a normal famaily.

We offer three proofs of this fundamental result.

FIRST PROOF. C* = C \ {0, 1} is covered by a map p from the unit disk, so
each map f : Q — C** can be lifted to a map F' : Q@ — D. The family of lifted
maps is normal by the first version of Montel’s theorem. Thus any sequence {f,}
in F can be lifted to a sequence {F),} that has a convergent subsequence {F),, } and

{fn.} ={po F,,} is convergent in the original family. O
SECOND PROOF. If not, then by Zalcman’s lemma we can form a sequence

9n(2) = fulpn + 2n)

so that f, € F, p, \ 0 and z, — z € Q and g,, converges uniformly on compact sets

to a non-constant entire function g. If g ever took the value a, then so would f,, for
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n sufficiently large (apply Rouche’s theorem to a small disk around some g-preimage

of a). Thus g omits a,b and is constant, a contradiction. O

THIRD PROOF. Use the covering map p : D — W to lift the family F to a family
G of holomorphic functions mapping €2 into . Then

Dy f(2) = Dy f(2) = Dij f(2) Dip(2) Dild(2) Df1d(2) < 1-1- O(1) - DFId(2),

where the first three bounds hold by the Schwarz lemma, the definition of the hyper-
bolic metric on €2, and because the spherical distance between points in W is smaller
that a fixed constant times the hyperbolic distance (the constant depends on a,b).
The final term, D#1d is bounded on compact sets of 2, so this implies D7 f is locally

bounded, which implies the normality of F by Marty’s theorem. U

Thus omitting two values has two consequences: it implies normality when ap-
plied to functions on a hyperbolic domain and it implies constancy when applied to
functions on C. This is a common phenomenon and Bloch’s principle says that a
property P implies one of these conclusions iff it implies the other. This is not always
true, but it does hold for a number of interesting cases and can be made into a precise

mathematical statement. See Bergweiler’s paper [16].

THEOREM 2.3.3 (Picard’s great theorem). If f is meromorphic on Agp = {R <
|z| < oo} and has an essential singularity at oo, then for everyr > R, E = C\ f(A,)

contains at most one point.

PRrOOF. Suppose for r sufficiently large, f (ﬁi) omits two points. Then f is a
normal function on D, and hence has a meromorphic extension to oo by Lemma
2.2.7, a contradiction. U

Omitted points are values which have no preimages under f. In the next chapter
we will generalize Picard’s theorem by considering points that have only a finite

number of preimages. See Theorem 3.2.1.

2.4. The Julia and Fatou sets

The Fatou set, F(f), of an entire function f is the union of open disks on which
{f"} forms an open family. It is also clear that f(F(f)) C F(f) (forward invariance),

but equality need not hold if f has an omitted value. For example, %ez has a Fatou
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component that contains 0, but 0 ¢ f(F(f)). It turns out that if U is a Fatou
component that is mapped into a component V' then V' \ U can have at most one
point (see Theorem 5.6.3) and U =V if U is bounded (see Lemma 2.6.2). Similarly,
FYF(f)) € F(f) (backwards invariance. A set that is both forward and backwards

invariant is called totally invariant.
LEMMA 2.4.1. For anyn > 1, F(f) = F(f").

PROOF. Since {f™*}2° | is a subset of {f*}2 | the first collection is normal wher-
ever the second one is. Thus F(f) C F(f™). On the other hand, any iterate can be
written as f¥ = 7+ where 0 < r < n, so if K is a compact disk in F(f), then

Dy f*(2) = DEf'(2) - DRf*(f7(2)) < sup Dipf'(2) - sup Dpf*(w).
zeK we fr(K)
Since f"(K) is a compact subset of F(f), Marty’s theorem (Theorem 2.1.3) proves
that {f*}, is normal wherever {f"*}, is, showing Thus F(f) D F(f"). O

The complement J(f) = C\ F(f) is called the Julia set of f and is clearly a
closed, totally invariant set and satisfies J(f) = J(f™) for every n € N.

Our next goal is to prove that J(f) is non-empty by proving that J(f) = 0I(f).
We already know that I(f) # (0 (Theorem 1.7.1) but we still must prove I(f) # C.
We will do this by proving that f must have pre-periodic points (which obviously

can’t escape). We start with:

LEMMA 2.4.2 (Rosenbloom, 1952). If g is entire and h(z) = (g(g(2)) —2)/(g(z) —

z) is constant then g is constant or linear.

ProOOF. If h = 0, then ¢g(¢((z)) = z implying g is 1-to-1, hence linear. If h = 1,

then g o g = g so g is constant or g(z) = z. So assume h is a constant ¢ # 0, 1, i.e,

9'(2) =z = clg(2) — 2),

and differentiate to get

or
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Since ¢ # 1, the left side is never zero, hence both factors are never zero. Thus ¢’
omits 0. It also omits ¢, for if g covers the whole plane this is obvious; if ¢’ = ¢ only
at the single possible omitted value of g, then ¢’ takes the values 0, ¢ only finitely
often; by the great Picard theorem ¢’ is a polynomial omitting 0, hence constant.

Thus g is linear. 0

EXERCISE: Show that if h is rational, then g must be rational too.

A periodic point z for f is a point such that f"(z) = z for some n > 1. A
point is pre-periodic if some iterate of it is periodic. Note that periodic points are
automatically pre-periodic; we will use the term strictly pre-periodic to mean a

pre-periodic point that is not itself periodic.

THEOREM 2.4.3. If g is entire and not constant or linear then it has at least two

pre-periodic points.

PRrRoOF. Consider the function

hz) = (9(9(2)) — 2)/(9(2) — 2),

as in Lemma 2.4.2. Our assumption implies that h is a non-constant meromorphic
function. If h(z) = oo then g(z) = z, so every such point is a fixed point of g. If
h(z) = 0 then g*(z) = z so every such point is periodic or period 2. If h(z) = 1, then
g*(z) = g(z) so g(z) is a fixed point of g and hence z is pre-periodic.

If h is a rational of degree d > 1, then each of {0, 1} has at least one preimage and
hence g has at least two pre-periodic points. Otherwise h has an essential singularity
at oo and then Picard’s great theorem says that it takes on at least one of the values

{0,1, 00} infinitely often. Hence g has infinitely many pre-periodic points. U

COROLLARY 2.4.4. If g is entire and not constant or linear, then C\ I1(g) (the
non-escaping set) contains at least two points. If g is transcendental, it contains

infinitely many points.

PROOF. The first part was proven above. If f is transcendental, then by the great
Picard theorem, one of the two pre-periodic points has infinitely many preimages

(which are obviously not escaping). O

THEOREM 2.4.5. If f is entire, J(f) = OI(f) # 0.
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Proor. We will show that J(f) C I(f), int(I(f)gNT(f) = 0 and I(f) C T(f).
Together, these imply J(f) = 0I(f).

First, suppose z € J(f) and V is a neighborhood of z. Then {f"} is not normal
on V. so takes every complex value except possibly one (Theorem 2.3.2). For any
w € I(f) we have f(w) # w (since fixed points don’t escape), so f™(V) eventually
contains either w or f(w). Hence V contains escaping points. Thus the Julia set is
contained in the closure of the escaping set.

Second, if D is a disk in I(f), then f"(D) never hits a non-escaping point. We
know that there are at least two pre-periodic points, so {f"} is normal on D, hence
D C F(f). Thus the Julia set is disjoint from the interior of I(f).

Finally, if D C F(f) is a disk that contains an escaping point, then the whole
disk escapes by normality. Hence boundary points of I(f) can’t lie in the Fatou set
and so must be in the Julia set. This completes the proof that J(f) = dI(f). Since
both I(f) and its complement are non-empty, it is is easy to see that the boundary

of I(f) is non-empty. O
Some important corollaries of this proof are:

COROLLARY 2.4.6. If Q s a Fatou component that contains an escaping point,
then all of 2 escapes.

COROLLARY 2.4.7. If f is entire and V' is any neighborhood of any point z € J(f)

then U, f"(V') covers the whole plane with at most one exception.

Later we will prove another version of this that does not require taking a union;

see Lemma 3.5.2.
COROLLARY 2.4.8. The Julia set is either nowhere dense or is the whole plane.

PrOOF. If J(f) contains the open set U it also contains all iterates of U. Since

these cover the plane, except possibly for one point, and since J(f) is closed, we see
that J(f) = C in this case. O

LEMMA 2.4.9. The Julia set is contained in the accumulation set of the backwards

orbits U, f~"(2), except possibly for one exceptional point z.
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PRrRoOOF. Take z,V as in Theorem 2.4.7 and suppose w is not the exceptional point.
Then V' contains some preimage of w, so J(f) is contained in the accumulation set

of the preimages. O

In general, the Julia set need not be the whole accumulation set of a backwards
orbit. For example, there can be simply connected Fatou components where f is
conjugate to an irrational rotation (Siegel disks) and the accumulation set of a point

in such a component contains a closed curve inside the Fatou component.

COROLLARY 2.4.10. The Julia set is the minimal set among closed backwards
wvariant sets with at least two elements. Thus it is contained in the closure of any

backwards invariant set with at least two elements.

PROOF. Suppose A is a closed, completely invariant set and z € A has infinitely
many preimages under f (this choice is possible if A has at least two elements). Then
J(f) is contained in the accumulation set of the backwards orbit of z and that set
is contained in A since A is closed and invariant. Thus J(f) C A, as claimed. The

final claim follows from the following exercise. U

EXERCISE: the closure of a backwards invariant set is also backwards invariant.
For example, the closure of the escaping set is a closed, completely invariant set,
and hence contains the Julia set (we already knew this since J(f) = 9I(f). Since
we know that there are at least two pre-periodic points in the Julia set and since

preimages of pre-periodic points are pre-periodic, we get:

COROLLARY 2.4.11. If f is entire, J(f) is the closure of the pre-periodic points

it contains.

Of course, there can be pre-periodic points in the Fatou set as well, e.g., an
attracting fixed point. A stronger result, that the Julia set is the closure of repelling

fixed points will be proved later, Theorem 3.4.2.

COROLLARY 2.4.12. The Julia set of a transcendental entire function is un-
bounded.

PROOF. We have already proved that I(f) and its complement each contain at
least two points and hence J(g) = 0I(g) has at least two points. By Picard’s great
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theorem, one of these points has infinitely many preimages converging to oo, and all

of these are in J(g) since the Julia set is totally invariant. O

2.5. Multiply connected Fatou components escape

LEMMA 2.5.1. If Q us multiply connected Fatou component of an entire function
f, then f™ oo uniformly on compact subsets of ).

PROOF. Suppose 7 is closed curve in €. By normality, any subsequence of {f"}
contains a subsequence that converges uniformly, either to co or to a bounded func-
tion. In the latter case, the maximum principle implies it converges uniformly to a
bounded function on the whole interior of ~y (i.e., the bounded complementary com-
ponent of 7), and therefore the interior of v is in the Fatou set. Thus if the Fatou
set contains a curve « surrounding a point in the Julia set, every subsequence of f"
must converge uniformly to oo on . Normality then implies it converges to co on

every compact subset of component containing ~y. U

Herman rings are a type of multiply connected Fatou component that does not
iterate to oo, but these can only occur for rational or meromorphic functions; they
do not occur for polynomials or entire functions. There do exist entire functions
that have Fatou components that are topological annuli; this is due to Kisaka and
Shishikura [80].

FIGURE OF HOW A SEQUENCE OF CLOSED CURVES CAN TEND TO
INFINITY

LEMMA 2.5.2. If Q is multiply connected Fatou component of an entire function
f, and v C Q surrounds a point of the Julia set, then f™(vy) has positive index with
respect to O for all sufficiently large n.

PROOF. Suppose the index is zero for an infinite subsequence of v, and tends to
oo uniformly on 7. The minimum principle implies f™* tends to oo inside . This
contradicts the fact that pre-periodic points are dense in the Julia set, Corollary
2.4.11. O

We will say that curve with this property eventually surrounds every point,
i.e., the iterates of v under f eventually surround arbitrarily large disks centered at

the origin.
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LEMMA 2.5.3. If Q is multiply connected Fatou component of an entire function
f, and v C Q surrounds a point of the Julia set, then the winding number of f™(7y)

around zero tends to o0 as n — 00

PROOF. Lemma 2.5.2 implies that v eventually has winding number > 1 around
zero and lies outside any disk D(0,r) we choose. Thus the winding number around
any point of D(0,r) will be the same. By Picard’s great theorem (Theorem 2.3.3),
either f = 0 or f = 1 infinitely often in C and hence the number of solutions in D(0, )
for one of these increases to oo with r. If v, does not hit D, then the winding of f
around 0 or 1 is the same. By the argument principle and our previous observation,

at least one of these numbers (hence both) tends to infinity with n. U

Next we want to prove that iterates of {2 contain, not just a curve surrounding
zero, but a “fat” circular annulus surrounding zero. First we need another fact about

the hyperbolic metric.

LEMMA 2.5.4. There is a C' > 0 and €y > 0 so that the following holds. Suppose
v s a closed Jordan curve that has hyperbolic length € < €y in a planar domain €.

Suppose further that 0 & Q and v winds at least once around 0. Then
yCA={r<|z| <R} CQ,

where R/r > exp(C/e).

ProOOF. The Jordan curve ~ separates the boundary of €2 into two sets Ey, F
that are on the same side of 7 as 0 and oo respectively. By dilating and rotating we
may assume 1 € 7, and this is the point of v farthest from the origin. Note that
v =~vN D(1,1/2) has Euclidean length at least 1. Choose zy € Ej so that |z = r
is maximized and and z., € F so that |z.| = R is minimized. Since zj is inside 7,
r < 1.

Let €y be the shortest possible hyperbolic length of v in C\ {zo, 2o} for any zy € D
for any z., # zp with |z5| < 2. This is strictly positive since the length blows up as
|2z0] = 1 or min(|2e0], |20 — 200|) = 0.

Thus we may assume R > 2, in which case p(v) 2 1/log R. Hence R/r > R >
exp(c/e).

O
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LEMMA 2.5.5 (Zheng [143]). If Q is multiply connected Fatou component of an
entire function f, then for large n, f™*(Q) contains an annulus A = {r, < |z| < R,}

with R, /r, — 0.

PROOF. Suppose v C € surrounds a point of the Julia set and has hyperbolic
length L < oo in €2. Without loss of generality v is a closed hyperbolic geodesic and
hence is smooth and does not self-intersect. i By our previous results we can choose
n large so that f(£2) surrounds 0, and v,, = () winds around zero N times, where
N is as large as we wish.

We claim 7, can be written as a union of N piecewise smooth curves, each of
which winds once around zero. To see this, consider C \ =,. The boundary of
the unbounded component is one such curve. Removing this curve gives a larger
unbounded components whose boundary is the next curve, and so on. This can be
repeated N times since the winding number around a point only goes down by one
each time we cross 7, (except at the finitely many self-intersections).

By the Schwarz lemma the total hyperbolic length of ~, is < L, so one of the
sub-curves, call it o, has hyperbolic length < L/N. The lemma then follows from
Lemma 2.5.4. O

This result has been considerable strengthened by Bergweiler, Rippon and Stallard
[18]. They show that f™(€2) contains an annulus {r, < |z| < R,,} with

log R,

lim inf > 1,

n—oo logr,
(but ratios close to 1 are possible) and provide detailed information about the dynam-
ics inside the Fatou component. Some of their results will be considered in greater

detail in Section ?77?.
LEMMA 2.5.6. The Julia set has no isolated points.

PROOF. Suppose D = D(z,¢) is a disk such that DN J(f) = {#}. Then Lemma
2.5.2 implies that f"(0D) eventually surrounds every point, and hence surrounds
at least two points of the Julia set. At most one can have n-th preimage equal to
z, so the nth-preimage of the other is a distinct point of J(f) N D, contrary to

assumption. [



2.6. MULTIPLY CONNECTED COMPONENTS ARE BOUNDED 43

A closed set is called perfect if it has no isolated points. It is a well known fact
from analysis that any perfect set with more than one point is uncountable, in fact,
it is locally uncountable; this means that any neighborhood of a point in the set

contains uncountably many points of the set.

COROLLARY 2.5.7. If f is entire and not linear or constant, then the Julia set is

locally uncountable.

A closed set K is called uniformly perfect if there is a finite constant C' so that
for every r € (0,diam(K)) and every « € K there is y € K such that
1 _lz—yl
c— r
Connected sets are uniformly perfect with C' = 1. It turns out that a Julia set of a

<C.

transcendental entire functions a is either connected (and hence uniformly connected
with C' = 1) or it fails to be uniformly connected with any constant. This happens
because if the Julia set is not connected, then there is a multiply connected Fatou
component and we shall see later that the iterates of this component contain round
annuli with arbitrarily large moduli (Theorem 2.5.5), and this contradicts the uniform

perfectness condition. These remarks prove:

COROLLARY 2.5.8. The Julia set of a transcendental entire function is uniformly

perfect if and only if it is connected.

All Julia sets of polynomials are uniformly perfect and hence this is another

difference between the polynomial and transcendental cases.

2.6. Multiply connected components are bounded

In this section we prove Noel Baker’s result that any multiply connected Fatou
component must be bounded and a number of interesting consequences, such as the
fact that the Julia set of a transcendental entire function must contain a non-trivial
continuum. We start by showing that there can be at most one unbounded, multiply

connected component.

LEMMA 2.6.1 (Topfer). If the Fatou set of a transcendental entire function has

an unbounded component, then all other components are simply connected.



44 2. NORMAL FAMILIES

PROOF. Suppose W is the unbounded component and 2 is some multiply con-
nected component. Let v, = f"(y) C F(f) be the curve given by Lemma 2.5.2
that eventually surrounds every point. Then for large enough n, =, must hit W and
hence is contained in W. We claim this implies Q = W. If €2 were bounded then
f™(2) € W is bounded and hence there would be a point w € W N Jf"(2); thus
there are points {z;} C 2 so that f"(z;) — w. If Q were bounded we could pass
to a subsequence so that z, — 2z € Q. If z € 9Q C J(f), then w = f*(2) € J(f),
a contradiction. If z € €, then w = f"(2) € f*(Q), also a contradiction. Hence
can’t be bounded. Thus f"(7) is eventually in €2, for the same reasons as above and

hence Q = W. O

Part of the previous proof will be useful later, so we state it as a lemma:

LEMMA 2.6.2. If ) is a bounded Fatou component of f, then f(Q) is contained in
a bounded Fatou component and equals the whole component. The map is a branched

COVETING.

In fact, if U,V are Fatou components of f so that f(U) C V, then V \ U can
contain at most one point. This is due to M. Herring and independently Bergweiler
and Rohde. See Theorem 5.6.3.

THEOREM 2.6.3 (Baker []). If f is a transcendental entire function, then every

multiply connected component of the Fatou set is bounded.

PROOF. Suppose not, i.e., suppose () is an unbounded multiply connected Fatou
component and let v C €2 is a closed curve surrounding a point of the Julia set. Then
by Lemma 2.5.2 the iterates of 7, = f™() hit 2 (and hence are contained in 2 for
all large enough n. Thus 2 is forwards invariant.

Choose a compact, connected set K C 2 that contains both v and f(vy) and
choose a domain V so that K C V C V C Q. Since |f"| — oo uniformly on V/,
log |f"| is a sequence of well defined, positive harmonic functions on V' and so by

Harnack’s inequality there is a constant C' = C(K) so that

log [f"(w)] < C'log|[f"(2)],
for all z,w € K, independent of n. Thus

f*(w)] < |F7(2)|°



2.6. MULTIPLY CONNECTED COMPONENTS ARE BOUNDED 45
Since v,_1 U7y, D f*HK), we have
: c _ . c
sup |£(2)] < inf [£(2)[C = inf |2/
Yn Yn—1 Tn
In particular, |f(2)] < |2]¢ for every 2z € =,. Since the curves {v,} eventually
surround every point and from this we can easily deduce f is a polynomial. This

contradiction proves the theorem. O

COROLLARY 2.6.4. If f is a transcendental entire function then every multiply

connected component of the Fatou set is a wandering domain.

Proor. We already know that multiply connected components are bounded and
iterate to infinity uniformly on compact sets, so they can’t be periodic. If they were
pre-periodic they would have to land on a periodic domain that iterates to infinity,
i.e., a Baker domain. However such a domain is unbounded, whereas f(U) must
be bounded, contradicting Lemma 2.6.2. Thus there are no pre-periodic, multiply

connected Fatou components. U

COROLLARY 2.6.5. If the Fatou set of a transcendental entire function has an

unbounded component, then all components are simply connected.
ProOF. Clear from Lemma 2.6.1 and Theorem 2.6.3. [

COROLLARY 2.6.6. The Julia set of a transcendental entire function contains a

non-triwial continuum.

Proor. If the Julia set is connected, this is obvious since the Julia set contains at
least two points. If the Julia set is not connected, there is a multiply connected Fatou
component. By Baker’s theorem it is bounded and so the boundary of its unbounded

complementary component is a non-trivial continuum in the Julia set. U

Although we have not discussed Hausdorff dimension in detail yet, let us note

that every non-trivial connected set has Hausdorff dimension > 1 and hence:

COROLLARY 2.6.7. The Julia set of a transcendental entire function has Hausdorff

dimension at least 1.

In fact, many examples of transcendental Julia sets have Hausdorff dimension 2

(e.g., [95]), but it is somewhat harder to construct examples with dimensions between
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1 and 2 [130], [132]. Constructing an example with dimension equal giving to 1 was
only accomplished recently. Some of these examples will be discussed later in the
book (see Chapter ?7.

We can say slightly more than Corollary 2.6.7. Since there are no unbounded
multiply connected components, J(f) either contains an unbounded continuum or
contains a sequence of continua with diameters growing to co. In either case the
1-dimensional Hausdorff measure of J(f) is infinite. On the other hand, examples

exist where the 1-dimensional measure of any bounded subset of J(f) is finite [27].

COROLLARY 2.6.8. If f is a transcendental entire function that is bounded along a
curve o tending to oo, then all Fatou components are simply connected. In particular,

this happens if f has a finite asymptotic value.

Proor. If U is a multiply connected component, then by Lemma 2.5.2, it contains
a curve v whose iterates f™(7) intersect o for all sufficiently large n. This contradicts
the assumption that f is bounded on o since f(f*(U)No) C " (U) is as far from the

origin as we wish. Thus f can’t have any multiply connected Fatou components. []

COROLLARY 2.6.9. If f s transcendental, any completely invariant Fatou com-

ponent is simply connected.

PROOF. A completely invariant Fatou component 2 must be unbounded (since
by Picard’s great theorem f~1(2) contains unbounded sets) and hence is simply
connected by Baker’s theorem (Theorem 2.6.3). O

THEOREM 2.6.10. If f is a transcendental entire function then J(f)NI(f) # 0.

PROOF. There are two cases depending on whether there are multiply connected
Fatou components or not.

If there is a multiply connected component €2, then by Lemma 2.5.2 there is a
closed curve v in € that eventually surrounds every point in the plane. Since 2
wanders and iterates to oo, €, = f™(£2) is eventually outside v, = f™(vy) and hence
0%, is outside 7,. Thus 0f2 consists of escaping points in the Julia set.

If there are no multiply connected Fatou components, then the Julia set contains
an unbounded continuum. So if we consider the curves 7, constructed in the proof of
Theorem 1.7.1, we see that each of them must hit 7 = J(f) (if r is chosen sufficiently
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large). Thus J, = f~"(J N7,)N71 is a non-empty compact subset of v and J,,11 C J,
since f~H(JT NYni1) C T NAp,. Thus N, J, is non-empty and contains only escaping
points of the Julia set. 0

THEOREM 2.6.11 (Eremenko, [|). The closure of the escaping set has no bounded

components.

PRroOOF. Since J(f) C I(f), if there is a bounded component of I(f), it is sur-
rounded by a curve in a non-escaping component of the Fatou set. But this component

is then multiply connected component, hence it does escape. 0

Eremenko conjectured that all the components of I(f) are unbounded. This is
still open, but the so called “Strong Eremenko Conjecture” that all path components
of I(f) are unbounded has been disproven by Rottenfusser, Riickert, Rempe and
Schleicher; see Theorem 9.3.1. Partial progress towards Eremenko’s conjecture has
been given by Rippon and Stallard who showed that I(f) always contains at least

one unbounded component. See Theorem 6.7.12.

COROLLARY 2.6.12. If Q is a multiply connected Fatou component of f, then
f(82) is contained in a bounded Fatou component and equals the whole component.

The map is a branched covering.

PRrROOF. Clear from Lemma 2.6.2 and Theorem 2.6.3. O

In particular, the connectivity of V' and f(U) are the same. For a multiply

connected Fatou component U, how do the connectivities of { f*(U} behave?

THEOREM 2.6.13 (Kisaka-Shishikura). For a bounded wandering domain Q of
a transcendental function f, the connectivity of Q, = f"(Q) is non-increasing and
eventually either 1, 2 or co. If it is eventually 1, then ) is itself simply connected. If
the eventual connectivity is 2 then f: €, — Q.11 1s a covering of annuli for all large

enough n.

PROOF. Since  is bounded, f : Q — f(£2) is a finitely branched covering map.
Thus if € is simply connected, any closed curve in f(£2) pulls back to a closed curve
in €2, hence is deformable to point in 2. The image of this deformation under f shows

that f(£2) is also simply connected.
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If £(Q) is finitely connected, then so is any finite branched covering. Thus if € is
infinitely connected, so is f(2).

Finally, assume  and f(Q2) have finite connectivity, both > 2. Let ¢(2), c¢(f(2))
be the connectivities of Q2 and f(€2), d the degree of f as a map from Q to f(€2) and
N the number of critical points of f in €2, counted according to multiplicity. By the

Riemann-Hurwitz theorem
c(Q)—2=d(c(f(2) —2)— N.
Since d > 1 and N > 0, we see that ¢(Q) > ¢(f(£2)), hence ¢(f™(€2)) is eventually

constant. Suppose p is this eventual value. If p > 2, then we must eventually have
d =1 and N = 0. By the argument principle, f must also be 1-to-1 on the bounded
complementary components of €2,, and hence on the whole plane (since €2,, eventually
surrounds every point). This is impossible for a transcendental entire function, so
p = 2. We still must have N = 0, but d can be any value d > 1, ie., f:Q, — O,

can be a d-to-1 covering map between annuli. O

COROLLARY 2.6.14. If U,V are Fatou components, f(U) C V and U is simply

connected, then V is simply connected too.

ProoOF. If either U or V' is unbounded then V is simply connected by Lemma
2.6.5. If they are both bounded then V is simply connected by Theorem 2.6.13. [

COROLLARY 2.6.15 (Kisaka and Shishikura). The eventual connectivity of a mul-

tiply connected Fatou component is 2 or oo.

The argument that eliminated p > 2 as a possibly eventual connectivity shows
that f : Q, — €41 cannot have degree 1 infinitely often, since otherwise f would
be injective on the whole plane. Similarly, the degree can’t be bounded by a finite
value d infinitely often, or f would be finite-to-1 on the whole plane and hence a
polynomial.

Thus in the case when () is finitely connected, the f : ), — €, is eventually a
covering map with degree tending to oo and hence the modulus of the the topological

annuli §2,, also tends to co. A stronger result is:

THEOREM 2.6.16 (Bergweiler, Rippon and Stallard [18]). If f is a transcendental

entire function with multiply connected Fatou component U.
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(1) c(Upn) =2 iff Use_, Uy, contains no critical point of f.
(2) 2 < c(Uy,) < 0o iff UX_, U, contains a finite number of critical points.
(3) If c(Uy,) = oo iff Ue_, U, contains infinitely many critical points.

OPEN PROBLEM: Is there a bounded wandering domain whose iterates are all
uniformly bounded? Such a domain would have to be simply connected and perhaps

could “orbit” around an irrational neutral fixed point (e.g. a Cremer point).

2.7. Some wandering domains

THEOREM 2.7.1 (Baker). There exists an entire function with a multiply connected

Fatou component, hence with a wandering domain.

PRrRoOOF. The function will be

where R, " oo is a sequence of positive real numbers that we define inductively.
Suppose Ry > 0 is large and S € N = {1,2,3,...} (one can take S = N at a first
reading) and set fo(z) = Fy(z) = 2°.

In general, let

R, = max |f,—1(2)].

|z|=Rn-1

Ifnes, let

and if z ¢ S let F,(z) = 1. Set

and

The first step is to check that the product defining f converges and for this we
need to know that Ry * oo fast enough. However, each F} (and hence each f) takes
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its maximum modulus on {|z| = r} where this circle intersects the positive real axis,

SO

R, = max |f,—1(z

|Z|:R7H\f 1(2)]
Rnfl

> R’ 1
> R, ] 0+ 7o)

keS,k<n
2 Rn7127

since every term in the product is > 1. Thus R, > R3" and, more generally, R, >
Rzn_k for 1 < k < n. From this it easily follows that the product defining f converges
uniformly on compact sets.

Next, for n € N, define the annulus
Av={z: 1Ra < |2 S4R.),
and let B, be the annulus separating A, and A1, i.e.,
B,={z:4R, < |z| < iRnH}.

We claim that f(B,) C B,1. If this is true, then the iterates of B, clearly converge
uniformly to oo, so that B, C F(f). On the other hand, if n € S, then A,, contains
a zero of f and 0 is a super-attracting fixed point of f. Thus A, contains a Fatou
component that does not iterate to co and hence must contain some point of the
Julia set (in fact a continuum of such points). Thus B,, surrounds a point of J(f)
and the Fatou component containing it must be multiply connected.

FIGURE OF ANNULI

Thus we must prove f(B,) C By,1. The idea is that A, is bounded by two circles
and that after applying f these two circles are further apart; enough so that the
region between them contains A, .

We break the product for f into three pieces
192 = [T 0+ 50 F)- ([T 04 50 =16)- 1) 111(2)
keS,k<n keS,k>n

For z € A,,, the third term is bounded between

[ a+men<urs I a+3)

keS,k>n k keS,k>n
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Now use the estimate R, > R2" " for k > n,

[T a-r>"<mr< [ a+r2

keS,k>n keS,k>n
1-O(RN<IIT<1+0(R")

and this gives

if Ry is large enough.
The second term in (15) satisfies [I =1 if n ¢ S, and if n € S, then

[11(z)

<3, |z| =2R,,

11 > 5, 1ol = Ruf2
and
[I1(2)| <2, |z] =R,
Let s, = |S N [L, k]| be the number of elements in S less than or equal to k and

let
c.= ] R
keS,k<n
Then the first term in (15) satisfies

2 ] (1+Rik) = 2 ] Ri(1+@)

keS,k<n

= G2 ] (1+ 02

keS,k<n Ry,
= .22 (14 O(R,~?)).

Thus if Ry is large enough,
I=(1+0(1))C,z* ",
Thus we can deduce that
Ry = (1+0(1))2C,RZ"

1
[f(2) <2(1+0(1))27 ™ < gl 2= Ra/2,
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If(2)] > 2(1 +0(1))2*"*" > 4R, 1, |2| = 2R,.

Thus the two boundaries of B,, both land inside B, .1, and since, by construction, f

has no zeros in B, (they all lie in the A,’s) the minimum and maximum principles
imply f(B,) C Bpi1. O

By taking the set S very sparse, we can make f grow as slowly as we wish, i.e.,

COROLLARY 2.7.2. For any (t) that grows faster than any polynomial, there is
an entire function with a wandering domain so that |f(t)| < p(t) for t sufficiently

large.

It is not immediately clear whether the wandering domains constructed above are
finitely or infinitely connected, but it is easy to make a small change which forces
infinite connectivity. With the same inductive definition of {R,}, place the zeros
slightly outside the circles of radius R, i.e.,

z
f(z) = kl;[g(l ~3m)
Everything goes through as above to show that f(B,) C B,y and hence f has
multiply connected wandering domains, but now we also can show that for z € ~,
v={z:]z+3R,| = R.},
[f(2)] = 4R,

Hence 7 iterates into B, 11, so is in the Fatou set. Moreover, 7 is clearly not homotopic
to {|z] = 4R,} in the Fatou set since D, contains points of the Julia set. Thus the
Fatou component containing B, always has connectivity at least 3 and hence by

Corollary 2.6.15 has infinite connectivity.
THEOREM 2.7.3 (Herman). f(z) =z — 1+ e * + 2mi has a wandering domain.

PRroOOF. This is due to Michel Herman around 1985 (see [125]). The map N(z) =
z — 1+ e # is the Newton’s method map for g(z) = €* — 1. The basin of attraction
for z = 0 is invariant under N and the basins for z = 2min are each translates
of this basin (and are disjoint since they iterate to different points). Note that
N(z + 2mi) = N(z) + 2mi so the Julia and Fatou sets of N are 27mi periodic. Since
f(z) = N(2) + 2mi = N(z + 2mi), if z is a repelling fixed point of N of period k and
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multiplier \, then f**(z) = z + 2mink and

AP
DS nk > |
eI 2 T iy

so {f"} is not normal at z by Marty’s theorem. Since the repelling fixed points of
N are dense in J(N) (this will be proved later, Theorem 3.4.2), we deduce J(N) C
J(f). On the other hand, since f preserves the Fatou components of N, it is normal
on these components, hence F(N) C F(f). Thus equality holds. Thus each basin

— 00,

for 2min moves by up by 27 under f and hence are wandering domains. 0

THEOREM 2.7.4 (Baker, [7]). f(z) = z+sin 2427 has a bounded, simply connected

wandering domain.

PROOF. For g(z) = z+sin z, all points (2n+1)7 are super-attracting fixed points,
hence in different Fatou components. Since g(z + 27) = g(z) + 2, the Julia set is
2m-periodic and arguing as in the previous proof, J(f) = J(g). Thus f maps the
g-basin for (2n+ 1)7 to the g-basin for (2n+3)m and so these are wandering domains
for f. All the critical points of g are super-attracting fixed points, so their basins of
attraction are simply connected (otherwise they are in the escaping set, but a fixed
point can’t be).

To see that these components are bounded, note that the imaginary axis is pre-
served by g, as are its translates by 277 and that all points on these lines iterate to
00, except for those on the real line. Thus these vertical lines cannot be in the basins
of attraction of {(2n + 1)7}, so these basins are separated by these lines.

We claim these basins are bounded. Suppose 2, is the basin of attraction of
(2n + 1)m. We know it is trapped between the vertical lines Ly = {x = 2n7} and
Ly = {x = (2n + 2)w}. Suppose  intersects the horizontal segment S = {2n7m <
r < (2n+2)m,y = T} and let y be the shortest hyperbolic curve connecting the fixed
point (2n+ 1)7 to S. Suppose the endpoint on S is z +iy (y = 7/2). By the Schwarz
lemma, f() has at most the hyperbolic length of ~. Since y = 7/2,

. . . 1 . e 1 _
Sg(z+iy) = y+Isin(z +iy) = y+o(e"sin(y) —e™sin(—y)) = y+ 5 (e"+e™) >y,

so g(y) connects the fixed point to a point above S. By the Schwarz lemma the
hyperbolic length of g(y) is less or equal the hyperbolic length of 7. Thus a subset
of g(v) connects the fixed point to S and has strictly shorter hyperbolic length than
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7, a contradiction. Thus the attracting basins do not intersect the lines |y| = 7/2,

and hence the basins are bounded sets. O



CHAPTER 3

Ahlfors islands and repelling fixed points

One of the most important results of the previous chapter was that a family of
holomorphic functions that omits two values must be normal. In other words, if
there are two complex values whose preimages are empty under every member of
the family, then the family is normal. This result is generalized in this chapter to a
normality criterion that involves the points with preimage sets of finite size. This in
turn gives the famous Ahlfors’ Islands theorem that says (rather imprecisely) that a
family of holomorphic functions that all fail to be coverings maps in a certain way
form a normal family. The power of the result comes from the converse: if the iterates
of f fail to be normal (e.g., consider them in a disk centered on the Julia set), then
at least one of the iterates must be a covering map in a certain way. In particular,
this allows us to show that every disk centered on the Julia contains a connected
component of some preimage of itself, and this implies the disk contains a repelling

fixed point. Thus repelling fixed points are dense in the Julia set.

3.1. Schwarz lemma for functions with multiple zeros

It is a useful curiosity that the hyperbolic gradient of f can be well defined even
if f itself is not well defined. Consider f(z) = z/?2 on D. There is a not a well defined
branch of f on the whole unit dist, but if z # 0, and we take a small disk D around z,
then f(z) does have two well defined branches in this disk. If we use either branch to
compute the hyperbolic gradient at z we get the same answer since we take absolute
values in the definition and the branches differ by +1.

LEMMA 3.1.1 (Product Rule). If F,G are multi-valued maps D — D, but |F|, |G|
are single valued, then
NEE)+1G()]
L+ [F(2)G(2)]

(16) DEFG(2) < max(DEF(z), DEG(2))

(17) < max(DEF(z), DEG(2)).

55
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If both F' and G are holomorphic, then
< [FE)|+]G()|
~ 1+ [F(2)G(2)|
ProOF. We copy the usual proof of the product rule to get

G(2)I(1 — [2*) [F(2)|(1 — [2]*)
1—|F(z)G(2)? 1= |F(z)G(2)]?

(18) D FG(z) =T(F@)], ~GR)) < 1.

DEFG(z) = DIF(z)- + DHG(2) -

The first claim follows from the equality
1—q? 1—a? r+y
+y = )
1 — 22y? 1—2292 1+uzy
which can be proved by simple algebra. The second claim is then immediate from

xz

Schwarz’s lemma. O

LEMMA 3.1.2. If F': D — D is holomorphic and every zero has order at least m,
then DEFY/™(2) < 1.

PRrROOF. This is simple if every zero has order divisible by m, for then F'/™ is a
well defined holomorphic function. In general, we may assume that F' is holomorphic
on a neighborhood of D; otherwise we replace F/(z) by F(rz) and let » 1 at the
end of the proof. We can write F' = GB where G = H™ has a holomorphic m-root
and B is a finite Blaschke product

Z— Zn
B(z) = [ Bi(z) = a
@ =86 -T2
where a;, > m for all k. Then by (16)
DERY™() < DHEHBY™(2) < DEBY™(2).

Using (18) and induction gives
DHRYUm (%) < m?ngB;/m(z).

However, By, is the composition of two maps: z — %, and z — z%/™. The first

is an isometry and second is a contraction by (4). O

COROLLARY 3.1.3 (Schwarz’s lemma for multiple roots). If F' : D — D is holo-

morphic and every zero of F' has order at least m, then

F(O)" < m™[F(0)]" .
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PRroOF. The stated inequality follows by noting

_E@I eI

H l/mZ
Dk ) = A r S

Thus setting z = 0 we get
[FO)|7F(0)] < m(1— [F(2)]*™).

Finally, raise both sides to the mth power and use the fact that 1—|F(2)[¥™ < 1. O

3.2. Perfectly branched points

Our next goal is a result that contain both Picard theorems and Montel’s theorem
as special cases, as well as various results of Ahlfors, Nevanlinna and others.

Recall from Corollary 2.2.3 that a family is conformally invariant normal if and
only if

supsup D3 f(2) < oo.
z€Q feF

and that if € is not hyperbolic, then F contains only constants. Also recall that every
function in an conformally invariant normal family is normal and has a meromorphic

extension to any isolated boundary point of €.

THEOREM 3.2.1. Suppose € = {ay,...,a,} are distinct points and suppose m =
{mq,...,m,} CN satisfies

(19) m = iu R

If Q C Cisa hyperbolic domain let F = F(E,m) be the collection of meromorphic
functions f on Q so that each preimage f~(ax) has degree at least my, fork =1,...,q.

Then F s a conformally invariant normal famaly.

If a is an omitted value of f then f~1(a) has no pre-images, so trivially every pre-
image has degree m for any m. Thus the hypothesis is trivially fulfilled for omitted
points with any m;. In this case we may take m; = oo in (19). Thus a meromorphic
function on a hyperbolic domain 2 with 3 omitted values is normal, and if € is
not hyperbolic, then the function is constant. Similarly, holomorphic function on a
hyperbolic domain with two omitted values is normal, and an entire functions with

two omitted values is constant. Thus this result contains Picard’s little theorem. It
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also contains Picard’s great theorem, for if an entire function f omits two values on
some neighborhood D), = {|z| > r} of oo, then it has a meromorphic extension to co
and hence is a polynomial.

An a-point of f is any point z € f~'(a). It is called simple if f/(z) # 0 and
a is called perfectly branched if there are no simple a points (hence f(z) = a =
f'(z) = 0). The result above implies that a meromorphic function can have at most
4 perfectly branched values and an entire function can have at most 2 such values

(sin z shows this is sharp).

PROOF OF THEOREM 3.2.1. It is easy to see that F is conformally invariant;
if we replace f : Q — C by pre-composing with a covering map ¢ : D — (2 then a
component W (f o) ' ({E;}) is compact iff (W) is compact and the critical points
of fin W correspond 1-to-1 with the critical points of f o ¢ in ¢(W) and have the
same degrees.

Assume that  is hyperbolic (i.e., has at least three boundary points on S); we
will deal with the other cases at the end of the proof.

If F is not a normal family, then we can use Zalcman’s lemma (Lemma 2.1.4) to

build a sequence
fn (pnz + wn)7

that converges to a non-constant, meromorphic f on the whole plane that has bounded

spherical gradient

__F() _
Dpf(2) = T3 p(p < 1= PR/ )

and still satisfies (19). (VERIFY?)

If we can prove any such f must be constant, we get a contradiction and can
deduce F is, indeed, a normal family. Our hypothesis says that each a; € £ is either
an omitted value, (in which case we may take m; in (19) as large as we wish) or every

preimage of a; is a critical point of degree at least m;.

Let M be the least common multiple of {m,,...,m,} and define
_ (f' ()M
9(z) = q (m;—)M/m;
j:1(f(z) - aj) ! !

We claim that g is an entire function. The only way this might fail is at points

where the denominator is zero or where the numerator is infinite. To deal with the



3.2. PERFECTLY BRANCHED POINTS 59

first case, consider a preimage w of a;. By definition f has degree p > m; at w, so

for z near w we have
£ (2) = a;] ~ [z —wl”,
and
f'(2)] = |2 — wlP~.
Hence the denominator of ¢ satisfies

1f(z) — aj|(mj—1)M/mj ~ |z — w|(p—p/mj)M7
and its numerator satisfies
()] = |z — w| P~ DM,

Since p — p/m; < p — 1, g is bounded near such points (and is zero at w if p > m;).

In the second case, the numerator is infinite, so f and f’ have a pole at w. Recall

q
1

m=>01--),
k=1 Mk

and note that )
z

lg(2)[VM < :

|f(z)[™

If f has a pole w, then it tends to oo at w and so is bigger than max(1,2A) where
A = max; |a;| in some neighborhood W of w. If | f(z)| > 2A, then

1f(2) = a5| = | f(2)/2,
and because of the spherical derivative bound,
[f'() S 1+[f() <2f(2)),
if |f(2)| > 1. Thus for z € U,

21 (z) P
9] < gomar Feayrr

or

!g(z)ll/M < 2|f(Z)|2

27 f (=)™
Since m > 2, we deduce that |g| — 0 where |f| — o0, so ¢ is bounded near any pole
of f'. Thus g is entire.
Next we claim that ¢ is non-constant. The function f is non-constant by con-

struction (it has spherical derivative 1 at some point) and hence it tends to oo along
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some sequence. By our remarks above g tends to zero along this same sequence, so if
g were constant, it would have to be the constant zero. However, this would imply f’
is constant zero, and hence f is constant, a contradiction. Thus ¢ is a non-constant
entire function.

Since g is entire and not constant, it is unbounded along some sequence {z,}.
Because f has bounded spherical gradient, Marty’s theorem says we can find a con-
vergent subsequence of hi(z) = f(z + 2x) that converges to a meromorphic h.

We claim h must be constant and equal to one of the a;. Otherwise, there would
be a circle around 0 on which A is never equal to any of the a;’s and A’ is never equal
to oo. This implies

(n' (=)™

(h(z) — ag) =D

g(Z + Zk) — 7
j=1

is bounded on the circle. By the maximum principle, g(z+ z;) would have a bounded
limit at z = 0, contradicting the fact that we chose {z,} so that g(z,) — occ.

So h is one of the a;’s. Suppose h = aj. The function F'(z) = f(z+ z,) — ax only
has zeros of order at least m; so we can apply the Schwarz Lemma for m,th roots
(Corollary 3.1.3). This gives

FGI™ = [F @) < m | FO))"~" = m*|F(z0) — g™
or, raising to the M /m; power,
() 1M < mpt | f(2n) — ag| DM

Thus
M
my
9(2)| < — -
‘ ( )‘ H];ék(f(z) _aj)(m] 1)M/m;

However, this is impossible since f(z,) — h(0) = a; and ¢(z,) — oco. The contradic-

tion proves that F is a normal family. U

COROLLARY 3.2.2. If the hypotheses of Theorem 3.2.1 hold, but 2 C S is not

hyperbolic, then F consists of constant functions.

ProoOF. If €2 is not hyperbolic we can assume its boundary points are contained
in {0,000} and consider the family F restricted to the annulus A, = {2z : € < |2] <

1/e}. The annulus is a hyperbolic domain, so the previous argument implies that the
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restricted family is normal, and hence
s
Dot < Ce

on A, where p(e) is the hyperbolic metric on A.. For € N\, 0, DS ((61)/ 91d — co. Thus

S p_ pe(l/2) s
Ce 2 Do f = Dy 7 1d - D o) f(2),

implies D'f(l/Q)f = 0, i.e., f is constant on the open set A,/ and hence on all of

Q. O

3.3. The Ahlfors islands theorem

A map f:Q — C is said to have a simple island over an Jordan domain D
if there is a component W of f~'(D) that has compact closure in  and so that
f: W — D is conformal (1-to-1). If W is compact in €, then this occurs iff f has
no critical points in W.

In some sources, the requirement that an island have compact closure is dropped.
Saying there are no islands over D then becomes a stronger conditions, since more
components of f~1(D) have to be checked for critical points. However, the weaker
version that checks only pre-compact components is sufficient to prove normality.

For our dynamical applications of Theorem 3.2.1, we will only need to consider
islands over small disks, and a self-contained proof of this case is given below. The
more general case of Jordan domains requires the use of quasiconformal methods; we
will state and sketch the result below, but its proof uses the measurable Riemann

mapping theorem that will not be discussed until later.

THEOREM 3.3.1 (Ahlfors’ Island theorem for small disks). There is an ¢y > 0 so
that that the following holds. Suppose € ={D,..., Dy} are disjoint disks Dy(ay,ry)

with r, < €9 and and suppose m = {my,...,m,} are positive integers that satisfy

(20) m = Xq:u - mi) > 2.

IfQ C C is a domain let F = F(Q,E,m) be the collection of meromorphic functions
f on Q so that every connected component of f~1(Dy,) that is compact in 2 contains
critical points whose degrees sum to at least my, for each k =1,...q. If Q is hyper-

bolic, then F is a conformally invariant normal family and otherwise F consists of
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constants. If ay is an omitted value of f then f~1(Dy) has no compact components,
so trivially every such component contains critical points of arbitrarily high degree,

i.e., we can take my = oo in the definition of m.

PROOF. As before, we start by checking that F is conformally invariant; if we
replace f : 2 — C by pre-composing with a covering map ¢ : D — {2 then a connected
component W of the set (f o) 1 ({D,}) is compact iff ¢(1V) is compact. Moreover,
the critical points of f in W correspond 1-to-1 with the critical points of f o ¢ in
@ 1(W) and have the same degrees. Thus F is a conformally invariant family of
functions.

First suppose €2 is hyperbolic. To show F is a normal family, choose any ¢ distinct
points {ay,...a,} and fix any sequence of ¢, \, 0. We claim that for e small enough,
the family F. = F({D(a;,€)}},m) is normal. If not, then by Zalcman’s lemma we
can form a sequence €, \, 0 and f; € F,, that converges uniformly on compact sets
to a non-constant, meromorphic function f € F({a1,...a,}, m). By Corollary 3.2.2,
such a f must be constant, and the contradiction shows that F, must be normal for

e small enough. When 2 is not hyperbolic, the argument is exactly as in the proof

of Corollary 3.2.2. 0
Taking the case m; = ...ms5 = 1 in the theorem above gives:
COROLLARY 3.3.2. Suppose 2 is a hyperbolic domain and {ay, ..., as} are distinct

points on the sphere. Suppose D+, ..., D5 are sufficiently small disks around these
points and {F} is a family of meromorphic functions on Q so that no element of F

has a stmple island over any of the five disks. Then F is a normal family.
Taking my; = my = m3 = 1 and my = oo (for the omitted value oo) gives:

COROLLARY 3.3.3. Suppose §2 is a hyperbolic domain and {ay, as, as, } are distinct
points on the sphere. Suppose Dy, Do, D3 are sufficiently small disks around these
points and {F} is a family of holomorphic functions on € so that no element of F

has a simple island over any of the three disks. Then F is a normal family.

The final version replaces disks by Jordan domains. As noted earlier, we do not

use this version in our applications to dynamics, but include it for completeness.



3.3. THE AHLFORS ISLANDS THEOREM 63

THEOREM 3.3.4. Suppose € = {En, ..., E,} are disjoint smooth Jordan domains
that have pairwise disjoint closures. Suppose m = {my,...,m,} C N satisfy

q

(21) Sy

k=1
IfQ C Cisa hyperbolic domain let F = F(2,E,m) be the collection of meromorphic
functions f on Q so that every compact connected component of f~'(Ey) contains
critical points whose degrees sum to at least my, for each k = 1,...q. If Q is hyper-
bolic, then F is a conformally invariant normal family and otherwise F consists of

constants.

ProOOF. We sketch the proof here, but use several facts about quasiconformal
maps that will be discussed in more detail later. The first fact is that a smooth diffeo-
morphism of the plane that is the identity off a compact set must be K-quasiconformal
for some K. The next fact we need is the measurable Riemann mapping theorem.
This theorem implies that if f is a meromorphic function and v is K-quasiconformal,

then there is a K-quasiconformal map ¢ so that
g=1ofoo

is meromorphic.

Assuming these facts, we can finish the proof of the theorem. Again by Zalcman’s
lemma it suffices to show that F = F(C, {E;}{) consists of constant functions. Sup-
pose F contains a non-constant function f. Choose any five distinct points {as, ... a5}
and choose € so small that the disks D; = D(a;, €) have pairwise disjoint closures
and the family F, defined above is normal. There is a diffeomorphism 1) defined on
C that maps each £ into D, for j = 1,...,q. By the measurable Riemann mapping

theorem (Theorem 12.4.1), there is another quasiconformal map ¢ so that
g=1vofoo,

is meromorphic and in F,. But then ¢ is constant and therefore f is constant as
well. ]

Some special cases of the results above include:

COROLLARY 3.3.5. Suppose €2 C C and F is one of the following families:
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H1: Meromorphic functions on 0 with no simple islands over five Jordan do-
mains with disjoint closures.

H2: Meromorphic f with five perfectly branched values.

H3: Meromorphic functions with three omitted values.

H4: Holomorphic functions on €2 with no simple islands over three Jordan
domains with disjoint closures.

H4: Holomorphic functions with three perfectly branched values.

H6: Holomorphic functions with two omitted values.
Then all the following hold

C1: F is a conformally invariant normal family if Q) is hyperbolic.
C2: F contains only constants if €2 is not hyperbolic.
C3: FEach f € F is meromorphic at any isolated boundary point of €).

The implication “H6 = C1” is Montel’s theorem, “H6 = C2” is Picard’s little
theorem, and “H6 = C3” is Picard’s great theorem. The case “H1 = C1” is called
the Ahlfors 5-Island theorem. “H2 = C2” is due to Nevanlinna page 102 0f [105],
Section X.3 of [104], while “H2 = C1” appears in the work of Bloch, Theorem XILV,
[32] and Valiron Theorem XXVI, [140].

3.4. Repelling points are dense

LEMMA 3.4.1. There is an € > 0 so that for any meromorphic f and any five
disjoint disks Dy, ... Ds, each of radius < € hitting J(f), there is a j € {1,...,5}
and a simple island for some iterate of f over D; contained inside D;. For entire

functions we can replace “57 by “37.

Proor. For a disk hitting the Julia set of f, the iterates of f form a non-normal
family and the Ahlfors island theorem may be applied. Inside each of the five disks
Dy, k =1,...5, choose 5 disks {ij}?:l centered on J and with disjoint closures
(we can do this because the Julia set has no isolated points, Lemma 2.5.6). By 25
applications of Theorem 3.3.1, each of these 25 disks contains a simple island for some
iterate of f over one of the D;’s. Thus one of the D;’s occurs at least 5 times, i.e.,
there is a D; that has a simple island in Dy,, for at least five distinct disks. Choose

such a D; and choose five of the smaller disks containing an island over D;. Apply the
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Ahlfors islands theorem again with domain D; to deduce that D; contains a simple
island over one of these disks, say Dj;. Thus there are subdomains W; C D; and
Wy C Dy, and iterates of f so that f* : W — Dy, is conformal and f™ : Wy — D;
is conformal. Thus if W3 = f~"(Ws) C Wy C Dy, then f**™ : W3 — D; is simple
island over D; that is contained in D;. For entire functions, the same argument works

with three in place of five. O

FIGURE OF 25 ISLANDS

Recall that a point z is periodic for f if there is a positive integer n so that
f™(z) = z. The multiplier at z for f™ is A = (f™)(z). The periodic point is called
attracting if |A| < 0; such points are clearly in the Fatou set. The point is called
neutral if |A| = 1. This case is split into two sub-cases, rational and irrational,
depending on whether A = e with 6 a rational multiple of 7. We shall see later
that rational neutral points are always in the Julia set; irrational neutral points may
be in either the Fatou set (Siegel disk) or the Julia set (Cremer points). The final
possibility is when |A| > 1; these are called repelling points are are clearly always in
the Julia set.

We already know that the Julia set is the closure of the pre-periodic points that

it contains (Corollary 2.4.11). Here we prove a refinement of this:

THEOREM 3.4.2. Suppose f is an entire function and J(f) contains at least three
points. Then J(f) is the closure of its repelling periodic points.

PRrOOF. Repelling periodic points are clearly in J so we only need show every disk
D hitting J contains such a point. Choose € > 0 so small that we can choose three
disks D; = D(aj, €) centered on at points of the Julia set that have disjoint closures
and so that Lemma 3.4.1 applies. Thus there is a domain U properly contained in
one of the D; that is mapped univalently to D; by some f". The inverse branch is a
mapping of D; into itself and must have an attracting fixed point This fixed point is

clearly a repelling periodic point for f. 0

The hypothesis holds whenever f is entire and not constant or linear, since in this
case J(f) is a perfect set, and hence uncountable.
Let K(f) denote the set of points such that {f™(z)} is a bounded set; this gener-

alizes the “filled Julia set” of a polynomial.
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THEOREM 3.4.3. If f is entire but not linear, then dim(K(f)NJ(f)) > 0.

PROOF. A minor variation of the proof of Lemma 3.4.1 shows that given distinct
ai, as,as in the Julia set there is a disk D around one of them that contains two
islands Uy, Uy over itself with disjoint closures. Then " : U; UU; — D is an iterated
function system that has a Cantor repeller of positive Hausdorff dimension, and all

points in the Cantor set have orbits that return to D every n steps, and hence are

bounded. O

It is easy to construct polynomials whose Julia set is a Cantor set with dimension
close to zero. However, we earlier (Theorem 2.6.7) that a transcendental Julia set
always has dimension at least 1. The result above is still sharp since it it possible to
construct examples where the set of points with bounded orbits has dimension close

to zero. This is due to Bergweiler [].

3.5. The blowing-up property

Recall that J*(f) denotes the Julia set of f minus the exceptional point (if one
exists; an exceptional point is one whose preimages do not accumulate on the entire

Julia set).

LEMMA 3.5.1. A point z is exceptional for a transcendental f if and only if it is

exceptional for every iterate of f.

PROOF. Note that if z is exceptional for f, then f~!(z) C {z}, for every preimage
would have to be exceptional too, and there is at most one exceptional point. Thus
exceptional points for f are obviously exceptional for every iterate of f. On the other
hand, if f has no exceptional point, then f~!(z) contains infinitely many points and
thus f~" contains infinitely many points for every > 1. Thus no iterate of f has an

exceptional point. O

The following is the “blowing-up property” of the Julia set. We had proved a
weaker version of this earlier (see Lemma 2.4.7). Recall that J*(f) is the Julia set

of f with the exceptional point for f removed (if there is an exceptional point).

LEMMA 3.5.2. If U is an open set that intersects the Julia set and K C J*(f) is
compact, then K C f™(U) for all sufficiently large n.
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ProoF. Choose a repelling periodic point zy € U, let p denote its period and let
g = fP. Without loss of generality we may assume p > 2, and this case no point in
the orbit of z is the exceptional point of f (for then they would all be exceptional,
contradicting the fact there is at most one exceptional point).

Then z is a repelling fixed point of g. Choose € > 0 so small that D = D(zg,€) C
g(D). Let V = g(D) Clearly V C g(V) C g*(V)---. Since the sequence of iterates of
¢ is not normal on D, the images of D under these iterates cannot omit two points
by Montel’s theorem. Thus the union of images covers the whole plane with at most
one exception. Thus a finite union of these sets covers any compact set K disjoint
from this exceptional point. Since the sets are nested, one them covers K and every
following iterate also covers K.

Take Ky to be the closure of the first p iterates of D under f. Note that Ky C
f(Ky) C f3(Ko) C .... If D is small enough this does not contain the exceptional
point for g. Thus there is a ¢ so that Ky C ¢9(D). Any integer n > gp can be written
as n = gp + kp + r for some integers k > 0, 0 < r < p, so for such an n,

fH(D) = fH(D) S g"(f(g7(D) D g*(f"(Ko)) D ¢"(Ko) > g"(D).

Thus for all sufficiently large n, f*(D) covers any compact set that g¥(D) can cover.
Since g¥(V) = fP¥(V), this proves the theorem.
Note that U

Another useful formulation is:

COROLLARY 3.5.3. Suppose U is a bounded open set that hits the Julia set. Then

the outer boundary of f™(U) eventually surrounds every point of the plane.

PRrROOF. The previous lemma implies that for each r > 0, either {|z| = r} or
{|z| = r + 1} is covered by some iterate of U (only one of these can contain the
exceptional value). In either case, the outer boundary of f™(U) separates {|z| = r}

from oo. O

COROLLARY 3.5.4. Suppose U is a bounded open set that hits the Julia set. Then
diam(f"(U)) — oc.

PROOF. Obvious from the previous result. O
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COROLLARY 3.5.5. If f is a transcendental entire function and U is an open set
that intersects the Julia set, then no subsequence of iterates of f converges uniformly

on compact subsets of U.

PRrooOF. If not, there would be a compact disk D in U that hits J(f) and a
sequence of iterates of f that converged to a bounded function of f. However, in the
previous result we can choose K to have arbitrarily large diameter, so iterates of D

must have diameters tending to oco. O

3.6. Neutral periodic points

Let PS(f) = Up—of*(S(f)) denote the union of the singular set of f and all of

its iterates under f. As usual, PS(f) denotes its closure. Given a disk D that does

not intersect PS(f), we can define branches of f~" and each branch is holomorphic,
1-to-1 and does not hit PS(f). If PS(f) has only one point then f is a self-mapping

of a punctured plane. Otherwise, PS(f) has at least two points and by Montel’s
theorem the inverse branches of f™ on D form a normal family.

A point z is periodic for f if fP(z) = z and the minimal p > 1 for which this
holds is called the period of z. Thus z has period p iff z is a fixed point of fP. The

power series for fP has the form
fP(z)=20+Az—20)+alz—2)"+....

Here A is the called the multiplier of z; and m is called the multiplicity. If |A\| <1
then zp is an attracting fixed point and is in the Fatou set. If |A\| > 1 then 2, is a
repelling fixed point and is in the Julia set. If A = exp(i277§) for p,q € N, q¢ # 0, then
2o is called a rationally neutral and is in the Julia set. Later we will need to know

that “most” points near a rationally neutral fixed point are attracted to it:

LEMMA 3.6.1. If 2y is on a rationally neutral cycle for f then
X ={z:|z— 2| < oarg(z")| < e} C F(f),

for any € > 0 and some choice of m and §. In particular, every point of X converges

to zgp.

PROOF. The proof is a computation that shows that X maps into itself. O
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If A = exp(i27a) for an irrational real number «, then zj is called an irrationally
neutral foxed point. Such a point can either be in the Julia set or in the Fatou set.
In the first case, zy is called a Cremer point and in the second case the component
of F(f) is called a Siegel disk.

LEMMA 3.6.2. If zy is a irrationally neutral periodic point in the Julia set, then

20 € PS(f) \ {0}

PRroOF. If not, then we can choose a punctured disk U around z, that misses the
post-singular set and hence find holomorphic branches of f~! on U that fix z,. These

form a normal family since the images miss any periodic orbit disjoint from U and

hence there is a subsequence converging a holomorphic limit h so that |h'(2)| = 1.
Then V' = h(U) is a neighborhood of z; and there is a sub-sequence of {f™} that
converges to h~! on V. This contradicts Corollary 3.5.5, proving the result. U

LEMMA 3.6.3. If zy is a irrationally neutral periodic point in a component 2 of

the Fatou set, then 0Q C PS(f).

ProoF. If Q were multiply connected, then it would be escaping (Theorem 2.5.1)
and hence could not contain a periodic point. Thus € must be simply connected (and
not the whole plane since the Julia set must be non-empty, Theorem 2.4.5). Using
the Riemann mapping theorem, we see that f : 2 — € lifts to a map F': D — D that
also has an irrationally neutral fixed point. Thus there is a sequence of iterates if F’
that tend to the identity and the same sequence of iterates of f tends to the identity
uniformly on compact subsets of 2.

Suppose U is an open set that hits 92 and suppose U N W(f) = (). We can
find holomorphic branches of f~" on U and these avoid values on a neighborhood of
Zo, so they form a normal family. Choose a compact disk D C U N and choose
a subsequence that converges to the identity on D and a further subsequence that
converges uniformly on all compact subsets of U. The limit function is necessarily
the identity on all of U since it is the identity on D. For the same subsequence, f”

converges to the identity on U, contrary to Corollary 3.5.5. 0

LEMMA 3.6.4. A rationally neutral fized point only attracts points in the Fatou

set.
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ProoF. Standard result as in Corollary 7.4 of Milnor’s book. Must show that

the attracting petal is in Fatou set, so the Julia set near 0 must

O



CHAPTER 4

The Eremenko-Lyubich class

In this chapter we consider a class of transcendental entire functions that share
some properties with polynomials and that make them easier to study than general
entire functions. The class is named for Alexandre Eremenko and Misha Lyubich
defined and studied this class in [49] and it consists of all transcendental entire
functions have have a bounded singular set (defined below). Such functions have nice
behavior when |f| is large; in particular, they have a strong expansion property near
infinity that is extremely useful. For example, we shall use this expansion property
to show that the Julia set of an Eremenko-Lyubich function is the closure of the
escaping set; for general entire functions the Julia set is the boundary of the escaping
set (Theorem 2.4.5).

4.1. The singular set

Suppose f is a transcendental entire function. A critical point of f is a zero of f’
and a critical value is f(z) where z is a critical point. A asymptotic value is a w € C
so that lim f(z) = w along a curve 7 : [0, 00) that tends to oco.

The assumption that v tends to oo is stronger than we need. If f has a limit
along a path v that is unbounded, but returns to some compact set infinitely often,
then there is some annulus A = {z : 7 < |z| < 2r} that v crosses infinitely often and
hence subarcs 7, C A with endpoints on different boundary components such that
|f —a| <1/n on ~,. This implies f = a at some point on every circle {|z| = t} for
r <t < 2t and hence f is constant. Thus to check that a is an asymptotic value of
f, we only need verity f has limit a along some unbounded path. We will use this
observation below.

The singular values of f, denoted S(f), is defined as the closure or the union of
critical values and finite asymptotic values. This is not completely standard; some

71



72 4. THE EREMENKO-LYUBICH CLASS

authors do not take the closure in this definition, or take the following lemma as the
definition.

Using the notation in the book of Ahlfors and Sario, a map f : X — Y is a
smooth covering map if every point € X has a neighborhood V' that is mapped

homeomorphically by f onto a neighborhood of f(x).

LEMMA 4.1.1. Suppose f is entire and U contain no critical values. Then f is a

smooth covering map from V = f~1(Q) to Q.

PROOF. If z € V then f(p) # S(f), so f'(z) exists and is non-zero. Thus a small
enough disk around z maps homeomorphically to a neighborhood of f(z). 0

The map is called a regular covering map if given any y € Y and any z € X
any such that f(z) = y, then any arc in Y starting at y can be lifted to an arc in
X starting at z. It is a standard result (e.g., Theorem 14C of [4]) that any two
liftings of the same arc with the same initial point must agree, but the existence of a
lifting is not always true. The monodromy theorem say that if two arcs in Y have the
same endpoints and are homotopic by a homotopy that keeps the endpoints fixed ,
then any lifts of these arcs that have the same initial point, must also have the same
terminal point. This is proved by noting that the homotopy lifts to a homotopy whose
terminal point must always lie in f~!(b); since this is a discrete set, any continuous

motion within it must be constant.

LEMMA 4.1.2. Suppose f s entire and U contain no singular points. Then f is

a reqular covering map from V = f~1(Q)

PROOF. From the previous lemma we know f is smooth covering map on V.
Choose points z € V, w € U such that f(z) = w and let D = D(w,€) be so small
that D N S(f) = 0. Define a branch g of f~! so that g(w) = z and extend it along
a radius of D as far as possible. Because f is a smooth covering map, this extension
is possible along some maximal open interval [0,t). If ¢ < e, consider the lifted arc
corresponding to this radial segment. We claim it leaves every compact set, for if it
stayed within some compact set then we could take a sequence of points on the lifted
path that converged to a point that, by continuity of f, must map to w + te?. This

contradicts the maximality of ¢. Thus the lift leaves every compact set, but f has a
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limit along the lift, showing f has an asymptotic value in D, a contradiction. Thus ¢
can be defined on all of D. Thus the connected component W of f~!(D) containing
z is mapped onto D by f. If two points of this component map to the same point
of D, then an arc connecting these points maps to a closed loop in D. Since D is
simply connected, this loop i s homotopic to constant path, hence the arc in W must
have been constant, hence the two points were actually a single point. Thus f is a

bijection from W to D. This proves that f is a regular covering map over U. U

COROLLARY 4.1.3. Suppose f is entire and S(f) C Dgr = {z: |a| < R}. Then f
is covering map from Q = fDy) = {z: |f(2)| > R} to Dy = {2z : |z| > R}. Each
connected component of Q0 (called a tract of f) is an unbounded, simply connected

domain whose boundary is an analytic Jordan curve that tends to oo in both directions.

Singular values are further classified by the behavior of f. For a € C and 7 > 0,
let D, be a disk of radius r around a in the spherical metric. Let {U,},~o be a
family of connected components of f~1(D,) chosen so that U, C U, if r < s. Then
E = N,=oU(r) is a connected set and f = a on FE, so either E = () or E is a single
point (otherwise f would be constant on a non-trivial connected set, hence constant
everywhere). If F is a single point z and f'(z) # 0 then z is called a regular a-
point. If £ = {z} and f'(z) = 0 then z is a critical a-point. If E = ) then a is
an asymptotic value of f (argue as in Lemma 4.1.2). In this case, the tract {U,} is
called an asymptotic tract of f.

Suppose [ is a transcendental entire function. If S(f) is finite, we say f is finite
type or in the Speiser class, denoted S. If S(f) is bounded, we say f is bounded
type or in the Eremenko-Lyubich class, denoted B. A little care needs to be taken
with the terms “finite type” and “bounded type” since these are also used to mean

something different in Nevanlinna theory.
LEMMA 4.1.4. If f € B, then every component of F(f) is simply connected.

PROOF. Suppose f € B and choose R > 0 so that S(f) C Dg. Let Q = f~1(D%).
By Lemma 4.1.2, f is a regular covering map from each component of {2 to D3. Since
D3, is unbounded, each component of €2 is unbounded, but |f| = R on the boundary.
Thus by Corollary 2.6.8 we get O
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4.2. Logarithmic coordinates and expansion near infinity

The right half-plane H, = {z + iy : * > 0} is a simply connected covering space
of D%, with the map z — Rexp(z) = exp(z + log R). Thus if W is a component of 2
we can lift f : W — D7, to a conformal map 7 : W — H,, so that f(z) = Rexp(7(2))
on W.

Choose a point a € W and let U = log(W — a). Since W is simply connected,
this is well defined and single valued and the domain U intersects each vertical line
in length < 2I1. In particular, no point of U is more than distance 7 from some
boundary point. If R > |f(0)| then we can take a = 0; we shall make this assumption
from here on.

Define F' : U — H, by F(z) = 7(a + exp(z)). Then F' is conjugate to f in the

sense that
exp(F(2)) = f(a + exp(z2)),
and
exp(F™(2)) = f"(exp(2)),

if the orbit of z stays inside {2. We refer to F' as “f in logarithmic coordinates”.
LEMMA 4.2.1. With notation as above, |F'(z)| > &= (R(F(z)) — log R).
Proor. If we apply the Koebe i—theorem to f at z, we get

7| F'(2)| > dist(z,0U)|F'(z)| > idist(F(z),@Hr) = E%F(z)

THEOREM 4.2.2. If f € B then I(f) C J(f).

PROOF. Suppose not, i.e., suppose there is a point z € F(f)NI(f) and let D be
a closed disk centered at z and inside F(f). Then f™ converges uniformly to oo on
D and hence f"*1(D) C D% for n large enough. This means f"(D) C Q = f~1(D%)
for all n > m, for some m. By replacing D by a disk centered at z,,, we may assume
m = 0.

Let w = log(z) € U and let V = logD C U. Then the iterates of V under F'
stay in U forever, Then w, = F"(w) = log(f™(z)). Since |f"(z)] — oo, we have



4.2. LOGARITHMIC COORDINATES AND EXPANSION NEAR INFINITY 75

\ exp exp

B

FIGURE 1. Logarithmic coordinates. On the lower left are the tracts
of f (two in this case). At upper right are the logarithmic tracts; there
are countable many log-tracts for each tract of f, and each is a vertical
translate of any other by an integer multiple of 2.

RF(w,) — 400, and hence
mn / - / - §R w
(P )y = [[ 7w = T 20t)
k=1 k=1

Since wy, is never a critical point of F' and since Rw;, — oo, the product on the right

tends to co. However, by Koebe’s i-theorem
[(F™(w))'| < 4dist(w,, U)/dist(w, V) < 4r/dist(w, V),

is bounded independent of n. O
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Note that although Fatou points don’t escape, they can have unbounded orbits

(but these orbits return to some compact set infinitely often).

I(f).

PROOF. For any transcendental entire function we have J(f) = 9I(f) C I(f).

We have just proved I(f) C J(f), hence I(f) C J(f). Thus equality holds. O

COROLLARY 4.2.3. If f € B then J(f)

The proof of Theorem 4.2.2 only uses that the sequence {wy } has sufficiently large

real parts, not that it tends to oo. Thus the proof actually shows

COROLLARY 4.2.4. If f € B, then there is R > 0 so that {z : |f"(z)| > RVn} C
JI(f)-

Since no Fatou point can escape, we see immediately that

COROLLARY 4.2.5. If f € B has a wandering domain, then it either has a bounded

orbit or the orbit hits some compact set infinitely often.

The latter case is known to occur. As of this writing, it is still an open problem
whether a function in B (or any entire function) can have a wandering domain with
bounded orbits.

4.3. The Julia set of ¢* is the whole plane

The following is due to by Misiurewicz [99], but we will give a proof due to Rempe
and Mihaljevi¢-Brandt [97]

THEOREM 4.3.1. J(e*) = C.

PROOF. Since f(z) = e* has no critical points and one finite asymptotic value,
it is in the Speiser class and hence the Julia set contains the escaping set (Corollary
4.2.3). Moreover, it is easy to check that R C I(f), so R C J(f). Similarly, every

preimage of R must be in the Julia sets and this consists of all the horizontal lines
{z=2x+4+1iy:y=mn,necZ}.
These lines cut the plane into strips

Sp={z+iy:nr <y <(n+1)r},
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and f is a univalent map from each strip onto either the upper half-plane, H, or the

lower half-plane, IL.. Thus
(22) Dg f=1,

where U = HUL = {x + iy : |y| > 0}.

exp

F1GURE 2. The action of the exponential map. Each horizontal strip of
width 7 is mapped conformally to either the upper or lower half-plane.

Suppose J(f) # C and let W be a component of the Fatou set. Then W lies in
some S, and hence f restricted to W is 1-to-1. In particular it is an isometry from

the hyperbolic metric on W to the hyperbolic metric on f(W). Thus
(23) DI =1

The inclusion map S,, into its corresponding half-plane is a contraction of hyper-

bolic metrics; a strict contraction if |y| > €. Thus
DY f(z +iy) = Dy f(x + iy) DG Id x z +iy) > 1- DY Id*  +iy) > 1+ n(jy|) > 1,

where 7 is strictly increasing and n(0) = 1.
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Now suppose zg € W and z, = f¥(2) is its orbit under f. Then since f*: W —
f™(W) is conformal,

1=D"f"(z) = Digld(z) - Dy f*(z) - Dy "1d(z0)

> DUId(z) - (1:[ Dg f(z)) - 1

n—1

> DY Id(z) - H(1 + 1(Yk))-

k=0
The first term in the last line is a positive constant that is independent of n, and the
product in the last term tends to oo unless n(yx) — 0, which happens if and only if
yr — 0. Thus lim, y, = 0.
However, |3(z)| < 7/4 implies
3
R(f(z))=e"cosy >e"/V/r >+ (1 —In2) >+ 10’
(use calculus to minimize (e*/v/2)—1). Thus if |y,| < /4 for all large k we must have
r, = RfE(2) S +oo. This implies zo € I(f) C J(f), contrary to our assumption
that z € F(f). Thus F(f) =0 and J(f) = C. O

4.4. Julia sets with zero area

Next we consider some examples of slightly smaller Julia sets:
THEOREM 4.4.1. area(J (Ae?)) =0 if 0 < X < 1/e.

We will prove this by way of a more general result. First we will give a condition
that implies the escaping set, I(f) has zero area and then another condition that
implies J(f) \ I(f) has zero area. Both conditions will apply to

The Julia set of the e* is the whole plane, but the following result implies its

escaping set has zero area.
The following is Theorem 7 from [49].

THEOREM 4.4.2. Suppose f € B satisfies

(24) hﬂi{}f {6 : |f(re®)| < R}| > 0
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for some R < 0o. Then area(I(f)) = 0. Moreover, there is a M < oo so that for a.e.
z € C,
liminf | f"(z)] < M.
n—oo

PRrROOF. If (24) holds for some R, it also holds for all larger values, so we assume
that R is so large that (24) holds, |f(0)| < R and S(f) C D(0, R/2). Estimate (24)
implies that if U is the logarithmic tract of f, then

(25) area(D(x + iy, 2) NU) < (1 — e)area(D(x + iy, %)),

for some uniform € > 0, as long as x is sufficiently large. For the proof of this, see

Figure 3.

X x/4

21

FIGURE 3. In a disk D of radius r = x/4 the concentric disk of
radius r — 2mv/2 is covered by squares of side length 27. In each such
square, a fixed fraction of the length of each vertical line lies outside
the logarithmic tracts by assumption, hence a fixed fraction of the area
of the square outside the logarithmic tracts. Thus if z > 8 = 16wv/2,
then a fixed fraction of the area of D lies outside these tracts.

Fix M large enough so that z =  + iy € U and x > M imply |F'(x + iy)| > 8.
This is possible by Lemma 4.2.1. Define

Y={z:R(F"(z)) >M VneN}

We claim that area(Y) = 0 if M is large enough. To prove this, suppose zy € Y. We
will construct a sequence of disks D,, = D(zg,r,) that shrink down to z, with the
property
lim sup area(D, NY)
n area(D,,)
The Lebesgue density theorem then implies that Y has zero area.

<1—-90<0.
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Let 2, = F™(2) and for k = 1,...,n let F/! denote the branch of F'~! taking 2
to zx—1. A direct computation shows that the Euclidean disk D(z,, x,/4) is contained
in a hyperbolic ball (for the right half-plane) ball centered at x of radius

nodt 4
/ — = log = ~ 0.287682.
3z, /4 t 3

Thus F~*(D) is contained in a hyperbolic ball of the same radius centered at z,,_;. We
claim this hyperbolic ball is contained in the Euclidean D' = D(z,_1,4m). To prove
this we use the comparison between the hyperbolic and quasi-hyperbolic metrics,

Lemma 1.4.1,

dpa < dpo < 4dpg.
If w is a point outside D’, then any path ~ connecting it and z,_; has Euclidean
length at least 47, so its hyperbolic length is at least

1 1 1 1 1 4
> py)=-] ——ds>=-f(y)==1>log-.
p(7) 2 5p(7) 4/267 Ttz 007 2 1 (v)—=1>log

This proves the claim.

Similarly, the Euclidean disk D(z,r) is contained in a hyperbolic disk centered
at 2 of radius at most —log(1 — =) and this is < 2r/x if r < 2/2. Thus its preimage
under F' is contained in a hyperbolic disk of the same radius centered at z;_; and
this, in turn, in contained in a Euclidean disk of radius R where

i ‘R % =2r/x,

or

=5
X

If x > M > 167 we can take R =1/2, i.e.,
F Y(D(2,7)) C D(2p_1,7/2),k=1,...,n— 1.

Using induction we see that D(z,2% ") contains a neighborhood W of 2, that
is mapped univalently by F™ to D(z,,x,/4). Thus there is subdomain W’ C W that
is mapped univalently to D(z,, 2z,/8) and this W’ is a bounded distortion of a disk

centered at z5. Thus there is a disk D centered at z; that contains W’ and such that

area(D) ~ area(W").
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Moreover by the distortion theorem for univalent maps (Theorem 1.3.4),
area(W'\Y) area(D(zn,20/8)\Y) S area(D(zp, x,/8) \ U)
area(W’) — area(D(z,,x,/8)) — area(D(z,,x,/8))
Putting these together gives

> e > 0.

area(DNY)
area(D)
uniformly on a sequence of disks shrinking down to zy, proving that zy is not a point

<1,

of density of Y. Since z; was any point of Y, the Lebesgue density theorem implies

Y has zero area. U

We shall see later that the escaping set of a function in B can have dimension
equal 1 (it is at least dimension one by Theorem 1.7.1), but that the Julia set of such

a function is always strictly larger than 1.

THEOREM 4.4.3. Assume that f € S (finitely many singular values) and that

the orbit of every singular value converges to an attractive fixed point. Then either

J(f)=C orarea(J(f)\ I(f)) = 0.

PROOF. Assume that J(f) # C and let

d(z) = dist(z, PS(f)).

Then F(f) is an open dense set, so

afz) = area(D(z,d(2)) N F(f))
7d?(z2) ’

is a positive continuous function on U = C \ PS(f)).

Thereis a M < oo so that for almost every z in the Julia set, | f™(z)| < M infinitely
often. Choose a n when this occurs and pull back the the disk D(f"(2),d(f™(z)))
under a univalent branch of f~" to a neighborhood U of z. By the distortion theorem
for univalent maps, U is approximately circular and F(f) takes up a fixed fraction of
the area of U. The diameter of U must be small if n is large (Corollary 3.5.4). Thus

the Lebesgue differentiation theorem applies to prove the theorem. 0

For any A # 0, the tract of Ae® is a half-plane and therefore satisfies Theorem
4.4.2. Thus area(I(Ae?)) = 0, even in the case A = 1 when the Julia set is the whole
plane (Theorem 4.3.1). If 0 < A < 1/e, then f(z) = Ae* has an attractive fixed points
that attracts the only singular point, 0. Thus area(J(Ae*)) = 0if 0 < A < 1/e by
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Theorem 4.4.3. We shall see later that the Hausdorff dimension is always 2 for these
functions (Theorem ??, due to McMullen [95]).

Theorem ?? can be generalized as follows:

THEOREM 4.4.4. Assume that f € S (finitely many singular values) and that the
orbit of every singular value s either
(1) pre-periodic
(2) converges to an attractive fized point, or

(3) converges to a neutral rational cycle.

Then either J(f) = C orarea(J(f) \ I(f)) = 0.

We leave the proof as a exercise. Hint: ...7

The version stated in [49] is slightly more general; it only requires the set where
| f| is small to be large on average, instead of uniformly. This is also left as an exercise.
Hint:...?

THEOREM 4.4.5. Suppose [ € B satisfies
o 1 " 0 dt
(26) lim inf {6 : |f(re”)] <R}|?>O
1

r—oo logr
for some R < 0o. Then area(I(f)) = 0. Moreover, there is a M < oo so that for a.e.

z € C,

liminf [f"(z)] < M.
n—oo

4.5. A Julia set with positive area

THEOREM 4.5.1. For any A # 0, the escaping set (and hence the Julia set) of
f(2) = Acosh(z) = 3(e* + e7*) has positive area.

PrOOF. We will prove this for A = 2, f(z) = e* +e~*. The general case is almost
identical and left to the reader.

We will say @ is a “grid square” if it has sides of length 27 parallel to the coor-
dinate axes and corners in the set 2m(Z + iZ). We let Q(n,m) be the grid square
with lower left corner at 2mw(n + ¢m). The map — e* maps this square to the annu-

lus A, = {e¥™ < |z| < eV} with a derivative that bounded between these
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same two bounds. If n is large and positive, then f(z) maps Q(n,m) to a re-
gion B, that approximates A, to within O(1). Let C,, C B, be the subregion of
B\ {x+ iy :|y| < 2m(n+ 1)} covered by grid squares. See Figure 4.

A\

________________________________

en

[ e,

B e it

FIGURE 4. A grid square is mapped univalently to a (slit) annulus
by the exponential map. The map f maps the same square to a region
closely approximates this annulus. Most of the area this region is filled
by grid squares, even is we remove a vertical slit of width O(n) along
the imaginary axis. Note that the figure is not to scale; in reality,
n K e".

The area of C), is the area of A, minus the area of the region of the plane that
is either within O(1) of 0A, or within O(n + 1) of the imaginary axis. The area
of A, = (e — ed™) ~ ged™m - The area of the region within O(1) of dA,
has area comparable to the length of 9A,, which is O(e*™. The area of B, that is
within distance O(n + 1) of the imaginary axis is O(e*"n. Thus B, \ C,, has area at
most O(ne*™. By our derivative estimate on f, f~%(B, \ C,) C @ has area at most
O(ne=?™). Thus 1 — O(ne~*™) of the area of Q(n,m) maps under f into a square
Q(p,q) with p>n+ 1.

Start with some square @y = @Q(ng, mgy) where ng is sufficiently large. By the
argument above, we can find a collection of subregions {W}} C @y which are mapped

to grid squares Q(p, q) with p > ng + 1 and so that the leftover regions has area less
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than O(ne*™. Now apply the argument to each image square to decompose each W
into subregions that are mapped univalently to grid squares Q(p, ¢) with p > ng + 2
by two iterations of f. By Koebe’s theorem, the derivative of f2 is comparable to
a constant on each of the second generation subregions, so the uncovered portion
of the first generation regions is O((ng + 1)+ with a absolute constant. We
proceed in this way, defining generations of subregions which cover all of the previous

generation except for area O((ng + k)e=27(+k)

(the constant does not depend on
k since the derivative of the iterated map on each kth generation piece is close to
a constant by Koebe’s theorem, and this constant does not depend on k). The

intersection of all the generations is thus a set of area at least
H 1 — O((ng + k)e 2 otk > 0
k=1

and contains only escaping points. Since f is in the Eremenko-Lyubich class, these

points are also in the Julia set. O

The proof above shows that there is a set of positive area where |f™(z)| 2 n,
but this is very weak. Instead of throwing out a strip of width O(n) around the
imaginary axis, we could have omitted a strip of width O(a,, - €*™) for any sequence
with ) a, < oo and have obtained a set of positive area. For example, taking

a, = e "

2m—€)x

gives a set of positive area where {|f"(z)|} grows faster than iterating

el
4.6. A Julia set with dimension 2
The exponential family consists of functions of the form
f(z)=Xe*, X#DO.

THEOREM 4.6.1 (McMullen, [95]). The escaping set of any member of the expo-

nential family has Hausdorff dimension 2.

PROOF. The proof is similar to the discussion in Section 4.5, except that now
about half the squares will have to be thrown out at each stage.
Recall that e maps the horizontal strip U = {z + iy : |y| < 7/4} conformally on

the the sector {z : |arg(z)| < m/4} and every vertical translate of the strip is also
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mapped to the same sector. Let W = Ugez(U + 2mik) be the union of such vertical
translates.
If S = S(n,m) =%[n,n+2]x2r[m—g, m+3]is a “grid square” inside W NH, (hy)
then the image of S under f is a truncated sector
{z: ™2 < |z < Y2 |arg 2| < 7/4},
Then f(S) N W NH,(hgy1 contains ’\—02 exp(mn) disjoint squares of the same type for

some fixed C' < oo that is independent of n.

> gln/4

/4

/4

FIGURE 5. A grid square is mapped univalently to a sector as shown.
If the square is in {x > 7n/2}, then the image region has area compa-
rable to exp(7n) and contains at least ~ exp(mn) §-squares, where the
construction can be iterated.

The preimages of these squares are regions in S(n,m) of size approximately
exp(—mn/2). If we give them equal mass, then the mass of each region W is less
than

CA 2 exp(—mn) < exp(—(2 — €)7n/2) < diam(W)* ¢,
where € is close to zero (depending on C' and ¢) if n is large enough.
By iterating this construction, we obtain a measure p supported on a Cantor

subset E that satisfies the Frostman condition

(D@, 7)) < M -1,



86 4. THE EREMENKO-LYUBICH CLASS

(see Lemma A.1.6). By the mass distribution principle (Theorem A.1.4), the set E
has dimension > 2 — e. Moreover, this set is clearly in the escaping set, since each of
our grid squares was exponentially further from the origin than its preimage. Thus
the escaping set has Hausdorff dimension > 2 — ¢ for every ¢ > 0, and hence has

dimension equal to 2.

O

4.7. A Julia set with dimension close to 1

Next we give example in the Eremenko-Lyubich class where the Julia set has
Hausdorft dimension that is close to 1. The existence of such functions is due to
Gwyneth Stallard []. She showed that for function in B, the Julia set always has
Hausdorff dimension strictly greater than one (see Theorem []) and she and Phil
Rippon showed that the packing dimension of such a Julia set is always equal to 2
(see Theorem 77?). However, there do exist transcendental Julia sets that have both
Hausdorff and packing dimension equal to 1 ([27]).

The basic requirement is a function f € B which has a single tract

Q=A{z:[f(z)| > 1},

that approximates a half-strip, as illustrated in Figure 6

=L U

(1)
o © 00000
(] —_—

|

FIGURE 6. A function with small Julia set.

LEMMA 4.7.1. Suppose f € B and suppose S(f) C Dr = {z : |z| < R}. Let
Q=0={z:|f(2)| >R} and Q1 = f71(Q,). Assume Qo C f(). Suppose that

for some n >0, Q, can be covered by a collection of sets { Dy} so that

(27) > " diam(Dy)'* < o0,
k=1
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and suppose that for any set D C €,
1
(28) > " diam(f (D) < §diam(D)1+5,
where the sum is over all connected components of f~1(D). Then dim(J(f)) < 1+90.

PROOF. The assumption that Qo C f(£)) implies the (open) complement of Q)
is mapped into itself and thus all iterates avoid 2y. Thus by Montel’s theorem the
iterates of f are normal here and so the complement of Qg are in the Fatou set. Thus
any point that eventually iterates out of )y is in the Fatou set, so the Julia set is
contained in £ = N,(,.

If Q,, covered by a collection of sets, then €2, is covered by the collection of all
pre-images of these sets. The two conditions in the lemma implies 1 + ¢ Hausdorff
content of €, tends to zero and hence E has 1 + 0 content zero. Thus dim(J(f)) <
dim(F) <1+494. O

We will construct a f € B so that for any disk D = D(z,r) C Qo ={z: |z] > R}
|z| > 2, r < 1 has f-preimages {D;}> in {2 that satisfy

. N diam(D)
(29) diam(D;) = O (\zmog e m)) '

Suppose this is true. Then the pre-image of D under the map fx(z) = f(z) — K

is the same as the preimage of D + K under the map f, and hence its preimages
satisfy
, diam(D) )
30 diam(D; :O(—, .
Thus if we fix § > 0 and then choose K large enough,
Z diam(D;)'™ < Cdiam(D)'*° . Z
J

J

1
(Iz](log K + |]]))"*°

diam(D)'*°
— Ofz["*0(log K)°

1
< gcliam(17)1+5,

if |z| is large enough, depending on §. Thus we can replace each set D; by a disk
with at most twice the diameter and get a collection of disks that covers f;' with a

Hausdorfl sum that is at most half of what we started with.
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We start by covering € by disks {D(m,2)}. The preimages satisfy

Z Z diam(D; )" < C Z m~170 Z(logm + )71
m j

meN jeZ
1
< C zm: m_l_‘sg(log m)~170
C
< g(logK)‘S;ml‘s
C _
< ﬁ(log K)™°.
Thus 4 is covered by a collection of domains with finite (1 + §)-sum. By Lemma
4.7.1, this completes the proof, except for constructing a function f that satisfies
(30).
Let
F(z) = exp(exp(z)),

for z€ S={x+iy:x >0yl <~} and set it to zero outside the half-strip S. On
the vertical side of the half-strip,

F(z) = F(0 + iy) = exp(exp(iy)) = exp(cosy + isiny)
is bounded. On the top and bottom horizontal sides
F(z) = F(x £ im) = exp(exp(x £ im)) = exp(— exp(x))
it tends to zero very quickly as z * oo. In fact, for %7? < |yl < %w, we have
|F(2)] = exp(R(exp(z(cosy + ising))) = explexp(z cosy)) < exp(exp(—z/v2)).

Let ¢ be a positive, smooth, radial bump function of total mass 1 and supported
in D(0,7/4). Then the convolution of F' and ¢ is a smooth function G that is
zero outside a 7/4-neighborhood of S, is equal to F' inside the smaller half-strip
S ={x+iy:x>n/4,|y| < 2r}. In particular, G is holomorphic except on a /4
neighborhood of 95 and its 0 derivative decays rapidly near infinity. Thus

1 oG
) = 5 [ oo

is a smooth bounded function such that 0H = dG. Hence f(z) = G(z) — H(z) is

holomorphic on the whole plane and we claim it has the desired properties.
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Fix a constant M so that supg. |H|,supg, |[H'| < M. Fix a disk D = D(w,r) C
SNDy. If f(2) € D then F(z) = G(z) € D' = D(w,r + M). Thus each component
W of f~1(D) is contained in a component W’ of F~(D’). Moreover, on W’ the
derivatives |f’| and |F’| differ by at most M, and we can choose R so large that
|f'/F'| = O(1) on W’'. This implies that diam(W) ~ r/|w|. Thus

7“1+5

diam(W)* < ¢ .
We;(D) ]ZZ |Z|)1+delta (log |Z| + 27Tj)1+6

el log |20
O T1+5

< ———
— 4 |R|**°(log R)®

This is < %r”‘s if R is large enough, depending on C' and 4.

IN

Given R, we can choose K so large that fx maps By definition, f maps the left
half-plane into a bounded set, so for K large enough fx = f — K maps the left
half-plane into itself. Thus the left half-plane is in the Fatou set. Similarly, given
R < oo, we can choose K large enough so that the disk Dg is mapped into the left
half-plane (and hence is in the Fatou set too). Thus it suffice to cover Qg \ Dg. If
we cover this part of Qg by disks {D(n,2)}>° 5, then the pre-images of D,, = D(n, 2)
satisfy

Z diam(W)'*° < ¢

< g|n|7175
Wef=(Dn)
C s
< — .
< 2R
4.8. Dimension of bounded orbits
Recall that K(f) denotes the points with bounded orbits.
THEOREM 4.8.1 (Stallard). If f € B then dim(K(f)NJ(f)) > 1.

In particular, dim(J(f)) > 1 for any f € B. Before beginning the proof we need
to gather some relevant facts. The following is simple and well known fact from real
analysis.

LEMMA 4.8.2. If h is increasing on [r,00) and § > 0, then

B (z) < h(z)',



90 4. THE EREMENKO-LYUBICH CLASS

except on a set Es of Lebesgue measure at most h(r)=° /6.

ProOOF. If FE is the set where this fails, then

B B (x) < B(x) 1
8= fto< [ et < | et = sy

We will apply the lemma in the following situation. Let f € B, let F' : Q — H,

O

be f in logarithmic coordinates and set
h(z) = max{RF(z + iy) : y € R}.

Let z, € €2 be a point where this maximum is attained. Note that h is increasing; we

shall apply the previous lemma to h in order to prove:

LEMMA 4.8.3. Fix f € B. If x € R is large enough and
1
D = D(F(=), {h(a))

then there is a collection of subdisks {D;} so that

: , ()]
;dlam(D]) > )

and F? is a conformal map from a domain W; onto D where 2D; C W; C 10D;. In

particular, if 6 > 0 and x is not in the exceptional set Es from Lemma 4.8.2, then

> " diam(D;) > C(8)diam(D)*~’.

Proor. By Koebe’s %—theorem, since 2D C H,, D has an F-preimage W in )
that satisfies
diam(W) ~ diam(D)/h'(z) ~ h(z)/h' (z).
Let Wy, = W + 2mik. Then the F-preimages of these are regions Vj in () arranged in

a “chain” tending to oo in both directions so that
diam(Vj,) =~ dist(Vi, Vi )diam (W) ~ dist(Vi, Vg1 )h(x) /0 ().

We now replace each Vj, by a sub-disk Dy, of comparable size (we can do this by the
distortion estimates for conformal maps since Vj is an image of a disk under a map
that is conformal on the double of that disk).

FIGURE OF PREIMAGES and CHAIN
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Since the chain crosses a square S C D of comparable size,
hz)  h(z)?

~

n(z) — W(z)

Z diam(Dy) > diam(D) -

DyCiD
Translating the collection {D), C 1D} vertically by 2mij, [j| < idiam(D), gives a
collection of disks with the desired properties. 0

PrRoOOF OF THEOREM 4.8.1. Take x so large that the disks given by Lemma 4.8.3
satisfy

diam(D;) > C(8)diam(D)*~° > 10diam(D).
3 diam(D;

Then, by continuity, there is some s > 1 so that

> " diam(D;)* > diam(D)".
J

This defines an iterated function system whose limit set has dimension > s,

consists of points with bounded orbits in the Julia set (by Corollary 4.2.4). O

4.9. Packing dimension is always 2

Suppose [ is entire and e is its exceptional point (if one exists). Recall that this
means that the iterates of any neighborhood of J(f) eventually covers J(f) \ {e}.

LEMMA 4.9.1. Suppose f a transcendental entire function and there are compact
sets K,, C J(f) \ {e} with Mdim(K,,) / a. Then Pdim(J(f) > «.

PRrROOF. If V' is a bounded open set that hits the Julia set, then (V') eventually
covers K, and hence Mdim(J (f)NV > Mdim(K,,). Thus Pdim(7(f)) > Mdim(X,)
by Lemma A.3.2 in the Appendix. The result now follows by taking n " occ. O

The following is due to Rippon and Stallard in []. It has been generalized to larger

classes of functions by Bergweiler |].
THEOREM 4.9.2. If f € B then Pdim(J(f)) = 2.

PrROOF. By Lemma 4.9.1, it suffices to construct a compact subsets of J(f)
that have upper Minkowski dimension as close to 2 as we wish and that avoid the

exceptional point.
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2

Fix > 0. We will build a subset that has upper Minkowski dimension > =.

As before, let F': Q — H, be f in logarithmic coordinates. Let
hy(z) = max{RF"(x +iy) : y € R}.

If we apply Lemma 4.8.2 to each function, we see that the exceptional sets have total

% Z hn(r)iéa

which is finite, since the maximum modulus of f" increases at least like an iterated

measure

polynomial. Thus we can choose an x so that

(31) (hn)'(2) < (ha(2)))"°,

for every n. Let z, = x + iy, be the point where RF"™(x + iy) attains it maximum
on the vertical line through z. Let S,, C H,. be a square centered at F™(z,) with side
length 1h,(z). Then there is a univalent branch of F~* that maps S, conformally

to a subdomain W,, of € that contains z,. Note that
diam (W) = hy,(2)/(F")'(2n) 2 hn(x) /Dy ().

If we subdivide S, into =~ h,(z)? subsquares of side-length 27 then each of them
hits the escaping set I(F') (by Theorem 1.7.1, I(f) hits every large circle centered at
the origin, so I(f) hits every vertical line far enough to the right). Thus W contains
h,(z)? subdomains each of diameter > 1/h/ (z) and each hitting I(F'). Thus using
the definition of upper Minkowski dimension and (31),

S— _ loghn()?
Mdim(I(f) N D(z1,21) > hgljgp%

: log hy, ()
> 21 SR RRLE N A
= Sl Tog(h ()0

2
1+6
Thus J(f) D I(f) has packing dimension at least 2/(1+ ¢). Since this holds for any
d > 0, we see that Pdim(J(f)) = 2. O

Later we shall prove that the fast escaping set A(f) contains an unbounded com-
ponent and hence also hits every large enough circle centered at the origin. Thus the
proof above can be repeated to show that A(f) also has packing dimension 2. This
was the result obtained by Rippon and Stallard in [].
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4.10. Dimension of slowly escaping points

THEOREM 4.10.1 (Bergweiler and Peter). Let f € B and suppose h is a guage

function such that

log h(t)

1
t—0 logt

Let {p,} be a sequence of positive numbers tending to oo and define

I(f{pn}) = {z: [f"(2)] < pu¥n}.

Then Hp(I(f,{pn})) = co. In particular, H,(I(f)) = oo and dim(I(f,{p,})) > 1.

PROOF. So if x; is large enough so that E N [z, 00) has measure < 1/2, we can
inductively find zy41 € [h(zg), h(zg) + 1]\ E so that z; oo and define disks

1

Dy, = D(z,,

The argument in the proof of Theorem 4.8.1 shows that each of these disks contains

subdisks that define an iterated function scheme that has an invariant Cantor set of

some dimension s; > 1. Moreover, each Dj contains a subregion that is conformally

mapped by F onto Dy, (in fact, taking vertical translations, there are about x;, such
subdomains).

Run the iterated function scheme associated to D; for Nj steps and then switch

to Dy for ny steps, and so on. In the limit we obtain a limiting Cantor set that has

dimension > 1, and we can arrange for infinite h-measure by waiting long enough

(depending on h) before performing each switch. O

THEOREM 4.10.2 (Bergweiler and Peter). Suppose h is a guage function such that

lim @ =0.
t—=0 ¢

Then, using the notation of Theorem 7, there exists f € B such that Hp(I(f) \
I(f,{ps})) = 0.

Thus we can find guage functions h between t and t'*¢ for which every function
in B has an infinite h-measure set of slow escaping points, but some functions have

a zero h-measure set of “quickly escaping” points.
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4.11. I(e*) is connected

The following result of Lasse Rempe-Gillen illustrates a “exotic” planar sets arise

naturally in the of the dynamics of the exponential function.
THEOREM 4.11.1 (Rempe-Gillen, [111]). I(e*) is connected.

PROOF. O

The connectedness of the escaping set for other exponential functions has been
proven by Rempe-Gillen [112] and Jarque [73]. In [96] Mihaljevié¢-Brandt shows the

escaping set is disconnected for various examples including the map 7 sinh z.



CHAPTER 5

Extremal Length

Chapter 1 dealt with hyperbolic distance, one of the most important conformal
invariants. In this chapter we introduce another conformal invariant of equal im-
portance: extremal length. The basic idea is to consider a positive function p on a
domain 2. We think of p as analogous to |f’| where f is a conformal map on Q. Just
as the image area of a set E can be computed by integrating fE |f'|?dxdy, we can
use p to define areas by | 5 p*dxdy. Similarly, we can define lengths of curves in I" by
f7 pds. The modulus of a family of paths I' is defined by minimizing the p-area of
Q over all p’s which give every path in I' length at least 1. The extremal length of
the path family is the reciprocal of its modulus (it is sometimes more convenient to
consider one of these quantities and sometimes more convenient to use the other).

The importance of modulus and extremal length is that it has a geometric def-
inition and can often be estimated in situations where other conformal invariants
cannot be directly computed. By conformally mapping to a situation (such as the
unit disk) where different conformal invariants can be compared by explicit formulas,
we can obtain geometrically based estimates for other conformal invariants, such as
the Ahlfors distortion theorem for harmonic measure.

After discussing some of the basic properties and examples related to extremal
length, we use it to prove Caratheodory’s boundary extension theorem for conformal
maps, and a more technical looking analog that we will need later when studying
general quasiconformal mappings. In this chapter we introduce the definition of
quasiconformal map, but only prove that “nice” K-quasiconformal maps (e.g., diffeo-
morphisms and certain piecewise linear maps) preserve extremal length up to factor
of K. This suffices for the final result in this chapter: showing that the iterate of a
Fatou component of an entire function is a Fatou component with at most one point

omitted.

95
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5.1. Quadrilaterals and annuli

A conformal invariant is a number which is invariant under conformal mappings.
We are often in the situation where we wish to know the value of some conformal
invariant (e.g., that harmonic measure of the edge of a polygon) and are able to
estimate some other conformal invariant (e.g., the modulus of some path family in
the polygon). Using a known relation between the invariants, we can turn an estimate
for one into an estimate for the other.

Probably the most important example of a conformal invariant is the (conformal)
modulus.

Suppose [ is a family of locally rectifiable paths in a planar domain €2 and p is a
non-negative Borel function on 2. We say p is admissible for I if

() =1¢,I') = inf/pds > 1,
ver J,
and define the modulus of I" as
Mod(T") = inf/ pidxdy,
PoJm
where the infimum is over all admissible p for I'. This is a well known conformal
invariant whose basic properties are discussed in many sources such as Ahlfors’ book

[3]. Its reciprocal is called the extremal length of the path family and is denoted
AMT) =1/M(T).

Modulus and extremal length satisfy several properties that are helpful in estimating

these quantities.

LEMMA 5.1.1 (Conformal invariance). If F is a family of curves in a domain Q
and f is a one-to-one analytic mapping from Q@ to Q' then M(F) = M(f(F)).

Proor. This is just the change of variables formulas

/pOfIf’ldSZ/ pds,
v F)

/ (po fY21f Pdudy — / pdady.
Q f(Q)

These imply that if p € A(f(F)) then |f'| - po f~! € A(f(F)), and thus M(f(F)) <
M(F). We get the other direction by considering f~1. O
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LEMMA 5.1.2 (Monotonicity). If Fi and Fy are collections such that every v € F;
contains some curve in Fo then M(F) < M(Fy) and A\(F1) > AN(F2).

The proof is immediate since A(F;) D A(Fz).

LEMMA 5.1.3 (Grotsch Principle). If Fy and Fy are families of curves in disjoint
domains then M (F; U Fo) = M(Fy) + M(F2).

PROOF. Suppose p; and p, are admissible for F; and F,. Take p = p; and p = ps

in their respective domains. Then it is easy to check that p is admissible for F; U F;
and [ p® = pi + [ p3 so domains then M (F UFy) < M(F;)+ M(F,). By restricting
an admissible metric p to each domain, a similar argument proves the other direction.
O

LEMMA 5.1.4. [Series Rule] If Fy and Fy are families of curves in disjoint domains
and every curve of F contains both a curve from Fy and Fa, then AN(F) > AN(F1) +
A Fa).

PROOF. If p; € A(F;) for i = 1,2, then p = tp; + (1 — t)po is admissible for F.
Since the domains are disjoint we may assume p;p, = 0 everywhere so taking For
0<t<1, take

=t*py + (1 — %) pa.
it is easy so see that this is admissible and since the domains are disjoint we may

assume p;po = 0. Integrating p* then shows
M(F) < t*M(F) + (1 — )M (F),

for each ¢. To find the optimal ¢t set a = M(Fy), b = M(F3), differentiate the right

hand side above, and set it equal to zero
2at — 2b(1 — t) = 0.

Solving gives t = b/(a + b) and plugging this in above gives

b2aa’b

M < ¢ 1—tHb =
(F) < tha+( ) PETE
~abla+0b) ab

1
o (a+b)?  a+b 141
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or

M(F) © M(F)

which, by definition, is the same as

AF) 2 AMF1) + A(Fo),

M(Fy)’

O

Given a Jordan domain €2 and two disjoint closed sets E, F' C 0, the extremal
distance between F and F' (in 2) is the extremal length of the path family in Q
connecting E to F' (paths in € that have one endpoint in E and one endpoint in F).
The series result is a sort of “reverse triangle inequality” for extremal distance. See

Figure 1.

_____

-

FIGURE 1. The series rule says that the extremal distance from X
to Z in the rectangle is greater than the sum the extremal distance
from X to Y in € plus the extremal distance from Y to Z in €25. The
bottom figure show a more extreme case where the extremal distance
between opposite sides of the rectangle is much larger than either of
the other two terms (that these terms are small will follow from later
estimates, e.g. Lemma 5.1.13)

Next we actually compute the modulus of some path family. The fundamental

example is to compute the modulus of the path family connecting opposite sides of a
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a x b rectangle; this serves as the model of almost all modulus estimates. So suppose
R =10,b] x [0,a] is a b wide and a high rectangle and I' consists of all rectifiable
curves in R with one endpoint on each of the sides of length a. Then each such curve

has length at least b, so if we let p be the constant 1/b function on R we have

/pdsz 1,
¥

for all v € I'. Thus this metric is admissible and so

1
2
Mod(T") < //Tp dxdy = ﬁab =7

_________
----------

A
\

FI1GURE 2. The modulus of the path family connecting the two verti-
cal sides of length a is a/b. Thus if @ < b the family has small modulus
and large extremal length.

To prove a lower bound, we use the well known Cauchy-Schwarz inequality:

([ sodof? < ([ fan)( [ i),

To apply this, suppose p is an admissible metric on R for «. Every horizontal segment

in R connecting the two sides of length a is in I', so since 7 is admissible,

b
/ p(x,y)de > 1,
0

and so by Cauchy-Schwarz

b b b
1< / (1-p(z,y))dx < / 1%dx / p*(x,y)dw.
0 0 0

Now integrate with respect to y to get

a a b
/ ldy < b/ / P’ (x,y)dxdy,
0 0 0
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< / / pPdady,
R

which implies Mod(I") > g Thus we must have equality.

or

> e

Another useful computation is the modulus of the family of path connecting the
inner and out boundaries of the annulus A = {z : r < |z| < R}. An argument similar

to the one above shows that the modulus of this family is % log %

LEMMA 5.1.5. If A = {z : r < |z| < R} then the modulus of the path family
%log% More generally, if F is the

family of paths connecting rT to a set E C RT, then M(F) > |E|log £.

connecting the two boundary components s

PRroOOF. By conformal invariance, we can rescale and assume r = 1. Suppose p is
admissible for F. Then for each z € £ C T,

R R g. (R R
1< (/1 pdr)? < (/1 7)(/1 pPrdr) = logR/1 pPrdr

27 R R
/ / plrdrdd > / / p*rdrdd
0 1 EJr

R
|E\/ pPrdr
1
> |Ellog R

SO

v

O

Given a Jordan domain €2 and two disjoint closed sets F, F' C 0f), the extremal
distance between E and F' (in ) is the extremal length of the path family in 2
connecting £ to F' (paths in € that have one endpoint in £ and one endpoint in
F'). The previous result says that the extremal distance between the two boundary
components of a round annulus is % log %.

When we discuss the modulus of an annulus there are two obvious possible path
families we might mean: the family connecting the two boundary components or the

family separating the components. See Figures 3 and 4.
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FiGURE 3. Path families that connect boundary components of an
annulus and separate the boundary components. We define the mod-
ulus of an annulus to be the modulus of separating family (this equals
the extremal length of the connecting family).

FIGURE 4. The annulus on the left has “big” modulus and one on the
right has “small” modulus (these are moduli of the path families sep-
arating the boundaries). Equivalently, the extremal distance between
the boundary components on the left is large and is small on the right
(these are extremal lengths of path families connecting the boundaries).

By M(A) we shall mean the modulus of the family separating the components.
Thus a “thick” annulus geometrically will have large modulus. See Figure ??7. Sim-
ilarly, the modulus M(Q) of a quadrilateral ) with a designated pair of opposite
sides will be the modulus of the path family that separates the two sides. This in a
quadrilateral of large modulus, the designated sides are “far apart” from each other
relative to their diameters.

If E,F C 022 and F is the family of path connecting £ to F (i.e., all paths in
2 with one endpoint in E and the other endpoint in F'), there is a reciprocal family
F* consisting of generalized paths that separate E and F'. By a “generalized path”

we mean a finite union v of rectifiable curves {;} so that each component ~; has its
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endpoints on 92\ (E'U F') and so that any path connecting £ and F' must intersect
v. See Figure 5.

FIGURE 5. Definition of separating paths. Such a path can have a
single component (left) or multiple components (right).

Suppose (2 is a Jordan domain, E,F C 0f), are each finite unions of closed
intervals and £ C I and F C J where I, J are disjoint arcs of 092 (we will assume
below that I and J were chosen to be minimal with this property). Using the Riemann
map, we can assume {2 = D and define u(z) on C\ (E U F) to the solution of the
Dirichlet problem with boundary values 0 on £ and 1 on F'. Then wu is constant on
E and F' and by symmetry has normal derivative zero on T \ (E U F') so that its
harmonic conjugate v has tangential derivative zero there, hence is constant one each
component of T\ (FU F). Thus f = u + v is a holomorphic map of D to a 1 x m
rectangle with horizontal slits removed, each corresponding to components of I \ E
and J \ F. See Figure 6. By conformal invariance, the modulus of the path family F
that connects E' and F' is therefore m (review the proof given for a rectangle above
and note that it also works for a rectangle with horizontal slits removed). Similarly,
the modulus of the reciprocal family F* of generalized paths that separate F and F
is 1/m.

Obtaining an upper bound for the modulus of a path family usually involves
choosing a metric; every metric gives an upper bound. Giving a lower bound usually
involves a Cauchy-Schwarz type argument, which can be harder to do in general
cases. However, in the special case of a path family connecting sets E, F' C 02, a
lower bound for the modulus can also be computed by giving a upper bound for the
reciprocal separating family. Thus estimates of both types can be given by producing

metrics (for different families) and this is often the easiest thing to do.
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F

_ —|E ]
N

L A b e

F

FiGURE 6. A Jordan region with separated sets E, F' can be conformal
mapped to slit rectangle in which £ and F' map to opposite sides. Such
a path can have a single component (left) or multiple components
(right).

It is clear that if Q C C is doubly connected and A = {1 < |z| < r} C €, then
M(Q) > M(A) = 5-logr. The following useful result is almost a converse of this:

LEMMA 5.1.6. For each m > 0 there is a ¢(m) > 0 so that if Q is a topological
annulus surrounding 0 with modulus > ¢(m), then it contains a round annulus with

modulus m.

Proor. We prove the converse: if one complementary component of {2 contains
0 and 1 and the other contains a point z with |z| = 7 = €*™™ > 1, then the modulus

of Q is less than some number ¢(r).

FIGURE 7. Proof of Lemma 5.1.6.

Define a metric by p = 1 on Ay = {z : £ < |z2| < r+ 1} and let T be the

path family in ) separating the two boundary components. We want to show p is

admissible for I'. Every such path in I" contains a point in Ag = {z:1 < |[z| <r}. If
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7 contains a point in {|z| < 1/2} then N A; has length at least 1, so it has p-length
at least 1. Similarly if v contains a point in {|z| > r+ 1}. Finally, if  remains inside
A; and it must have length > 7 and hence has length (and p-length) greater than
1 Thus p is admissible. Since [ p*dadry < area(A;) < mw(r + 3)?. Thus the lemma
holds with ¢(m) = 7(e*™™ + £)? (this is not sharp). O

LEMMA 5.1.7. Suppose A = U\K C C is a topological annulus. Then 4diam(K)? <
area(U)/M(A).

ProOF. Take p = 1/2diam(K). This is an admissible metric for the path family
separating K from 90U, so
1 1
M(A) < Zdiam(K)_2area(A) < Z—ldiam(K)_Qarea(U),
as desired. O

The following result is taken from Milnor’s book ([98], Corollary B.9) where he
credits the result to McMullen.

LEMMA 5.1.8. Suppose A = U\ K C C is a topological annulus. Then area(K) <
area(U) /(1 + 4nM(A)).

PRrROOF. This uses the isoperimetric inequality that says a curve of length L can
enclose area at most L?/4w. Thus every curve that separates K from QU has length
at least C' = y/4marea(K) and so p = 1/C is an admissible metric for this path

family. Thus
area(A)

M(A) < -2 =
( )_/AC dady 4rrarea(K)’

area(A) , ~ area(U) — area(K)
= 47rM(A)M B 4 M (A) ’

area(K)

or

area(U)
area(K) < 1T amM(A)

4

COROLLARY 5.1.9. With notation as above, area(K) < area(U) exp(—4nM(A)).
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PRrROOF. Using the conformal map to a round annulus we can cut A into n nested

annuli A; = U; \ Kj, each with moduli M (A)/n. Applying the previous result we get
area(K;) < area(K;_1)/(1+ 4w M(A)/n),

and hence
area(K) < area(U)(1 +4nM(A)/n)™",

which implies the desired result when we take n — oo. U

LEMMA 5.1.10. Suppose 2 C C 1is a topological annulus of modulus M whose
boundary consists of two Jordan curves vyi,ve with o separating v, from oo. Then

diam(vy;) < (1 — €)diam(vy2) where € > 0 depends only on M.

PROOF. Rescale so diam(v;) = diam(€2) = 1 and suppose diam(vy;) > 1—e. Then
there are points a € v, and b € v, with |a — b| < e. Let p be the metric on € defined
by p(z) = m for € < |z —a| < 1/2. Then any curve v C €2 that separates v,

and 7, satisfies f7 pds > 1 and

9 T 51
drdy < —1 —.
Thus the modulus of the path family separating the boundary components is bounded

above by the right hand side, and the modulus of the reciprocal family connecting the
boundary components is bounded below by 7 log? i Thus e > % exp(—y/mM/4). O

FIGURE 8. Proof of Lemma 5.1.10.
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LEMMA 5.1.11. Suppose QQ C H is a quadrilateral with a pair of opposite sides
being intervals I, J C R. Let A be the topological annulus formed by taking Q U I U
JUQ* (where Q* is the reflection of Q across R. Then M(A) = M (Q).

Proor. If f : @ — R = [0,1] x [0,m] is conformal with I, J mapping to the
horizontal sides of R, then g(z) = exp(wf(z)/m)) maps @ conformally to an half-
annulus in H with 7, J mapping to intervals on R. By Schwarz reflection, this extends
to a conformal map of A to a round annulus with inner radius 1 and outer radius
exp(m/m), so M(A) = ;== = = = 1M(Q). See Figure 9. O

2rm

2 M=
|

FiGUuRE 9. Reflecting the quadrilateral () across the line gives an
annulus with half the modulus.

COROLLARY 5.1.12. If {Q} are disjoint quadrilaterals in D\ {0}, such that

(2) Qy separates Qg1 from 0,
(3) a pair of opposite sides of Qy consist of arcs on T.

Then diam(Qy,) = O(XF) for some X\ < 1 that only depends on M.

PRroOF. Use reflection across the circle to turn each quadrilateral into an annulus

of comparable modulus and then apply Lemma 5.1.10. U

LEMMA 5.1.13. Suppose Q) is a quadrilateral with opposite pairs of sides E, F' and
C,D. Assume
(1) E and F can be connected in Q by a curve of diameter < e,

(2) any curve connecting C' and D in Q) has diameter at least 1.

Then the modulus of the path family connecting E and F in Q is larger than M (e)
where M(e) — oo as € — 0.
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K

FIGURE 10. Proof of Lemma 5.1.12 .

Proor. This is very similar to the proof of Lemma 5.1.10, so we only sketch it.
There is a segment (a,b) C Q with |a —b| < e and a € E and b € F. Define a metric
on Q by p(z) = 5|z —a|~*/log(1/2e¢) for € < |z—a| < 1/2. Any curve y connecting C
and D must cross S and since v has diameter > 1 it must leave the annulus where p
is non-zero. As before this shows that the modulus of the path family in () separating

E and F' is small, hence the modulus of the family connecting them is large. U

FiGUurE 11. Proof of Lemma 5.1.13.

In [60] Gehring and Hayman proved the following fundamental inequality that
says that the hyperbolic geodesic is (up to a constant factor) the most efficient way
to connect two points in a simply connected plane domain. The result has been
generalized in many directions (e.g., [35], [12], [67], [68], [71], [82], [139] ).
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THEOREM 5.1.14 (Gehring-Hayman inequality). There is an absolute constant
C < o0 to that the following holds. Suppose Q2 C C s hyperbolic and simply connected.
Given two points in €, let v be the hyperbolic geodesic connecting these two points

and let ' be any other curve in 2 connecting them. Then £(y) < CL(Y').

ProoOF. Let f : D — Q be conformal, normalized so that v is the image of
I =[0,r] € D for some 0 < r < 1. Without loss of generality we may assume
r = zy41 for some N (if not we truncate a segment of the form J = [zy 1, 7] and use
Koebe’s theorem to compare the lengths of f(J) and 7' N f(Qn41)). Let

Qn={zeD: 27" <z -1 <27},

and let
Tn={z€D:|z-1=2""},
Zn =Y N[0, 1).

Let @), C @, be the sub-quadrilateral of points with |arg(z — 1)| < 7/6. Each
of these has bounded hyperbolic diameter and hence by Koebe’s theorem its image
is bounded by four arcs of diameter ~ d,, and opposite sides are ~ d, apart. In
particular, this means that any curve in f((Q,) separating -, and 7,41 must cross
f(Q%,) and hence has diameter 2 d,,. Since @,, has bounded modulus, so does f(Q,,)
and so Lemma 5.1.13 says that the shortest curve in f(Q,) connecting 7, and 7,1
has length ¢, ~ d,. Thus any curve v in () connecting 7, and ~,,; has length at

least /,,, and so

() =00 dn) =00 ) <O(U()).

5.2. Logarithmic capacity and Pfluger’s theorem

Suppose  is a positive, finite Borel measure on R? and define its potential function

as

Uu(z) = /log dp(w).

|2 — wl
and its energy integral by

1) = [ [log = duz)dutw) = [ U, e)du(z)

|2 = wl
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5 i

FIGURE 12. Proof of the Gehring-Hayman inequality.

We put the “2” in the numerator so that the integrand is non-negative when z,w € T,

however, this is a non-standard usage.

LEMMA 5.2.1. U, is lower semi-continuous, t.e.,

liminf U,(z) > U,(w).

zZ—w

PRrROOF. Fatou’s lemma. O
LEMMA 5.2.2. If pt,, = p1 weak®, then liminf U, (2) > U,(2).

PROOF. If we replace ¢ = log m by ¢, = max(r,¢) in the definition of U to

get U", then weak convergence implies
liTan U, (2) = U (2).
So for any € > 0 we can choose N so that n > N implies

U, (2) 2 Uj(z) — e

Hn

As r — oo U" — U (by the monotone convergence theorem), so for r large enough

and n > N we have

U, (2) 2 U}, (2) = Uu(z) — 2e.

which proves the result. U

LEMMA 5.2.3. If p,, — p weak™, then liminf I(p,) > I(u).
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PROOF. The proof is almost the same as for the previous lemma, except that
we have to know that if {u,} converges weak* then so does the product measure
tn X pin,. However, weak convergence of {u,} implies convergence of integrals of the

form

/ / F(@)g(y)dpn () dpn(y)-

and Stone-Weierstrass theorem implies that the finite sums of such product functions

are dense in all continuous function on the product space. 0

Suppose F is Borel and p has its closed support inside E. We say p is admissible
for £'if U, <1 on E and we define the logarithmic capacity of £ as

cap(E) = sup{||p|| : p is admissible for E}
and we write u € A(FE). We define the outer capacity (or exterior capacity) as
cap*(E) = inf{cap(V) : E C V,Vopen}.

We say that a set E' is capacitable if cap(E) = cap*(E).

The logarithmic kernel can be replaced by other functions, e.g., |z — w|™*, and
there is a different capacity associated to each one. To be precise, we should denote
logarithmic capacity as cap,,, or logcap, but to simplify notation we simply use “cap”
and will often refer to logarithmic capacity as just “capacity”. Since we do not use

any other capacities in these notes, this abuse should not cause confusion.
LEMMA 5.2.4. Compact sets are capacitable.

PROOF. Since cap(E) < cap*(F) is obvious, we only have to prove the opposite
direction. Set U,, = {z : dist(z, E) < 1/n} and choose a measure p, supported in U,
with ||| > cap(U,) — 1/n. Let u be a weak accumulation point of {u,} and note

Un(2) = /log L‘du(w) < /log Ldun(w) <1

|z —w |z — w|
so p is admissible in the definition of cap(F). Thus
cap(E) > limsup ||uy|| = lim cap(U,,) = lim cap(U,,) = cap*(E).
U

We prove in Section A.7 that all Borel (indeed all analytic) sets are capacitable.

Sets of zero logarithmic capacity must be quite small.
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LEMMA 5.2.5. Suppose E is compact and supports a positive measure p so that
u(D(x, 7)) < o(r), where

> np(27) < oo,
n=0
Then E has positive capacity.

PRrROOF. The condition easily implies U, is bounded, hence supp(u) has positive
capacity. U

COROLLARY 5.2.6. If E C T s compact and has positive Hausdorff dimension,

then it has positive capacity.

ProoF. This follows from Frostman’s theorem (Theorem ?7) since if dim(E) > 0

then E supports a measure that satisfies u(D(z,7)) = O(r€) for some € > 0 and
>.,27" < o0 O

COROLLARY 5.2.7. If E C T has positive Lebesque measure, then it has positive

capacity. Moreover,
1

E) < .
cap(E) < 210g2+210gﬁ

PRroOF. This is the case d = 1 of the previous corollary. The estimate follows

because if 1 is Lebesgue measure restricted to F, then

w<2 [ flog 2~ L1 1
U,z §2/ log —dt = 2(log — — =|F|) < 2log2 + 2log —.
g 0 t B 2 ||

It is clear from the definitions that it is monotone

(32) ECF = cap(F) <cap(F).

and satisfies the regularity condition

(33) cap(F) = sup{cap(K) : K C F, Kcompact}.
LEMMA 5.2.8 (Sub-additive). For any sets {E,},

(34) cap(UE,) < anp(En).
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PROOF. We can write g = > pu, as a sum of singular measures so that p, gives
full mass to F,,. We can then restrict each u, to a compact subset k, of E, so that

tn(Ky) > (1 —€)u(E,). These restrictions are admissible for each E,, and hence

S cap(B) 2 Y () > (1= 3 il B) = (1= )l

Taking € — 0 proves the result. 0
COROLLARY 5.2.9. A countable union of zero capacity sets has zero capacity.
COROLLARY 5.2.10. Quter capacity is also sub-additive.

PROOF. Given sets {E,} chose open sets V,, D E,, so that cap(V},) < cap*(E,) +
€27". By the sub-additivity of capacity

cap”(UE,) < cap(UV,) < ) cap(Va) < e+ ) cap”(Ey).
Taking € — proves the result. 0

Although capacity informally “measures” the size of a set, it is not additive, and
hence not a measure.

EXERCISE: Show that if E, F' C T are disjoint compact sets, each with positive
logarithmic capacity, then cap(F) + cap(F') > cap(E U F).

LEMMA 5.2.11. If E is compact, there exists an admissible p that attains the
mazimum mass in the definition of capacity and U,(z) = 1 everywhere on E, except

possible a set of capacity zero.

PROOF. Let p, be a sequence of measures on F so that ||u,| — cap(F) and
U, = U,, is bounded above by 1 on E (such a sequence exists by the definition
of logarithmic capacity). By Lemma 5.2.2 U, is also bounded above by 1. Also,
by a standard property of weak™ convergence ||u|| < liminf ||u,|| = cap(£), and by
Lemma 5.2.3,

I(p) < liminf I(p,) < liminf [|p, ] = cap(£),
so we must have I(u) = cap(F).

First we claim that U, > 1 except possibly on a set of zero capacity. Otherwise
let ' C E be a set of positive capacity on which U, < 1 — € and let ¢ be a non-zero,

positive measure on 7" which potential bounded by 1. Define

e = (1—t)pu+to.
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This is a measure on F so that

I(w) < /log

< (1 —t)2l(u)+2t/UHda+t2I(a)

(1= O+ 1d0) (1 = t)dye -+ tdo)

IN

I(p) —2tI(p) + 2t / U,do + O(t?)
I(p) = 2tI(p) + 2t(1 = )||o|| + O(t?)
I(w),

IN

A

if £ > 0 is small enough. This contradicts minimality of p.

Next we show that U, < 1 everywhere on the closed support of . By the
previous step we know U, > 1 except on capacity zero, hence except on a set of
p-measure zero. If there is a point z in the support of p such that U,(z) > 1, then
by lower semi-continuity of potentials, U, is > 1 + € on some neighborhood of z and
this neighborhood has positive 1 measure (since z is in the support of p) and thus
I(p) = [Uudp > ||p]|, a contradiction. O

5.3. Pfluger’s theorem

THEOREM 5.3.1 (Pfluger’s theorem). If 0 € K C D is a compact connected set
with smooth boundary then there are constants Cy,Cs depending only on K so that
following holds. For any E C T that is a finite union of closed intervals, t

b
cap(L)

+Cl STI’)\(.FE)) S +02,

cap(E)

where Fg is the path family connecting K to E.

PRrROOF. Let K* be the reflection of K across T and let 2 be the connected
component of C \ (£ U K U K*) that has E on its boundary. Let h(z) be the
harmonic function in €2 with boundary values 0 on K and K* and boundary value 1
on E. By the usual theory of the Dirichlet problem, all boundary points are regular
(since all boundary components are non-degenerate continua) and hence h extends
continuously to the boundary with the correct boundary values. Moreover, h is

symmetric with respect to T, and this implies its normal derivative on T \ E is 0.
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Clearly |Vh| is an admissible metric for F, so
M(F) < D(h) = / |Vh|*dzdy.
D\K
We wish to show equality holds.
By Green’s theorem and the fact that h =1 on E,

oh oh oh oh
—ds=— | —ds=— | —ds=— | h—ds.
/BK(?nS /T@ns /E(?ns /E 8n8
and this

oh 1 [ 0h?)
/aKa—ndS = —§/E“—an ds

1/ O(H?) 1/ a(h?) 1/ )
= = ds + = ds + — A(h*)dxdy.
2 T\E an 2 OK 877/ 2 D\K ( )

The first term is zero because h has normal derivative zero onT \ E, and hence

the same is true for h%2. The second term is zero because h is zero on K and so

%}i)fﬁ = th—z = 0. To evaluate the third term, we use the identity
A(R?) = 2hy-hy+2h-hyy+2hy - hy+2h-hy, = 2hAR+2Vh-Vh = 2h-04+2|Vh|?* = 2|VhA|?,

to deduce

1
= A(h?)dzdy = / A(h?)dzdy.

2 Jo\x D\ K

oh
—ds = / A(R?)dzdy.
/8K on D\ K (")

Thus the tangential derivative of h’s harmonic conjugate has integral D(h) around
OK and therefore 2rh/D(h) is the real part of a holomorphic function g on D\ K.
Then f = exp(g) maps D\ K into the annulus A = {z : 1 < |z| < exp(27/D(h)) with

the components of E mapping to arcs of the outer circle and the components of T\ £

Therefore,

mapping to radial slits. The path family F maps the the path family connecting the
inner and outer circles without hitting the radial slits, and our earlier computations
show the modulus of this family is 1/D(h).

Now we have to relate D(h) to the logarithmic capacity of E. Let p be the
equilibrium probability measure for £. We know in general that U, = 7 where
v = 1/cap(F) almost everywhere on E (since sets of zero capacity have zero measure)

and is continuous off £, but since U, is harmonic in D and equals the Poisson integral



5.3. PFLUGER’S THEOREM 115

of its boundary values, we can deduce U, = 7 everywhere on E. Let v(z) = (U,(2)+
U,(1/Z). Then since 0K has positive distance from 0 we there are constants Cy, Cy

so that
’U—|-01§0, U+02207
on OK. Note that C; > —v by the maximum principle and ¢, > 0 trivially. Thus by
the maximum principle,
WG
v+ G
Since we have equality on E, we get on E
0 v(z)+Cl) < oh < 0 v(z)+ Cy
on- v+Cy "7 0n = 0on v+

v(2) + Cy
Y+C

).

When we integrate over £, the middle term is —D(h) (we computed this above) and

by Green’s theorem

81)(2)—1—01 1 /
Y R AIG i i P A(v)dad
Ean '}/‘i‘Cl N 7"‘01 D (U>xy
T
o+ G

because v is harmonic except for a %log |71‘ pole at the origin. A similar computation

holds for the other term and hence

T T
< D(h)=MF) < ——F,
v+ C () ( )_'y—i-Cg
since D(h) = [,, %ds. Hence
v+ Ch S’/T)\(f) < v+ Chs.
This completes the proof of Pfluger’s theorem for finite unions of intervals. 0

Next we will prove Pfluger’s theorem holds for all compact subsets of T. First we

need a technical result that implies a continuity property of extremal length.

LEMMA 5.3.2. Suppose E N'T is compact, K C D is compact, connected and
contains the origin and F is the path family connecting K and E in D\ K. Fiz
an admissible metric p for F and for each z € T, define f(z) = inf f7 pds where the

infimum is over all paths in F that connect K to z. Then f is lower semi-continuous.
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PROOF. Suppose zy € T and use Cauchy-Schwarz to get

2" -n 2T
/ [ / pds)*dr < / / 2 pdrdf
2-n=1 Jz|=r 2-n=1.J0

< w2 / prdxdy
2—n—lg|z—zp|<2—

= o(27").

Therefore we can choose circular cross-cuts {v,} C {z: 2™ 1 < |z — 2| <2 of D
centered at zg and with p-length ¢, tending to 0. By taking s subsequence we may
assume » €, < 0.

Now choose z,, — zg with

f(zn) — o = liminf f(z).

2—20
We want to show that there is a path connecting K to zy whose p-length is as close to
a as we wish. Passing to a subsequence we may assume z,, is separated from K by §,,.
Let ¢, be the infimum of p-lengths of paths connecting +,, and 7,,+1. By considering a
path connecting K to z,, we see that > | ¢ < f(z,), for all n and hence >~ ¢, < a.

Now choose € > 0 and choose n so that we can connect K to z, (and hence to
7n) by a path of p-length less than o + e. We can then connect ~,, to zy by a infinite
concatenation of arcs of v, k£ > n and paths connecting 4 to 7,41 that have total
length Y >(e, + ¢,) = o(1). Thus K can be connected to zy by a path of p-length as

close to «v as we wish. O

COROLLARY 5.3.3. Suppose E C T is compact and € > 0. then there is a finite
collection of closed intervals F so that E C F' and

PROOF. By Lemma 5.3.2,
M(.FE) + € )1/2}
M(.FE) + 2€ ’

is open, and therefore we can choose a set F' of the desired form inside V. Then p/r

V={zeT: f(z) >r=(

is admissible for Fr, so
M(./—"E) +e€

M(FF) < /(g)zdl'dy = M(Fp) + 26

Thus an inequality in the opposite direction holds for extremal length. U

/p2da:dy < M(Fg) + e
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COROLLARY 5.3.4. Pfluger’s theorem holds for all compact subsets of T.

PROOF. Suppose Fis compact and choose sets E, \, E that are finite unions of

closed intervals. We have proven both

and
cap(E,) — cap(E),

the inequalities in in Pfluger’s theorem extend to E. O

5.4. Estimates of Ahlfors and Beurling

The usefulness of extremal length is its ability to estimate a conformal invariant
in terms of geometry (length and area). Using extremal length we can estimate loga-
rithmic capacity, and logarithmic capacity bounds Lebesgue measure, and Lebesgue
measure on the disk corresponds to harmonic measure on a simply connected domain.

More precisely,

COROLLARY 5.4.1. Suppose 2 is a Jordan domain, zy € Q2 with dist(zp,092) > 1
and E C 0. Let F be the family of curves in Q0 which separates D(zo,1/2) from
E. Then w(zp, E,Q) < Cexp(—mM(F)). If E C 02 is an arc then the inequality is

actually a similarity.
One of the most famous and most useful applications of this idea is

COROLLARY 5.4.2 (Ahlfors distortion theorem). Suppose Q) is a Jordan domain,
2o € Q with dist(z9,00) > 1 and x € 0). For each 0 < t < 1 let £(t) be the length of
QN{|w—z| =t}. Then there is an absolute C < oo, so that

dt

w(zo, D(z,71),0Q) < Cexp(—w/ @)

PROOF. Let K be the disk of radius 1/2 around 2, and let F be the family of
curves in € which separate D(z,r) N 02 from K. Let F; C F be the collection of

curves of the form

L; =Qn{|lw—z| =t}
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if p is admissible for F then it is admissible for F; and hence

1< / pds < (/ pPds)L(t),
Lt Lt
1 1
//p2dsdt2/ ﬂ
s Ly T E(t)

M(F) z/ %

which proves the result by the previous corollary. 0

SO

This proves

For an alternate version of this using line segments instead of circular arcs, see

Exercise 77.

COROLLARY 5.4.3 (Beurling’s estimate). There is a C' < 0o so that if Q is simply
connected, z € ) and d = dist(z,00) then for any 0 <r <1 and any x € 082,

w(z, D(z,rd), Q) < Cr'/?
ProOOF. Apply Corollary 5.4.2 at = and use 0(t) < 27t to get
ex (—W/di) < Cex (—110 r) < CVr
0

An important consequence of the this result is that harmonic measure on a simply
connected domain must give zero measure to any set of Hausdorff dimension less than
%. This was the first in a chain of results on planar harmonic measure that eventually
led to Makarov’s stunning result that harmonic measure for a planar simply connected
domain is always one dimensional, i.e., it gives zero measure to any set of dimension
< 1 but always gives full measure to some set on dimension = 1. See Makarov’s
paper[88] (and [?], [59] for surveys of developments since Makarov’s original result).

The following version of Beurling’s theorem will be useful later.

LEMMA 5.4.4. Suppose U is simply connected, K is compact, non-trivial and
connected, and f : U — V = C\ V is holomorphic. Fiz x € K and r > 0 and set
E,={wedU:|f(w)—=x| <r}. Then

W(E,, 2, U \ E,) <max(1,Cr'/?),
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where C' depends only diam(K) and a lower bound for dist(f(z), K).

PrROOF. Let v(z) = w(D(x,2r),z,V) and 21 = f(z). By Beurling’s theorem
v(z1) < Or'/2, where C' depends only on lower bounds for diam(K) and dist(z;, K).
Also, v > ¢ > 0 on D(z,r), since w(z, D(x,2r),V), is bounded away from zero on
D(z,r)NV. Thus u(z) = u(f(2)) is harmonic in U,

u(z0) = v(z1) < Cr'/2,
and u(z) > c on E,. Thus
w(zo, E,, U\ E;) < %C’rlﬂ.
U

The following is a stronger version of Ahlfors’ estimate, and is proved by different

techniques. We shall not give a proof here; see Appendix G of [59].

THEOREM 5.4.5 (Carleman’s estimate). Let Q C C be a domain and let
Q=0n{y:z+iy € Q}

be the intersection of Q with the vertical line through x. Let E, = 0QN{x+iy : © > b}.
Suppose each set €, has length less than M and let {(x) denote the length of the
longest segment in €. Suppose z = a + iy € 2, d = dist(z,00) and b > a. Then

dx

w(a+ iy, By, Q) < 2A ; /be (27 /t Sy )dt) 2
X .
y7 bs — 9 2 u p " g(x)

This result is very helpful when considering the harmonic measure of a boundary
set that can be approached in several different ways through the domain €2, e.g., see
Figure 13. We sketch the proof of Carleman’s inequality as a series of exercises.

EXERCISE: prove Wirtinger’s inequality: if g,¢’ are real valued and g(a) =

g(b) = 0, then
' T o "
[rar< T [ g

EXERCISE: Set w(z) = w(z, Ep, 2 and

t
Al) = / / IVeo|2dyde.
0 Qg

Use Green’s theorem to prove that for 0 < z < b,
Al(z) > 2rA(x) /().
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EXERCISE: Define p(r) = [, w?dy. Show

)
() < 2m/l(z).
EXERCISE: Set p(z) = 2r/¢(z) and

o) = (el [ duar

"

Show that

<

(p//

(log " —log /)’ = 7 —

and deduce by integration that p(z)(t) < (t)y(z
EXERCISE: Prove

00) = v+ [ o [ e el [ aasr

0,

;) =

=

whenever 0 < x < t.

~—

o [P

b
> v+ g [ el [ uts)ds)
EXERCISE: Prove

Deduce Carleman’s inequality.

FicURE 13. When estimating the harmonic measure of the right-
hand vertical side, Ahlfors’ estimate ignores the slits, but Carleman’s
estimate does not and gives a smaller upper bound

5.5. Boundary values of conformal maps
Suppose 0f is bounded in R? and f : D — € is conformal. For 0 < r < 1, let

ay(r) = area(@\ £(D(0,r))).
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Since 0f) is compact it is easy to see that this tends to zero as r — 1.

LEMMA 5.5.1. Suppose f: D — € is conformal and for R > 1,
E={zeT:|f(x)] > Rdist(f(0),00)}.
Then E has capacity < 27/log R. Then |E| < CR™Y2 (with C independent of §2).

PROOF. Assume f(0) = 0 and dist(0,09) = 1 and let p(z) = |z|7'/log R for
z € QNA{l < |z| < R}. Then p is admissible for the path family connecting
D(0,1/2) to 9\ D(0,R) and [[ p*’dzdy < 2m/log R. By the Koebe distortion
theorem f~1(D(0,1/2)) is contained in a compact subset of D, independent of €.
The result follows by Theorem ?7. O

COROLLARY 5.5.2. Suppose f : D — Q is conformal and a € CU{oc}. Then the

set where f has radial limit a has zero capacity.

PROOF. When a = oo, this is immediate from the previous result. If a € 00\

{oo}, we can reduce to the case a = oo by applying the conformal transformation
z — 1/(a — z). The cases a ¢ 0f) are trivial. O

Lemma 5.5.1 also follows from a stronger result of Balogh and Bonk in [11].

LEMMA 5.5.3. There is a C' < oo so that the following holds. Suppose f : 1D — )
and $ <r < 1. Let E={x € T:|f(sz) — f(rz)| > & for somer < s < 1}. Then

the extremal length of the path family P connecting D(0,r) to E is bounded below by
62/Caf(r).
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PROOF. Suppose z,w € (2, suppose v is the hyperbolic geodesic connecting z and
w and suppose 7 is any path in {2 connecting these points. By the Gehring-Hayman
inequality (Theorem 5.1.14) there is a universal C' < oo such that ((y) < CU(7)
(here ¢(7) denotes the length of v). In other words, up to a constant, the hyperbolic
geodesic has the shortest Euclidean length amongst all curves in 2 connecting the
two points.

Now suppose we apply this with z = f(sz) and w € f(D(0,r)). Then the length
of any curve from w to z is at least 1/C' times the length of the hyperbolic geodesic
~v between them. But this geodesic has a segment 7y that lies within a uniformly
bounded distance of the geodesic 7, from f(rz) to z. By the Koebe distortion theorem
7o and y; have comparable Euclidean lengths, and clearly the length of 7, is at least
9. Thus the length of any path from f(D(0,7)) to f(sx) is at least §/C. Now let
p=C/5in Q\ f(D(0,r)) and 0 elsewhere. Then p is admissible for f(P) and

[[ p*dzdy is bounded by C?a(r)/§*. Thus A(P) > %. O

COROLLARY 5.5.4. If f : D — Q is conformal, then f has radial limits except on

a set of zero capacity (and hence has finite radial limits a.e. on T).

PRrROOF. Let E,; C T be the set of € T so that diam(f(rz,z)) > d, and let
Es = NMo<r<1Ey 5. It f does not have a radial limit at « € T, then z € Es for some
0 > 0, and this has zero capacity by the previous result. Taking the union over a
sequence of ¢’s tending to zero proves the result. The set where f has a radial limit
oo has zero capacity by Lemma 5.5.1, so we deduce f has finite radial limits except

on zero capacity. O

We will need the following corollary of Lemma 5.5.1 in the chapter on quasicon-

formal mappings (it is used in the proof that 1-quasiconformal maps are conformal).

COROLLARY 5.5.5. There is an absolute C' < oo so that the following holds.
Suppose ¢ is a conformal map from a € X 1 rectangle R to a Jordan domain that
contains no disk larger than 0. Then for every y € [0,1] there is a t € (0,1) with
|t —y| < € and such that the horizontal cross-cut of R at height t maps to a arc of
length C'9.

5) and choose a conformal map ¢ : D — R

that sends 0 to (5,y). Then apply the previous result to ® = ¢ o9 to deduce that

PROOF. First assume y € (5,1 —
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except for a set of small measure in I = [y — ¢,y + ¢/, all the horizontal cross-cuts
corresponding to this interval have length bounded by |®(0)] < Cd (by the Koebe
theorem). O

THEOREM 5.5.6 (Caratheodory). If f : D — Q is a conformal map onto a Jordan

domain, then f extends continuously to the boundary.

PROOF. Since 01 is a Jordan curve, it is the continuous image of the unit circle
T under a map g. Since T is compact, g is uniformly continuous. This means that
for any € > 0 there is an n > 0 so that |z — y| < n implies |g(z) — g(y)| < €. Let
o = min{|g(z) — g(y)| : |x —y| = n}. Then if z,w € 0N satisty |z — w| < o, then
z = g(z),w = g(y) for points x,y within 7 of each other. Thus the smaller arc
between z and w has diameter less than e.

Fix 0 small. Choose n so large that Q\ f(Dy/,) contains no disk of radius 4.
Choose {z;} to be n equally spaced points on the unit circle and choose interlaced
points {w;} so that |f(w;) — f(rw;)| < C§ where r =1 —1/n. Then

[ (wj) = f(wi2)| < [f(wj) = f (rwg) [+ f (rws) = f(rwje) [+ (rwge) = fwi)] < C9,

where the center term is bounded by Koebe’s theorem and the other two by definition.

Thus if § is so small that Cd < o, the shorter arc of 02 with endpoints f(w,)
and f(w;41) must have diameter < e. Thus the f image of the Carleson square with
base I; (the arc between w; and w;4; has diameter at most O(e). This implies f has

a continuous extension to the boundary. O

All we really need in the previous proof is that €2 has the property that for every
€ > 0 there is a 0 > 0 so that if v is a cross-cut of (2 with length < ¢, then there
is a component of 2 that has diameter < e. The converse, statement is obvious, so
this condition on €2 characterizes the planar domains for which the conformal map
extends continuously to the boundary. This condition can be shown to be equivalent
to 082 being locally connected, which is also equivalent to 0f) being the continuous
image of T.

It is an unfortunate fact that just because a sequence on conformal maps { f,,} on D
converges uniformly on compact sets to a conformal map f, the boundary values need

not converge on the boundary; see the example illustrated in Figure ?7?7. However,
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the conformal boundary values will converge if there is any parameterization of the

boundaries that converge:

LEMMA 5.5.7. Suppose {f,} are conformal maps of D — Q,, that converge uni-
formly on compact subsets of D to a conformal map f : D — . Suppose that the
boundary of each Q, is the homeomorphic image 082, = 0,(T) and that {o,} con-
verges uniformly on T to a homeomorphism o : T — 0. Then f, — f uniformly on
the D.

PRrROOF. Fix ¢ > 0 and choose n so large that if we divide T into n equal sized
intervals J;, then ¢ maps each of them to a set [; of diameter < e. Let ]J’»g = fu(J;).
Because o, — o uniformly, the sets [; all have diameter < € too, if k is large enough.

Next choose 6 > 0 so small that if k,m > 1/6 and 0,,(J;) and o4(J;) contain
points at most distance C9 apart, then J; and J, are the same or adjacent to each
other (the absolute constant C' will be determined below). We can do this because
of the uniform convergence and the fact that o is 1-to-1. By passing to the limit the
same property holds if we replace o, by o.

Next choose m so large that f(ID)\ f((1—+)D) is contained in an é-neighborhood
of 9. Choose m points {z;} equally spaced on the circle |z| =1—L andlet K; C T
be the arc centered at z;/|z;| of length 47 /m. By Lemma 5.5.1 choose a point w; € K;
so that [w; — z;| < 2/m and | f(jm) — f(jm)| < Ce. Similarly, choose points w¥ € K;
so that |f(w}) — fi(z;)] < 2C9. This is possible since fr — f uniformly on the
compact set {|z] < 1 — L} and thus 9f,(D) is contained in an 24-neighborhood of
0f) for k large enough and 0€); is contained in a d-neighborhood of 02 because of
the uniform convergence of the parameterizations.

By taking m larger, if necessary, we can also arrange that each I; contains at
least one of the points f(z,,/|zm|). Thus each f(K;) is mapped into the union of at
most 2 of the I; and hence its image has diameter at most 2e. Also, the points f(w?,)
and f(wb) are at most C'§ apart, so belong to the same or adjacent sets I;. Thus
fr(K,) is a union of at most 4 such adjacent sets and hence has diameter O(e).

For each w} there is an arc J; so that fi(w)ok(J;). Similarly, there is an arc J;
so that f(w,) € I, = o(J;). Since f — f uniformly on the finite set {2,}, we have,
for k sufficiently large

[ fi(wn) = f (wa)l < |fiowi) = fu(za)l+ 1 fo(zn) = F () |41 (z0) = f(wn)| < (2C+1+C)s.
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Since fy(wF) € I; and f(wF) € I;, I; and I; are within C§ of each other, and hence J;
and J; are either the same or adjacent. Since I; and I; each have diameter < ¢, there
union has diameter < 2¢ and the union of the intervals adjacent to these is at most 4e.
Similarly for I} and J;. Thus f,(K,) and f(K,) are contained in O(e)-neighborhoods
of each other. Thus f; — f uniformly on T. By the maximum principle, this implies

uniform convergence on the closed disk, as desired. 0

Even without the convergence of parameterizations, uniform convergence on com-
pact sets implies convergence of a subsequence on on “most” of the boundary. See
?7].

(reminder -Cite Lundberg and David Hamilton)

Another inconvenient fact is that conformal maps do not have to extend con-
tinuously to the boundary. We noted above however, that radial do exist almost
everywhere. Another convenient substitute for full continuity says that every con-
formal map is continuous on a subdomain of ) whose boundary hits “most of” 0D.
The precise statement requires a new definition.

Given a compact set £ C T we will now define the associated “sawtooth” region
W Suppose {I,,} are the connected components of T\ E and for each n let 7,,(6) be
the circular arc in D with the same endpoints as I, and which makes angle 6 with
I, (so v,(0) = I, and ~,(7w/2) is the hyperbolic geodesic with the same endpoints as
I,,). Let C,,(0) be the region bounded by I,, and ~,(), and let Wg(0) = D\ U, C,(0).

FIGURE 14. The sawtooth domain Wg

Let Wg = Wg(n/8) (and let W5 C D* be its reflection across T).
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Iff:D—Qand 0 <r <1, then define
dy(r) = sup{|f(z) — f(w)] : [2] = |w[ =7 and [z —w| <1 —r}.

If 02 is bounded in the plane, then it is easy to see this goes to zero as r * 1, since
otherwise any neighborhood of 92 would contain infinitely many disjoint disks of a

fixed, positive size.

LEMMA 5.5.8. Suppose f: D — Q C S? is conformal. Then for any ¢ > 0 there
is a compact set E C T with cap(T \ E) < € such that f is continuous on Wpg.

Proor. By applying a square root and a Mdbius transformation, we may assume
that 0€) is bounded in the plane. Given r < 1 let

E(e,r)={xz € T:|f(sx) — f(tx)| > € for some r < s <t < 1}
and note that by Lemmas 77 and 5.5.3
|B(e, )| < exp(—mé/Ca(r).

Moreover, this set is open since f is continuous at the points sz and tx. So if we
take €, = 27", we can choose r, so close to 1 that |E(e,,r,)| < e27". If we define
E =T\ U,>1E,, then F is closed and T \ E has length < e by subadditivity .

To show f is continuous at every z € Wg, we want to show that |z — y| small
implies |f(z) — f(y)| is small. We only have to consider points x € OWgr N T. First
suppose y € OWg NT. Choose the maximal n so that s = |z —y| < 1 —r,. Then
x,y & E,, so

[f(2) = f)l < |f(2) = f(s2)| + |f(sz) = fsy)| + |f(sy) = f(W)l-

The first and last terms on the right are < ¢,_; by the definition of E. The middle
term is at most ds(1 — s) (which tends to 0 as s — 0). Thus |f(z) — f(y)| is small if
|z — y| is.

Now suppose z € OWrNT, y € OWg \ T. From the definition of Wy it is easy to
see there is a point w € OWg N T such that |w —y| < 2(1 — |y|) < 2|z — y|. For the
point w we know by the argument above that |f(z) — f(w)]| is small. On the other
hand, if t = 1 — |y|, then

[f(y) = f(w)| < [f(y) = f{tw)| + |f(tw) = f(w)].
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The first term is bounded by C'ds(1 —t) and the second is small since w ¢ E,,. Thus
|f(z) — f(y)| is small depending only on |z — y|. Hence f is continuous on Wg. [

reminder - check this:

LEMMA 5.5.9. If {f,} is a sequence of K-quasiconformal maps that converges
uniformly to a homeomorphism f and iy, — 0 almost everywhere, then f is confor-

mal.

PROOF. O

5.6. Maps between Fatou components

We showed earlier (Lemma 2.6.2) that a multiply connected Fatou component of
f is always mapped onto a Fatou component by f. Our next result says that this
is almost true for simply connected components; there is at most one omitted point.
This result is due to Herring [70] and independently, Bergweiler and Rohde [20]. See
also [33], [34]. We first need a fact about covering maps and capacity.

LEMMA 5.6.1. If p : D — C** is the covering map of the twice puncture sphere,
then there is a set E C T of positive capacity and a subdomain Q C D with 02NID =
E so that p is bounded and bounded away from 0 and 1 as z approaches E through €.

Proor. Lift “figure 8” subdomain to disk and show by explicit construction that

its cover is quasiconformally equivalent to a slit rectangle. U

COROLLARY 5.6.2. If g : D — D is holomorphic and D\ g(D) contains at least
two points {a,b} , then there is a set of positive logarithmic capacity in 0D where |g|

does not have radial limit 1.

PROOF. Factor g has hop, where p : D — D\ {a, b} is the universal covering map
and A : D — D is holomorphic.

By the previous lemma there is a domain 2 C D and path family F of finite
extremal length in € connecting an arc K C 02 to a set £ C T N2, so that p stays
bounded away from T, a and b in €.

Consider h~1(Q). Consider defining h~! on different paths v € F starting at the

endpoint on K. The inverse is well defined and conformal in a neighborhood of each
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L

FIGURE 15. The slit rectangle on the top can be QC mapped to
the “tuning fork” below it, which in turn can be QC mapped to the
Riemann surface where each tine of the fork wraps around the two
shown points in different ways but both attach to the starting segment.
By adjoining maps in this way we can construct a map of the region 2
on the bottom into the twice punctured disk so that the path family of
horizontal lines in €2 is mapped to a family of paths that wrap around
the two omitted points in the disk infinitely often. This path family
has positive extremal length. Thus lifting it to the disk gives a path
family that hits the unit circle in positive capacity.

point w unless w is a singular value of h or the inverse image of v up to w tends
to the unit circle. The first case can only happen countable often and removing the

remainder of v from €2 leaves a new domain 2 and path family that still has finite
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extremal length. In the second case, the inverse image of v up to w is a path that hits
the unit circle and along which f approached p(w) € D. If the set of curves where
this happens has finite extremal length we are done. It is does not, then the set of
paths where h~! is well defined had finite extremal length, and along these paths | f|
is bounded away from 1.

Thus the lemma holds in either case. O

THEOREM 5.6.3. If U,V are Fatou components of f such that f(U) C V then
V\ f(U) contains at most one point.

Proor. If w € V' \ f(U), then f has w as a asymptotic value along a curve
in U and thus U,V are both simply connected by Corollary 2.6.8. Thus there are
conformal maps ¢ : D — U and ¢ : D — V so that ¢! o ¢ is a holomorphic map
g:D—D.

By Theorem 7?7 ¢ has a finite radial limit everywhere except a set of zero capacity
and the limits lie on OU = 0p (D). Thus, except for a set of capacity zero, f o ¢ has
limits in f(OU). The latter set is contained in both the Julia set of f and the
closure of V', so must be contained in V. Thus, except for capacity zero, |g(re?)| =
1"t o fop(re?)| tends to 1 as r * 1 limit on the same set. But Lemma ?? shows
that if D\ g(ID) contains two points, then there is a set of positive capacity on which

g does not tend to 1, a contradiction. 0

A holomorphic function f on D is called a an inner function if |f| < 1 on D
and |f| has non-tangential limit 1 almost everywhere on dD. Such functions play a

crucial role in function theory on D, e.g., see [58]

LEMMA 5.6.4. If U,V are simply connected Fatou components, f(U) C V and
0:D — U and v : D — V are conformal maps, then g = ¥~ o f o ¢ is an inner

function.

PROOF. If not, then there is a set ' C 9D of positive measure where |g| has non-
tangential limit < 1—e < 1 and ¢ has well defined limits. This means p(F) C 9U is a
set of positive harmonic measure that maps under f into V' (not onto 9V'). However,

these would be Julia set points mapping into the Fatou set, which is impossible. [J
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LEMMA 5.6.5. IfU is a forward invariant Fatou component of f, f is not univalent
on U and E C 9U is invariant, i.e., f~*(E)NOU = E then E either has harmonic
measure zero or 1. Under the same hypotheses, p(E) either has zero capacity or full

capacity (where ¢ is a conformal map of U to D.)

ProoF. Follows from ergodicity of inner functions. Neuwrith 1978 ergodicity of
some mappings of the circle and line, [103] Pommerenke 1981 Ergodic properties of

inner functions [107]. O

5.7. I(f)U{oco} is connected

In this section we give some results of Rippon and Stallard from “Boundaries of

escaping Fatou components” [117].

THEOREM 5.7.1. Suppose [ is a transcendental entire function and €2 is a wan-
dering component of the Fatou set that escapes. Then almost every point of 02 with

respect to harmonic measure escapes.

PRrooOF. If Q is multiply connected, then every boundary point is escaping (Lemma??),
so we may assume that €2 is simply connected. Set €2, = f™(£2). Choose zy € Q = Q,
set z, = f"(20) and let ¢ : D — Q be a conformal map with ¢(0) = z, and let
©n = [M"op. Let
E} ={weT: |pn(w)| <m},
E™ = Nk Un>k E;na
E=U,E™.

The set £ maps under ¢ to the boundary points that do not escape, so it suffices to
show this set has zero measure. Therefore it suffices to show that each £™ has zero

measure. To prove this, it suffices to show that for each fixed m,
Z |E| < o0.
n

Since z, escapes, we can choose N so large that n > N implies |z,| > 2m.
For each such n, let ~, be the union of crosscuts in €, N {|z|} that separate z,
from Q, N {|z| < m}. Since the Q,’s are disjoint, so are the crosscuts 7,. Let
U = {]z] > m} U{oo}. Clearly

B < w(zn, Y, ) < w(2n, Yoy Un),
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and by Harnack’s inequality,

w(zTH ’-)/717 Um) = CU(OO, f}/ny Um)v

and the latter is sums to at most 1. Thus almost every point of 992 (with respect to

harmonic measure in (2) is escaping. O

COROLLARY 5.7.2. If f is a transcendental entire function, then any bounded
component of I(f) meets T(f).

PRrooF. If E is bounded component of I(f) that does not meet J(f) then it is
contained in a Fatou component, and hence is an escaping Fatou component with
no escaping boundary points. Since [ is escaping and bounded, it must also be

wandering, so this is impossible by Theorem 5.7.1. U

LEMMA 5.7.3. Suppose f is a transcendental entire function. If U is a bounded

simply connected domain that hits the Julia set, then OU contains an escaping point.

PROOF. Let 7, be the outer boundary of f"(U). Since U hits the Julia set,
iterates of U cover every compact set in the plane (Lemma ?7), so v, eventually
surrounds 0 and dist(,,0) — co. The compact sets K,, = {z € 90U : f*(z) € v,}
thus form a nested sequence of non-empty compact sets and hence has non-empty

intersection. Any point in the intersection is escaping, which proves the result. [

THEOREM b5.7.4. If f is a transcendental entire function, then I(f) U {oo} is

connected.

Proor. If K = I(f) U {oo} is disconnected, then there are disjoint open sets
U,V that cover K and both hit K. One of these contains co, say V. Then U is
bounded, and by adding in the bounded complementary components we may assume
U is simply connected and that U N I(f) = (. By Lemma 5.7.3, U can’t hit
the Julia set, so it is contained in a Fatou component, and this component must be
escaping (since U hits I(f)). If U were not the whole component, its boundary would
intersect the component and hence contain an escaping point, a contradiction.. Thus
U must be a bounded, escaping component of the Fatou set. Hence it is a wandering
component, so by Theorem 5.7.1 QUNI(f) # (), another contradiction. Thus K must

be connected. O
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LEMMA 5.7.5. If V is a Fatou component with OV C I(f) then V C I(f).

LEMMA 5.7.6. If V is a Fatou component and OV N I(f) has positive harmonic
measure. Then V C I(f).

PROOF. Suppose V is not escaping. Then V' is simply connected and by Egorov’s
theorem (Theorem 77?), there is a compact set £ C V of positive harmonic measure on
which | f™| — oo uniformly. By Lemma ??, Julia(f) contains a non-trivial continuum
K. Choose a € K and define

un(2) = log|f"(2) —al,
Fl'={z€dV:|f"(z)—al <27}
The {u,} are harmonic functions on V. Fix some z; € V. By Beurling’s projection
theorem (see Lemma 5.4.4),
w(z0, F™, V) < max(1,027™/?),
where the constant C' depends on diam(K') and dist(zg, V'), but nothing else. There-

fore on the set where u,, is negative.
/ Up(w)dw(w, z9, V') > —C’ZmZ’m/2 > —C > —o0.
Fo m>0

On the other hand
/ U (w)w(w, 29, V') = 400,
E

S0 Uy (29) — 0o. Thus every point of V' is escaping. O

LEMMA 5.7.7. Suppose U is a bounded domain with OU C I(f). Then U\NI(f) # 0
WUNIT(f) # 0.

PRrOOF. If U hits the Julia set, it contains non-escaping points since J(f) = 01(f)
(Lemma??). Conversely, if U does not hit the Julia set, then it is contained in a Fatou
component V. If U # V', then VN OU # (), so V contains an escaping point, hence
all of V' (and hence all of U) is escaping. If U = V then then 0V = 9U C I(f), and
this implies V' is escaping by Lemma 5.7.5. Thus U \ I(f) = 0. O

We say F C C has a hole if there is bounded domain Usuch that OU C E but
U\ E # (. We say E is an (infinite) spider’s web if there is a sequence {U,} of
bounded, nested, simply connected domains with oU,, C E.
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THEOREM 5.7.8. If I(f) has a hole, then I(f) is a spider’s web.

PROOF. By hypothesis, there is a bounded domain U with oU C I(f) and U \
I(f) # 0. By Lemma 5.7.7 this implies UNJ (f) #. Let v, denote the outer boundary
of f*(U). Since v, C f"(OU), v, C I(f), and by the “blowing-up property” of the
Julia set (Corollary 3.5.3), 7, eventually surrounds every point of the plane. Taking
U,, to the be region bounded by 7, proves I(f) is a spider’s web, once we show that
I(f) is connected.

Suppose I(f) is not connected and let Vi, Vo be two disjoint open sets that each
hit I(f) and together cover I(f). In particular, neither 0V; nor 9V, intersects I(f).
Vi and V5 can never hit the same set v, as above, since , is a connected subset of
I(f) (if they both hit ~,, this would prove =, is disconnected). Thus at least one
of them is bounded. Assume V; is bounded. By adding its bounded complementary
components, we may assume it is also simply connected. Suppose zg is an escaping
point in V; and choose N, so that n > N,, implies f™(z) is outside ~,, (we can do
this since zp is escaping). For such a n, 0f™(Vy) C f*(0Vy) C C\ I(f). Moreover,
since V) is connected, so is f"(0V;) and it does not intersect 7, (since the latter set
escapes and the former does not). Thus f7(V;) lies outside ~,, and since this occurs
for every m, we see that V; C I(f). This implies OV, C I(f), contrary to assumption.

O

COROLLARY 5.7.9. If f has a multiply connected Fatou component, then I(f) is

connected.

An alternate proof will be given in Corollary 6.8.13 Both proofs are due to Rippon
and Stallard, though they credit the idea of the proof given above to Noel Baker. In
2010 they found the above corollary in a notebook Baker used for rough work and
although he did not provide a proof there, his notes led them the proof above. The
alternate proof we give later is based on properties of the fast escaping set and was
given by Rippon and Stallard in 2005.

QUESTION: Suppose f is a transcendental entire function and €2 is a wandering
component of the Fatou set that escapes. Does 92 \ I(f) have zero capacity with
respect to 27 Since it is invariant it must have zero capacity or full capacity on the

boundary.
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EXERCISE: Suppose f is a transcendental entire function. Then I(f) either is
connected or has infinitely many connected components. (Corollary 5.1, [117]).

This is actually a special case of a more general fact.

EXERCISE: Suppose f is a transcendental entire function. Suppose E is com-
pletely invariant under f and J(f) = m The exactly one of the following
holds:

(1) E is connected.
(2) E has two components, one of which is a fixed point of f that is an excep-

tional point and in the Fatou set.

(Theorem 5.2, [117]).

EXERCISE: f(z) = 2% exp(2 — z) shows case (2) above can occur.

EXERCISE: In case (3) above, each neighborhood of a point in 7 (f) hits infinitely
many components of E. More generally, if A and B are completely invariant sets for
a transcendental entire function and D is a neighborhood of a point of J(f) so that
AN D meets only finitely many components of B, then A meets only finitely many
components of B (Theorem 5.3, [117]).

OPEN PROBLEM: If I(f) has infinitely many components, must it have un-

countably many components? The Julia set has this property.



CHAPTER 6

The fast escaping set

In both polynomial and transcendental dynamics, the Julia set is the boundary
of the escaping set, but this fact seems to play a more crucial role in transcendental
dynamics. For polynomials, all escaping points escape at essentially the same rate,
but for transcendental functions, there can be a wide range of escape rates, and the
escaping set can be partitioned in various interesting ways according to these escape
rates. This additional structure is interesting in it own right, but can also provide
insight into problems not originally formulated in terms of rates of escape. For exam-
ple, we shall see that that one can prove the escaping set always has an unbounded
component, by showing the so-called “fast escaping points” have an unbounded com-
ponent.

Given an entire function f, recall that M(r, f) = max{|f(z)| : |z| = r}. This is
a function from [0, 00) into itself, and so can be iterated. Let M"(r, f), be the nth

such iterate. It is easy to see that if |z| = r, then

[f" () < M (r, f),

since the left-hand side corresponds to following the orbit of a single point z, whereas
the right hand side can replace each orbit point by another point on the same circle
around the origin before applying f again. The extra freedom would seem to allow
the right-hand side to grow much more quickly than the left-hand side. Indeed, the
only way that the left-hand side could “keep up” was of every iterate of z landed on a
circle where | f| was approximately constant, so that moving to a different point of the
circle does not help. Remarkably, it is always possible to choose an initial z that does
this. This argument is due to Eremenko, and was the original proof that escaping
points exist. He used a result of Wiman and Valiron that for an entire function f, | f|
is close to constant on “most” large circles centered at the origin and that f closely
resembles a polynomial on these circles. This approach is based on power series and

135
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is described in Section A.11 of the appendix. We shall take alternative approach due
to Bergweiler, Rippon and Stallard that applies to functions holomorphic in simply
connected, unbounded Jordan subdomains of C. There method shows that if f is
entire and {z : |f(z)| > R} has more than one component, we can find escaping
orbits that stay inside any of these components, or that switch between components
on any prescribed schedule.

As an application of fast escaping points to a non-escaping type problem, we finish
the chapter with a result of Bergweiler about the Julia sets of maps from the once

punctured plane to itself.

6.1. Subharmonic functions

The proof of existence of fast escaping points depends crucially on estimates of the
growth entire functions, or on the growth of holomorphic functions defined on certain
unbounded subdomains called tracts. These estimates reduce to growth estimates for
the subharmonic function v = log | f|, so we start the chapter with a review of some
of the basic facts about subharmonic functions.

Recall that a real-valued function f on € is upper semi-continuous if {z :
f(2) < a} is open for every a € R.

EXERCISE: Show f is upper semi-continuous iff

limsup £() < f(w).

zZ—w

EXERCISE: Show that f is upper semi-continuous on {2 iff for every closed set
E C Q, f is the pointwise limit of decreasing sequence of continuous functions.

EXERCISE: Show the maximum of two upper semi-continuous functions is also
upper semi-continuous.

EXERCISE: Show that if f is upper-semi-continuous on a closed set ' and f > M
on a dense subset of F then f > M everywhere on E.

EXERCISE: If f is upper semi-continuous on 2 then f is bounded above on any
compact subset of (2.

A [—00, 00)-valued function v is subharmonic on € if it is upper semi-continuous
and satisfies the sub-mean-value value inequality

1 2m ”
< . K3
v(z) < 27T/0 v(z 4+ re”)db,
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whenever r is sufficiently small, depending on z. We will call this the “small circles
inequality. Subharmonic functions actually satisfy the same inequality whenever

D(z,7r) C , but this will require a proof (some texts take this to be the definition).

LEMMA 6.1.1 (The Maximum Principle). If v is subharmonic on a connected open

set Q) and it attains a mazximum n €2, then v is constant.

PROOF. The proof is the same as for harmonic functions. Suppose v attains a
maximum M at a € Q and consider a disk D(z,r) small enough so that

1 2T ]
M = v(a) < 2—/ o(a + re®)db.
0

™

By assumption v(a + re??) < M so we must have equality almost everywhere, and
hence on a dense set on the circle and hence everywhere on the circle. Thus v equals
M on an open disk around z and so {z : v(z) = M} is open and non-empty. On the
other hand {z :v(z) = M} ={z:v(z) > M} = {z : v(z) < M}°is closed. Since Q

is connected, v = M on all of €. O

The Poisson kernel on the unit circle with respect to the point a € D is given by
the formula

P(Q)— 1—|6L|2 _ 1_|a|2
N e — a2l 1 —2|alcos(8 — @) + |af?’

where a = |ale®®. Given an L' function f on the unit circle

u(z) = 5 / F(e)P.(c)d8

defines a harmonic function on the unit disk. If f is continous it is standard fact that

u has a continuous extenstion to the closed unit disk.

LEMMA 6.1.2. If f is upper semi-continuous on the unit circle and u is the Poisson
extension of f to the unit disk, then together u and f define an upper semi-continuous

function on the closed unit disk.

PROOF. Since f is upper semi-continuous on T, there are continuous functions
{fn} that converge pointwise downwards to f. The harmonic extensions {u,} of these
functions are continuous and converge downwards to an upper semi-continouous limit

v on the closed disk that equals f on the boundary. If we can show v = u on the
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interior, we are done. However this follows from either the Monotone Convergence

Theorem or the Lebesgue Dominated Convegence Theorem:
v(z) < liT{n un(z) = liT{n/fn(eie)Pz(eie)dQ
— / lim fu(e?)P,(e)d

= [ e

=u(z).

4

LEMMA 6.1.3. If v is subharmonic on the closure of D(a,r) and u is the Poisson
extension of v on {z : |z — a| = r} to the interior of the disk, then v < u. (This

Justifies the name “subharmonic”.)

PROOF. Suppose {g,} are continuous functions converging downwards to v and
let u,, be the harmonic extensions to the disk. Then v — u,, is subharmonic on the
open disk and limsup is v(x) — g,(z) < 0 as we approach any boundary point, so
v < u, on the whole disk. Thus v(z) < lim, u,(z). The prove that v = wu is just as

above. O

LEMMA 6.1.4. Suppose v is subharmonic on a domain Q and D(z,r) C Q. If we
replace v in D(x,r) by its Poisson extension, the resulting function u is sub-harmonic
on Q.

PrROOF. The upper semi-continuity is an earlier exercise. The “small circles”
mean value inequality is obvious except on the boundary of the circle, but we know
that v < u in the disk, so for a point z on dD(a,r),

u(z) = v(z) < L /:ﬂv(a +re?) < 2i /:ﬂ u(a + re').

— 27 T

EXERCISE: The maximum of two subharmonic functions is subharmonic.
EXERCISE: The supremum of a collection of subharmonic functions is subhar-

monic.
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EXERCISE: If v(x 4 iy) is subharmonic on C, but only depends on x, then v is
a convex function of x.

The main example of subharmonic functions we will encounter is log | f(z)| where
f is holomorphic on €2. This is harmonic except where f vanishes, and at these points

it equals —oo, and clearly satisfies the sub-mean-value inequality at such points.

COROLLARY 6.1.5. If v 1s subharmonic on ), then v satisfies the mean value

inequality on all disks with closure in €).

PROOF. Suppose D(z,7) C  and let g,, u, and u be as the proof of Lemma

6.1.2. Then by its harmonic extension u in D(x,r). Then
27 2
v(a) <wula) = lim/ gnla +7re?)dh = / v(a+re?)dh. O
" Jo 0
LEMMA 6.1.6. v is subharmonic on D(a,r), then

2w
I(t) = / o(a + te®)do
0
is an increasing function of t € (0,r).

PROOF. Suppose 0 <t < s < r. If we replace v on D(a,t) by the Poisson exten-
sion of it boundary values we get another subharmonic function w that is harmonic
on D(a,t) and subharmonic on D(0,7). Thus u = v on both{|z| = ¢} and {|z| = s},

SO

COROLLARY 6.1.7. If v is subharmonic and smooth on §), then

27rav ”
— te'”)do >
i an(a—l— e”)dg >0

whenever D(a,t) C €; here n denotes the outward pointing normal for the circle..

LEMMA 6.1.8. If ¢ is a smooth, radial function supported in D(0,€) and v is

subharmonic on ) then the convolution of ¢ and v

u(z) = [ [ 0z = wyotw)dady,

is subharmonic on Q. = {z € Q : dist(z,0Q) > €}, is smooth and u > v.
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Proor. If is a standard fact that the convolution is smooth if ¢ is smooht. Next,

for a € Q, that fact that 1/1 is radial and has mass one implies

1 2

) 2m 1
— u(a +te'dp) = / /w reYv(a + te' + re')rdrdd]de
2m 27T 0

2T 2T
- / / v(a + te' + re)de)rdrdd]

> // (a + re®)(re)do]rdr

— /@Dre 27r/ v(a + re*)df]rdr

This shows both that u is subharmonic and the u > v. O

Just as harmonic function are a 2-dimensional analog of linear functions, subhar-
monic functions are an analog of convex functions, and like convex functions, they

have positive measures as their (distributional) Laplacians.
LEMMA 6.1.9. If v is subharmonic on C then Av is a positive measure.

PROOF. If v is a smooth subharmonic function on the closure of smooth domain

2, then Green’s theorem says
// uAv — vAudxdy = u@ — v@ds.
Q o0

Taking Q = D(z,r) a disk u = 1, gives

// Av = / % >0,
|z—al<r |z—al=r on

so Av > 0. In general, we can smooth v by convolving by a smooth radial bump
function of small support and to get approximations v,, that converge downward to v
(downwards because v is subharmonic). If u is a non-negative compactly supported

test function in €2 then the boundary integrals in Green’s theorem vanish and

0< // uAv,drdy = — // v, Audrdy — — // vAudzxdy,
Q Q Q
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which means Av > 0 in the sense of distributions. A positive distribution is a positive

measure (e.g., see Folland’s book [?], Theorem 77). O

The positive measure associated to v will be denoted p,, or Awv. This is called the
Riesz measure associated to v.

EXERCISE: If p is a finite positive measure supported on a compact set F, then

Uu(2) = [ 1oglz ~ wldu(u).
is a subharmonic function on the plane with AU, = p.

The subharmonic functions we will consider are mostly of the form

v(z) = max(log R, log | f(2)]),
where f is entire. In this case, Awv is just |f/(z)|ds where ds is arc-length measure on
{z :]f(2)| = R}. We will generalize this idea further down below.

LEMMA 6.1.10 (Jensen’s formula for subharmonic functions). Let v be subhar-

monic a, € C, r > 0. Then

1 2 . r

v(a) = — v(a + re®)do — log ——dAv
2m 0 |z—al<r ‘Z - a’
1 [ 1

_ o(a + re®)df — /0 " Ao(Dla, )yt

2r Jo
PRroOF. The first equality is Green’s theorem, the second follows by switching to

polar coordinates and integrating by parts. U

It is sometime convenient to rewrite Jensen’s formula as follows. For ¢ > 0 let

n(a,t,u) = u,(D(r,t)).

Then Jensen’s formula becomes
1 2 o r dt
/. v(a + re)db :/0 n(z,t,v)?—kv(a).

In the special case that v = log |f| and f is holomorphic, then v has a delta-mass
point measure at each zero of f, so, in this case, n(z,t,v) counts the number of zeros
of f (according to multiplicity) inside the disk D(z,t). In particular, this mass is
always a non-negative integer. Surprisingly, this behavior only requires v = log | f|
near the boundary of the disk; f need not holomorphic, or even defined, in the whole

interior of the disk:
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LEMMA 6.1.11. Suppose u is subharmonic on C and let v be a closed, piecewise
smooth Jordan curve with interior domain W. Suppose v has a neighborhood U
where u = log|f| for some non-vanishing holomorphic function f. Then p,(W)
is a non-negative integer. € N = {1,2,3,...}. If, in addition, we know |f| = R
on v and |f| > R on the component of U \ v disjoint from W the u(W) > 0 (so
pu(W)eN={1,2,...}.

PRrRoOOF. We can write
1
u(z) = [ log dp,(w) + h(z),
(2) = [ og = dua(w) + 1)

where h is harmonic and E is a compact subset of W. By the Cauchy-Riemann

equations, if u = R(log | f| + i arg f) = Logf locally, then

Vu = Vlog|f| = (9, +1i0,)log | f| = 0;(log | f| + iarg f) = (Logf) = f'/[.

We may assume U U W is simply connected and for z € U,

f'(z) _ 1 w s
) —/Ez_wduu( ) +9(2),

where ¢ is holomorphic in U U W. Integrating along ~, the left side gives the change

in argument of log f along v and hence is purely imaginary integer multiple of 2.
Integrating the right side gives 2mipu, (E). The first conclusion follows.

If in addition we know |f| = R and |f| > R in U\ W, then log|f| has zero
tangential deriviative along v and non-negative outward normal along . Moreover,
the normal deriviative is non-zero except on a finite set. Thus arg f’ has a non-
negative tangential deriviative along ~ that is positive except on a finite set. Thus
the total change in the argument can’t be zero. Since we know it most be an integer,

it is a positive integer. U

6.2. Direct tracts

Suppose () is a planar domain with piecewise smooth boundaries and that it has
an unbounded complement. Suppose that f is a holomorphic function on €2 that
extends continuously to the boundary and |f| = R on the boundary and > R on the
interior. Then (2 is called a direct tract of f. If the map f:Q — ﬁ; is a universal

covering map, then €2 is called a logarithmic tract of f. We have already seen that



6.2. DIRECT TRACTS 143

all Eremenko-Lyubich functions have logarithmic tracts, e.g., Section 5.4.2. This is

not true for all entire functions, but following is.
LEMMA 6.2.1. Every transcendental entire function has a direct tract.

PROOF. Just let Q2 be a connected component of {|f(z)| > 1}. This has smooth
boundary, except possibly at critical points of f. It is unbounded, for otherwise Q
would be compact and |f| would take a maximum > 1, contrary to the maximum
principle. Finally, the complement of €2 is unbounded, since by Picard’s theorem, f

takes most values in D infinitely often in every neighborhood of infty. O

Because of this, the following results on direct tracts all apply to transcendental
entire functions. The following generalize results from Chapter 1.

Recall that a function log g(r) is convex as a function of logr means that log g(e)
is convex as a function of ¢. For example if 1, = exp(tx), k = 1,2, we get

1
log g(e*12)/%) < - (log g(e") + log g(e),

or

(35) 9(vrr2) < V/g(r)g(r2).

LEMMA 6.2.2. If f is entire then log M(r, f) = max{log|f(z)| : |z| = r} is an

increasing, convex function of logr.

PROOF. Clearly M(r, f) increases with r by the maximum principle. Since g(z) =
f(e?) is entire,
log M(e”, f) = sup{log |g(x +iy))| : y € R},
is a subharmonic function of x alone and hence convex (a supremum of subharmonic

functions is subharmonic, and a subharmonic function of x alone is convex). U

LEMMA 6.2.3. Suppose ) is a direct tract for f and

M(f,r) = max|f(z)].

|z|=r

Then
log M(f,r)

r—0 logr
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PROOF. There are two cases depending on the geometry of the tract ). First
suppose C \ Q has at least one unbounded component K and let Q' = C\ L D Q.
Then ' is simply connected complement of K (since K is connected). Let ry =
dist(/K, {0}). Then Beurling’s estimate (Corollary 5.4.3) says that for z € QND(0, ),
and r > 2rg,

w(z, 00N {w| >r},Q) < w(z, N{|lw|l >r},Q)

"dt
< Cexp(—w/ —)
ro 27
Tov1/2
< — .
< (7))

Since v(z) = max(0, log|f(2)|) is subharmonic,
0 < 0(2) < (maxlog F () - w(z, 00 {lul > 1}, 9) < (maxlog | () - €2,

SO

I‘H&X log |f(2)] > Cr'/? > logr,

if r is large enough.
In the second case, ) has no unbounded complementary components, so it has
infinitely many bounded components In this case we use Jensen’s formula

1 2 T

v(a +re®)dd = v(a)+/ log dAv
|z—al<r

2 0 |z —d

> v(a) + —/ log rdAwv
NG

> w(a)+ %log rdAv(D(z,/7)).

Since v > 0, this gives
maxj,|—, v(z
M > Av(D(z,vTr)) = o0,
logr
where we have used Lemma 6.1.11 to say each complementary component of €2 in

D(z,+/r) contributes at least 1 to the Riesz measure of D(z,/r). O

LEMMA 6.2.4. Suppose the notation in Lemma 6.2.3 still holds. Then for any
C' < oo there is a ro (depending on f and C') so that r > ry implies

M(f,2r) > CM(f,r).
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ProoF. Taking r; = r/2 and o = 2r and using (?7) gives

M(r, f) < V/M(@2r, f)M(r/2, f).

Squaring this and rearranging,

M(r, f)

M(r, f)
M(r/2, f)

Since log M (r, f) is an increasing and convex function of log r and log M (r, f)/logr —

< M(2r, f).

00, the derivative of log M with respect to logr increases to oo. Thus

M(r, f)
log ——————~ = log M (exp(log ), f) — log M (exp(logr — log 2), f) — oc.
o7 (exp(logr), f) — log M(expl 0
Hence this is eventually bigger than log C' and this proves the lemma. U

6.3. Logarithmic measure

If £ C [1,00) is a measurable set, we let log(E) denote the image of E under the
map and define log £ = logt : t € E'} and we call
log ) == [ <
gt
the logarithmic measure of . We introduce this because many interesting properties
of M(r, f) fail to hold for all r, but do hold except on a set of finite logarithmic

measure.

LEMMA 6.3.1. Suppose 0 <1, /o0 and0 < p, /L < oco. Then the complement

of Un(pnTn, puTni1) has finite logarithmic measure.

PROOF. The complement is covered by intervals of the form [r,p,_1, 7, pn] that
have logarithmic length log p,,.1 — log p,,. Summing the telescoping series shows the

complement has total logarithmic length < L — py. 0

LEMMA 6.3.2. Suppose N(x) is an increasing function on I = [ry,00) and lim,_,., N(z) =

00. Fiz numbers % < B <a< 1. Then there is a set E of finite logarithmic measure

so that |h| < N(r)~® implies
N(r+h)<(1+cN@r)P)-N(r), forrel\E,

1l 1,9
where ¢ =25~ "[F7.
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PROOF. Let X C I be a compact set where the inequality fails and assume N > 1
on X (the part of X that lies in the bounded interval where N < 1 obviously have
finite measure). Each point of X is contained in an interval (a,b) = (r — ||, + |h|)
so that N(b) > (1 + ¢N(r)"?)N(a). By the easy form of Vitali’s covering lemma
(Lemma 12.1.1), there is a finite, disjoint subcollection of these intervals that covers
a fixed fraction of the length of log X. Ordering the intervals as {Iz} = {(a, b))}
from left to right and setting ¢, = N(ax) > 1, we get

tre1 = N(agsr) > N(be) > N(ag) + cN(ap) ™ =ty + ct) .
We claim this implies
ty > kP,

To prove the claim, compare the sequence {t;} to the sequence {s;} = {k'/?}. Since
1/6 > 1, the function k'8 is increasing and convex up it stays above any of its

tangent lines. Considering the tangent line at k + 1 gives

IN

1 1_
Sk+1 — Sk B(k—i‘l)ﬁ !

1
=—1

< cs,lcfﬁ .

IN

By assumption t; > 1 = s1, so by induction we deduce
1-8
Sp41 — Sk Sty U <ty — by,

and hence t;, > s, for all k, as claimed.

Since a > [,
DRI <Y 7<) kP <o
k k

Thus log X has finite linear measure, as desired. U

LEMMA 6.3.3. Suppose ® is increasing and convex up on [xg,00) and let % <a<

1. Then there is a set E of finite measure such that
O(x+h) < P(z) + P'(x)h + 0o(1)

forall |h]| < P (x)™* and x € E.
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PrROOF. We apply the previous lemma to the function N(z) = ®'(z) (since ®
is increasing and convex, N is positive and increasing and well defined except at
possibly countable many points where we can define it by making it continuous from
the left).

Choose  with % < B < a. Suppose 0 < h < ®'(z)~*. Then by Lemma 6.3.2 and
using 5+ a > 1,

o+h
O(z+h) = O(z) +/ ' (t)dt
< O(x) + @gf(x + h)h
< P(x) + P (z+ @ (2)"*)h
< O(x) + (1 + e (2)P)d' (z)h
< O(z) + P (2)" ")+ ' (2)h
< O(x) + @ (2)7P 4+ @' (2)h
< ®(x) +o(l) + D' (x)h.
The case for h < 0 is similar. U

Suppose f is defined on a direct tract and we let v = logmax(R,|f]). Then v is
subharmonic on the plane. Define
B(r,v) = I‘n|ax v(2).
By Lemma 6.2.2, B is increasing and convex up as a function of logr (i.e., B(e*,v)
is convex as a function of x). Thus B’ is positive and exists except on a countable

set and and we set

dB(r,v)
dlogr
whenever the derivative is defined. By Lemma 6.2.3 we know

log B(r)
log r /o

a(r,v) = =rB'(r,v)

Applying Lemma 6.3.3 gives:

LEMMA 6.3.4. Suppose v is as above and o« > 0. Then there is a set of finite

logarithmic measure so that if |logs/r| < a(r,v)~%, then

B(s,v) < B(r,v) = a(r,v) log; + o(1),
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uniformly as r — oo, r & F.

PROOF. We apply Lemma 6.3.3 to ®(x) = B(e®,v). Setting r = e* and s = e**th
we get
B(s,v)®(x +5) < ®(x) + D' (z)h + o(1) < B(r,v) + a(r,v) log Sy o(1),
r
if
[log | = [h] < @'(2)™" < a(r,v) ™.
r

6.4. A Wiman-Valiron type estimate in tracts

For transcendental entire functions, Wiman and Valiron proved that for most

r > 0 there are points z, with |z.| = r so that
flz) ~Cz°,

on a “large” neighborhood of z, (here C,a are constants that depend on r). Their
original approach is based on power series and is sketched in an appendix. In this
section we prove a similar result for functions defined in a direct tract, following the
proof of Bergweiler, Rippon and Stallard in [19].

We start with the following result that contains most of the hard work.

THEOREM 6.4.1. Let Q be a direct tract of f, let v be as above and let T > 1/2.
Then there is a set F' of finite logarithmic measure such that for r € [1,00) \ F we
have D, C Q where D, = D(z,,r-a(r,v)"") and 2, is a point on {|z| = r}NQ where

|f| attains its mazimal value.

EXERCISE: Check this lemma holds for e*.

PROOF. Fix 3 < a < 7 and choose € > 0 so that (1 —a)(1+¢€) < 1. Choose § > 0
sothat 1 =6 = (1—a)(1+¢€). Let F' be the union of the exceptional sets from Lemma
6.3.4 applied with @ and Lemma 4.8.2 applied with to h = B(r,v) with € replacing ¢
in that lemma. Thus for r outside this exceptional set, we have both

B(s,v) < B(r,v) + a(r,v) log 24 o(1),
T
for |logs/r| < a(r,v)~® and

a(r,v) < B(r,v)*".
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Set p = 2ra(r,v)"".

Consider
u(z) = wv(z) —v(z)—a(r,v)log ‘7"1‘
(36) = v(z) — B(r,v) —a(r,v) log %

For z € D515, = {w : |w — 2| < 512p},

|z — 2] |z — 2|

) <2 =O(a(r,v) ") < a(r,v)™®

z
|logu| = |log(1+
r r

if r is large enough. Thus Lemma 6.3.4 applies to such z’s and we deduce that if

s = |2,

u(z) = wv(z) = B(r,v) —a(r,v)log |7"i|

< B(|z|,v) — B(r,v) — a(r,v) log|ri|
< [B(r,v) + a(r,v) log % +o(1)] — B(r,v) — a(r,v) log %

(37) = o(l)

on Dsg,,.

We claim that D, C Q if r is sufficiently large. If not, there is a point w € D, \ Q.
Let K be the connected component of C\ €2 that contains w. We consider two cases,
depending on whether or not K is contained in Dosg,.

Case 1: K is not contained in Dys,. Then K intersects each of circles
centered at z. with radii between p and 256p. Let V' be the component of €2 M Dasg,
that contains z, and let £ = OV N Dys6,. The Beurling projection theorem then
implies that w(z,, E,V) > 1/2 (see Corollary 5.4.3). Moreover, v = 0 on the set E,
and, by the definition of U, we have

u(z) = —B(r,v) —a(r,v)log ‘Tﬂ
< —B(r,v) +a(r,v)
< —B(r,v) + B(r,v)700+9
< —B(r,v) + B(r,v)'°
< —EB(T’, v)
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Hence at the center z, of the disk Dysg, we have

1
0=u(z) < —§B(T, V)w (2, E, Q2N Dasgp) + max u(2) - w(zr, £ QN Dasgp)
zE

< —%B(T, v) +o(1)

since u is bounded by 1 on V' if r is large enough. This is impossible since B(r,v)
tends to co as r does. Thus Case 1 cannot occur.

Case 2: K is contained in Dyss,. For large r, Dasg, does not contain the origin,
and this implies that u — v is harmonic in Dss6,. Thus their Riesz measures agree in

this disk. Lemma 6.1.11 implies the Riesz measure of K is a positive integer and so
n(zp, t,u) = n(z, t,v) > 1

for t > 256p. Hence

512p dt 512p di
/ n(zp, t,u)— > / n(z.,t,u)— > log2.
0 t 2 t

56p
However, by Jensen’s formula for subharmonic functions (Lemma 6.1.10)

[ ® i [ s = o
n(ze, t,u)— < u(z)ds = o(1),
0 t 10247p J)21=5120

as r — oo, r € F. This is a contradiction, so case 2 does not occur either, proving
that D, is contained in €. 0

See [14] for related work by Bergweiler that gives a sharper estimate for the size of
the Wiman-Valiron disks. He shows that the estimate holds on a disk D(z,, r/+/¢(as(r, D)))
if
T Y1)
/
U(t)

for some constants 7' > 0, K > 0 and L < 2.

<L

Y

THEOREM 6.4.2. With notation as in Theorem 6.4.1,

F(2) ~ F) (),

T

and

[F(2)| ~ M([2], ),

for z€ D, = D(z,7-a(r,v)™") asr — o0, r € F.
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PROOF. Define a holomorphic function g on D, by

&) NV oe 2 — loa( L B) (7
o) (’)1ng lg(f(zr)(z

with the branches of the logarithm chosen so g(z.) = 0. Since u = Rg, the Borel-

9(z) = log )1,

Caratheodory estimate (Lemma 1.1.6) gives
max |g(z)| <4 max wu(z),
|z—2r|=t |2—2r|=2t
for 0 <t < p/2. Thus g — 0 on D, /; uniformly as r — oo, r ¢ F' by (37). This gives
the first claim.

To prove the second claim, note that

M|, ) 2 7)) 2 (1= o()IF )] - ||,

T

and

M(|z[, f) = exp(B(|z],v))

< exp(B(r,v) + a(r,v)log 12

=+ o(1)
= (L+o(W)If()] - |,

r

for z € D. These two inequalities give
1 —o(1)
1+ o0(1)

which is the second claim. O

M([2], ) < [f(2)] < (L +o(1))M([z], ),

COROLLARY 6.4.3. For all B > 0, there is an « > 1 and a set F' C [1,00) of finite

logarithmic measure so that for large enough r & F,

(= LS < s < o) € 106 25
Thus log f(D(z, a(ﬁv))) contains the rectangle
[R(z) —log(z,)| <logp,  [S(2) —arg(f(2))] <.

6.5. Fast escaping points exist

THEOREM 6.5.1. Let D be a direct tract of f. Then there exists wy € D such that
w, = f"(wy) € D for all n and w, — oo.
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PRrROOF. Let F be as in Theorem 6.4.2. Since F' has finite logarithmic measure,

we can choose a sequence {r,} increasing to oo, so that r,; € I, \ F where

= 515Gl 217Gl

and where z, = z,, is the point on QN {|z| = r,} where |f(2)| is maximized. Take

a > 1 as in Corollary 6.4.3 and set D,, = D(z,,ar,/a(r,,v)). Then by Corollary
6.4.3, f(D,) contains the annulus {z : |z| € 21,11} and hence f(D,,) contains D, .
Let Cy = Dy and inductively choose C,, to be a component of f~"(D,,) contained in
C,—1. These are nested compact sets, so have a common point wg whose iterations

clearly remain in D forever. This prove the theorem. U

For use later, note that the iterates of wy satisfy | f"*(wq)| € I,+1 and hence

(38) 7 wo)] > M (), ).
where, as before,
M(r, f) = max{[f(2)| : z € @ |z = 7}
and M, is the nth iteration of this function.
By the proof of Theorem 6.5.1, [wy,41| > 2 max{|f(2)| : z € Q, |2| < |wy|} so this
sequence grows at essentially the fastest possible rate at each step. We can make
this observation a bit more precise by defining the “fast escaping set” and the “fast

escaping through " set as:
A(f,p) ={z: and [f"(2)| = M"(p)¥n € N}.
A, p)={z€D: f"(z) € Qand |f"(z)| > M"(p)Vn € N}.
We use the first set for entire functions when we don’t care which component of
{|f] > R} our orbit lies in; we use the second set when f is only defined on a direct
tract, or when f is entire and we want to restrict attention to orbits that stay in

a single component of {|f] > R}. The “0” in A° is used because this set will be a

special case of a set AL(f,Q, p) that we will introduce in the next section.
THEOREM 6.5.2 (Bergweiler, Rippon, Stallard [19]). A°(f, €, p) is non-empty.

PROOF. By Lemma 6.2.4 we have M (2r) > 4M(r) for r large enough. By the
proof of Theorem 6.5.1 and (38), there is a sequence {w,} = {f™(wo)} in © so that

1
20| >2p=2M"p) and |w,4q| > §M<‘wn‘)
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FIGURE 1. The difference between M (r, f*) and M™(r, f). The former
is the largest possible value of | f"(z)| where |z| = r. This is obtained
by starting on the circle {|z| = r} and following a single orbit for n
steps. M"(r, f) is the nth iterate of the real value function M (r, f).
It is obtained by applying f to a the point on {|z| = r} where |f] is
maximized, but instead of applying f to f(z) we can apply f to any
point on the circle {|w| = |f(z)|}. Because we can choose the point
that we iterate at each stage, this grows at least as fast (and often
faster) than following a fixed orbit. Fast point of f are points whose
orbits grow as quickly as the iterates M™(r, f). The existence of such
points is not obvious, but see Theorem 6.5.2.

We claim that
[wnga| = M (p),

for all n. We prove this by induction. The case n = 0 is stated on the left above.

The induction step is
1 1 " "
[wnia| 2 5M(Jwa]) 2 2M (G |wal) = 2M (M (p)) = 2M™"(p).

Thus wy € A°(f,Q, p), proving the set is non-empty. O
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Let f be a transcendental entire function and € > 0. Then the argument above

shows that for r sufficiently large there is a point
we{z:r<l|z|<(1+4e)rnA(f)
with | f"(w)| > M"(r, f) for all n € N. Moreover, we can choose w so that there are
sequences {z,} C C and {k,} C (0,00) so that if
Do ={2: |z =zl < 5lal},
An = {2k M(|2al, f) < [2] < kaM (|20, f),

then,

(1) f"(w) € Dy, A C f(Dn) and |f(za)| = M(|2a], f) = M™ (|20, f).

(2) Dy C Ay {22 12 > M(jz ], )},

(3) w = NB,, where By = Dy and B, is a component of f~"(D,,),

(4) k, /N oo.
A point satisfying all these properties is called an Eremenko point by Rippon and
Stallard in [118].

6.6. Levels of the fast escaping set

Suppose € is a direct tract of f and define

AM(f.Qp) = {z: fH(z) € A°(f,D,p)}
= {z:V¥n>max(0,-L), f"**(2) > M"(p, f)}

and
A(f,Q,p) = {z:3LeNst. fHz) e Af.D,p)
- ULEZAL<f7 Q) p)
= ULENAL(f7 Q? p)
The last equality holds since s < t implies A* C A’. Note that each set A" is closed,
and hence A is an increasing union of closed sets.
We can make (but won’t write down) similar definitions for A*(f, p) and A(f, p).

These are the same as above, except that if f is defined on multiple tracts, then

we don’t require the orbit of a point to stay in a single tract. Because of this extra
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freedom, such orbits can escape more quickly to oo, e.g., if f is an entire function

and ||| f| > 1} has connected components {€2;} it is possible for

A(f,p)ﬂA(f,Q],p) = (Z)>

for every j, i.e., unrestricted orbits tend to infinity at a faster rate than orbits re-
stricted to any single tract of f.

EXERCISE: Construct an example where A(f, p) N A(f,€;, p) = 0, as described
above. This will be easier later the the text when we have developed quasiconformal
methods for constructing entire functions. The basic idea is to build a function with
two tracts that are “wide” and “narrow” at different scale, and thus the growth of
f in each tract is different, growing faster in a tract when that tract is narrow. An

Y

orbit that switches between tracts so as to always land in a “narrow” section will
iterate to oo faster than an orbit that is required to stay in one tract and experience
both slow and fast growth of f.

EXERCISE: Show that if f is an entire function so that {z : | f(z)| > R} has N <
oo connected components {€2,}, then for any sequence {s,} with s, € {1,..., N}
there is a point 29 € A°(f, p) so that f"(z) € Qs .

EXERCISE: Show that if f has infinitely many tracts {£2,} , then not all sequences
occur. (Hint let w, = min{|z| : z € Q,,} and choose a sequence so that this grows too
quickly to be attained by any orbit).

EXERCISE: Take f(z) = exp(—z) + exp(exp(z)) and R > e + 1. Show there is
one direct tract {2 is the left half-plane and infinitely many in the right hand plane,
including one, €, that includes all large enough real numbers. Show A(f,Qy)NA(f) =
0, but A(f, Q) C A(f).

EXERCISE: if g = ™' o f o h where h is linear, then A(f) = h(A(g)). (Theorem
2.2d of [118]).

EXERCISE: A(f) = A(f™) (Theorem 2.6 of [118]).

EXERCISE: Fix € > 0 and let u(r) = eM(r, f). Then if r > ry implies pu(r) > r
and |z| > ro satisfies |f"(2)| > p™(ro) for all n, then z € A(f). (Theorem 2.7 of
[118]).

To simplify notation, it would be nice to get rid of the p in A(f,p). We can do

this with the following lemma:
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LEMMA 6.6.1. A(f,Q,p) is independent of p for p large enough. Similarly for
A(f.p)-

PROOF. Assume that p > po implies that M(p, f) > rho; this insures that
M"™(p, f) S oo. Given two values py < s < t, there is some k so that M*(s, f) >
M(t, f), and hence M"*(s, f) > M"(t, f). This implies

ALTE(F Q1) € AFTR(F QL 5) € AR(f,Q,1),
hence, taking the union over all L € Z,
A(f,Q,s) = A(f,Q,1).
O
Since A(f, €, p) is independent of p for p > py, we denote this set as A(f,Q).
This is the fast escaping set through (). If f is entire, and we don’t care about

which components of {|f| > p} the orbits visit, we define A(f) similarly, and call it

the fast escaping set of f.
The definition of A(f) given above is due to Rippon and Stallard [118], but the
original definition, due to Bergweiler and Hinkkanen [17] is slightly different:

Ch(f) = {21 3L € N'sit. |f**5(z)| > M(R, /), ¥n € N, },
Cr(f) = ULCk,
and in [116] Rippon and Stallard considered another variant
BE(f) ={z:3L € Nst. |[f""(2)| € hull(f"(Dg)),¥n € N, },
Br(f) = U Bg,
where D is any disk hitting J(f).
THEOREM 6.6.2 (Rippon-Stallard []). A(f) = Br(f) = Cr(f).
Proor. We claim that if R is sufficiently large, then
{z: |zl < M™(R/2,f) C hull(f"(Dg))
C {z:]el < M(R, f")}
C {z:lz[ < M™(R, f)}
C {z: [zl < MR, )}
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All the inclusions are obvious except the first one. To prove this, note that if R
is sufficiently large then Eremenko’s application of the Wiman-Valiron implies that
R

there is a point z in the annulus A = {z : § < |w| < R}, with a neighborhood

U C A so that f"(U) contains the circle {|z| = M™(R/2, f)}. This proves the first
containment.

These containments imply
Agpa(f) D Br(f) 5 Cr(f) D AR (/)
Taking unions over L gives

A(f) > Br(f) D Cr(f) D A(f)
O

EXERCISE: Show directly that C(f) does not depend on the choice of R, as long
at R > min.cz(y) |2|. Show that B(D) does not depend on the choice of D.
EXERCISE: [?] The quite fast escaping set is defined by Rippon and Stallard as

Qc(f) = {2z : Ik € N such that | f"*(2)| < u*(R) for n € N},

where u.(r) = M(r)¢. They give examples where this agrees with the fast escaping

set and examples where they differ.

6.7. Connected components of A(f) are unbounded

We start by reviewing some properties of connected sets.

A set is connected if it cannot be written as a disjoint open sets.
LEMMA 6.7.1. If K is connected, so is its closure K.

LEMMA 6.7.2. If E1 D Ey D ... are non-empty, compact, connected sets, then so
s B =n,E,.

Proor. Compactness is clear and non-emptiness is the Cantor intersection theo-
rem. If U,V are any pair of disjoint open sets then { £, \ (UUV) is a nested sequence
of compact, non-empty sets, hence has a non-empty intersection. Thus F is not

covered by U and V and so is connected. U
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LEMMA 6.7.3. Suppose K a connected component of a compact set E and FE(€)
is the closed e-neighborhood of E. Let K. be the connected component of E(e) that
contains K. Then Ny~oK1/m = K. Moreover, for any 6 > 0 there is an n > 0 so that
Ky C K(0).

PrOOF. K is clearly in the intersection, since it is in each K.. Moreover, the
intersection is closed, connected subset of E that contains K, so must be K, since K
is a component of E. To prove the final claim, note that otherwise there is an § > 0
so that K, \ K(0) forms a nested sequence of non-empty compact sets, hence has

non-empty intersection, contradicting the first part of the lemma. 0

The arguments in the previous section shows that A°(f,, p) is unbounded. We
want to show every connected component of this set is also unbounded, but first we

need a few topological facts about connected sets.

LEMMA 6.7.4. Suppose X is a compact, compact connected subset of the Riemann
sphere that contains co. Then each connected component K of E = X N{z < R}
hits {|z| = R}.

PROOF. Suppose K is a component of E that does not hit {|z| = R}. Since K
is closed, there is an € > 0, so that K. (as defined above) is contained in D(0, R).
Since no point of E hits 0K, (such points are distance € from F, £} = EN K, and
Ey,=FE\ K, are disjoint open sets covering E. Thus E; and Fy U X \m form
a disjoint, open cover of X, contradicting the connectedness of X. Thus K must hit

{lz] = R}. O

THEOREM 6.7.5 (Boundary bumping lemma). Suppose X is a compact, compact
connected subset of the Riemann sphere that contains oo. Then each connected com-
ponent of E = X \ {oo} is unbounded.

PROOF. Suppose K C D(0, R) were a bounded connected component of £. Then
K is closed, bounded and contains K, so K = K must be closed. Let V = EnN
D(0,2R) and let B the component of V that contains K. By Lemma 6.7.4, B hits
E N {|z| > R} so is not equal to K. Therefore B is a connected subset of E that

strictly contains K, a contradiction. Hence K cannot be bounded. 0
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The preceding result may seem so obvious that the reader may wonder if any proof
is really needed (or, at least, if the proof was longer than needed). To illustrate the

problem involved we remind the reader of an old result of Knaster and Kuratowski:

LEMMA 6.7.6. There is a connected set X on the 2-sphere so X \ {oo} is totally

disconnected.

PROOF. Let C be the standard middle thirds Cantor set, £ C C' the countable
set of endpoints of components of R\ C' and F' = C \ E. Let

Y={os+iy:2 € E,yecQ,y>0tU{r+iy:ze€ F,yc R\ Q,y > 0}.

and X =Y U {oo}. We claim that X is connected and Y is totally disconnected.
The latter claim is easy: any two vertical lines through C are contained in disjoint
open half-planes, so any connected component of Y would have to be contained in
one such line L. However, Y N L has only point components, so the same is true for
Y.

Next we show X is connected. Suppose U,V are disjoint open sets in the sphere
such that X € U U V. Without loss of generality we assume oo € U. For each
Rx € Clet f(x) = sup{y : v +iy € V} (set f(z) = 0 is there are no such points
y). This is clearly bounded (since U covers a neighborhood of 0co) and = € F' implies

f(z) € Q (since V is open). For each rational r > 0 let
T,={zecC:flx)=r}=Vn{y=r},

and let S = {z : f(z) = 0}. Then {7.} is a countable collection of closed sets.
Moreover, each of these sets is disjoint from E since f(x) must be irrational for
x € E. Thus each T, is nowhere dense in C'; otherwise, being closed, they would
contain points of E (which is dense in C').

Since C' = S U F UU,T,, Baires’ theorem implies S is dense. The vertical lines
through S therefore intersect every open sets that hits Y, so U intersects every open

set that hits Y. Therefore V' is the empty and we conclude X is connected. U

It might seem that this is an artificial example, but similar sets arise naturally in

dynamics:
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THEOREM 6.7.7 (Mayer, [93]). For every exponential map z — \e* with an at-
tracting fized point, the landing points of dynamic rays in C are totally disconnected,

but become a connected set on the sphere when we add {oco}.

PROOF 7777

A useful consequence of the boundary bumping lemma is

LEMMA 6.7.8. If K is a bounded connected component of a closed set X C C then
there is a Jordan curve v C C\ X that surround K.

Proor. Consider the usual grid of % X % closed squares in the plane and let X,
be the union of these squares that hit X and let K, be the connected component
of X, that hits K. If K, is bounded, then there is a component of the curve {z :
dist(z, K,,) = (10n)~'} that surrounds K and is disjoint from X.

If the result fails, then £ = N, {K,, U{oo}} is a closed connected set on the sphere
that contains K. By the boundary bumping lemma the component F' of E \ {oco}
that contains K must be unbounded. Thus the component of X that contains K

must be unbounded. But K is itself this component, so K is unbounded. U

Now we apply these topological observations to the fast escaping set.
THEOREM 6.7.9. Every connected component of AL(f, p) is unbounded.

FIRST PROOF. Fix L € Z and zy € AL(f,p). f n+L > 0, then let R,, = M"(f, p)
and X,, = {2 : |z| > R,} and note that zy € f"%(X,). Thus z is in a connected
component L,, of this closed set. Clearly L, is closed in C. If it were bounded, then
| f**£| would have to be bounded on L, and since it equals R on dL,, the maximum
principle implies it is constant; a contradiction. Thus L, is closed and unbounded.

Since | f"*(2)| < R,, implies | "L (2)| < R,41, we also have | "L (2)| > R,
implies | f""*(z)| > R,.. Hence L, C L,. Thus

K = Mhenntrzo(Ln U{o0}),

is a closed connected set on the sphere that contains both z5 and co. By the boundary
bumping lemma (Lemma ?7?), each component of K \ {oco} is unbounded.

Each finite point z of K is in every L, with n + L > 0, so |f""2(2)| > R, =
M"(f,p) for all n > max(0,—L). Thus z € AX(f, p) and hence K \ {cc} C AL(f, p).
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Since every component of AL(f, p) contains a component of K\{oco}, every component
of AL(f, p0) is also unbounded. O

SECOND PROOF OF THEOREM 6.7.9. Suppose A”(f,p) has a bounded compo-
nent K. By Lemma 6.7.8, there is a Jordan curve v that misses AX(f,p) and sur-
rounds K. For eachn =1,2,3,... define

Yo ={z€7:f*(2)] = M"(p)}.

Since K is inside 7 the maximum principle says that each ~, is non-empty, and they
are clearly closed and nested, i.e., v,+1 C 7,. Thus the intersection is non-empty and
consists of points in AL(f, p), contradicting the fact that « is disjoint from this set.
Therefore there are no bounded components of AZ(f, p). O

LEMMA 6.7.10. If By C E5 C ... are connected sets, then U, E, is connected.

PROOF. Suppose U,V are disjoint open sets that disconnect E, i.e., they cover
E and UN FE and V N E are both non-empty. By assumption, each F,, is contained
in either U or V. By passing to a subsequence, we can assume they are all contained
in U, but this implies VN E = (. O

COROLLARY 6.7.11. Every connected component of A(f) is unbounded.

PROOF. If z € A(f) then z € AX(f,p) C A(f) for some L and p. By Theorem
6.7.9, the component of AL(f,p) containing z is closed and unbounded, thus the

component of A(f) containing z is also unbounded. O

THEOREM 6.7.12. For any transcendental entire function f, I(f) has an un-

bounded component.

PROOF. Every component of A(f) is unbounded and there is at least one such
component K (since A(f) # 00). Thus the connected component of I(f) that contains
K is also unbounded. O

Eremenko’s conjecture asks if every component of I(f) is unbounded. At this
writing, this is still open. A stronger versions asks if every every path component
of I(f) is unbounded. In Chapter 10 we will show this is true in the special case

of hyperbolic Eremenko-Lyubich functions of finite order. In Theorem 9.3.1 we give
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a hyperbolic example of infinite order where the strong Eremenko conjecture fails

within the Eremenko-Lyubich class.

6.8. Fast escaping Fatou components

We define that set of orbits that tend to infinity faster than iterating any poly-

nomial: .
Z(F) = {z € 1) Jim ~loglog |"(2)] = oc}.
(The “Z” is for “zipping” to infinity.)

LEMMA 6.8.1. A(f,Q) C Z(f).
PRroOF. This follows from Lemma 6.2.3. EXPLAIN FURTHER [
LEMMA 6.8.2. A Fatou component U that hits Z(f) must be wandering.

PROOF. We may assume U is simply connected (since otherwise it is wandering
by Corollary 2.6.4). Suppose it is not wandering, i.e., f*(U) C U. Replacing f by
g = f" we assume g(U) C U. Take any point in U and connect z to g(z) by a curve
7. Then ¢g™(20 is connected to ¢"™'(z) by v, = ¢™(7), and the hyperbolic diameter
of 7, is no greater than that of «. Since U is simply connected there is a constant
C < oo so that

9" (2)] < Clg™(2)],
when |¢g"(z)| is large enough. Thus
9" ()] < CFlg" (=),

when |¢"(z)] is large enough, which implies z ¢ Z(g). This easily implies z € Z(f)

as well, and hence U must have been wandering. U
COROLLARY 6.8.3. A Fatou component that hits A(f) must be wandering.
THEOREM 6.8.4. If U is a Fatou component that hits A(f) then U C A(f)

PROOF. Suppose f is a transcendental entire function and R > 0 satisfies M (r, f) >
r for all r > R. If U hits A(f) then it hits A%(f) for some L, and it suffices to show
U C AL (f). Let 2o € UN AL(f). Then, by definition,

" (20)] = M"TH(R, f),
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for all n € N such that n + K > 0. Suppose z; € U, by normality z; € I(f), but
we need a stronger statement. Since the Julia set contain at least two distinct points
and f" never takes these values on U, Schottky’s Lemma (Lemma 1.5.7 says that
there is a C' so that

(0] > [f"(20)[VC > (M™HH(R, )V > M™U(R, f),
if R is large enough (the last inequality follows from Lemma 1.6.2 that says that the
slope of log M(r, f)/logr / oo). Thus U C A%, Since the latter is a closed set, it

also contains the closure of U. ]

It is not true that if a Fatou component hits I(f) then it closure lies in I(f). We
shall prove later (see Example 7.5.1) that
fz)=14+z2z4+¢7,

has a single Fatou component U and this component is in /(f). However, in this case
oU = J(f) and hence contains periodic points, which are clearly not escaping.

If f has a multiply connected Fatou component, then such components eventually
surround every point, so must hit any unbounded connected set. In particular, they
must hit A(f), and hence:

COROLLARY 6.8.5. Suppose f is a transcendental entire function. Then the clo-

sure of every multiply connected Fatou component is in A(f).

COROLLARY 6.8.6. A(f)NJ(f) # 0.

PRrOOF. If not, then A(f) is a non-empty subset of F(f), and by Theorem 6.8.4
there is a Fatou component U so that U C U C A(f). But oU C J(f). O

COROLLARY 6.8.7 (Rippon-Stallard [116]). Suppose f is a transcendental entire

function that has a multiply connected Fatou component. Then A(f) is connected.

PROOF. In this case, any two components of A(f) hit some common Fatou com-

ponent and thus are the same component. O

The following generalizes Corollary 2.6.8.

LEMMA 6.8.8. If f is entire and | f(2)] = O(|2|%) along some curve vy tending to

infinity, then all the Fatou components of f are simply connected.
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PROOF. If there is a multiply connected Fatou component U, then it is the fast
escaping set A(f) and hence in the Z(f) and hence for any ¢ < oo, we have |f(z)| >
|z|¢ in all large enough iterates of U. However, every large enough iterate of U hits

v, which is a contradiction. U
LEMMA 6.8.9. If f is transcendental entire, then J(f) = 0A(f).

PRrROOF. If QA(f) contains a point z € F(f), then A(f) also hits U and hence
U C A(f), which implies z is not a boundary point of A(f). Thus 0A(f) C J(f).

On the other hand, by Lemma 2.4.9, the Julia set is contained in the accumulation
set of f~"(z) for every z, except possibly one. Since A(f) is non-empty and contains

an escaping orbit, it contains a non-exceptional z. Since the inverse images of this

point are all in A(f), we deduce J(f) C A(f). If D is a disk in A(f) then f"(D)
omits every pre-periodic point of f; since there are always at least two such points,
f™ is normal on D and hence D C F(f). Thus the interior of A(f) is in F(f) and
hence J(f) C 0A(f). O

COROLLARY 6.8.10. If f is transcendental entire, then J(f) = J(f) N A(f).

PROOF. Since J(f) N A(f) is completely invariant and contains infinitely many
points J(f) C J(f) N A(f). The reverse containment is obvious since J(f) is closed.
U

LEMMA 6.8.11. If f has no wandering domains, then J(f) = A(f).

PROOF. By the previous lemma, the Julia set is contained in the closure of A(f).
If we did not have equality, then A(f) hits some Fatou component, which then must

be wandering by Corollary 6.8.3. U
LEMMA 6.8.12. If E is connected and E C F C E, then F is connected.

PROOF. Suppose U,V are disjoint open sets that cover F'. Then E hits only one
of them, say U. Then ENV = () and hence FNV = (). O

We can now give a second proof Corollary 5.7.9

COROLLARY 6.8.13 (Rippon-Stallard [116]). Suppose f is a transcendental entire

function that has a multiply connected Fatou component. Then I(f) is connected.
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PROOF. Since J(f) = 0A(f),

A(f) C AN V(T () N I(F)) € ACS).

We proved in Corollary 6.8.7 A(f) is connected in this case, so this implies A(f) U
(J(f)NI(f)) is also connected by Lemma 6.8.12.

On the other hand, if V' is a Fatou component in I(f) and zg € V then eventually
f™(20) lies outside any bounded set and hence outside any fixed multiply connected
Fatou component. Thus all of V (and V) lie outside this component and hence
V C I(f). Thus V is in the same component of I(f) as the connected set A(f) U
(J(f)NI(f)) and hence I(f) is connected. O

EXERCISE: Show, in contrast to Theorem 6.8.4, that if a Fatou component hits
I(f), its closure need not be in I(f) (consider f(z) = z+ 1 + e~* which has a Baker
domain).

EXERCISE: In the proof of Theorem 6.8.4, show that U C A%(f) if f is simply
connected. (Hint: replace Schottky’s lemma by the fact that |f"(zo)| and |f"(z1)|
must be comparable.)

EXERCISE: If all components of F(f) are simply connected, then 0A%(f) C

J(f).
OPEN PROBLEM: Can there be unbounded Fatou components in A(f)?

THEOREM 6.8.14. Suppose f is a transcendental entire function and R > 0 sat-
isfies M (r, f) > r for all r > R. All the components of A(f) N J(f) are unbounded

iff f has no multiply connected Fatou components.

PROOF. One direction is easy: if there are multiply connected Fatou components
then such components eventually surround every point of the plane, and hence J(f)
has no unbounded components.

For the other direction, suppose all Fatou components are simply connected.
It suffices to prove that all components of AL(f) N J(f) are unbounded. Let z, €
AE(FINT(f). Then by the proof of Theorem 6.7.9 zq lies in an unbounded component
K of AL(f). By the previous EXERCISE, 0K C J(f), so 2o lies in some connected
component S of 0K

We claim S is unbounded. Suppose not. Then there is an bounded open set U
such that S C U but U N 0K = (). Since K contains S and is unbounded it must
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hit OU. Thus OU must be contained in the interior of K, hence in the interior of
the escaping set and hence in the Fatou set. But U contains a point of the Julia set

and hence QU belongs to a multiply connected Fatou component. The contradiction

implies no component of A%L(f) N J(f) is bounded. O



CHAPTER 7

Baker domains

In polynomial dynamics a Fatou component can have a rationally neutral periodic
point on its boundary so that points of the component iterate towards the (finite)
orbit of the periodic point. This can also happen for transcendental functions, but in
this case, it is also possible to have periodic Fatou components consisting of escaping
points. These are called Baker domains. As we saw in Section 77, these cannot
occur in the Eremenko-Lyubich class, but they can occur in general. In this chapter
we shall describe a number of examples, and prove some basic properties of Baker
domains. One of the most interesting is that although a Baker domain need not
contain singular values, there must always be singular values at “all scales”; making
this precise provides another proof that functions with bounded singular sets (i.e.,
the Eremenko-Lyubich class) do not have Baker domains.

Since several interesting examples of Baker domains arise using from maps of the
punctured plane, we start by considering such maps. This also provides an application

of the some of our results about fast escaping points from the last chapter.

7.1. Iteration in C*

If we consider holomorphic maps f : 2 —  where 2 is a subset of the Riemann
sphere, Montel’s theorem implies the iterates of f will be normal on all of €2 if this
domain omits three points of the sphere. Thus the most interesting cases are the
sphere, the plane and the punctured plane. The first corresponds to iteration of
rational maps, the second to iteration of entire functions (the subject of these notes),
and the third to the iteration of maps f : C* — C*, where C* = C\ {0}. This
case was first considered by Radstrém [109] in 1953 and in a number of more recent
papers (e.g., (8], [9], [13], [15], [26], [54], [53], [52], [51], [79], [78], [84], [83], [90],
(89], [101].

167
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Let I1(2) = exp(az) for some a # 0. This is a holomorphic covering map II : C —
Cx, so if g : Cx — Cx is holomorphic, it can be lifted to an entire function f so that

exp(af(2)) = glexp(az)).
LEMMA 7.1.1 (Bergweiler [15]). J(f) =TT (9)).

PROOF. Since g(exp(z)) = exp(f(2)), applying g to both sides gives

g(glexp(2)) = g(exp(f(2)) = exp(f(f(2)))),

or g*(exp(z)) = exp(f?(z)). Induction gives g"(exp(z)) = exp(f™(z)). Suppose
U C C is an open set such that V' = II(U) is a subset of a a Fatou component of
g. Then {¢g"} has a convergent subsequence g™ on V. If it converges to oo then
R(f™) — oo on U and hence f™ — oo on U and hence U C F(f). Similarly
if g" — 0. Otherwise ¢"* — ¢ where ¢ is holomorphic and non-zero on U(by
Hurwitz’s theorem). Thus there is a sequence of integers my so that

o
|f — %mk —log ¢| — 0.

If only finitely many different values of my occur, then one value m occurs infinitely
often and this gives a convergent subsequence of iterates converging to %m — log ¢.
Otherwise we can choose a subsequence where |my| — 0o, and this gives subsequence
of iterates converging to co. Thus II7'(F(g)) C F(f) (or, if you prefer, J(F) C
17 (9)))-

Suppose equality does not hold. Then there is a point z € F(f) with w € TI(2) €
J(g). For any neighborhood U of z, II(U) is a neighborhood of w and by Theorem
3.4.2 it contains a periodic point w;. (Theorem 3.4.2 was stated for transcendental
entire functions, but its proof applies whenever there are at least five points where
the iterates of f are not normal; this holds for transcendental self-maps of C*.)

By Theorem 6.8.1, it also contains a point we € Z(g). If U C F(f), we shall show
that U cannot contains lifts of both types of points. Theorem 6.8.1 was stated for
functions with a direct tract, but it is easy to see that a transcendental self-map of
C* has a direct tract at either 0 or co, and by conjugating with 1/z, if necessary, we
can assume the direct tract is at co. Thus Theorem 6.8.1 applies.

First note that since

exp(f(z + 2mi))g(exp(z + 2mi)) = g(exp(2)) = exp(f(2)),
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we must have
f(z+2mi) = f(z) + k2mi + f(2),

and since the choice of k is both discrete and continuous in z, it must be the same
for all z.
f(z+2nmi) = f(2) + kn2mi + f(2).
From this we see that
f(z+it) = f(z) + O(t]),

and hence all the components of F(f) must be simply connected by Lemma 6.8.8.

Now consider z; € U so that II(z;) = w;. There is an m so that ¢™(w;) = wy, so
there is a k so that f™(z;1) = km2mi+ f(z1). Hence the f iterates of z; either remain
bounded (if £ = 0) or tend to infinity in a vertical strip (wide enough to include
21, ..., [™Yz)) at a rate O(m). Since 2y is in the same simply connected Fatou
component as z1, this implies the f-iterates of z5 are also O(m) by Lemma 1.4.4. On
the other hand, since wy € Z(g), the iterates of 2o have real parts that tend to +o0o
faster than exp(cn), for any ¢ > 0. The contradiction proves not part of F(f) can

project onto J(g), which completes the proof. O

7.2. Rate of escape

THEOREM 7.2.1. If f is a transcendental entire function and z € €, a Baker
domain for f, then there is a 1 < C' < 0o so that

C

B < |f(z)] < C7]

. Thus
log |[f"(2)] = O(n).

7.3. Classification of Baker domains

Baker domains are simply connected. (otherwise would be wandering).

Invariant domain; f corresponds to iteration of inner function converging to
boundary.

Denjoy-Wolff theorem

Classification based on conjugacy.
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THEOREM 7.3.1 (Baker-Dominguez). Let Q) be a Baker domain on which f is not
univalent. Then 0 has uncountably many different ends to oo and 0S) has infinitely

many components.

7.4. Singular points

We have already seen (Theorem ?7) that if S(f) is bounded, then f has no Baker
domains. In fact, if there are Baker domains, then there large singular points must

be fairly common in the following sense.

THEOREM 7.4.1 (Bargmann). If f is a transcendental entire function that has a
Baker domain, then S(f)N{z:r <|z| <Cr} #0 for all sufficiently large r > 0.

LEMMA 7.4.2. There is a f transcendental entire function that has a Baker do-

main ) that contains no singular values.

THEOREM 7.4.3 (Bergweiler). If f is a transcendental entire function that has
a Baker domain Q0 such that Q N S(f) = 0, then there is a sequence of complex
numbers p, — oo such that p, € P(f) (the post-singular set of f), |Pui1/pn] — 1
and dist(p,, Q) = o(|pal)-

THEOREM 7.4.4 (Bergweiler). Let f be transcendental entire of finite order such
that

f(z) =z+a+o(1),
as z — o0, |argz| < n for some a,n > 0. Then f has an invariant Baker domain Q

which contains
{z=x+iy:|argz| <n,>z > R},
for some R > 0 and QN S(f) is unbounded.

7.5. Examples
EXAMPLE 7.5.1. [55], Ezample 1. f(z) = z+ 1+ e *. If z = x + iy we have
R(f(z)=a+1+cos(y)e " >z+1—e">x==R(2),

whenever R(z) = x > 0, so the right half=plane is contained in a Baker domain.

Fatou showed this was the only Baker domain for this example.
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EXAMPLE 7.5.2. Baker [6] showed that

fl2) =2+ —Sin%z)

has a Baker domain for a € R large enough and Fleischmann [56] showed this is true

+a

for all a > 0. For large a, points of the real axis iterate to co and one can show that

there is a parabolic shaped region
V={o+iy:y’ <4z +1),z>da*}

that is mapped into itself; thus it must be contained in a Baker domain.

To see this, note that the square root map sends the parabolic region into a half-
strip centered on the positive axis and |sin(z)/z| is bounded by some b/x on this
half-strip. Hence

R(f(2)) >x+a—b/x,
and
[S(f)] < lyl + b/
s0
IS < 20yf* +26% /2 < Az +1) +3 < 4(R(2) + 1)
if 12 > 20? and a — b/x > 1.
Baker [6], that there are no Baker domains if f has order %, minimal type, and

27
this example shows this is very close to sharp. Here, the order of a function is

p(f) = limsup loglog | f(2)|

|z| =00 lOg |Z|
If 0 < p(f) = p < o0, we define the type as
: log | f(2)]
7(f) = limsup ——————.
(f) =limsup =15

The function is called minimal type if 7(f) = 0, maximal type if 7(f) = oo
and mean type otherwise. The function f above is order /12, mean type. Baker
(6] noted there are examples with Baker domains of arbitrarily small positive types.
Baker’s conjecture asks if this sharp: if f is order 1/2, minimal type, then every

Fatou component is bounded.

EXAMPLE Rippon and Stallard [115] showed

f(z) = az(1 + exp(—2P),
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with @ > 1, p € N has p invariant Baker domains, one in each sector {z : |arg(z) —
27r§| < Z}for k=0,...,p— 1. Moreover, g(z) = e?™/P f(2) has a p-cycle of Baker

domains. See also [100] for a similar example by Morosawa.

7.6. Logarithmic examples

Let TI(z) = exp(az) for some a # 0. This is a holomorphic covering map from
Cx = C\ {0} to C, so if g : C+ — Cx is holomorphic, it can be lifted to an entire
function f so that exp(af(z)) = g(exp(az)).

LEMMA 7.6.1 (Bergweiler [15]). J(f) =TT (9)).

PROOF. O

EXAMPLE Apply this to g(z) = czexp(—z), [I(z) = exp(—z) to obtain f(z) =

z

z —log ¢ + e (this contains Fatou’s example when ¢— = 1/e. If |¢| < 1 then g has
an attracting fixed point at 0, so f has an invariant half-plane in the right half-plane
where " — oo.

EXAMPLE

Baker and Dominguez [9] take g(z) = zexp(—z) and II(2) = exp(—z) which gives

THEOREM 7.6.2 (Baker Dominguez 1999 [10] ). IfU is an invariant Baker domain
and f is not univalent, then oo is dense in QU (more precisely U is simply connected
and there is a dense set of radial segments in the disk that the conformal map to

Utake to curves limiting on 0o).



CHAPTER 8

Models for Eremenko-Lyubich functions

In this section we describe a method of constructing many examples in the
Eremenko-Lyubich class B with particular geometrical and dynamical properties .
The main idea is to reduce to constructing certain “model functions” that are only
defined on certain unbounded subsets of the plane. There is a great deal of freedom
in building the models, so it is often easier to make the iterations of a model function
behave as desired then to do the same directly with an entire function. To pass from
the model to the entire functions two steps are needed, both non-obvious. First, we
must prove that every model function can be approximated in an appropriate sense
by an Eremenko-Lyubich function. Second, we must prove that this approximations
implies that the model and its approximating entire function have similar dynamics.
Indeed, in many cases of interest, we will show that the functions are conjugate on
their Julia sets; in these cases the two Julia sets are images of each other under a
quasiconformal mapping of the plane. One particular example we shall work out in
detail is the construction of a function in B where the strong version of Eremenko’s

conjecture fails: /(f) U {oo} is not path connected.

8.1. Model domains
Let 2 C C be a union of disjoint, unbounded simply connected domains such that

(1) each € is bounded by a Jordan curve,
(2) QND =0, and

(3) sequences of components of 2 accumulate only at co.

Such an ) will be called a model domain.
If ©2 is a model domain, suppose that 7 on €2 is a holomorphic map 7 : Q — H, =
{Rz > 0}, such that
173
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1) the restriction 7; to a component {2; of ) is a conformal map between €2;
J J J
and H,,
(2) if 7(z) — oo then z — 0.

Then f(z) = exp(7(z)) is a model function.

Given a model function, when is there an entire function in B or S with the
same dynamics as the model? We have more flexibility building a model function (it
doesn’t have to be defined everywhere), so it may be easier to build counterexamples
using models than using entire functions. If we knew that every model could be
approximated by an entire function in an appropriate sense, then we could transfer
the counterexample from the model setting to an entire function. This does work,
but to state a theorem, we need to be more precise about the sense in which the
entire function approximates the model.

One possibility is uniform approximation on the set §; here both the model
and the entire function are defined. Moreover, Arakelian’s theorem (Theorem ?77)
is available to make such approximations and many interesting examples have been
created in this way, e.g., by Eremenko and Lyubich in [48].

However, we choose to use a different form of approximation that is more appro-
priate for constructing functions in B. We say that two entire functions are qua-
siconformally equivalent if there are quasiconformal maps ¢, of the plane so
that

(39) b(f(2)) = 9(p(2))-

or
f=yv ogy,
which immediately implies
fr=vto gy,

In this case we say the functions are quasiconformally conjugate and we have

J(9) = (T (f)); conjugate the dynamical point of view. ne
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However, functions that are merely equivalent but not conjugate can behave quite

differently under iteration. For example if we take

gle) = ¢, flz) = 15¢% w(z) =2—1logll, U(2) =z,
then we have ¥ o f = go ¢, so f and g are quasiconformally equivalent (in fact,
they are conformally equivalent in the sense that ¢, are both conformal). However
J(g) = C by Theorem 4.3.1, and J(f) # C since f has an attracting fixed at the
smaller solution of 10z = e*.

An even weaker version of quasiconformal equivalence is to require that (39)
only hold on a subset of the plane. We say the functions are quasiconformally
equivalent near oo if there are quasiconformal maps 1, ¢ of the plane and a 0 <
R < o0 so that this holds on the {z : |f(z)| > R} U{z : |g(z)| > R}. Note that we
need to include both sets, since it possible that one of these sets could be equivalent
to a subset of the other, e.g., one of these sets has one component and the other
has two or more. We are assuming that the tract-system for each function can be
mapped to the other a quasiconformal homeomorphism of the plane, and hence they
have the same number of components and have the same “shape” in a rough sense.

The relation “quasiconformally equivalent near co” clearly makes sense for com-
paring an entire function g with a model function f. If f € B and R is chosen
so large that the singular set of f is inside D(0, RO, then the restriction of f to
{z : |f(2)| > R} is clearly a model function (i.e., “forgetting” the small part of f
creates a model of f near co). Can we reverse this? Given a model of what f should
look like near oo, is there an entire function that, in fact, look like this? The answer

is yes.

THEOREM 8.1.1 (All models occur). Suppose (2, F') is a model and 0 < p < 1.
Then there is f € B and a quasiconformal ¢ : C — C so that F' = f o on Q(2p).
In addition,

(1) |f o] < e* off U2p) and |f o p| < e off Up). Thus the components of
{z:|f(2)| > e’} are in 1-to-1 correspondence to the components of Q via .

(2) S(f) € D(0, ).

(3) the quasiconstant of p is O(p~2) with a constant independent of F' and €,

(4) ¢! is conformal except on the set Q(5,2p).
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This result is somewhat surprising: the model function F' can be defined on
an open set  with many (even infinitely many) connected components, and the
definition of F' on each component involves scaling parameters that can be chosen
independently on different components. Nevertheless, it is always possible to extend
F into the gaps between its components (no matter how narrow the gaps) to create
a quasiregular function that can then be made holomorphic by a quasiconformal
change of variable. Moreover, we shall later state a stronger version of Theorem 77?7
that bounds the quasi-constant of the map ¢ in the equivalence, and shows that ¢
may be taken to be conformal on most of (2.

We sketch the proof of Theorem 8.1.1 quickly here to give the basic idea. Let
W =C \W It is simply connected, non-empty and not the whole plane, so there
is a conformal map ¥ : W — D. Since ¥ maps OW to the unit circle, if we knew
that F' = f|q for some entire function f, then B = ¢ * - F o U~! would be an inner
function on D (i.e., a holomorphic function on D so that |B| = 1 almost everywhere
on the boundary).

The proof of Theorem 8.1.1 reverses this observation. Given the model and the
corresponding domain W and conformal map ¥ we construct a Blaschke product B
(a special type of inner function) on the disk so that G = B oW approximates F' = e”
on J9(p) (the precise nature of the approximation will be described later). This step
is fairly straightforward using standard estimates of the Poisson kernel on the disk.
We then “glue” G to F' across OW to get a quasi-regular function g that agrees with
F on Q(2p) and agrees with G on W. This takes several (individually easy) steps
to accomplish. We then use the measurable Riemann mapping theorem to define a
quasiconformal mapping ¢ : C — C so that f = g o ¢ is holomorphic on the whole
plane. The only critical points of g correspond to critical points of B, and critical
points introduced into Q(p, 2p) by the gluing process. We will show that both types
of critical values have absolute value < e?. A different argument shows that any
finite asymptotic value of f must correspond to a limit of B along a curve in D, so
all finite asymptotic values of f are also bounded by e”. Thus f € B. Since g is
only non-holomorphic in (p, 2p), we will also get that ¢! is conformal everywhere

except in Q(p, 2p).
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8.2. Reduction of Theorem 8.1.1 to the case p =1

We start the proof of Theorem 8.1.1 with the observation that it suffices to prove
the result for p = 1.

To do this we define two quasiconformal maps, 1, and ¢,. Define

T, 0<z<p/2,
L(z) = § (2@ = p/2) +p/2 p/2<a<p,
x/p p<x<2p.

This is a piecewise linear map that sends [p/2, p] to [p/2, 1] and sends [p, 2p] to [1,2].
The slope on both intervals is less than 2/p. For z = x + iy € H,., define

) L(z)+iy 0<ax<2p,
o,(2) =
P z2+2—2p x> 2p.

This is quasiconformal H, — H,. with quasiconstant K < 2/p. Then set

bolz) = { 20

T, 00,0Ti(2), z€Q,.

Note that 1, is the identity near 952, so 1, is quasiconformal on the whole plane by
the Royden gluing lemma, e.g., Lemma 2 of [21], Lemma 1.2 of [44] on page 303, or
[114]. (Actually, since v, is the identity off ©(p/2) which has a smooth boundary,

one can use a weaker version of the gluing lemma.)

Next, define
() 2, |z| < er/?
Z = .
T  expleplog(2)), 2] > e

Note that even though log(z) is multi-valued, the function o, does not change the
imaginary part of its argument, so the exponential of o,(log(2)) is well defined. This
is clearly a quasiconformal map of the plane with quasiconstant 2/p. Note also that
these functions were chosen so that if F' = exp o7 is the model function associated to
2 and 7, then on €,

Foy, = expOTjOTfl ©00,0T;

(40) = expoo,ologoexporT;

= @,oF.
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Now apply Theorem 8.1.1 to the model (€2, F') with p = 1 to get a f € B and
a quasiconformal map ® : C — C so that fo® = F on Q(2) and S(f) C D(0,¢e').
Let g, = gp;l o fo®or, Thisis an entire function pre and post-composed with
quasiconformal maps of the plane, so it is quasiregular. By the measurable Riemann
mapping theorem, there is a quasiconformal ®, : C — C so that f, = g, 0 @;1 is

entire and clearly

S(f,) = 5(g,) C ¢, (S(f)) € ¢, (D(0,€)) = D(0, ).
For z € Q(2p), ¥,(2) € £2(2), so using this and (40)

foo®,(2) = gp(2)
S (F(@((1,(2))))
o (F(1h,(2)))

= F(z).

[
€ 6

Similarly, | f, o ®,| = |g,| is bounded by e* off Q(2p). The quasiconstant of @, is, at
worst, the product of the constants for ®, ¥, and ¢,, which is K7 - 4p~2, where K; is
the upper bound for the quasiconstant in Theorem 8.1.1 in the case p = 1.

Finally, our construction in the next section will show that ® is conformal except
on €(1,2) and that F' has a quasiregular extension to the plane that is holomorphic
except on Q(1,2) and is bounded by e off (1) and by €? off ©(2). This implies that
g, is holomorphic except on Q(p/2,2p) (since 1, is holomorphic off Q(p/2,2p) and
gp;l is holomorphic off {e”/2 < |z| < €2}.) This, in turn, implies that ®, is conformal
except on §2(p/2,2p), as desired. Thus f, satisfies Theorem 8.1.1 for the model (2, F)
and the given p > 0.

8.3. The proof of Theorem 8.1.1

In this section we give the proof of Theorem 8.1.1 for p = 1, stating certain facts
as lemmas to be proven in later sections.

Let W = C\ W This is an open, connected, simply connected domain that
is bounded by analytic arcs {7;} that are each unbounded in both directions. See
Figure 1. The same comments hold for the larger domain W, = C\ Q(2).

Let Ly = {z+iy : x = 1} and Ly = {x + iy : © = 2}. The vertical strip

between these two lines will be denoted S. Note that L; is partitioned into intervals
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L2

FIGURE 1. W is the complement of 2(1); it is simply connected and
bounded by smooth curves. We are given the holomorphic function
F =€ on €2(2) and we will define a holomorphic function on W using
the Riemann map ¥ of W to the unit disk, and a specially chosen in-
finite Blaschke product B on the disk. We will then interpolate these
functions in Q(2)\ (1) by a quasiregular function. Each component of
this set is mapped to a vertical strip by 7, and it is in these strips that
we construct the interpolating functions. Note that the integer parti-
tion on the boundary of the half-plane pulls back under 7 to a partition
of each component of 9€2(1), and that ¥ maps these to a partition of
the unit circle (minus the singular set of ¥). The Blaschke product B
will be constructed so that B~!(1) approximates this partition of the
circle.

of length 27 by the points 1+2m¢Z. This partition of L; will be denoted J. Note that
7;(7j) = L1, so each curve +; is partitioned by the image of J under Tj_l. We denote
this partition of v; by J;. Because elements of J; are all images of a fixed interval
J € L; C H, under some conformal map of H,., the distortion theorem (e.g., Theorem
1.4.5 of [59]) implies they all lie in a compact family of smooth arcs and that adjacent
elements of J; have comparable lengths with a uniform constant, independent of j,
Q and F.

Let ¥ : W — D be a conformal map given by the Riemann mapping theorem.
We claim that ¥ can be analytically continued from W to Wj across v;. Let R
denote reflection across Ly and for z € ;N W = 7,7 '({z +iy : 0 < z < 1}) let

T = Tj_l o Ry o 7j; this defines an anti-holomorphic 1-to-1 map from €;(0,1) to
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2;(1,2) that fixes each point of v;. We can then extend ¥ by the formula

U(T(2)) = 1/U(z

~—

Y

(where the right hand side denotes reflection of W(z) across the unit circle). The
Schwarz reflection principle says this is an analytic continuation of ¥ to Wj.

Thus ¥ is a smooth map of each 7, onto an arc I; of the unit circle T = 0D =
{|z] = 1}. The complement of these arcs is a closed set £ C T. It is a standard fact
of conformal mappings that since E' is the set where a conformal map fails to have a
finite limit, it has zero Lebesgue, indeed, zero logarithmic capacity. We will not need
this fact, although we will use the easier fact that £ can’t contain an interval (i.e., a
conformal map can’t have infinite limits on an interval).

The partition J; of ; transfers, via ¥ to a partition of I; C T into infinitely many
intervals {J/},k € Z. We will let K = U;;J] denote the collection of all intervals
that occur this way. Thus T = E|JUgec K.

Because ¥ conformally extends from W to W, || has comparable minimum and
maximum on each partition element of 7; (with uniform constants). Thus the cor-
responding intervals {Jg} have the property that adjacent intervals have comparable
lengths (again with a uniform bound).

The hyperbolic distance between two points 21, 29 € D is defined as

_ |dz|
pu— f .
p(z1,22) 13 A 1— |22

See Chapter 1 of [59] for the basic properties of the hyperbolic metric. Here we will

mostly need the facts that it is invariant under Mdébius self-maps of the disk, that
hyperbolic geodesics are circular arcs in D that are perpendicular to T, and that

points hyperbolic distance r from 0 are Euclidean distance

2

exp(2r) n 1 = O(exp(_T»’

from the unit circle.
For any proper sub-interval I C T, let 7; be the hyperbolic geodesic with the
same endpoints as [ and let a; be the point on 7; that is closest to the origin (closest

in either the Euclidean or hyperbolic metrics; it is the same point).
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Since K are disjoint intervals on the circle,

Z(l —lak|) < o0,

Kek
and so

B(z) = [ loxl ax — =

ag 1 axz’

defines a convergent Blaschke product (see Theorem I1.2.2 of [58]). Thus B is a
bounded, non-constant, holomorphic function on D that vanishes exactly on the set
{a,}. Also, |B| has radial limits 1 almost everywhere. Moreover, B extends mero-
morphically to C \ E, where E is the accumulation set of its zeros on T; this is the
same set £ as defined above using the map W (the zeros accumulate at both endpoints
of every component of T\ £, and since these points are dense in F, the accumulation
set of the zeros is the whole singular set E). The poles of the extension are precisely
the points in the exterior of the unit disk that are the reflections across T of the zeros.

Any subset M of K also defines a convergent Blaschke product. Fix such a
subset. The corresponding Blaschke product Ba induces a partition of each I; with
endpoints given by the set {e” : By(e?’) = 1} and this induces a partition H; of
each «y; via the map W. This in turn, induces a partition £; of L; via 7;.

We would like to say that the partitions £; and J are “almost the same”. The

first step to making this precise is a lemma that we will prove in Section 8.4:

LEMMA 8.3.1. There is a subset M C K so that if B is the Blaschke product
corresponding to M and L; is the partition of Ly corresponding to B via 7j 0 U™,
then each element of J hits at least 2 elements of L; and at most M elements of L;,
where M s uniform. In particular, no element of J can hit both endpoints of any

element of L; (elements of each partition are considered as closed intervals).
In Section 8.5 we will prove
LEMMA 8.3.2. Suppose K = [1+ia,1+1ib] € L, and define
a(l +iy) = % arg(Bo Vo, '(1+1iy)),

where we choose a branch of o so a(1+ia) =0 (recall that B(\IJ(Tj_l(l +ia)))=1¢€
R). Set

(z) =1+id(a(l —a(z)) + ba(z)) =1+ i(a+ (b — a)a(2)).
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Then )y is a homeomorphism from K to itself so that ccop; : K — [0,1] is linear
and 1y can be extended to a quasiconformal homeomorphism of R = K x [1,2] to
itself that is the identity on the OR \ K (i.e., it fives points on the top, bottom and
right side of R).

The main point of the proof is to show that arg(Bo W o7, ') : K — [0,2n] is
biLipschitz with uniform bounds.
Roughly, Lemma 8.3.1 says there are more elements of J than there are of L;.

This is made a little more precise by the following:

LEMMA 8.3.3. There is a 1-to-1, order preserving map of L; into (but not neces-
sarily onto) J so that each interval K € L; is sent to an interval J with dist(K, J) <
27. Moreover, adjacent elements of L; map to elements of J that are either adjacent

or are separated by an even number of elements of J .

This will be proven in Section 8.6. Again, the proof is quite elementary.

Partition J = J/ U Jj according to whether the interval is associated to some
element of £; by Lemma 8.3.3 (i.e., 7 is the image of L; under the map in the
lemma). The maximal chains of adjacent elements of J§ will be called blocks. By
the lemma, each block has an even number of elements. We will say that the block
associated to an element J € J7 is the block immediately above J.

Thus each interval K in £; is associated to an interval J’ that consists of the
corresponding J given by Lemma 8.3.3 and its associated block. K and J’ have
comparable lengths and are close to each other, so the orientation preserving linear
map from J' to K defines a piecewise linear map 1, : R — R that is biLipschitz with
a uniform constant. Using linear interpolation we can extend this to a biLipschitz
map 1y of the strip S = {x 4+ iy : 1 < x < 2} to itself that equals Uy on Ly (the left
boundary) and is the identity on Lo (the right side).

Each element J € ij is paired with a distinct element J* € JQj that belongs to
the same block. The two outer-most elements of the block are paired, as are the pair
adjacent to these, and so on. Similarly, each point z is paired with the other point
z* in the block that has the same distance to the boundary (the center of the block
is an endpoint of J and is paired with itself).



8.3. THE PROOF OF THEOREM 8.1.1 183

For each K € L;, let Jg be the corresponding element of jlj and let Ix be the
union of Ji and its corresponding block. Let Rx = [1,2] X Ix. Let Ux = Ri \ Xk,
where X is the closed segment connecting the upper left corner of Ry to the center

of Rk. See Figure 2.

FIGURE 2. Definition of Uy

LEMMA 8.3.4 (Simple folding). There is a quasiconformal map s : Ux — Ry so

that (5 depends on j and on K, but we drop these parameters from the notation)

(1) w3 is the identity on ORk \ Ly (i.e., it is the identity on the the top, bottom
and right side of Rk ),

(2) ¥3! extends continuously to the boundary and is linear on each element of
J lying in I,

(3) 3 maps Ik (linearly) to Jg,

(4) for each z € Ik, ¥3'(2) = w31 (2*) € Xy, (i.e., 3 maps opposite sides of Xy
to paired points in Iy,),

(5) the quasiconstant of 13 depends only on |Ik|/|Jk|, i.e., on the number of

elements in the block associated to K. It is independent of the original model

and of the choice of j and K.

We call this “simple folding” because it is a simple analog of a more complicated
folding procedure given in [31]. In the lemma above, the image domain is a rectangle
with a slit removed and the quasiconstant of 13 is allowed to grow with n, the
number of block elements. This growth is not important in this paper because here

we only apply the folding construction in cases where this number n is uniformly
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bounded (this will occur in our application because of Lemma 8.3.1). In [31], the
corresponding values may be arbitrarily large but the folding construction there must
give a map with uniformly bounded quasiconstant regardless. The construction in
[31] removes a collection of finite trees from Ry and does so in a way that keeps the
quasiconstant of ¢35 bounded independent of n (there are also complications involving
how the construction on adjacent rectangles are merged).

We want to treat the boundary intervals in J; and J> slightly differently. The

precise mechanism for doing this is:

LEMMA 8.3.5 (exp-cosh interpolation). There is a quasiregular map o; : S —
D(0,€?) so that

exp(z), zeJeJi,
oj(z) =< e-cosh(z—1), zeJeJi,
exp(z), z e H, +2.

The quasiconstant of ¢; is uniformly bounded, independent of all our choices.

This lemma will be proven in Section 8.8 and is completely elementary.
We now have all the individual pieces needed to construct the interpolation g;

1

between e® on Ly and Bo Wo T, on L;. Let U; be S minus all the segments Xy

where K € £; as in Lemma 8.3.4. Define a quasiconformal map ¢ : U; — S by

Y =Py 0Py 03,

and let g; = 0; 09 map U; into D(0,e?). By definition, each vy, i = 1,2,3 is the
identity on Lo, so g;(z) = € on Ly. For any K € L;, the map ¢ sends the boundary
segments of OUg that lie on some X linearly onto elements of .72j , so boundary
points on opposite sides of Xg get mapped to points that are equidistant from 27iZ
and cosh agrees at any two such points. Thus g; extends continuously across each
slit Xg. Finally, the map ¢ was designed so that g; is continuous on S and agrees
with BoWo Tj_l on L. Thus g; o 7; continuously interpolates between B o W on W
and F on Q(2) and so defines a quasiregular g on the whole plane with a uniformly
bounded constant. Thus by the measurable Riemann mapping theorem there is a
quasiconformal ¢ : C — C so that f = g o ¢ is entire.

The singular values of f are the same as for g. On €2(2), g = F = €7, so g has no

critical points in this region. In Uj, g = g; is locally 1-to-1, so has no critical points
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there either. Thus the only critical points of g in {2(1) are on the slits X, then these
are mapped by g onto the circle of radius e around the origin. Thus every critical
value of g (and hence f) must lie in D(0, e).

If g has a finite asymptotic value outside m, then it must be the limit of
g along some curve I' contained in a single component of 2. Then e* has a finite

limit along 7(I") C H,; this is impossible, so f has no finite asymptotic values outside

D(0,¢e). Thus S(f) € D(0,e), and so f € B.

This proves Theorem 8.1.1 except for the proof of the lemmas.

8.4. Blaschke partitions

In this section we prove Lemma 8.3.1. We start by recalling some basic properties
of the Poisson kernel and harmonic measure in the unit disk D.

The Poisson kernel on the unit circle with respect to the point a € D is given by
the formula
1— |a|? 1— |a|?
e —a2| 11— 2|a|cos(d — ¢) + |af?’

Fa(0) =

where a = |a|e’®. This is the same as |0’| where o is any Mdbius transformation of
the disk to itself that sends a to zero. If E C T, we write

1 .
E,a.D)=— [ P,(e")do
w(F.a.D) = o= [ P,

and call this the harmonic measure of E with respect to a. This is the same as
the (normalized) Lebesgue measure of o(E) C T where o : D — D is any Mdbius
transformation sending a to 0. It is also the same as the first hitting distribution on
T of a Brownian motion started at a (although we will not use this characterization).
Suppose I C T is any proper arc, and, as before, let 7; be the hyperbolic geodesic
in D with the same endpoints as I; then ~; is a circular arc in D that is perpendicular
to T at its endpoints. Let a; denote the point of v that is closest to the origin.
LEMMA 8.4.1. w(l,a;,D) = 1.
PROOF. Apply a Mébius transformation of D that sends a; to the origin. Then

~; must map to a diameter of the disk and I maps to a semi-circle. O



186 8. MODELS FOR EREMENKO-LYUBICH FUNCTIONS

Given two disjoint arcs I, J in T, let v7,7; be the two corresponding hyperbolic
geodesics and let a7 be the point on ~; that is closest to J and let a} be the point

on s that is closest to I.
LEMMA 8.4.2. w(I,al, D) = w(J,af,D)

ProOF. Everything is invariant under Mébius maps of the unit disk to itself, so

use such a map to send I, J to antipodal arcs. Then the conclusion is obvious. [

LEMMA 8.4.3. If z,w € D and I C T, then

w(l, z,D) <C
w(l,w,D) —

where the constant C' depends only on the hyperbolic distance between z and w.
PROOF. Suppose 0(z) = (z—w)/(1—wz) maps w to 0. Then u(z) = w(I,o(z),D)

is a positive harmonic function on D, so the lemma is just Harnack’s inequality applied
to u. U

Suppose I, J, C T are disjoint closed arcs and dist(/, J) > emax(|I|,|J|). Then we
call I and J e-separated. This implies the hyperbolic geodesics 77, v, are separated in
the hyperbolic metric (with a lower bounded depending only on €), but the converse

1S not true.

LEMMA 84.4. If I,J C T are e-separated, then the hyperbolic distance between

ar and aj is bounded, depending only on €.

PROOF. Assume [ is the longer arc and consider hyperbolic geodesic S that con-
nects af and a’,. Then S is perpendicular to v; at a7, so if 1 —|af| < 1—|a;|, S will

hit the unit circle without hitting ~;. See Figure 3. U

LEMMA 8.4.5. Suppose that I,J are e-separated. Then
w(l,a;,D) ~w(J,a;,D),
where the constant depends only on €.

Proor. This follows immediately from our earlier results. U
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FiGURE 3. If the intervals I and J are e-separated, then a shortest
path between v; and ~; must hit each geodesic near the “top” points.
A perpendicular geodesic that starts too “low” on 7, will hit the unit
circle without hitting ~;.

LEMMA 8.4.6. Suppose that I and J are e-separated and that ay,a; are at least

distance R apart in the hyperbolic metric. Then

w(J,ar, D) < Cle)e E.

PROOF. Since the intervals are e-separated, the hyperbolic distance between a;
and a; is the same as the distance between a{ and aﬂ, up to a bounded additive
factor. Thus if we apply a Mobius transformation of D so that a; = 0, a; is mapped
to a point w with 1 — |w| = O(e™ ), which implies w(l,a;,D) = O(e™ ). Since the

intervals are e-separated, the reverse inequality also holds by Lemma 8.4.5. U

Fix M < oo and suppose K is a collection of disjoint (except possibly for end-
points) closed intervals on T so that any two adjacent intervals have length ratio at
most M. We say that two intervals I, J are S steps apart if there is a chain of S + 1
adjacent intervals Jy, ..., Js so that I = Jy and J = Jg.

Note that if I, J € K are adjacent, then ay, a; are at bounded hyperbolic distance
T apart (and T depends only on M). Also, if I, J € K are not adjacent, then they

are e-separated for some € > 0 that depends only on M.

LEMMA 8.4.7. For any R > 0 there is a collection N' C K so that

(1) for any I € K, there is a J € N with p(ay,ar) < R
(2) for any I,J € N, p(ay,ar) > R.

PROOF. Just let N correspond to a maximal collection of the points {ax} with
the property that any two of them are hyperbolic distance > R apart. U
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Fix a positive integer S. For each J € N choose the shortest element of I that
is at most S steps away from J. Let M C K be the corresponding collection of

intervals.

LEMMA 8.4.8. Suppose R, S, T are as above and R > 4ST. If K and M are as
above, then for all K € K,
€< Z W(K)G’J7D) < 22
JeM
where € > 0 depends only on R and u — 1/2 as S — oc.

PROOF. The left-hand inequality is easier and we do it first. Fix K € K. There
isa l € N with p(ar,ax) < R, and since adjacent elements of K have points that are
only T apart in the hyperbolic metric, there is an element J € M with p(ag,a;) <
R+ ST < 2R. This implies |J| ~ |K| ~ dist(J, K) and these imply w(K,a;,D) > €
with e depending only on p. Thus every element of K has harmonic measure bounded
below with respect to some point corresponding to a single element of M and hence
the sum of harmonic measures over all elements of M is also bounded away from
zero uniformly.

Now we prove the right-hand inequality. By our choice of R, points a; corre-
sponding to distinct intervals in M are at least distance R/2 apart. Fix K € K.
There is at most one point within hyperbolic distance R/4 of ax and the harmonic
measure it assigns K is at most 1/2 since the point lies on or outside the geodesic
VK-

All other points associated to elements of M are Euclidean distance > exp(R/8)|K|
away from K or are within this distance of K, and are within Euclidean distance
exp(—R/8)|K| of the unit circle (this is because of the Euclidean geometry of hyper-
bolic balls in the half-space). We call these two disjoint sets M; and M, respectively.

Using Lemma 8.4.5 we see that the

> w(K,a;,D)=0() " w(/ ag,D)) = O(exp(—R/8)).
JeMy JeMy
To bound the sum over My, we note that each interval in M, is the endpoint of

a chain of S adjacent intervals that are each at least as long as J. Since

|J] < exp(—R/8)|K],



8.4. BLASCHKE PARTITIONS 189

and
dist(J, K) 2 | K],
we can deduce
ol ax, D) < O(gJolar, 1D),
so since the J's are all disjoint intervals,

1 1
Z W(K,CL],D) :O(§ Z W(J,CLK,D>> :O<§>
JeMo, JeMas
Choosing first S large, and then R large (depending on S and separation constant of

K), both sums are as small as we wish, which proves the lemma. U

COROLLARY 8.4.9. Suppose B is as above and K € K. Then
1 0B

< ——— < (.

“=T1K] 90 =

Proor. If I, J are e-separated, then it is easy to verify that

sup P,,(z), inf P,,(2),
zeJ zeJ

are comparable up to a bounded multiplicative factor that depends only on €. The

lemma then follows from our earlier estimates. O

We have now essentially proven Lemma 8.3.1; it just remains to reinterpret the

terminology a little. For the reader’s convenience we restate the lemma.

LEMMA 8.4.10 (The Blaschke partition). There is a subset M C K so that if B is
the Blaschke product corresponding to M and L; is the partition of Ly corresponding
to B via 7,0 WL, then each element of J hits at least 2 elements of L; and at most
M elements of L;, where M is uniform. In particular, no element of J can hit both
endpoints of any element of L; (elements of each partition are considered as closed

intervals).

PROOF. A computation shows that for the Blaschke product

lan| z — ap
B(z) = Ha—

1—a,z’

the derivative satisfies

0B AV 0
156 €)= 2 Punfe”),
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and the convergence is absolute and uniform on any compact set K disjoint from
the singular set £ of B (since B is a product of Mébius transformations, and the
derivative of a Mobius transformation is a Poisson kernel, this formula is simply the
limit of the n-term product formula for derivatives).

Lemma 8.4.8 now says we can choose M so that

0 3 3r
ome< [ |2 Bldo <2 -om = .
m—/ﬁa@ 0 < 7-2m =3

Since the integral over an element of £ has integral exactly 27, the lower bound
means that an element of £ can contain at most 1/e elements of J and hence can
intersect at most 2+ % elements of 7. The upper bound says that each element K of
L must hit at least 2 elements of J. Hence it is not contained in any single element

of J, and so no single element of 7 can hit both endpoints of K. O

8.5. Straightening a biLipschitz map

LEMMA 8.5.1. Suppose K = [1 +ia,1+1ib] € L; and define
1
a(l+1y) = o arg(Bo W o' (1+1y)),

where we choose a branch of a so a(1+ia) =0 (recall that B(\IJ(Tj_l(l +ia)))=1¢€
R). Set

1(z) =1+i(a(l — a(z)) + ba(z)) =1+i(a+ (b — a)a(z)).

Then 1y is a homeomorphism from K to itself so that a oy : K — [0,1] is linear
and 11 can be extended to a quasiconformal homeomorphism of R = K x [1,2] to
itself that is the identity on the OR\ K (i.e., it fixes points on the top, bottom and
right side of R).

PRrROOF. The linearizing property of ¢ is clear from its definition, so we need
only verify the quasiconformal extensions property.

Corollary 8.4.9 implies o’ is bounded above and below by absolute constants. Let
R = K x [1,2] and define an extension of ¢; by

Y1z +iy) = u(x,y) +iv(z,y) =z +i[(2 — )i (1 + 1Y) + (2 — 1)y)].
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i.e., take the linear interpolation between 11 on L; and the identity on L,. We can

easily compute

(um uy) _ ( 1 0 )

ve vy)  \y—¢y) C-z)(b—a)(y)+@x-1))"

Note that |y — h(y)| < |K]| is absolutely bounded. Also, since |b — a||a/| is bounded
above and away from 0, so is v,. Thus the derivative matrix lies in a compact subset
of the invertible 2 x 2 matrices and hence v is quasiconformal (with only a little
more work we could compute an explicit bound for the quasiconstant, and even prove

that the extension is actually bilipschitz). O

8.6. Aligning partitions

Now we prove Lemma 8.3.3, which we restate for convenience.

LEMMA 8.6.1. There is a 1-to-1, order preserving map of L; into (but not neces-
sarily onto) J so that each interval K € L; is sent to an interval J with dist(K, J) <
2m. Moreover, adjacent elements of L; map to elements of J that are either adjacent

or are separated by an even number of elements of J .

ProOOF. For each K € K choose J € J so that J contains the lower endpoint
of K (if two such intervals contain the endpoint, choose the upper one). No interval
J is chosen twice, since Lemma 8.3.1 says that no J can hit both endpoints of any
element of L.

Fix an order preserving labeling of the chosen J by Z and denote it {J,}. By
the gap between J, and J, 1 we mean the number of unselected elements of 7 that
separate these two intervals. The position of Jy is fixed. If the gap between J, and .J;
is even (including no gap), we leave J; where it is. If the gap is odd, there is a least
one separating interval and we replace J; by the adjacent interval in J that is closer
to Jo. If the gap between (the new) J; and J; is even, we leave Jy alone; otherwise,
we move it one interval closer to Jy. Continuing in this way, we can guarantee that
for all n > 0, gaps are even and each J, is either in its original position or adjacent
to its original position. Thus its distance to the associated element of K is at most

2m. The argument for negative indices is identical. 0
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8.7. Foldings

Now we prove Lemma 8.3.4. This is the step that makes the gluing procedure a

little different from a standard quasiconformal surgery.

LeEmMMA 8.7.1 (Simple folding). There is a quasiconformal map 5 : Ux — Ry so
that (13 depends on j and on K, but we drop these parameters from the notation)

(1) w3 is the identity on ORk \ Ly (i.e., it is the identity on the the top, bottom
and right side of R ),

(2) 3! extends continuously to the boundary and is linear on each element of
J lying in Iy,

(3) 3 maps Ik (linearly) to Jg,

(4) for each z € I, 31 (2) = w31 (2*) € Xy (i.e., 13 maps opposite sides of Xy,
to paired points in Iy,),

(5) the quasiconstant of 15 depends only on |Ik|/|Jk|, i.e., on the number of
elements in the block associated to K. It is independent of the original model
and of the choice of j and K.

PRroOOF. The proof is a picture, namely Figure 4. The map is defined by giving
compatible finite triangulations of Ry and U (compatible means that there is 1-to-1
map between vertices of the triangulations that preserves adjacencies along edges).
Such a map defines linear maps between corresponding triangles that are continuous
across edges. Since each such map is non-degenerate, it is quasiconformal and hence
the piecewise linear map defined between Uy and Ry is quasiconformal (with quasi-
constant given by the worst quasiconstant of the finitely many triangles). The other

properties are evident. U

8.8. Interpolating between exp and cosh

LEMMA 8.8.1 (exp-cosh interpolation). There is a quasiregular map o; : S —
D(0,¢e?) so that

exp(z), zeJeJl,
oj(z) =< e-cosh(z—1), z€JeT,
exp(z), z € H, + 2.

The quasiconstant of o; is uniformly bounded, independent of all our choices.
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FIGURE 4. The pictorial proof of Lemma 8.7.1 for n = 5.

PROOF. As with the previous lemma, the proof is basically a picture; see Figure
5. Suppose J € J and let R = J x [1,2]. The exponential map sends R to the
annulus A = {e < |z| < €?}, with the left side of R mapping to the inner circle and
the top and bottom edges of R mapping to the real segment e, €?].

Now define a quasiconformal map ¢ : A — D(0, e?) that is the identity on {|z| =
e?} and on [e, €?], but that maps {|z| = e} onto [—e, €] by z — (2 + <) (this is just
a rescaled version of the Joukowsky map %(z + %) that maps the unit circle to [—1, 1],
identifying complex conjugate points).

In H, 4 2 and in rectangles of the form J x [1,2] for J € J; we set 0;(2) = exp(z).
In the rectangles corresponding to elements of J> we let 0;(2) = ¢(exp(z)). This

clearly has the desired properties. U

Actually, the cosh function in the lemma can be replaced by any function A : J —
[—1,1] that has the property that h(z) only depends on the distance from z to the
endpoint of J. This will ensure that after applying a folding map, points that started
on opposite sides of some slit X will end up being identified by A, which is all we
need.

This completes the proof of Theorem 8.1.1.
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exp

FIGURE 5. The exponential function maps the rectangle [1,2] x J
conformally to the slit annulus {e < |z| < €} \ [e,e?]. The map
¢ is chosen to map the annulus A={e < |z| < €%} to the slit disk
{lz| < €*}\ [—e,€] so that it equals the identity on {|z| = €*} and
equals (z + %) on {|z| = e}.



CHAPTER 9

Exotic examples in the Eremenko-Lyubich class

9.1. Rempe Rigidity

We saw above that even quasiconformal equivalence on the whole plane does not
imply that two functions have homeomorphic Julia sets, so seems to be little reason
to expect that equivalence near oo allows us to compare the dynamics of a model
and its approximating entire function. The second surprise is a remarkable result of

Lasse Rempe that, in fact, they are closely related:

THEOREM 9.1.1 (Rempe rigidity). Suppose f € B and g is a model function that
are quasiconformally equivalent near co. Then there is an R > 0 and a quasiconfor-
mal map ¢ : C — C so that fop =¢og on

Tr(f) = MpZi{z : [["(2)] = R}

THEOREM 9.1.2 (Rempe rigidity for disjoint type). Suppose f € B and g is a
model function with tract Q) and f = g o w, on ), where ¥ is quasiconformal on C
and conformal off 2. Suppose that f and g are disjoint type, i.e., the closures of both

tracts are disjoint from D. Then there quasiconformal map ® of the plane so that
Pof=god,
on Q. In particular J(g) = (T (f)).

PROOF. Replace Q by {z : |f(2)] > 1+ €}. Then 09 is smooth and the other
assumptions are still valid. Let W = (). Since W N'D = ), ¢ is conformal on a
neighborhood U of D and hence smooth there. Thus we can replace ¢ by another
QC map ¢ that equals ¢ outside U and is the identity on D.

Now define a sequence of quasiconformal maps {®, } on C by setting ®; to be the
identity and, in general,

B, =g ' o®,0f,
195
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on each tract of f and ®,,,; = ¢ on C\ .

We can show that each ®,, is quasiconformal (with the same constant as ¢) and
O, = &, outside f~"(D(0,1 + ¢€)) so the sequence stabilizes off J(f). Since this
set is dense, the sequence of maps converge, uniformly on compact sets to a quasi-

conformal map ® such that
god=adof,
on Q. O

Clearly Jr(f) is an intersection of closed sets and is hence closed. If Q = {z :
|f(2) > R} and QN D(0, R) = 0, then an orbit that leaves Q stays bounded forever.
Thus C \ Jr(f) is in the Fatou set and Jr(f) C J(f). Moreover, I(f) C Jr(f),

hence

J(f) C I(f) € Tr(f) = Tr(f) C T([),
so Jr(f) = J(f). Thus Rempe’s theorem says that if an element of B is quasicon-

formally equivalent near co to model function, g, J(f) is the quasiconformal image
(under a map of the whole plane) of the Julia set of g. Thus J(f) and J(g) share
any properties that are preserved by quasiconformal maps. Similarly for I(f) and
1(g).

Consider, for example, Eremenko’s question: can any point of the escaping set
be connected to oo by a path inside the escaping set? The quasiconformal image
of a path to oo is another path to oo, so if there is a model function that is a
counterexample, then there is also an entire function that is a counterexample.

In the next section we will use the approximation and rigidity results stated above
to build a counterexample in B to the strong Eremenko conjecture, to illustrate that
these results are simple to use in practice. We will then turn to the more difficult

task of proving each of them.

9.2. An escaping set of dimension 1

We claim that the examples fx constructed in the previous section all have es-
caping sets of dimension 1. We know that this is the minimal possible dimension
for the escaping set of any entire function, because the escaping set hits every circle

around the origin of sufficiently large radius, Theorem 1.7.1.
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Rempe and Stallard showed that if f, g € B are affinely equivalent, i.e.,
Aof=goB

for affine maps A, B, then dim(I(f)) = dim(I(g)). The family fx(z) = f(2) + K

forms a family of affinely equivalent entire functions and hence
1> dim(I(Fp)) = i%f dim(I(Fy + K)) < i%f dim(J (Fo + K)) = 1.

Thus the escaping set of Fj has dimension 1 and is strictly smaller than the dimension
of its Julia set (which must be > 1 by Theorem 4.8.1).
All that remains is to prove the result of Rempe-Gillen and Stallard:

THEOREM 9.2.1. Suppose f,g € B are affinely equivalent. Then dim(I(f)) =
dim(I(g)).

LEMMA 9.2.2. Suppose f,g € B are affinely equivalent and K > 1. Then there
1s R > 0 and a K-quasiconformal map ¢ : C — C such that ¢ o f = go ¢ for all

A jR<f)

Because we can take K close to 1, dimension are distorted as little as we wish if

R is large enough. Proof uses version of Rempe Rigidity theorem.

9.3. The strong Eremenko conjecture fails in B

In this section we construct a function f with a bounded singular set, so that no
point of the escaping set I(f) can be connected to co by a path that remains inside
I(f). This counter example to the strong Eremenko conjecture was first bound by
Rottenfusser, Riikert, Rempe and Schleicher in [120], and we follow the presentation
given there.

Let S{z+iy: x > 4, |y| < 4} be a half-infinite horizontal half-strip and let Q C S
be the subdomain illustrated in Figure ??7. Suppose we have two increasing sequences
{rx} and {si} so that 1 < s1 < 19 < s9 < .... For each pair {ry, s;} we define a
“switchback” region as shown in Figure 1. It basically consists of a stretched “S”
inside the rectangle [ry — 9, sx + 9] x [—1,1]. The vertical lines {z = t} each hit the
region in three unit length segments for r, <t < s;, and hit it in one unit segment

centered on the real axis for rp, — 9 <t <r, —8 and s, + 8 <t < s, + 9 as shown.
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We form an unbounded, simple connected region 2 by taking the union of these
switchback regions with the connecting rectangles [sy + 9,711 — 9] X [—1,1]. Let
7 : Q) — H, be the conformal map that sends oo to oo and the points 4 + %2 to +1.

We can take r; < s; to be any two large numbers; the rest of the sequences
are defined inductively as follows. There is a cross-cut p; the connects the top and
bottom sides of §2 and that lies between the lines {z = r — 9} and {x = r; — 8}.
We can assume that this cross-cut is actually a hyperbolic geodesic and that 7(p;)
is a semi-circle in H, with its endpoints on the imaginary axis and centered at the
origin. Let z; be the intersection of this semicircle with the real line (thus also
equals the radius of the semicircle). If we take an arc v of the semicircle centered at
x1 and of length ~ 8exp(—x1), the image of this arc under exp is a smooth curve
that closely approximates the vertical line segment on length 8 centered at exp(xy).
Choose 1911 = exp(x1) — 1. Then {z = roy1} NS and exp(y) N S are both cross-cuts
of S and the first is strictly to the left of the second. See Figure 3.

The value S5 is chosen in a similar manner, except that we start with a cross-cut
oy of Q that lies between {z = s; + 8} and {z = s; + 9} that maps to a semi-circle
of radius y; in H, and then take sy = exp(y1) + 1. Then the cross-cut corresponding
to {z = sy} lies to the right of the hyperbolic cross-cut passing through exp(yz).

Once we have {ry, s2} we can define the second switchback region, define new
cross-cuts at the entrance and exit of this region and use these to define r3, s3.

This argument is slightly circular since we are using the map 7 : 0 — H,. before
) has been defined. To be more careful, we should define €2, to be the part of (2
involving the the first k£ switchbacks, followed by an infinite horizontal tube and use
the conformal map 7 of this domain onto H, to define 7,1 and si. 1. Then one needs
to prove that that the image of the crosscuts pg, o under 7, and 7 are very close.

Thus any path in € that connects {x = 111} to {x = sx41} has a pre-image that
connects {x = ry — 8} to {x = s, + 8}. Therefore this same preimage curve has two
subarcs that connect {z = 7} to {x = sx} (in that order; there is also a third that
connects them in the opposite order).

This is the critical property of 2. For by induction, any path in {2 that connects
{z = 12ry4,} to {x = sg.n} has a n-th order preimage that connects {x = r;} to

{z = sx} with 2" different subarcs. Since this is true for a fixed k& and arbitrarily
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FiGure 1. The building block of our track. Copies of this are con-
nected by horizontal tubes to define the tract €.

exp

\j

FIGURE 2. The map 7 is conformal from 2 to the right half-plane
and is followed by the exponential map onto the outside of the unit
disk. This covers  and so f~'(Q) consists of countable many copies
of Q inside itself. Repeated inverse images gives a sequence of nested
close sets whose intersection is the Julia set of the model F' = e”. The
building block of our track. Copies of this are connected by horizontal
tubes to define the tract €.

large n, we see that a path to oo in I(f) would have to alternately cross {x = ry}
and {x = s;} infinitely often. This is impossible for a path, so I(f) does not contain
paths to oc.

Suppose wyg € J(F). Then wy € J C J(F) where J is a closed connected set

obtained by intersecting some sequence of components of F~"()). Suppose there is
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a: Command not found.

FiGUurReE 3. This is the essential property of the switchbacks: the
crosscuts at the entrance and exits map under F' to curves that cross
the next switchback between {x = 7141} and {x = sx41}. This implies
that any curve in {2 that connects these two vertical lines, also connects
the F' images of the two cross-cuts. Hence the F-preimage of such a
curve connects p, and oy and hence connects {z = r;} and {z = s}
at least three times.

a path v that connects wy to oo in J. Choose k so that |w| < rp —9. The the path
v has a sub-arc that connects {x = r} to {x = s;}, but only a finite number of
disjoint such subarcs, say N of them. Let w,, = F™(wg). Then |w,| < rr4n — 9 by the
choice of {r}. Since v = F¥(v) is a path that connects wy, to oo, it must connect
{z = rgin} to {z = sgin}. Thus by the argument above, its nth preimage v must
connect {x = ri} to {z = s}, 2" times. If we take 2" > N, this is a contradiction,
proving that no such path ~ exists.

Thus the stronger version of Eremenko’s conjecture fails for the model function
f. But Theorems ?? and ?7? say there is an Eremenko-Lyubich class function f and
the quasiconformal ¢ : C — C so that J(f) = ¢(J(F)). Thus the conjecture also

fails for f. More formally, we obtain:

THEOREM 9.3.1. There is a hyperbolic f € B so that no point of J(f) is connected
to oo by a path in J(f).

9.4. Hyperbolic dimension 2

A set K C J(f) is called hyperbolic if it is compact, f(K) C K and |(f™)'| > A
on K for some A > 1 and all sufficiently large n. The hyperbolic dimension of f is
the supremum of the Hausdorff dimensions of all hyperbolic subsets K C J(f). This
was introduced by Shishikura in [128]. Clearly the hyperbolic dimension is a lower
bound for dim(J(f)), but they need not be the same in general

THEOREM 9.4.1 (Stallard, [131]). There is a hyperbolic f € B with hyperbolic
dimension < dim(J (f)).

THEOREM 9.4.2 (Rempe, [113]). There is a hyperbolic f € B with hyperbolic

dimension 2.



CHAPTER 10

Escaping rays for Eremenko-Lyubich functions

One of the main conjectures in transcendental dynamics has been Eremenko’s
question of whether every connected component of the escaping set is unbounded.
The so called “Strong Eremenko” conjecture asked if every point of the escaping set
can be connected to infinity by a path inside the escaping set. A counterexample in
the Eremenko-Lyubich class to the stronger conjecture was found by Rottenfusser,
Riickert, Rempe and Schleicher in [120], where they also prove the strong Eremenko
conjecture is true for Eremenko-Lyubich function of finite order. In this chapter we
give their positive result; the counterexample will be constructed in a later chapter,

after we have developed more of the theory of quasiconformal mappings.

10.1. A characterization of arcs

THEOREM 10.1.1. If E is a compact subset of the Riemann sphere that is totally
ordered and the order topology agrees with the subset topology induced from the sphere,

then E is an arc (a homeomorphic image of [0, 1].

PROOF. O

10.2. Tracts and external addresses

Define B, 104
Define normalize
Define disjoint type

Define external address, Js,

LEMMA 10.2.1. fF € Byiog and z,w € Js, then
lim max(RF*(z), RF*(w)) = oo

k—o0

PROOF. ]
201
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i

FiGURE 1. An example of logarithmic tracts. Each white component
is conformally mapped to the right half-plane by F', which satisfies
F(z) = F(z + 2mi). These tracts have closure contained in H,, so
define a hyperbolic function of disjoint type.

LEMMA 10.2.2. For F € B,yoq there is a K > 0 so that if z € J*(f) and =z
1s the external address of zthen [J, contains a closed, unbounded connected set with
dist(A, z) < 27.

10.3. The head-start condition implies path connected

Suppose U, V' are logarithmic tracts of ' and ¢ : RtoR is an increasing continuous
function such that ¢(z) > z for all z. We say that (U,v) satisfy a head-start
condition for ¢ if for all z,w € U with F(2), F(w) € V

Rz > p(Rw) = RE(2) > p(RF(w)) = .
An external address s satisfies the head-start condition for ¢ if

(1) all consecutive pairs of tracts for s satisfy the head-start condition for ¢ and

(2) for all distinct points z,w € J there is a positive integer m such that either
RE™(z) > RF™(w),

or

RE™(w) > RF™(2).
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We say F' satisfies the head-start condition if every external address satisfies it for
some . We say that F' satisfies a uniform head-start condition if the same ¢ works
for all external addresses.

If F satisfies a head-start condition, then it is possible to order points with the
same external addresses according to their rates of escape to infinity. For z,w € J;

we say that z > w if there is a positive integer k so that
REF(2) > o(RF*(w)).

We also let co > z for all z € J,.
Note that we can never have z > z. If a > b and b >> ¢ then, by definition, there

are integers k,n so that
RE*(a) > o(RFF (b)) > RF*(b),
and
RE"™(b) > @(RF"(c)).
If m > maz(k,n), these equations also both hold for n, so
RE"(a) > @(RF" (D)) > RF"(b) > p(RF"(c)),
so a > c¢. By condition (2) of the head-start condition for external addresses, any

two points in J,; can be compared, thus > defines a total order on J;.

LEMMA 10.3.1. For any external address s, the order topology on Js agrees with
the topology as a subset of the Riemann sphere. Every component of Js is homeo-

morphic to an arc.
ProoFr. O

THEOREM 10.3.2 (Rottenfusser, Riickert, Rempe, Schleicher [120]). If F' € B,yioq
satisfies a head-start condition, then the orbit of every escaping point z eventually

lands on a ray tail.
PROOF. O

10.4. Finite order implies head-start






CHAPTER 11

Quasiconformal mappings: geometric aspects

In this chapter we discuss three definitions of quasiconformal maps: geometric,

piecewise C'* and analytic.

11.1. Angle distortion of linear maps

Conformal maps preserves angles; quasiconformal maps can distort angles, but
only in a controlled way. To make this distinction more precise we must have a way
to measure angle distortion and we start with a discussion of linear maps.

Consider the linear map

(=)= )

Let M7T denote the transpose of the real matrix M, i.e., its reflection over the

main diagonal. Then

v (@ ¢\ (a b\ _[(a*+c abtecd\ _ (E F
M M_<b d) (c d>_(ab+cd v+da)=\F G
is positive and symmetric and hence has two positive eigenvalues Ai, A9, assuming M

in non-degenerate. The square roots s; = /A1, s5 = v/ A9 are the singular values of

A (without loss of generality we assume s; > s5). Then

M=U- (51 0) -V,

0 s9 ’
where U, V are rotations. Thus M maps the unit circle to an ellipse whose major and
minor axes have length s; and s5. Thus M preserves angles iff it maps the unit circle
to a circle iff s; = s5. Otherwise M distorts angles and we let D = s1/s5 denote the
dilatation of the linear map M. This is the eccentricity of the image ellipse and is

> 1, with equality iff M conformal.
205
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The inverse of a linear map with singular values {si,s2} has singular values
%, i} and hence dilatation D = (1/s3)/(1/s1) = $1/s2. Thus the dilatation of
a linear map and its inverse are the same.

Given two linear maps M, N with singular values s; > sy and t; > t5 respectively,
the singular values of the composition M N are trapped between sit; and soty (this
occurs for the maximum singular values since they give the operator norms of the
matrices and these are multiplicative; a similar argument works for the minimum
singular values and the inverse maps). Thus the dilation is less than (s1t1)/(sats) i.e.,

dilatations satisfy
Dyron < D - Dy

The dilatation D can be computed in terms of a, b, ¢, d as follows. The eigenvalues

A1, Ay are roots of the
0 = det(MT - M — XI),
which is the same as

0=(E—-NG—-\N)—-F*=EG—F*— (E+G)\+ )\

Thus
)\1)\2 - EG - F2
= (a*+ &)+ d*) — (ab+ cd)®
= a’b® + a*d* + A6 + d** — (a®b* + 2abed + Ad?)
= a*d® + Ab* — 2abed
= (ad — bc)?
Similarly,

M+N=E+G=a>+b+3*+d°.

The values of A\;, Ay can be found using the quadratic formula:

Du ) = %[E 4G+ JETGR—A(EG = F)

_ %[EJrGi V(E — G)2 +4F2)].
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Thus
M E+GH(E-G)P+4F?
A2 E+G—\/(E—G)*+4F2
(E+G+/(E—G)>+4F?2)?
(E+G)? — (E—G)? — 4F?
(E+ G+ /(E — G)? +4F?)?
4(EG + F?) '
and hence

posi_ M E+ G+ /(E—G)?+4F?

Sa A2 2V EG + F?

This formula can be made simpler by complexifying. Think of the linear map M

on R? as a map f on C:

x4+ iy = ar + by +i(cr + dy) = u(z,y) +iv(z,y) = f(z +iy)

M= (" "
Up Uy
i i

1 . 1 1 , 1
fe= §(fx_zfy) = é(ux"i"vy)"’"i(vx_uy)afz = é(fz‘i‘zfy) = é(ux_vy)+§(vr+uy)-

Some tedious arithmetic now shows that

Then

and we define

4|fz|2 - (um+vy)2+<vfc_uy)2

_ 2 2, .2 2
= uy + 2uvy + vy + vy — 20Uy + u,

4|f§|2 = (uz - Uy>2 + (Uac + uy)2

_ 2 2,2 2
= Uy — 2uyvy + vy, + v, + 20Uy + u,

SO

(ISl + DAL = 1D = 1L = 17 = ey — vauy = s155 = det(M).
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In particular, if we assume M is orientation preserving and full rank, then det(M) > 0

and we deduce |f,| > |fz|. Similarly,

(fA 1D+ (LD = 107 = 20 L2 +1f%)
= ui—i—vi%—ui—l—vi
= F+dG
= M+ X
= 5% —1—53.
From these equations and the facts s; > so, | f.| > |f:| we can deduce

81:|fz|+|f2|7 82:|le_|f5|7

and hence

D:ﬂ_ |fz|+|fz|

52 |fz, |f2|

Note that D > 1 with equality iff f is a conformal linear map. It is often more

convenient to deal with the complex number.
_ I
S
which is called the complex dilatation (although sometimes we abuse notation and
just call thus the dilatation, if the meaning is clear from context). Since |f:| < |f.],
we have |u| < 1 and it is easy to verify that
1+ |pl D-1
:1_|M|7 |M|:D—+1’
so that either D or |u| can be used to measure the degree of non-conformality.
We leave it to the reader to check that the map

r + 1y — (ax + by) + i(cx + dy)

can also be written as
(2,2) = az + pZ,

where z =z + 1y, Z=x — iy and o = aq + taw, § = B + i[9, satisfy
a+d a—d c—b b+c

9 y Qg = 9 ) ﬂl - 9 3 62 2
In this notation p = 3/« and

a1 =

18] + |l

D=
Jal = 18]
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As noted above, the linear map f sends the unit circle to an ellipse of eccentricity

D. What point on the circle is mapped furthest from the origin? Since

1= ’fZ‘ + ‘f2|7
the maximum stretching is attained when f,z and f;Z have the same argument, i.e.,
when
2
z z
0< fz? = —0
f=2 plz|
or

arg(z) = % arg(p),

Thus || encodes the eccentricity of the ellipse and arg(u) encodes the direction of
its major axis.

If we follow f by a conformal map ¢, then the same infinitesimal ellipse is mapped
to a circle, so we must have ji4or = py. If f is preceded by a conformal map g, then
the ellipse that is mapped to a circle is the original one rotated by — arg(g.), so
trog = (|9:]/9-)*1s. To obtain the correct formula in general we need to do a little
linear algebra. Consider the composition g o f and let w = f(z) so that the usual

chain rule gives

(gOf)Z:(ngf)fz—i—(ngf)fz,
(gOf)g:(gwof)fg—l—(gu—)of)fg,

(LB =(F D) ()

The determinate of the matrix is

or in vector notation

fzf; - ]szé = fzﬁ_ﬁff = |fz|2 - |f2|2 =J

which is the Jacobian of f, so by Cramer’s Rule,

(w0 1) = Sl(g0 f)of- = (90 ):F]

(g0 1) = (g0 f)=f-— (g0 F)-F:]
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SO

(go f)zf-—(go f).fz

bod = o Pt — (g0 )it
_ Ngoffz E
fz— Mgoffz
_ fr bger =1y
fo L= bgosliy
Now set h =go for g=nho f! to get
[z b — piy
Phop-10 [ = ﬁl_,uh,u_f.

Thus if A and f have the same dilatation y, then ¢ = h o f~! is conformal. We will

need this in the case when A is more general than an homeomorphism.

11.2. Piecewise smooth quasiconformal maps

We say that a linear map f is K-quasiconformal if Dy < K. The linear map
need not be defined on the whole plane. Given two triangles 77, T5 with vertices
a,b,c and A, B,C, there is a unique affine map 77 — 75 taking a — A, b — B and
¢ — C. The map is orientation preserving if both triangles were labeled in the same

orientation.

C C

—_—
a b A

FIGURE 1. A pair of similarly oriented, labeled triangles defines a lin-
ear map and has an associated dilatation.

There is an obvious affine map between these triangles and we can easily compute
its quasiconformal constant of this map as follows. First use a conformal linear map
to send each triangle to one of the form {0, 1,a} and {0, 1,b}. The affine map is then
of the form f(z) — az + pzZ where a+ =1 and f = (b—a)/(a — a) and from this

we see that
L4 pyl

f— )
1 — [py]
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where
_fe

B b—a
SR

a b—a’

If the triangle 7" is degenerate, or has the opposite orientation as 7', we simply give
oo as our QC bound K.

FiGURE 2. Two compatible triangulations of different polygons. The
most distorted triangle is shaded; this determines an upper bound for
the piecewise linear map between the polygons.

FIGURE 3. Another example of compatible triangulations of different
polygons. The most distorted triangle is shaded; in this case the di-
latation is bounded by 3.12157. (These examples are from [30], where

these bounds on dilatation are used to measure the effective of number
calculation of Schwarz-Christoffel parameter calculations.)

Two triangulations are compatible if the there is a bijection between the trian-
gles that preserves adjacency. The linear maps between each pair of corresponding
triangles defines a continuous, piecewise linear map between the regions covered by
the triangulations and we call this map K-quasiconformal if the dilatation of each
individual triangle map is bounded by K. For finite triangulations, we always get

a K-quasiconformal map for some K, since we only have a finite set of dilatations,
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but for infinite triangulations, K-quasiconformality is a non-trivial assumption. The
class of piecewise linear quasiconformal maps is extremely limited compared to the
full class we shall define later, but even these simple maps suffice for many of the

applications we will later make to dynamics.

FIGURE 4. A pair of compatible finite triangulations defines a piece-
wise linear quasiconformal map where the quasiconstant of the tri-
angulation is the maximum of the individual dilatations. A pair of
compatible infinite triangulations defines a quasiconformal map if the
dilatations are uniformly bounded above.

The piecewise differentiable definition: h is K-quasiconformal on 2 if there
are countable many analytic curves whose union is a closed set I' of {2 such that h is
continuously differentiable on each connected component of Q' = Q\ ' and D, < K
on (V.

The main motivating example is when €2 = C, T' is a triangulation of the plane
and py, is constant on the interior of each triangle.

A quadrilateral () is a Jordan domain with two disjoint closed arcs on the bound-
ary. By the Riemann mapping theorem and Caratheodory’s theorem, there is a
conformal map from @) to a 1 x m rectangle that extends continuously to the bound-
ary with the two marked arcs mapping to the two sides of length a. The ratio
M = M(Q) = 1/m is called the modulus of the four distinct marked on the bound-
ary and is uniquely determined by (). The conjugate of () is the same domain but
with the complementary arcs marked. Its modulus is clearly the reciprocal of @)’s

modulus.
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The geometric definition: A homeomorphism h, defined on a planar domain

), is K-quasiconformal if the

LM(Q) < M(Q) < KM(Q),

for every quadrilateral Q) C €.

Our first goal is to check that the this includes all the maps we previously defined
as K-quasiconformal in terms of their dilatations. Suppose @ C Q and h(Q) are
respectively equivalent to 1 x a and 1 X b rectangles and h is has dilatation bounded
by K. Since the dilatation is unchanged by composing with conformal maps, it

suffices to show

LEMMA 11.2.1. If we have a piecewise differentiable K -quasiconformal map be-
tween a 1 x a and 1 x b rectangle with dilatation < K, then = < b < Ka. Thus the

piecewise differentiable definition implies the geometric definition.

PRrOOF. By integrating over horizontal lines in the first rectangle, we see

bs/O (2] + | foD)de

and integrating in the other variable,

1 a
bs/O /0 (1f.] + £l dedy.

Thus by Cauchy-Schwarz

B < // (Ul 1EDAL] — | ) dedy) // {ﬁ:‘*}ﬁddm

fol + /]
S fz 2 fz diL‘d / / | ———dx dy
[ =1
< / | ey / | Dydsdy
o Jo 0o Jo
< baK,
so b < Ka. The other direction follows by considering the inverse map. 0

In order for the proof to work we need two things: (1) the area of the range to be
bounded above by integrating the Jacobian over the domain and (2) each horizontal
line segment S to have an image whose length is bounded above by the integral of

|f.| + |fz] over S. This certainly holds if f, and f; are piecewise continuous on a
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partition of the plane given by countable many analytic curves, as we have assumed,
but it holds much more generally. The geometric definition of quasiconformality
actually implies that the map h has partials almost everywhere and is absolutely
continuous on almost every line. This, in turn, implies the necessary estimates holds.
This will be discussed later in Chapter 12

Next we record the annulus analog of the previous result for rectangles.

COROLLARY 11.2.2. If we have a piecewise differentiable K -quasiconformal map
f between annuli A, = {1 < |z| < r} and Agp = {1 < |z| < R} rectangle with
dilatation < K, then % logrlog R < Klogr.

PROOF. Slit A, with [1,r] for form a quadrilateral Q@ C A, and let Q' = f(Q) C
Ag. See Figure 5 Then M (Ag) < M(Q') < KM(Q) = M(A,). The first inequality
occurs because of monotonicity of modulus (Lemma 5.1.2); every separating curve for
the annulus connects opposite sides of )" (but there are connecting curves that don’t
correspond to closed loops). The other direction follows by considering the inverse

map. See Figure 11.2.2. O

FI1GURE 5. Notation in the proof of 11.2.2.

LEMMA 11.2.3. Suppose f is holomorphic on Q and ¢ is quasiconformal and C*
on C. Suppose 1 is quasiconformal on  and py = pgor everywhere that f' # 0.
Then there is a holomorphic function g on Q' = () so that

gop=gof.

PROOF. Let g = ¢ o f o~ !. Every point where f’ is non-zero, there is a disk

where the composition is conformal. Thus ¢ is continuous all of 2 and holomorphic
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except on a countable set, hence is holomorphic on all of 2’ (since isolated points are

removable for bounded holomorphic functions). U

11.3. Compactness and continuity

The Arzela-Ascoli theorem states that a collection of continuous functions is rel-
atively compact if and only if it is equicontinuous and pointwise bounded. In this
section we prove that K-quasiconformal maps of the plane, normalized to fix both 0
and 1 have both these properties, and are also closed under uniform convergence on
compact sets. Thus normalized K-quasiconformal maps are compact.

Some normalization is necessary; the maps f,(z) = nz are 1-quasiconformal, but

are not pointwise bounded or equicontinuous.

LEMMA 11.3.1. If {f.} is a sequence of K-quasiconformal maps on € that con-

verge uniformly on compact subsets to a homeomorphism f, then f is K-quasiconformal.

PROOF. Any quadrilateral ) C € has compact closure in Q so Q'lim, f,(Q)
is a quadrilateral in f(€) and we need only check that if @) is a quadrilateral then
M (lim,, f,,(Q)) = lim,, M(f,(Q)). However, this follows from Lemma 5.5.7 of Chapter
5. 0

LEMMA 11.3.2. Suppose f : C — C is a K-quasiconformal map that fizes both 0
and 1. Then |f(x)| is bounded with an estimate depending on |x| and K, but not on

7.

PROOF. First suppose R(x) < 1/2 and consider the topological annulus with
boundary component [0,z] and [1,00). See Figure ??. boundary components is
bounded below depending only on |z|. But if R = |f(z)| then by using the metric
p(z) = 1/(]z|log R), we see that the modulus of f(F) is at most 1/log R. This is a

contradiction if R is too large. U

THEOREM 11.3.3. A K -quasiconformal map of the plane that fixes both 0 and 1

1s locally Holder continuous.

PROOF. Suppose f is as in the lemma and z,y € D(0,r). By Lemma 11.3.2,
D(0,2r) is mapped into D(0, R) for some R = R(r, K). Surround {z,y} by N =
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9
v

FIGURE 6. If |f(z)| > |z| then the modulus of the path family sepa-
rating [0, z] and [0, co) must change by more than a factor of K.

|log, ﬁj annuli {A;} of modulus log2. See Figure 7. The image annuli {f(A4;)}
have moduli bounded away from zero, and hence diam(f(A;41)) < (1—e)diam(f(A4;))

by Lemma 5.1.10. Therefore
’f(.CE) . f(y)\ < R(l . E)N < R210g2(1—6)(1+10g2R—10g2 |z—yl) < O(R)|.CE _ /y|10g2(1—e)'
U

Later we will compute the actual Hoélder exponent as 1/K.

THEOREM 11.3.4. If f is piecewise differentiable and the dilatation p satisfies
certain estimates of the form
1
= Dy(z)dzdy < ¢(R),

max B
|z|<R,r>1/R T D(z,r)

then f has modulus of continuity that depends only on ¢ if ¢ 7 oo slowly enough as
R — o0.

PRrROOF. Repeat the proof of Theorem 11.3.3, only now the moduli of the image

annuli can tend to zero. However, as long as ¢ grow slowly enough, then
N
diam(f(4;)) < [J(1 - e(¢(R)))
j=1

where €(K) is as in Lemma 5.1.10. O

There have been a number of excellent papers written on explicit bounds for this
kind of result, but we will only need the “soft” version above. See [41], [?], [36], [87],
[138].
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)

FIGURE 7. Annuli of fixed modulus map to annuli with modulus
bounded below, and whose diameters shrink geometrically. Thus f
is Holder continuous.

LEMMA 11.3.5. If ¢ : D — D is quasiconformal and onto, then ¢ extends contin-
uously to a homeomorphism of T = 0D to itself.

PROOF. We may assume f(0) = 0; the general case follows after composing with
a Mobius transformation.

Suppose w, z € D. We will show that

1f(z) = f(w)] < Clz —w|?,

for constants C' < oo, a > 0 that depend only on the quasiconstant K of f. This im-
plies f is uniformly continuous and hence has a continuous extension to the boundary
of D.
Let d = |z — w| and » = min(1 — |z|,1 — |w]|). There are several cases depending
on the positions of the points z, w and the relative sizes of d and r. See Figure ?7.
To start, note that if |z — w| > 55 we can just take C'= 20 and a = 1. So from

here on, we assume |z — w| < 1/10.
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Suppose 7 > 1/4, so z,w € %]D. Surround the segment [z, w| by N =~ logd annuli
with moduli ~ 1. Then just as in the proof of Theorem 11.3.3, the image annuli have

moduli ~ 1 (with a constant depending on K) and hence

[f(2) = f(w)] < (1= e(K)™ = O(]z — w]*),
for some a > 0 depending only on K.
Next suppose |z| > 3/4 and d > r. Then separate [z, w] from 0 by N ~ logd
disjoint quadrilaterals with a pair of opposite sides being arcs of T, and all with

moduli ~ 1. Since f(0) = 0 and the image quadrilaterals have moduli ~ 1, there

diameters shrink geometrically, so
|z —w| = (1 - €e(K))" = O(d),

as desired.

FiGURrE 8. The proof of Holder estimates in the disk is similar to the
proof in the plane,except that we need to use quadrilaterals, as well as
annuli, if the pair of points in near the boundary.

Finally, if » < d we combine the two previous ideas: we start by separating [z, w]
from 0 by ~ logd quadrilaterals with as above. The smallest quadrilateral then
bounds a region of diameter approximately r containing [z, w] and we then construct
~ log r/d disjoint annuli with moduli ~ 1 that each separate [z, w] from this smallest

quadrilateral. See Figure ?7. The same arguments as before now show

[z = w| = (1 - €(K)) 75" (1 = e(K))"/* = O(d) = O(|2 — w|*).
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LEMMA 11.3.6. For any 0 > 0 and and any r > 0 there is an € > 0 so that the
following holds. If f : C — C is (1 + €)-quasiconformal and f fizes 0 and 1, then
|z — f(2)| <6 forall |z| <.

PROOF. If not, there is a sequence of (1+%)—quasiconf0rmal maps that all fix 0 and
1 and points z, € D(0,r) so that |z, — f.(2,)| > 0. However, there is a subsequence
that converges uniformly on compact subsets of the plane to a 1-quasiconformal
map that fixes 0 and 1 and that moves some point by at least 6. However a 1-
quasiconformal map is conformal on C, hence of form az + b and since it fixes both

0 and 1, it is the identity and hence doesn’t move any points, a contradiction. U

LEMMA 11.3.7. Suppose f : C — C is a K-quasiconformal map that fixes both
0 and 1. Then there is a constant 0 < C' < oo, depending only on K so that if
|z| < 1/C, then
CT2IF < |f(2)] < ClaYE < OV,

PRrROOF. Since normalized K-quasiconformal maps form a compact family, there
here is a constant A = A(K) so that

1
Fllzl =1}) € {7 <zl < A}
By rescaling we also get that for any 0 < r < oo

£t =) < (2 <y < gy,

Thus if r < A72,

1 f(r
(AIFO) < 12l < 53y € Al < o < 1)) € (10 g < gy,
Comparing moduli in the first inclusion we get
E
2m

1

log < M(7({r <2] < 1})) < - Tog -

1
A2[f(r)|
which gives

[f(r)] = v’ /A,
The second inclusion similarly gives
2
3 108 s 2 MU < el < 1) 2 5o log
which implies |f(r)| < A%/, Taking C' = A? proves the lemma. O




220 11. QUASICONFORMAL MAPPINGS: GEOMETRIC ASPECTS

COROLLARY 11.3.8. For each K > 1 there is a C = C(K) < oo so that the
following holds. If f : C — C is K-quasiconformal and v is a circle, then there is
we Candr >0 sothat f(y) C{z:r <|z—w| <Cr}.

Proor. Without loss of generality, we can pre and post-compose so that « is the
unit circle and f fixes 0,1. By Lemma 11.3.7, f(7) is then contained in an annulus
{£ < |2 < C}, and this gives the result. O

11.4. Locally QC implies globally QC

The definition of quasiconformality requires us to check the moduli of all quadri-
laterals. In this section we prove that it is enough to verify the definition just on all

sufficiently small quadrilaterals.

LEMMA 11.4.1. If f is a homeomorphism of 2 C C that is K-quasiconformal in
a neighborhood of each point of ), then f is K-quasiconformal on all of ).

PROOF. Suppose Q C 2 is a quadrilateral that is conformally equivalent via a
map ¢ to a 1 x m rectangle R and Q" = f(Q) is conformally equivalent a 1 x m’
rectangle R'. Divide R into M equal vertical strips {S;} of dimension 1 x m/M. We
have to choose M sufficiently large that two things happen.

First choose § > 0 so that f~! is K-quasiconformal on any disk of radius d centered
at any point of ' (we can do this since )’ has compact closure in €2). Next, note
that the closure of @’ is a union of Jordan arcs v corresponding via fo~! to vertical
line segments in R. By the continuity of f o ¢! there is an n > 0 so that if 2 € R
then f(¢~1(D(z,7n))) has diameter < §. By the continuity of the inverse map, there
is an € > 0 so that 7,y € Q" and |z — y| < € implies |p(f~(z)) — o(f (v)| < n.
Thus for any § > 0 there is an € > 0 so that if z,y € v C Q' are at most distance ¢
apart, then the arc of v between then has diameter at most ¢ (and € is independent
of which v we use).

Choose M so large that each region @} = f(¢™'(S;)) contains a disk of radius
at most p, where p will be chosen small depending on e. Map (2; conformally to a
1 x m/; rectangle R;. By Lemma 5.5.5 there is an absolute constant C' so that every
for every y € [0,1], thereis a t € (0,1) with |t —y| < Cm; and so that the horizontal
cross-cut of R’ at height ¢ maps via gb;l to a Jordan arc of length < C'p. Thus we
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can divide R by horizontal cross-cuts into rectangles {R;;} of modulus m;; ~ 1 so
that the preimages of these rectangles under ¢; are quadrilaterals with two opposite
sides of length < C'p and which can be connected inside the quadrilateral by a curve
of length < Cp.

Taking ¢ as above, choose € as above corresponding to §/4 and choose p so that
3Cp < min(e,d/4). Then all four sides of the quadrilateral Q;; have diameter < 6/4
and hence Q}; has diameter less than § and hence lies in a disk where ftis K-

quasiconformal. Let m;; be the modulus of corresponding preimage quadrilateral
Qi = f1(Qj;). See Figure 9.

Q

(LIR( (D

R
FiGUurE 9. Notation in the proof of Theorem 11.4.1.

Then using the rules of extremal length

M 1 1 1
= > — = — m' > m';




222 11. QUASICONFORMAL MAPPINGS: GEOMETRIC ASPECTS

and by the definition of K-quasiconformal,

LMy ge
m;;

Hence

M 1 1 1 1

—_— > > — =

m_zi:mij_Kzi:mgj Km/;
or

m /

for every j. Thus

M
mSZ% SZKm; < Km'.
=1 i

Applying the same result to the inverse map shows f is K-quasiconformal. O
If K =1, then m = m/’ the last line of the above proof becomes
m
wem < Y Y  <t

J J

so we deduce
r
Z m; =m,
J

whereas in general, we only have > i mj; < m'. We want to use this to deduce that

1-quasiconformal map must be conformal. We start with

LEMMA 11.4.2. Consider a 1 xm rectangle R that is divided into two quadrilaterals
@1, Q2 of modulus my and my by a Jordan arc y the connects the top and bottom edges

of R. Then if m = my + mo, the curve v is a vertical line segment.

PRrROOF. See Figure 10. Let ¢, s be the conformal maps of @1, Q2 onto 1 x my
and 1 x my rectangles Ry, Ry respectively. Set p = |f]{| on @ and p = |fi| in Qs
and zero elsewhere. Then each horizontal line is cut by ~ into pieces one of which
connects the left vertical edge of R to 7, and another that connect v to the right edge
of R. The images of these connect the vertical edges of R; and Rs respectively. Thus

the images have lengths at least m; and my respectively, there length of the image of
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the entire horizontal segment in @) is > my + my. If we integrate over all horizontal

segments in (), we see
/(p—l)dxdy2m1+m1—m20.
Q
Similarly,

/Q (0? — 1)dady = area(f1 (Q1) + area(f>(Q2)) — arealq) = (s +ma) — m = 0.

Thus
/(p —1)*dzdy = / (p* —1) —2(p — 1)dzdy = 0.
Q Q
Since (p — 1)? > 0, this implies p = 1 almost everywhere, i.e., fi and f, are most

linear and the curve 7 is a vertical line segment. U

zZ

< > +—rt—>

FiGURE 10. A partition of a rectangle as in the proof of Lemma 11.4.3.

LEMMA 11.4.3. If f is 1-quasiconformal on §2, then it is conformal on 2.

Proor. If f is 1-quasiconformal in the proof of Theorem 11.4.1, then as noted

before Lemma 11.4.2, we must have

M 1 1 1
E_;m E_;m;j’ m’—;mg,

~

)
ij

<

Thus the map 1 = ¢’ o fop~! between identical rectangles must be the identity map.

Thus f = (¢')! o ¢ is a composition of conformal maps, hence conformal. O



224 11. QUASICONFORMAL MAPPINGS: GEOMETRIC ASPECTS
11.5. The Perron process and uniformization of planes

The uniformization theorem states that any simply connected Riemann surface
is conformally equivalent to either the 2-sphere S, the complex plane C or the unit
disk . If the surface is non-compact, the sphere is eliminated and surface must be
equivalent to either C or ID. These two choices can be distinguished using extremal
length: choose a compact connect set K on the surface and consider the set of
rectifiable paths that separate K from oco. If this family has finite modulus, then the
surface is equivalent to the disk and otherwise the modulus is infinite and the surface
is equivalent to the disk.

For our applications, we only need to use the uniformization theorem in the
case when R is built by attaching Euclidean triangles along their edges in a way
that is combinatorially identical to the usual triangulation of the plane by identical
equilateral triangles. See Figure ?7.

Subharmonic function play an important role in the Perron process for solving the
Dirichlet problem on a planer domain or Riemann surface. Suppose 2 is a Riemann
surface and we are given a collection of subregions {€2;} on which we can solve the
Dirichlet problem (e.g., a collection of disks, where we can use the Poisson formula).
If f e C(00N) and 0N is compact, then f has a lower bound M. Let F be the
collection of subharmonic functions v on €2 that have continuous boundary values
less than f on 0f2. The collection is non-empty since the constant M is in it.

Let uw = sup{v : v € F}. We claim w is harmonic. It is clearly subharmonic since
it is a supremum of subharmonic functions. IN each (2, we can solve the Dirichlet
problem in €2,, with boundary data wu; if u were not harmonic in 2,,, replacing u with
this solution in €2, would give a strictly larger element of F.

The final step is to prove that u has the correct boundary values. This requires
some assumption on 0, since it is not true the Dirichlet problem can be solved for
every domain.

EXERCISE: Show that if 2 =D\ {0} and we set f =1 on T and f = 0 at 0,
then the function u created by the Perron process is the constant 1, and hence does
not solve the Dirichlet problem. Indeed, there is no harmonic function on €2 with the

given boundary values.
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We say a barrier exists at x € 0€ if there is a r > 0 and a non-negative, harmonic
function V on Q' = QN D(z,r) so that
limsup V' (z) <0,

zZ—T

but
liminf V(z) > 0,y € 90"\ {z}

zZ—Y

and V' >1on {|z —z| =r}NQ.

LEMMA 11.5.1. If there is a barrier at x then the Perron solution u extends

continuously to x and equals f there.

PRrOOF. First consider the special case when f takes values in [0,1] and z is
the unique point where f takes the minimal value 0. Suppose v € F. Since v is
subharmonic on Q' = Q N D(z,r) and bounded above by 1, it is bounded above by
Vv O

11.6. The measurable Riemann mapping theorem, Part I

The main motivating example is when €2 = C, T' is a triangulation of the plane
and gy, is constant on the interior of each triangle. Such maps arise as piecewise
linear maps between compatible triangulations, but there are many other examples,

as the following shows.

THEOREM 11.6.1. Suppose I is a triangulation of the plane, 0 < k < 1 and pu(z) is
constant on the interior of each triangle with || < k. Then there is a homeomorphism

f of the plane with piy = p.

PROOF. For each triangle T let A be the affine map with dilatation p(7") and 7},
be the image of 7" under A. Form an Riemann surface by identifying the triangles 7T},
along the same edges as in I". This defines a Riemann surface that is quasiconformally
equivalent to the plane via the map ® : R — C that is affine on each triangle. By
the uniformization theorem, there is also a conformal map ¥ : R — C (since R is
simply connected and not-compact, it is conformally equivalent to either the disk or
the plane and since it quasiconformally equivalent to the plane we know the extremal

length of the path family connected an disk to co on R is infinite, and hence it must
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be conformally equivalent to the plane). Then ¥ o &~ : C — C is quasiconformal
with dilatation pu. 0

THEOREM 11.6.2. For any measurable p on the plane with |u| < k < 1, there
is a quasiconformal map f with f = lim, f,, and p, = py, where {p,} satisfy the

conditions of Theorem 11.6.1 and {f,} are the corresponding maps.

PROOF. Take the standard triangulation of the plane (see Figure ??7) and a series
of refinements by subdividing each triangle into four sub-triangles. Define a piecewise
constant dilatation on the nth triangulation by taking the average of ;1 on each trian-
gle and let {f,} be the corresponding sequence of quasiconformal maps, normalized
to fix 0,1,00. Since these are all quasiconformal with the same bound, they form
an equicontinuous family and we can extract a subsequence that converges uniformly
on compact subsets of the plane. The limit function f is also K-quasiconformal by
Lemma ?77.

If p is continuous on a disk D, then the dilatations p, converge uniformly to p
on %D and so

O

LEMMA 11.6.3. If the dilatation is symmetric with respect to a circle (or line), the
corresponding quasiconformal function can be chosen to be symmetric with respect to

the same circle (or line).

COROLLARY 11.6.4. If f is piecewise continuous K -quasiconformal on an open
set 0 C C then there is a K -quasiconformal map g : C — C so that fog is conformal
on Q.

PRrROOF. The dilatation p of f is defined on {2 and set it to be zero on the rest

of the plane. Apply the construction above to generate a sequence {g,} and limit g.
Then gno f O

COROLLARY 11.6.5. If f : D — D is K-quasiconformal an onto, and we extend
f to a map C — C by reflection

f(1)z) =1/f(2),

then the extension is K-quasiconformal on the whole plane.
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COROLLARY 11.6.6. If ¢ is K-quasiconformal on C and g is holomorphic on )
then there is a K -quasiconformal map ¢ on Q such that f = pogotp™! is holomorphic

on ().
In this case the functional relation can be rewritten as

fotb=ypoy.

If Q@ = C, such a pair of functions f and g are called quasiconformally equivalent.

We will examine such pairs in more detail in later sections (see Sections 7?7, 77).

COROLLARY 11.6.7.

11.7. Removable sets for quasiconformal maps

When f is continuously differentiable, it is relatively easy to check whether it is
quasiconformal; we just compute the complex dilatation p = f;/f, and check that
ln| < k < 1 everywhere. For some applications in dynamics, functions arise that
that are homeomorphisms f on C, but which are only C! on an open set Q = C\ K
on an open set = C\ K. If we know the dilatation is bounded on just €, can
we still deduce that f is quasiconformal? If we can, then we say K is removable for
quasiconformal mappings.

This depends on the “size” and “shape” of K. If K has interior, then it is easy
to construct counterexamples; choose a disk D C K and any non-quasiconformal
homeomorphism of the disk to itself that is the identity on the boundary and extend
it to be the identity off D. If K has positive area, there are also counterexamples
corresponding to applications of the measurable Riemann mapping theorem to a
dilatation that is a non-zero constant on K and zero off K. Even if K is quite small,
there can be counter examples. For example, given any guage function A such that
h(t) = o(t) as t \, 0, there is a closed Jordan curve v and a homeomorphism of the
sphere that is conformal on both components of C \ v but which is not Mébius (see
e.g., [28], [29], [76]). On the other hand, if K has finite or sigma-finite 1-measure
then it is removable. These examples show that it is the “shape” rather than the

“size” of K that is crucial in most cases of interest.
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In this section we give an elegant sufficient condition for K to be removable that
is due to Peter Jones and Stas Smirnov [75], generalizing an earlier result of Jones
(74].

AWhitney decomposition of an open set 2 consists of a collection of dyadic

squares {Q;} contained in 2 so that

(1) the interiors are disjoint,
(2) the union of the closures is all of €,
(3) for each @, diam(Q);) ~ dist(Q;, 092).
The existence of such a collection is easy to verify be taking the set of dyadic squares
() so that
1
diam(Q) < Zdist(@,@ﬂ),

and that are maximal with respect to this property (i.e., the parent square fails this

condition).

FiGure 11. A Whitney decomposition.

Suppose K is compact, § > 0 and for each x € K let v, be a Jordan arc in
1 =C\ K that connects z to 5 = {z € Q : dist(z, K) > 0}. For a single x, 7, may
consist of several arcs that connect x to €25. See Figure 12.

For each Whitney square ) C €2, let

S(Q)={re K:v%NQ # 0}
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F1GURE 12. Each boundary point is connected to a point distance §
from 0€2. Some points may be connected by more than one curve.

This is called the “shadow” of () on K; the name comes from the special case when
K is connected and does not separate the plane and +, is a hyperbolic geodesic
connecting x to co. If we think of co as the “sun” and the geodesics as light rays,
then S(Q) is the part of K that blocked from co by @, i.e., it is Q’s shadow. See
Figure ?7.

FIGURE 13. The shadow of a Whitney square on the boundary.

The immediate shadow (@) C S(Q) is the closure of all x € S(Q) so that Q
is the first Whitney square of that size hit by v, as we traverse it from x to {2s.
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. v
1
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FicuRrE 14. The paths connecting a Whitney square to its shadow
can sometimes hit larger Whitney squares. However this path will hit
a largest square, and there after only hit smaller squares.

Given x € 1(Q), we let Z(x, Q) to be all the dyadic squares for €2 that are hit by -,
between x and @), i.e., this is an infinite chain of Whitney squares that starts at @)
and accumulates on x and has () as its unique largest square.

We will assume three things about shadows:

(1) 1(Q) is closed.

(2) im0 Y gep, () diam(] (Q))? = 0 where the sum is over all Whitney squares
for 2 of side length 27".

(3) dist(I(q), Q) — 0 as diam(Q) — 0,

These will hold in most situations we are interested in. For example, if {2 is simply
connected and we take 7, to be arcs of hyperbolic geodesics connecting some base
point zy € Q to z, then (2) always holds, (3) holds if Jf is locally connected, and (1)
holds if €2 is a John domain.

An open, connected set € in R? is called a John domain if any two points
a,b € Q can be connected by a path 7 in Q with the property that dist(z,0Q) 2

min(|z — al, |z — b]). See Figure 15

LEMMA 11.7.1. Suppose Q is a square, A > 1 and f is K-quasiconformal on AQ.
Then

area(f(Q)) > ediam(f(Q))?,
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FIGURE 15. The domain on the left is a John domain, but the one
on the left is not; inward pointing cusps are OK, but outward pointing
cusps are not.

where € > 0 depends only on A and K.

PROOF. By rescaling by conformal linear maps we may assume the square @) is
[—2,2] x [-2,2] and the map f fixes 0 and 1. Choose = € Q) and connect = to 0 and
connect 1 to A0Q by disjoint curves 7,7y, so that the annular region AQ \ (70 U 71)
has modulus ~ 1 with a constant that depends on A (and decreases as A increases.
See FIGURE 7777.

The image of this annular region has modulus bounded away from 0 and co and
this implies f(7) is bounded in terms of K (otherwise, as in the proof of Lemma
11.3.2 we could define a metric p(z) = 1/|z| on 1 < |z| < R and show that the path
family separating f(7y) from f(7;) has very small modulus). Thus diam(f(Q)) is
bounded in terms of K alone.

Now consider the modulus of A = @ \ [0,1]. Again this is a fixed number ~ 1,
so the modulus of f(A) is bounded away from zero. But every curve surrounding
f([0,1]) has length at least 2, so the metric p = 1/2 is admissible, so

mod (f(4)) < Jareal ().

Since the left hand side is bounded away from zero depending only on K, so is right
hand side. See Figure 777. 0
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THEOREM 11.7.2. Suppose Q2 has a Whitney decomposition so that the correspond-
ing shadow sets satisfy conditions (1)-(3) above. Suppose that f is a homeomorphism
of the plane that is K -quasiconformal on each component of R?\ 9 and that there
is an M < oo so that

(41) dist(f(Q;), f(Qj+1)) < M max(diam(Q;), diam(Q;1)),

whenever Qj, Qi1 are consecutive squares in the chain associated to some x € OS).
Then f is a C-quasiconformal map on the whole plane where C depends only on K
and M .

If the chain associated to each x € 0 consists of adjacent squares (i.e., Q;
touches (;41, then the same is true for their images under f, so condition (41) is

automatically satisfied. Thus we obtain:

COROLLARY 11.7.3. Suppose 2 has a Whitney decomposition so that the cor-
responding shadow sets satisfy conditions (1)-(3) above and all the Whitney chains
are connected. The 0S) is removable to quasiconformal homeomorphisms, i.e., any
homeomorphism of the plane that is K-QC off 0S) is quasiconformal on the whole

plane.

This is the version given by Jones and Smirnov (restricted to the plane). We have
stated the more general version with (41) in order to include certain maps arising
from groups of circle reflections where we require disconnected Whitney chains, but
for which (41) is automatically fulfilled.

In both the theorem and the corollary if if the map f is conformal off 0Omega
(i.e., K = 1), then we will show that the extension is conformal everywhere. If the
map f is K-quasiconformal off €2 then we only prove that it is C-quasiconformal
for some C' < co. However, it follows from this that f is actually K-quasiconformal
on the whole plane. Our hypotheses imply that 02 has zero area and hence |p| <
(K —1)/(K + 1) almost everywhere and this implies f is K-quasiconformal if we
use the analytic definition of quasiconformality (which we are delaying until a later

chapter). The weaker version will be sufficient for our applications.

PrROOF OF THEOREM 11.7.2. Suppose that W is any bounded quadrilateral in
the plane, say of modulus m and that W’ = F(W) has modulus m’. We want to
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show that m’ < C'm where C' < oo depends only on K and M as in the statement of
the theorem. We will do this by mimicking the proof of Theorem 11.2.1, that showed
that any piecewise differentiable map with bounded dilatation was quasiconformal
(in the geometric sense).

Let ¢ : W — R = [0,m] x [0,1] and ¥ : W' — [0,m/] x [0,1] be conformal
maps of the quadrilaterals @), Q" to rectangles R, R’ of the same modulus. Let X =
e(0QN W) C R. The main difficulty with the proof is that we are going to consider
three different Whitney decompositions: one for W, one for Q2 and one for U = R\ X.
To try to differentiate the different Whitney cubes we we let {W,} denote a Whitney
decomposition for W, {Q;} a Whitney decomposition for © and {U;} a Whitney
decomposition for U.

Fix some € > 0. Fix a Whitney cube W, for W. We assume the decomposition
is chosen so that 2W; C W. Suppose § > 0 is so small (depending on our choice of
W;) that the following conditions all hold:

(1) If Qx is a Whitney square for Q with diameter less than § and the shadow
I(Qy) hits Wj, then I(Q) C 2W; and the entire Whitney chain connecting
any point x € I(Q) to Q is contained in 2W;. This is possible by condition
(3) on shadow sets.

(2) Let S(W;) denote the collections of all Whitney squares Q) for €2 so that
diam(Qy) < ¢ and I(Qx)) N W, # 0. Then

Z diam(I(Qy))* < earea(W;).

This holds for small enough 0, because by condition (2) on shadows, this sum
over all Whitney squares for € is finite, so removing all the squares bigger
than ¢ gives a sum that tends to 0 as  tends to zero. Thus we can make is

less than earea(W;) by taking ¢ small enough (depending on W;).

Let S = Uy, S(Wj;) be the collection of all shadow sets of all Whitney squares for
(2 that are in some S(w;) for some Whitney square of W.

Claim: 0Q N W; is covered by a finite number of the shadow sets I(Q))) with
Qr € S(W)).
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ProoFr oF CrLAIM. Each point x € 99 N W; is associated to a Whitney chain
that contains a square with diameter comparable to §. There are only finitely many

such squares, so their shadows form a finite collection that covers 0Q N W;. O

Suppose L = [a + iy, b+ iy| is a horizontal segment, compactly contained in the
interior of R at height y. We wish to show that

1
/ l9(b+1y) — g(a +1y)|dy < Cm,
0

where C' depends only on K and M. If we can do this, then by letting a — 0 and
b — m we get

m' <lima — 0,b = m|g(b+iy) — g(a + iy)|,

and hence
1
m' <lima — 0,b — m/ lg(b+1iy) — gla+iy)|dy < Cm,
0

which is the desired inequality.

Since L is compactly contained in the interior of R and X is relatively closed in
the interior of R, L N X is compact. Thus ¢~ '(L N X) is a compact set of W, hence
covered by finitely many whitney squares for W and hence is covered by finitely many
shadows sets in S.

Let X be the image of the elements of & under ¢. Then L N X is covered by
finitely many elements of X, say Xi,...X,. For k = 1,...,n, let Y, = [ag, bx] be
the smallest closed interval in L that contains X, (this is the convex hull of X}, the
interval with the same leftmost and rightmost point as Xj). Then Yj,... Y, also
cover LN X and we can extract a subcover with the property that Y;NY}, # () implies
j— k[ <L

Since the points ag, by are both in the same set Xy, the preimage points o~ (ay), o~ (b)
are both in the same element of S. Thus they are both in the shadow set of some
Whitney square for €2 and are associated to a two sided chain of distinct Whitney
squares {Qy, }°°, of Whitney squares for §2. If two chains arising in this way, say from
Y, and Y,, with m > k, have a Whitney square in common, then we can combine the
chains to form a chain connecting a; to b, consisting of distinct squares.

After doing this for all intersections, we end up with a finite collection of closed

intervals Z; in L which covers the same set as the union of the Y,’s and such that
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the two endpoints of each Zj, correspond to a two-sided Whitney chain in 2 and that
different intervals use different Whitney squares (no overlapping chains). Moreover,

if Z; has endpoints ¢, dj, and the corresponding chain is {@,}, then
l9(c) = 9)di)| < (M +1) ) diam(s(£(Qn))).

The set V = L\ UpZj consists of finitely many open intervals in U = R\ X with
their endpoints in X. We break V' into countable many sub-intervals by intersecting
it with the Whitney squares for U (without loss of generality, we can assume the
endpoints of L occur on the boundary of a Whitney square for U). On each Whitney

square Uy for U we define the constant function

_ diam(g(Uy))
Dy = diam(Uy)

Then if L; = LN Uj,
/ Dgdz = diam(g(U;))/V2.
Ly

Thus
Dgdz ~ Z diam(g(U;)),

INZL ;

where the sum is over Whitney squares for U that hit L. Thus

g(b+iy) —gla+iy)| S [ Dgde+_ diam(y(f(Qn))).

LNU

Now integrate in y to get
1
/ lg(b+ i) — gla+ iy)ldy < / / Dydi+ 3" diam((£(Qu)) i,
0 U -

where p, is the Lebesgue measure in [0, 1] of the set of lines L, that use the Whitney
square (), is at least one of the two-sided chains associated to a interval Z C L,,. The

measure of this set is no more than its diameter, which is no more than the diameter
of X, = ¢(I1(Q,)). Thus

/0 olb+ i)~ gla+ i)y 5 | /U Dgdady + 3" diam(i(f(@Q,)))diam(X.,),
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We now estimate each term using the Cauchy-Schwarz inequality. First,

Zdlam Qn)))diam(X,) < Zdlam HV Zdlam 2)1/2

< A Y| dﬁfm (1))
n Wi QneS(W,
< A(Zarea( 1/22 Z dlalb;nm Wk))earea(Wk))]Q)l/

n Wk QnES W )
< A(Z area(R')Y?e(area(R)Y>.

where A just depends on the distortion estimate for conformal maps (Theorem ?7?)
and € is as small as we wish. Thus this term is small.

The other term is also bounded by Cauchy-Schwarz

/ Dgdx = Z/ Dgdzdy
U k Uk

5> / ; Dg*dzdy)'’*( Z / / ddy)'/?
(Z(diam(g(Uk)) )1/2(area(R))1/2

k

A(Y (area(g(U3))) " (area( R) 2

A(area(R)?*(area(R))Y/?

IN

IN

IN

IN

IN

AvVm'm.
Thus
/1 l9(b +iy) — g(a+ iy)ldy < Vm'm + O(e),
Taking € — gives the? desired inequality. U
COROLLARY 11.7.4. If 92 has a Whitney decomposition and a collection of shadow

sets that satisfy (1)-(3), then any homeomorphism f of the plane that is conformal

off 0K is conformal on the whole plane.

PROOF. Theorem 11.7.2 implies that f is quasiconformal on the plane, so the

point is to show that we can take the quasiconformal constant to be 1. If we redo
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the proof assuming f is conformal off 02, then the piecewise constant function Dg

can be replaced by the usual derivative |¢’|. This leads to the inequality
m' < vVm'm,

or m’ < m, which implies f preserves the modulus of every quadrilateral, hence is

1-quasiconformal, hence is conformal. O

COROLLARY 11.7.5. If f is a quasiconformal map of the upper half-plane to itself,
mapping the real line to itself, then the extension of f to the whole plane by f(z) =

f(2) is quasiconformal in the whole plane.

PROOF. Immediate from Theorem 11.7.2 since in the upper upper half-plane we
can define shadows by vertical projection and these clearly satisfy (1)-(3). O

COROLLARY 11.7.6. Quasicircles are removable.

Proor. If T' = ¢g(R) is a quasiconformal image of the reals and f is a homeomor-
phism that is quasiconformal on each side of I', then h = f o g is a homeomorphism
that is quasiconformal on each side of R, then quasiconformal on the whole plane.

Thus f = ho g !is a composition of quasiconformal maps and hence is quasiconfor-

mal. O

LEMMA 11.7.7. The Riemann map @ from the unit disk to a bounded John domain
satisfies

diam(¢(1(Q))) < Cdiam(p(Q)),
dist(p(Q), p(1(Q))) < Cdiam(p(Q)),

for some constant C' < oo and any Whitney square @ and is shadow 1(Q).

PRrROOF. The second inequality follows directly from Lemma 5.5.1 by considering
the path family of radial lines connecting ) to I. To prove the first, consider the
Whitney-Carleson boxes (01 and ()5 that are adjacent to () and of the same size. By
Lemma 5.5.1 each is connected to its shadow by a radial segment whose image under
f has length comparable to diam(f(Q)). Thus there is a geodesic crosscut 7 of the
disk that passes through @ and whose image has length comparable to diam(f(Q)).

Now suppose zx is in the shadow of (). Any curve connecting 0 to x crosses -,

so any curve I' connecting f(0) and f(z) crosses f(v) and hence contains a point
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z € f(y)NT that is at most distance O(diam(f(Q)) from 9€2. Thus by the definition

of John domain, either

dist(f(0), 2) = O(diam(f(Q))),
or

dist(f(z), z) = O(diam(f(Q))).
In a bounded domain, the first can only happen for finitely many @s; for the re-
mainder, the second must hold and hence f(I(Q)) is contained in a O(diam(f(Q))
neighborhood of f(Q). O

COROLLARY 11.7.8. Boundaries of John domains are removable.

ProOOF. The conclusions of the Lemma 11.7.7 easily imply (1)-(3) in Theorem
11.7.2. U

11.8. Definition of quasisymmetric maps

An increasing homeomorphism f : R — R is M-quasisymmetric if for all x € R

and t >0 . f( +t) f()
M @) fan =M

This is the same as saying that if I, J are any two intervals with disjoint interiors but

a common endpoint then f(I), f(J) have comparable lengths (within a factor of M).
We summarize this by saying adjacent intervals of equal length map to comparable
intervals. This definition also makes sense for homeomorphisms of the circle to itself,

but here we will only deal with the case of homeomorphisms of the real line.

/f\A

-—@ ® *— -—@ ® o
-t X x+t f(x—t) f(x)  f(x+t)

F1GURE 16. The definition of a quasisymmetric homeomorphism of
the reals.

LEMMA 11.8.1. If f : C — C is a quasiconformal mapping so that f(R) = R,

then the restriction of f to the real line is a quasisymmetric homeomorphism.



11.8. DEFINITION OF QUASISYMMETRIC MAPS 239

PROOF. After pre- and post-composing by conformal linear maps it is enough to
assume that f(0) =0, f(1) = 1 and show that 0 < f(3) < 1 is bounded away from

both 0 and 1. However, if we consider the topological annuli

2 = C\ (10, 5]U[1,00)),

1
FQ=1)=C\ ([0, f(SU[L,00)),
we see they must have comparable moduli. The first is a fixed number (the reader

can check the modulus is equal to 1 by a symmetry argument) and the second tends

to 0 or oo if x tends to 1 or 0 respectively. Thus f(z) is bounded away from 0 and 1

in terms of the quasiconstant of f, as desired. See Figure 17. O
- =TT ~ ~
rd ~
4 \
‘- - (- @—————@------- ® >
\ /
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FIGURE 17. A quasiconformal map preserving the line cannot change
the modulus of the path family separating [z — ¢, z| from [z 4+ ¢, 00) by
more than a bounded factor, from which standard modulus estimates
imply that [z —t, 2] cannot be either much shorter or much longer than
[z, 2 +t].

It will be helpful to consider a version of quasisymmetry where we only consider
comparisons between members of a countable collection of intervals. The most com-
mon case is when this collection consists of dyadic intervals, but we will also want
to consider a more general case. We say a collection of intervals is A-dyadic if it
each interval is divided into two disjoint children with lengths comparable > 1/2A.

When A = 1 this gives the usual dyadic intervals. More general examples are given
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by quasisymmetric images of the dyadic intervals (these are the only examples that
we will use).
We will say that an increasing homeomorphism f of the real line is B-quasisymmetric

with respect to an A-dyadic family if whenever [ is a child of J, then

1 _ 1Dl ]

B fNE 1~
We want to check that this implies the usual definition of quasisymmetric, particularly

when the constant B is close to 1.

LEMMA 11.8.2. For any € > 0 and A < oo there is a § > 0 so that if f: R — R
is (1 + 6)-quasisymmetric with respect to an A-dyadic family of intervals, then it is

1 4 € quasisymetric.

PROOF. Suppose I, j are adjacent closed intervals of equal length. Without loss
of general we may assume this length is 1. Then [ contains maximal interval from
the A-dyadic collection and this must have length comparable to that of I. Thus I
and J are both covered by a bounded number of A-dyadic intervals of comparable
length. Now fix a positive integer k£ and consider kth generation descendents of these
intervals. Each has length O(27%/4) so the interval I contains a collection of these
intervals that covers all but length O(27%/4). Similarly, .J is covered by a collection
whose total length is less than 1 4+ O(27%/4). The f images of any two of these
intervals are expanded by factors that agree to within (1 + §)*. Thus

()] _ 1+0(244)

|f(I) — 1+ 0O(2-k4) (T+ 5)O(k).

Choosing k so large that the first factor on the right is less than /1 4 ¢ and then
choosing § so small that the second factor is equally small proves the lemma (since

the same argument applies with the roles of I and J reversed). 0

LEMMA 11.8.3. There is a € > 0 so that every (1 + €)-dyadic-quasisymmetric
map f : R — R has a continuous extension to the closed upper half-plane that is
quasiconformal on the open upper half-plane. The quasiconstant K of the extension

only depends on € and tends to 1 as € — 0.
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Proor. Consider the decomposition of the upper half-plane into dyadic Whitney

boxes
Qz{x—i—iy:xel,%m <y <|I|},

where [ ranges over a dyadic decomposition of R. In each such @) we define five
vertices: the four obvious corners and the midpoint of the lower edge (which is a
corner of two boxes in the next “layer” closer to the boundary). Each such @ can be
divided into three triangles by connecting each of its upper corners to the midpoint
of its lower side, as shown in Figure 77.

If (x 4 dy) is a vertex, then z is the endpoint of two disjoint dyadic intervals I, J
of length y. For each vertex define

f(x+ay) = f(a) +min(|f (D], [f(I)]),

and extend f linearly to each triangle. Each ) contains three triangles. In the
“left” and “right” triangle the map we have defined is clearly non-degenerate and
preserves orientation. To show this for the center triangle, we need to check that the
bottom vertex maps to a point that is lower than either of the two triangle vertices.
However, the intervals used to define the images of these points map to intervals at
least 2(1 + ¢€)? times as long as the intervals used for the center point. So if € is small
enough f is a homeomorphism. Indeed, if € < 2/3 —1 then the angles of all the image
triangles are bounded away from 0 and 7 so that f is uniformly @) on every triangle.

As € tends to zero, the image triangles tend to Euclidean similarities of the domain

triangles and hence the quasiconformal constant tends to 1. U

11.9. Factoring quasisymmetric maps

The proof of extension given above breaks down if the quasisymmetric constant
is large. To handle this case we will prove that any quasisymmetric map f can be

written as a composition of quasisymmetric maps

f=taorofy

all with small constant. Extending these maps and composing the extensions then
gives a quasiconformal extension of f. A variety of other proofs are know, e.g., a
formula valid for all quasisymmetric maps was given by Alhfors and Beurling (see [24]

or Chapter IV.B of [3]) and a particularly elegant extension is given by Douady and
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FIGURE 18. A quasisymmetric map with constant close to 1 can easily
be extended to a piecewise linear quasiconformal map of the upper
half-plane.

Earle in [43]. The latter extension commutes with linear fractions transformations of
the upper half-plane and this makes if particularly useful for the study of Fuchsian

and Kleinian groups.

LEMMA 11.9.1. Any M-quasisymmetric map f : R — R can be written as a

composition of (1 + €)-dyadic-quasisymmetric maps.

PRrROOF. The proof is essentially just a sequence of pictures that make the state-
ment obvious. The non-obvious idea behind the pictures is to describe homeomor-
phisms of the real line in terms of hyperbolic earthquakes. This is due to William
Thurston [136], and has been studied by many others e.g., see [124], [122] and their
references.

An earthquake map in the Euclidean plane would consist of a choice of a line and
a map f that is the identity on one side of the line and a translation parallel to the
the line on the other side. In the hyperbolic upper half-space, the corresponding map
consists of a choice of a hyperbolic geodesic and a map that is the identity on one
side of the geodesic and a hyperbolic isometry on the the other side that restricts
to a translation on the geodesic. The easiest case occurs when the geodesic is the

vertical line R, and the map equals the identity in the second quadrant and equals
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2z — ez in the first quadrant. Here X € R is the hyperbolic translation length along
the chosen geodesic.

Instead of considering a single geodesic, we want to consider a tesselation of the
entire upper half-plane into ideal hyperbolic triangles. We start with a decomposition
of the real line into standard dyadic intervals of the form [j - 2%, (j + 1)2*) where j
is any integer and k£ < 0. Note that all these intervals have length < 1. Each such
dyadic interval is subdivided into two dyadic intervals of half the length that we call
its children. Similarly, each dyadic interval is contained in a dyadic interval of twice
the length called its parent.

We shall take a slightly non-standard way to define dyadic intervals with length
larger than 1. For each k£ > 0, each interval of generation k is a union of two previously
defined intervals of generation k£ — 1 chosen so that the origin is in the middle half
of some kth generation interval. This is clearly possible as illustrated in Figure 19.
The point of this is to insure that any two intervals in our collection have a common
ancestor. In the standard dyadic system this is not true since intervals in the positive
and negative reals never have a common ancestor, but in our system the intervals
containing the origin cover the whole line, hence and two bounded intervals are both

contained in one of these.

A a= :

FIGURE 19. We use a non-standard version of the dyadic intervals to
insure that any two adjacent intervals have a common ancestor.
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To each dyadic interval I in our collection, we have an ideal triangle T'(a, m,b)
with vertices at the endpoints a,b and midpoint m of I. The collection of all such

triangles is partially illustrated in Figure 20.

FiGURE 20. A tesselation of the upper half-plane by ideal hyperbolic
triangles. The “base” of each triangle on the real line is from the alter-
nating dyadic collection described in the text. Thus any two triangles
can be connected by a curve in the upper half-plane that crosses only
finitely many other triangles.

If f is an increasing homeomorphism of the real line and I is a interval then there is
a hyperbolic isometry 7 that sends T'(a, m, b) to the ideal triangle T'(f(a), f(m), f(b)).
If o is the linear map that takes f(a) to a and f(b) to b then o o 7 is a hyperbolic
isometry that fixes both a and b and maps m to some point between a and b. If f is
quasisymmetric then this point is bounded away from both a and b in terms of the
quasisymmetric constant. This means that the isometry acts as a bounded hyperbolic
translation along the geodesic connecting a and b. Thus a quasisymmetric map gives
rise to an earthquake map of the upper half-plane that is isometric on every ideal
triangle in our tesselation and so that on two triangles sharing a geodesic edge, the
maps differ by a bounded hyperbolic translation. More concisely, quasisymmetric
maps give bounded earthquakes.

Conversely, it is easy to see that any bounded earthquake gives a dyadic-quasisymmetric
map. Consider two adjacent dyadic intervals, as in Figure 21. By definition, these

two intervals have a common ancestor, so they can be connected by a finite chain of
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adjacent ideal triangles that all have the a common endpoint. If we move this point
to oo by inversion, then the ideal triangles all have a vertex at infinity (as in 22) and
the earthquake maps are are all Euclidean similarities in each ideal triangle. Since
I, J have the same length, so do there inverted images, and since f(I) and f(.J) have
comparable lengths so do their inverted versions (when the their common endpoint

is mapped to infty.

FiGURE 21. Any two adjacent dyadic intervals have a common an-
cestor and hence the corresponding ideal triangles are connected by a
curve that crosses only finitely many triangles in the tesselation.

As we move across the inverted triangles, the earthquake map has a jump corre-
sponding to some Euclidean dilation factor e between each triangle and the total
change is the product of these numbers. Since f is quasisymmetric this product is
bounded above and away from zero with a bounds depending only on the dyadic-
quasisymmetric constant of f. If we define a new earthquake map by replacing Ay by
t\, we obtain a new dyadic-quasiconformal map with smaller constant.

Without loss of generality assume f is dyadic-quasiconformal with earthquake
data A\ and that f fixes both 0 and 1. Fix a positive integer n and for 0 < k < n
let let g, be the dyadic earthquake map that fixes both 0 and 1 and has earthquake
data %)\. Let fx = gri1 09 . Since f, = f and f, is the identity, the composition
of the g;’s equals f and each of these maps has small earthquake data and hence is

dyadic-quasisymmetric with small constant. 0
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AL e

FI1GURE 22. The common endpoint of the chain of triangles in Figure
21 is mapped to infinity. The earthquake maps now correspond to
Euclidean similarities. Multiplying the hyperbolic translation distance
by t corresponds to raising the dilation factor in the similarity to the
tth power. This proves a quasisymmetric map can be factored into a
composition of quasisymmetric maps with dyadic-constant close to 1.

FiGure 23. Given two adjacent intervals of equal length we ap-
proximate them using unions of smaller dyadic intervals. If a map is
quasisymmetric with small constant for dyadic intervals, this proves it
is also quasisymmetric with small constant for all intervals.

THEOREM 11.9.2. Any quasisymmetric homeomorphism of the real line is a con-

formal welding.

PrRoOOF. By the previous result, any quasisymmetric map can be factored as a
composition of quasisymmetric maps all with constant close to 1, and by Lemma ?7?
each of these can be extended to a quasiconformal map of the upper half-plane. By

reflection (Lemma 11.7.5) each of these maps extends to be quasiconformal on the
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whole plane and the composition of these maps is a quasiconformal map that equals

the given quasisymmetric map on the real line. 0

11.10. Conformal Welding

Let D C R? be the open unit disk, D* = S?\ D and let T = 0D = 0D* be the
unit circle. Given a closed Jordan curve I', let f : D — Q and g : D* — Q* be
conformal maps onto the bounded and unbounded complementary components of I'
respectively. Then h = g~'o f: T — T is a homeomorphism and a homeomorphism
is called a conformal welding if it arises in this way. It is known that not every circle
homeomorphism is a conformal welding (e.g., see Lemma ?7?), but a precise geometric
characterization of such homeomorphisms seems like a very difficult problem. See [?]
for some partial results that show that every circle homeomorphism is “close to” a
welding map in a strong sense. For practical purposes the following is often sufficient

and is referred to as the “fundamental theorem of conformal welding” (e.g., see [?].

THEOREM 11.10.1. If f : T — T is an orientation preserving homeomorphism
that has a quasiconformal extension to the closed unit disk, then f is a conformal

welding map.

The more usual way to state this is “if f is a quasisymmetric circle homeomor-
phism then f is a conformal welding”. Here quasisymmetric means that any two
adjacent intervals of the same length on T are mapped by f to intervals of compa-
rable length (with a constant M that may depend on f, but not on the intervals).
Quasisymmetric circle homeomorphisms are precisely the boundary values of quasi-
conformal self-maps of the disk, although we have not proved this yet. The fact that
the boundary value of quasiconformal map must be quasisymmetric follows from a
straightforward modulus estimate. For the other direction, there is a formula for
extending a circle homeomorphism to the interior of the disk, and it can be shown
that starting with a quasisymmetric map of the circle gives a quasiconformal map of

the disk. Both halves of the argument will be discussed in greater detail in Section
27

PROOF OF THEOREM 11.10.1. We define a circle chain C to be a finite union of

closed disks {D;}} in R? which have pairwise disjoint interiors and such that Dy is
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tangent to Dy for K =1,...,n — 1, D, is tangent to D; and there are no other
tangencies. We also assume the disks are numbered in counterclockwise order. The
complement, X = S?\ U Dy, of a circle chain consists of two disjoint Jordan domains.
We shall denote the bounded component by 2 and the unbounded component by 2*.
Let f: D — Q and g : D* — Q* be Riemann maps. We shall call (f,g) a normalized
circle chain pair if f(0) = 0, g(oco) = oo and dist(0,092) = 1. Clearly, given a
circle chain, we can always obtain a normalized pair by composing with a Mobius

transformation.

FIGURE 24. A circle chain

LEMMA 11.10.2. Suppose h : T — T is an orientation preserving homeomorphism
and suppose {xy}} C T is a finite collection of distinct points listed in counterclock-
wise order. Let Iy = (xg, xp41),k = 1,...,n (modulo n). Then there is a normalized
circle chain pair so that for each k,

f(I) = 8D, N QY
We will say that any circle chain that satisfies this conclusion corresponds to h.
Another way of stating the lemma is that given any finite positive sequences {ay}

and {b} such that Y, ay = > ;_, b, = 1 we can find a circle chain so that the

harmonic measure of each disk in the chain satisfies
w(Dg,0,Q) =ar, k=1,...n,
w(Dg,00,0") =b, k=1,...n.
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It is a fact that this circle chain is unique up to Mo&bius transformations, but
we will not need this here. Omne can prove uniqueness by considering two chains
corresponding to the same data. By taking conformal maps between the complements
of two such chains and repeatedly extending them by reflection, we can show these
maps extend to a homeomorphism of the sphere which is conformal except on a
Jordan curve which is the limit set of the Kleinian group generated by reflections
in the elements of our circle chain. It is known such a curve is a quasicircle (see
Theorem ?7) and hence is removable for conformal maps. Thus the maps extend to

be conformal on the whole sphere, i.e., Mobius.

PrROOF OF LEMMA 11.10.2. The Koebe circle domain theorem ([?], [?]; also see
[?7] and its references) states that given any finitely connected domain € there is a
conformal map f : @ — Q onto a domain bounded by circles and points. We shall
apply this to a domain = 2. constructed as follows. Given n points {x)} on the
unit circle T, let y, = 2h(xy) € 2T = {z : |z| = 2}. Let v, be disjoint smooth Jordan
arcs which connect xy to yx in the annulus A = {z : 1 < |z] < 2}, e.g., the hyperbolic
geodesics in A connecting these points. Let {I;} C T be the arcs bounded by the
points {x;} and let {J;} be the corresponding arcs on 2T. Thus J; has harmonic
measure |h(ly)| with respect to co. Let 0 = infy |h(Ix)| be the smallest of these
harmonic measures.

Our domain 2 is the union of D, 2D* = {z : |2| > 2} and an e-neighborhood of
each y,, where € is assumed to be so small that these neighborhoods are pairwise

disjoint and 02 has n components.

FI1cURE 25. Two disks with connecting tubes
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Let f.: Q. — € be the map given by Koebe’s theorem. Normalizing by Mcbius
transformation we may assume f(0) = 0, f(oo0) = oo and dist(0, 0€2,) = 1.

We claim that the n circles in the complement of {2?, are all contained in some
disk D(0, R) with R independent of € (but R may depend on h and n). To see this,
suppose the union of closed disks satisfies UyDy C {1 < |z| < R} and that it hits
both boundary components. Let €; be the connected component of f.(Q2.ND(0,3/2))
containing 0. Then for € small enough, each interval I} has harmonic measure > 1/2n
in €; and hence has capacity in 2; which is bounded away from zero depending
only on n. Thus by Lemma ??, every disk must hit {|z| < M;}, for some M;
depending only on n. Similarly for €, (the connected component of f(20{|z| > 3/2})
containing o0), i.e., there is a My depending only on § such that every disk must hit
{|z| = R/Ms}. If R is so large that R/M, > 2M;, then every disk in our chain hits
both {|z| = M;} and {|z| = 2M;}. For large n this contradicts the following simple
fact:

LEMMA 11.10.3. At most 6 disjoint disks can hit both {|z| = 1} and {|z] = 2}.

ProoF. Each such disk has a sub-disk of diameter 1 contained in the annulus
{1 < |z| < 2}. Each of these intersects the circle {|z| = v/3/2} in an arc of angle

measure 7/3, and hence there can be at most 6 of them. U

Now we can pass to the limit as € — 0, passing to a subsequence where each disk

converges and we are done. O

Now that we have the finite approximations, we want to show they stay bounded
as n — oo. The argument is similar to what we have just done. We will say a circle
chain has e-links if every disk has harmonic measure < € with respect to both 0 and

Q.

LEMMA 11.10.4. Suppose h : T — T is an orientation preserving homeomorphism
such that for every set E of zero logarithmic capacity, h(T\ E) has positive logarithmic
capacity. Then there is a R < 0o and an € > 0 (each depending only on h) so that

for any normalized circle chain corresponding to h with e-links,

X=8\(QuQ) c{z:1<|z|] <R}
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PROOF. Fix R > 1 and consider a normalized circle chain such that X = 5%\
(QUOQ*) C A(1,R) and X intersects both boundary components of this annulus.
Divide the (closed) disks in the circle chain into three collections: C; are the disks
which lie inside D(0, v/R), Cy are the disks that lie outside D(0, v/R) and Cy are all
the rest. By Lemma 11.10.3 there are at most 6 elements in C3. For ¢ = 1,2, 3, let
E; = fY(Upec,02:N D). Then Ej has small logarithmic capacity depending only on
R by Lemma 7?7, and E3 has small capacity since it is a union of at most 6 intervals
each of length < e. Similarly, h(E;) has small capacity depending only on R.

By choosing € small enough and R large enough we could find such sets where
EyUE,UE; = T and cap(EyUE5)+cap(h(E1)) is as small as we wish. But by Lemma
77?7, this contradicts our assumption on h, so R must remain bounded as e — 0. Thus
Lemma 11.10.4 is true. U

Given a homeomorphism h and n equidistributed points {zy }7 C T, let yx = h(zy)
for K = 1,...n and consider the corresponding circle chain C,, as given by Lemma
11.10.2. As before, let 2, ' denote the bounded and unbounded complementary
domains. By reflecting through each circle we obtain a new chain with n(n—1) circles.
Continuing in this way we obtain, in the limit, a Jordan curve I',,, with complementary
components D,, (bounded) and D} (unbounded). See Figure 26 which shows the
original chain and the domain €2,, on the left, three iterations of the reflections in the

center and the corresponding domain D,, on the right.

FIGURE 26. Reflections in a circle chain give a curve

Similarly, given a circle chain D,, of n circles of equal size, with tangent points

along the unit circle, we can reflect through the circles, getting a nested sequence



252 11. QUASICONFORMAL MAPPINGS: GEOMETRIC ASPECTS

of circle chains which limit on the unit circle, as in Figure 27. We claim that if A
is the boundary extension of a K-quasiconformal selfmap of the disk, then there is
a K-quasiconformal map of the plane sending the circles in Figure 27 to those in
Figure 26. We will prove this by constructing the map separately inside and outside

the unit circle.

9

FIGURE 27. A symmetric circle chain with limit T

Let W,, = S?2\{x1,...,7,}. We may assume n > 3, so there is a universal covering
map IT : D — W,,. Let U, be the component of II"!(D) containing the origin, and
note that by symmetry U, may be chosen to be bounded by hyperbolic geodesics
with endpoints at the x;’s (the arcs T \ U{x} are hyperbolic geodesics in W,,; this
is even clearer if we map T to R by a Mdbius transformation). Reflecting these arcs
across T gives the circle chain D,, in Figure 27 with {x;}7 as the points of tangency.
The conformal map f, oIl : U, — €2, can be extended by repeated Schwarz reflection
to a conformal map F,, : D — D,,. See Figure 28.

Similarly, Koebe’s theorem gives a conformal map g, : D* — QF. Let W) =
S%\ {y1,...,yn} and consider IT : D* — W* as the universal cover of W*. As above,
we can lift g, to map of IT"1(D*) — Q7 and use Schwarz reflection to extend it to a
map G, from D* — D} . See Figure 29.

By assumption A is the boundary extension of a K-quasiconformal map of the
disk to itself. By reflection we can extend this is a K-quasiconformal map H of
S? to itself. Then H maps W, to W* and lifts to a K-quasiconformal map of the
universal covers. We can represent these by D* so we get a K-quasiconformal map

H, : D* — D* which conjugates the covering groups. See Figure 29.
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Ficure 29. Lifting the maps H and g,.

Thus G, o H, is a K-quasiconformal map of D* to D* whose boundary values
agree with Fj, on T, and hence these maps together define a K-quasiconformal map
of S% (easy to check using the analytic definition of quasiconformal in [3]). This map

takes T to I', and the circle chain D,, to the chain C,. Taking n — oo, using the
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uniform continuity of K-quasiconformal mappings and passing to a subsequence if
necessary, we see that our circle chains converge uniformly to a K-quasicircle and

that h is the corresponding conformal welding, as desired. 0

11.11. Quasicircles

A quasicircle is the image of a circle or line under a quasiconformal map of the
plane. If the quasicircle is unbounded (it passes through oo) then we sometimes call
it a quasiline.

We say a curve v satisfies Ahlfors three point condition if there is a M < oo so
that

[z — 2] < M|z —y],
for every x,y € v and every z € v between z and y. This is equivalent to saying that

the diameter of the arc between x and y is O(|z — y|).

FiGure 30. Ahlfors’ three point condition.

THEOREM 11.11.1. A Jordan curve v on the Riemann sphere is a quasiline if and
only if it satisfies Ahlfors three point condition.

PROOF. The necessity of the three point condition is quite easy. Suppose v =
f(R) and f is quasiconformal. By pre- and post-composing by conformal linear maps
we may assume f fixes both 0 and 1 and that we need only check that the arc of v

connecting 0 to 1 has diameter bounded only in terms of the quasiconformal constant
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of f. But this is immediate from Lemma 11.3.2 (this was the proof that normalized
K-quasiconformal maps are totally bounded, which was part of the proof that they
form a compact family).

The sufficiency of the three point condition is a little more involved. Consider
conformal maps ¢, ¢ from the lower half-plane and the upper half-planes to the two
sides of 7. We claim that the three point condition implies that the conformal welding
map h = 19~ o is a quasisymmetric homeomorphism of the real line to itself. If the
claim is true, then by Theorem ?? h can be extended to a quasiconformal mapping
H of the upper half-plane to itself. Then setting f = ¢ in the lower half-plane and
setting f = H o in the upper half-plane defines quasiconformal maps in both half-
planes that both extend continuously to the real line and agree there. Since the line
is removable (Theorem 11.7.3) f is actually quasiconformal on the whole plane and
hence v = p(R) = f(R) is a quasiline. Thus it suffices to prove the claim.

To prove the claim fix two points x,y € v and, without loss of generality, assume
there are the images of 0 and 1 under the conformal map ¢ from the lower half-plane
to one side QO of 7. Let z = ¢(3).

Let I'; be the path family in €2 that connects the sub-arc ~,. of v with endpoints
x, z to the disjoint sub-arc v, that connects y to infinity. See Figure 31. This family
is just the image under ¢ of the path family in the lower half-plane that connects
[0, 2] to [1,00]. This path family is the reciprocal to the family that connects [1, 1]
to (—o0, 0], hence the product of their moduli is 1. On the other hand, these families
correspond under reflection, so they have equal moduli, and hence each has modulus
equal to 1. By conformal invariance I'; must also have modulus 1,

Let T'y be the path family in Qs (the other complementary component of «y) that
connects the sub-arc of v with endpoints x, z to the disjoint sub-arc that connects
y to infinity. To show that ¢ =1 o ¢ is quasisymmetric, it suffices to show that the
modulus of this family is bounded away from both 0 and oco.

First, we claim that since I'y has modulus 1, |x — z|/|z — y| is bounded away from
zero. If not, say |z — z| < €|z — y|, then the three point property implies that the
arc of v between x and z is contained in a ball of radius O(¢€) around x. Thus by the

monotonicity property of modulus (Lemma 5.1.2) the modulus of T'; is greater than
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FIGURE 31. The definition of I'; and I's.

the modulus of the path family separating the boundary components of the annulus
{w: O(e)|z —y| <|z —w| <|z—yl},

which we know to be (O(1) + log 1)/2x. This gives a contradiction if € is too small,
so the claim is proved.

Next we claim that the distance between the arc 7., from 2z to y and the disjoint
arc 7, connecting x to oo is larger than some constant Cy times |z — z|. Otherwise
there would be points u, v (one from each of these sets) that were within ¢|z — z|
of each other. By the three point condition the arc ~,, between them would have
diameter O(e|x — z|), but this arc contains the arc 7,, whose diameter is comparable
to |x — z|. This is a contradiction if € is small, so the second is also proven.

Now define a metric p by setting it to 1 on
{w : dist(w, v,y) > Ci|z — 2|}

Then the rho-length of any path connecting 7, to 7, is at least Cy|z — z|, while the
area of p is at most the area of a ball of radius diam(yzy) + Ci|z — z| and hence is
O(|z — z|). Thus the modulus of I'y is bounded uniformly above. The modulus of the
reciprocal family in €25 is bounded above by the same argument, so we deduce the
modulus of I'y is both bounded and bounded away from zero uniformly. That means

that ¢ !(z) = ¥ (p(3)) is bounded away from both 0 and 1 in terms of the three
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point constant only. As noted earlier, this implies h = 1) ~! 0 ¢ is quasisymmetric and

that ~ is a quasiline. 0

11.12. Finitely connected Fatou components

In this section we give an example of finitely connected wandering domains and
show that any connectivity > 2 can occur. Unlike the previous section, where the
example was given by a formula, here we give geometric construction. We will build
a continuous map that has a wandering domain of finite connectivity and then use a
theorem about solutions of the Beltrami equation to deduce that the dynamics this
map are conjugate to an entire function; thus the entire function has a wandering

domain of finite connectivity.

THEOREM 11.12.1 (Kisaka and Shishikura). For each p > 2 there is a transcen-

dental entire function with p-connected wandering Fatou component.

PROOF. We start with a polynomial P(z) of degree p so that and curve 7, that
has a single preimage 7p, and such that the interior domain D of 7y has p distinct
preimages {D;}} inside D with disjoint closures. This implies the Julia set of P is
a Cantor repeller; the inverse images of W = D \ U;D; define nested domains of
connectivity p+ 1 that are mapped conformally by P to the next larger domain until
they reach €2 which is mapped p-to-1 to the topological annulus between v and ;.

By replacing P by a quasiconformal map in an annular neighborhood of ~, we
can assume 7; is a circle of radius Ry centered at 0. See Figure ?7.

Let

If £ ¢ S, then Let W, be the circular annulus A = {Z : Ry < |Z| < Ry} If
k € S then W, is this annulus with a subdomain U,, removed. U, is a Jordan domain
of diameter %Rn, that is symmetric with respect to the real line and has a smooth
boundary except at the point {R,} = 0U,, NW,, where it has a 90° angle . See Figure
?7.

W, can be conformally mapped to a circular annulus A(1,s,) (if & ¢ S the
identity will do and s, = R,y1/R, and then to another circular annulus A(1,s"*!)
by composing with the power map z — 2"+

O






CHAPTER 12

Quasiconformal mappings: analytic aspects

The earlier chapter on geometric aspects of quasiconformal maps suffices for most
applications to dynamics, but omits many natural and powerful results. We saw that
given a complex dilation p in the open unit ball of L*°, we could define an associated
quasiconformal map f, but we could only deduce that u = f;/f, under some extra
assumptions, such as the the continuity of . For a general quasiconformal map, we do
not even know if f, and f; exist, so it is far from clear whether every quasiconformal
map arises from some pu.

In this chapter we will show that these partials do exist almost everywhere and
that f can be recovered from them by integration, i.e., f is absolutely continuous on
(almost all) lines. Thus every quasiconformal map f has a complex dilatation u, and
we will show that f can be recovered from p via the measurable Riemann mapping
theorem. We are also interested in showing that f depends differentiably on p. A
very helpful formula in this regard is Pompeiu’s formula (proven for C! functions in
Chapter ?77?):

(42) flw) = ZLm ., %dz — % / i Z{—dea:dy.

However, it is not even clear whether this formula makes sense for a quasiconformal
map; since f is continuous, the first integral is well defined, but it is not clear whether
the second integral is well defined in general.

We expect (but have not yet proved) that

area(f(£2)) = /Q Jrdrdy = /Q |f? — | f2|*dxdy = /Q |f.7(1 — |uf|2)dmdy,

which would imply f, and f; are in L? locally. However, |z —w|™! is not in L?, so we

can’t be sure that the area integral in the Pompeiu formula is convergent. However,

|z — w|~t it in L7 locally for every q < 2, so the integral will be bounded if we can

show f; € LP locally for some p > 2. This is a fundamental result of Bojarski in C ||
259
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and of Gehring [] in dimensions > 2 and we will prove it later in this chapter, using
the 2-dimensional version of Gehring’s proof.

Another problem with proving the Pompeiu formula for quasiconformal maps
is a little more subtle. As noted above, we know the formula is valid for smooth
functions and to verify it for general quasiconformal maps, we would like to smooth
these functions (say by convolution with a smooth, radial bump function) and pass to
a limit. In this case, the smoothed functions converge uniformly to the limit, so the
boundary integral term converges as desired, but the integrand of the area integral
only converges pointwise and we need some extra condition to insure this integral
also converges. In this case, we can use Gehring’s result and the LP boundedness
of the Hardy-Littlewood maximal theorem to deduce that the sequence integrands
coming from the smooth approximations of f is dominated by fixed L! function, so the
Lebesgue dominated convergence theorem can be applied to verify Pompeiu’s formula.
Pompeiu’s formula can then we applied to prove the differentiable dependence of f
on its dilatation p.

We start with a review of some basic real analysis and them move towards the

theorem of Bojarski and Gehring and its consequences.

12.1. Covering lemmas and maximal theorems

THEOREM 12.1.1 (Vitali covering lemma: easy form). Let B = {B;} be a finite
collection of balls in R%. Then there is a finite, disjoint subcollection C C B so that

UBEBB C UBGC?)B'

In particular, the Lebesque measure of the set covered by the subcollection is at least

3~ times the measure covered by the full collection.

THEOREM 12.1.2 (Vitali covering lemma: harder form). Suppose E C R is a
measurable set and B = {B;} C R is a collection of balls so that each point of E is
contained in elements of B of arbitrarily small diameter. Then there is a subcollection
C C B so that E \ UgeeB has zero d-measure.

The Lebesgue dominated convergence theorem

Egorov’s theorem.
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(I will always remember Egorov’s theorem because when I was a first year graduate
student at the University of Chicago and I wanted skip taking the first year analysis
course there, I went to Luis Caffarelli’s office for an oral exam and the first thing he
asked me was to state and prove Egorov’s theorem. As is often the case, Egorov’s
theorem is actually due to Carlo Severini [126] who published a proof a year before
Egorov [46].)

LEMMA 12.1.3 (The Calderon-Zygmund lemma). ) Suppose Q is a square, u €
LYQ,dxdy) and suppose

1
— dzxdy.
«- area(Q)/Q|u| v

Then there is a countable collection of pairwise disjoint open dyadic subsquares of ()
so that

1
43 OéS—/ uldrdy < 4a,
o area(Q;) Jo, Juldedy
(44) |u| < o almost everywhere on @ \ U;Q);,

(45) Zarea(Qj) < é/@|u|dxdy

Proor. We say a subsquare of () has property P is the first conclusion above
holds and we define a collection of subsquares by iteratively dividing squares that do
not have property P into four, equal sized disjoint subsquares, and stopping when
property P is achieved. If the average of u over a square is less than « then average
over each of the four subsquares is < 4«, so every stopped square has property P.
Any point not in a stopped square is a limit of squares where the average of u is
< a, so by the Lebesgue differentiation theorem u < « at almost every such point.

Finally,
/ |u|dzdy > Zaarea(Qj),
@ j
which proves the third property. O

Hardy-Littlewood maximal function.
Marcinkiewicz interpolation

L? boundedness of maximal function
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Maximal function bounds maximal function of convolution with radial L! bump

function.

12.2. Absolute continuity on lines

The main type of K-quasiconformal maps used in this text are piecewise C!

functions that satisfy

(46) | [zl < K[f],

where £ — (K — 1)/(K + 1). By itself, this equation is not enough to guarantee a
map is quasiconformal. For example, suppose ¢ : [0,1] — [0, 1] is the usual Cantor
singular function.e., a continuous function that increases from 0 to 1 on [0, 1] and is
constant on each complementary component {I;} of the Cantor middle—% set K. Then
the map f(z,y) = (x + g(x),y), is a homeomorphism of [0, 1] x [0, 1] to [0, 2] x [0, 1]
that is a translation (hence conformal) on each rectangle I; x [0, 1], where [; is a
complementary interval of the Cantor set. Thus f; = 0 almost everywhere, but there
are several way to check that f is not quasiconformal.

EXERCISE : Find rectangles whose modulus is increased by arbitrarily large
factors by f.

EXERCISE: Find a path family " of zero modulus, so that f(I') has positive
modulus.

EXERCISE: Show that f map some set of zero area to positive area (later we will
prove quasiconformal maps can’t do this).

The problem with this example is that it is not absolutely continuous on horizontal
lines, and so f cannot be recovered by integrating its partials.

A function f is called absolutely continuous on a line L if for every € > 0 there
is a § > 0 so that m;(F) < ¢ implies my(f(F)) < € where m; denotes 1-dimensional

Hausdorff measure.

THEOREM 12.2.1. If f is quasiconformal, then f is absolutely continuous on al-

most every line in any given direction.

Proor. After a Euclidean similarity, we may consider horizontal lines in () =
0, 1]%. Define

A(y) = area(f([0,1] x [0,y])).
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Then A(0) =0, A(1) = area(f(Q)) < oo and A is increasing. Thus A is continuous
except on a countable set and has a finite derivative almost everywhere. Fix a value
of y where both this things happen, and we will show that f is absolutely continuous
on the horizontal line L, = [0,1] x {y}. The main idea is that if this failed, then
modulus estimates relating length to area will force A'(y) = oo.

Consider the long, narrow rectangle R = [0,1] X [y,y + %] and divide it into
m << n disjoint - x L sub-rectangles {R;}. Let R, = f(r;) and the the “left”,
“right”, and “bottom” edges of R} be the images under f of corresponding edges of
Rj. Let b; be length of f(L, NOR;), i.e., the length of the bottom edge of R};. This
number might be finite or infinite. Fix ¢ > 0. In the first case, by taking n large
enough, we can insure that any curve in f(R;) than joins the images of the vertical
sides of R; has length > b; — €. In the second case, we can insure these curves all
have length > 1/e. In both case this follows because as n — oo, any curve in f(R;)
joining the opposite “vertical” sides limits on the bottom edge and hence the liminf
of the lengths of such curves is at least the length of the bottom edge of R’.

By quasiconformality we know

M(R;) > M(R;)/K = -—

and using the metric p = 1 on R}, shows
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Thus by Cauchy-Schwarz,
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Z area(R;)Kn

KA@+5—A®)

KA (y).

If any of the b;’s is infinite, so is A'(y), so f(L,) has finite length for our choice of y.

Given a compact set & C L,, suppose £ is hit by N of the rectangles R; and that m

has been chosen so large that N/m < 2m,(F). Then repeating the argument above,

but only summing over the j’s so that the bottom edges of R; hit F,

(Z b;)?

<

IN

IN

IN

IN

—

w3y )

N

N

area ()
area(R’)
m/Kn

J

N m
po. Zl area(RR;)Kn
]:

Kmy(E)

Aly+ ) — Ay)
1/n

Kmq(E)A (y).

Thus m4(E) small, implies > b; is small, and hence f(E) has small 1-dimensional

measure. Hence f is absolutely continuous on L, as desired. 0
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Basic theorems of real analysis say that if f is absolutely continuous on a line L

, then its partial derivative along that lines exists almost everywhere and

£((5) = f(a) = / fuds,

where a,b € L and f, is the partial in the direction from a to b. Since we have shown
that quasiconformal maps are absolutely continuous on almost every horizontal and
almost every vertical line, we see that the partial f,, f, exist almost everywhere and
hence f,, fz, iy = fz/f. are all well defined almost everywhere. Next we want to say

that at a point w where these all exist, we have
f(z) = f(w) + fo(w)(z — w) + fz(w)(Z — @) + o]z — w]),

i.e., f is differentiable at w. However, as explained in most calculus texts, the exis-
tence of partial derivatives at at a point does not imply a function is differentiable
there (consider f(z,y) = z%y/(2? + y*) at the origin).

However, a remarkable theorem of Gehring and Lehto [61], says that is implication

is true almost everywhere for homeomorphisms. Our proof follows that in [3].

THEOREM 12.2.2. If f is a homeomorphism of Q@ C C and has partials almost

everywhere, then it is differentiable almost everywhere.

Proor. By Egorov’s theorem the limits

fz+h) = ()

. h) —
o) = i LI =)

are uniform and converge to a continuous functions on a compact set £ C {2 so that
area(Q) \ E) is as small as we wish.

Almost every point of E is a point of density for the intersection of £ with both
the vertical and horizontal lines through zj, so if suffices to proof differentiability at
such points. For simplicity we assume 0 is such a point. The proof follows the usual
case in calculus where we assume the partials are continuous, except that here we
have to replace continuous on a neighborhood of 0 with continuous on a set E that

is measure dense around 0.
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Because of the continuity and uniform convergence on E, for any € > 0 there is a
0 > 0 so that

12(0) = fo(2): [ £ (0) = fy(2)] <€,
if z € E'N D(0, ¢)-neighborhood of 0 and

1) - LEHZIE) gy TEHWZIE),

if z€ END(0,0) and h € [—0,9].
Note that
f(2) = f(0) =2 f2(0) —yfy,(0) = [f(2) — fz) —yfy(0)] + [f(z) — f(0) — 2 f.(0)]
+yfy(z) — £,(0)]
= I+ II+1I1I.

If |z| < d and = € F, then by the inequalities above, I < €|y|, I] < €|z| and I1] < ey,
so the term on the far left is bounded by 3¢|z|, which proves differentiability if x € E.
A similar proof works if iy € E.

Fix € > 0 and choose ¢ so small that if 0 < x < ¢, then E'N (73, 2) # 0 (this

must be possible since £ N R has density 1 at 0) and E N (f—i,y) # (. Thus if

0 < [z],[y] < /(1 + €) can find points z1, 72 € EN (137, (1 + €)z) and iy, iys €

ENi(:4, (1 + €)y) and so that x + iy is inside the rectangle R = (1, z2) X (y1, y2).
Since f is a homeomorphism (all we need is that it is continuous and open), | f| takes

its maximum on the boundary, so

sup [ f(2) = f(0) — 2£2(0) — 4, (0)]

z=x+iyeR
< sup |f(zw— f(0) — zfs(0) — yfy(0)]
w=u+ivEIR
<3elw|+  sup |z —ul[fo(0)] + [y — v|[f,(0)]
w=u+ivEIR

< 3e(1 4 €)[z| + €l fz(0)[ 2] + €] £, (0)]|z].

LEmMMA 12.2.3. . If f is K-quasiconformal then

/ Jrdrdy < / < area(f(Q)) < mdiam(f(Q))?,
Q

for every square Q).
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ProOF. We only use the quasiconformal hypothesis to deduce f is differentiable
almost everywhere; the result holds for all such maps. At any point x where f is

differentiable we can choose a small square (), containing = such that

area(f(Q")) = (1 — €)Jp(x)area(Q'),

and by the Lebesgue differentiation theorem, for almost every x we have
/ Jrdady < (14 €)Jp(x)area(q’),

for all small enough squares centered at x. Combining these two estimates and using
the Vitali covering theorem to extract a collection of disjoint squares {Q);} with

centers x; and with these properties that cover almost every point of @), we get

/dea:dy < Z/ Jdxdy
Q j YQj

< (14 ¢)Jp(z;)area(Q;)
1+e€
< = Earea(f(Qj))
1+e€
< T Carea(f(Q))
—€
Taking e N\, 0, gives area(f(F)) > [, Jrdxdy. The inequality area < mdiam? is
obvious. n

Since |f,]* < J¢/(1 — k?), we also get

COROLLARY 12.2.4. If f is K-quasiconformal then

™

[ 1. Pasay < T rQ)

for every square Q.
Next we turn to

LEMMA 12.2.5. If f is K-quasiconformal, then

o F-dody)?
area(Q)) "~

with a uniform constant for every square Q).

m(f(@))*.



268 12. QUASICONFORMAL MAPPINGS: ANALYTIC ASPECTS

PROOF. The path family connecting opposite sides of a square () has modulus 1,
so the image of this family in f(Q) has modulus between K and 1/K. This implies
the shortest path in f(Q) connecting the same sides has length ~ diam(f(Q)), so the
integral of | f,|+|f:| along any horizontal segment crossing @ is at least C'diam(f(Q))
for some fixed C' > 0 (depending only on K). Since |f.| < |f.|+]|f:| < 1(1+k)|f.|, the

same is true for the integral of | f,|. Integrating over all horizontal segments crossing
Q gives
[ 1£.ldzdy 2 diam(Q)diann( (@)
Q

Hence

(Jo [fzldzdy)* _ [diam(Q)diam(f(Q))]?

area(Q)) "~ area((Q) 2 diam(f(Q))".

Note that for K-quasiconformal maps, |puf] <k = (K —1)/(K +1) and

(1= B2) S LPL = |ul?) < [LP =157 = Tr < L1
so that J; and |f,|* are the same up to a bounded factor. Thus

2 : 2 <fQ ’fz’d$dy)2
|1 Pardy < [ < diam( @) 5 =4

(L, |-\ drdy)?
/Q .oy < 08 2T

for some constant C' that depends only on the quasiconformal constant of f (and not

or

on the choice of the square ). This is called a reverse Holder inequality and we shall

see in the next section that it has profound implications for the behavior of f..

12.3. Gehring’s inequality and Bojarski’s theorem
Holder’s inequality says that
/fgdu < (/ fpdu)”p(/quu)”q,

where 1 < p, q < oo satisfy % + % = 1. Applying this to a non-negative function on a

square () we get

1 Pdx —1 vdxdy)?
] /Q o) > (o /Q dudy)?,
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with equality if and only if v is a.e. constant. Thus the “reverse Hélder inequality ”

1 p 1 p
(area(Q) /Qv dxdy) < (Karea(Q) /de:z:dy) )

can only hold if K > 1. If it holds for single ), this does not say much, except
that v € LP N L'. However, if it holds (with the same K) for all Q’s we can deduce

that v € LPT¢ for some € > 0. This remarkable “self-improvement” estimate is due

to Gehring [], although the proof we give follows the presentation in Garnett’s book
[58].

We start with a technical lemma.

LEMMA 12.3.1. Suppose that p > 1, v >0, Eyx = {z:v(z) > A}, and

/ vPdxdy < A)\pl/ vdzdy,
Ex

Ey

for all X\ > 1. Then there is r > p and C' < oo so that
(/ v dady)" < C(/ vPdady)/?P.
Q Q

Proor. This is basically just arithmetic with distribution functions. Note that
it suffices to assume area(Q) = 1 and fQ vPdrdy = 1. Then

/vrdxdy = /vpvr_pdxdy
E1 El

= (r—p)/ vp(l—l—/ NP AN ) dwdy
Ey

1

= (r —p)/ P+ (r —p)/ X"pl/ vPdxdyd\
B 1 TN

(r— p)/ v+ A(r — p)/ )\r_2/ vdxdyd\
Eq 1 E)\

(r —p)/ P + Alr —p)/ v(/ N'2d\)dwdy
Eq E1q 0

(r—p)/ vp+AT_p/ v'dxdy
By r—1Jg

1
(r—p)/ vp+—/ v"dxdy
By 2 )k

IN

IN

IN

IA
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where the last inequality holds if 7 is close enough to p (depending on A and p).
Subtracting the last term of the last step from the first step gives

/ v'dedy < 2(r — p)/ vPdxdy.
£y

Eq
Off E; we have v < 1 so v" < vP and hence

/ vidxdy < (1+2(r — p))/ vPdzdy.
Q Q

Because of our normalizations, this proves the lemma. U

Next we show the reverse Holder inequality implies the distribution function hy-

pothesis of the previous lemma, and hence Gehring’s inequality.

THEOREM 12.3.2. Letp > 1. Ifv(x) > 0 and v € LP(Q, dxdy), and if the “reverse
Holder inequality”

1 p 1 P
(area(Q) /Qv dxdy) < (Karea(Q) /deacdy) ,

holds for all subsquares of a square Qq, then there is an r > p so that

1 r /r 1
(—area(Qo) /Qov dxdy)'" < (C(K,p, T)area(Qg) /QO

Proor. We need only verify the hypothesis of Lemma 12.3.1. Fix A and set
8 =2K\. We will split the integral

/ vpd:)sdy:/ vpd$dy+/ vPdxdy
E, E)\\Eg Eg

into two pieces. The second piece is trivial to bound by the correct estimate because

/ vPdzdy < 5”_1/ vdzdy < (ZK)\)p_l/ vdzdy.
EX\Eg EX\Eg

Ey

vdzdy),

To bound the other piece of the integral, we use the Calderon-Zygmund lemma
(Lemma 12.1.3) to find a sequence of disjoint squares {Q;} so that
1

51’§—/ vPdxdy < 257,
wrea(Q)) Jo, " =

and v < 8 almost everywhere off UQ,. Thus Ejs \ UQ; has measure zero and

/ vPdrdy < Z / Q,vPdxdy < 24P Zarea(Qj).
Ep r
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We now make use of the reverse Holder hypothesis to write

1 K
ﬁpg—/ vPdxdy < —/ vdx)P,
arcal @) Jo, Carea(@;) Jo, "™
hence
K
area(Q;) < — [ wvdzdy
B Jg,
K
< —(/ vdxdy + area(Q);)
ﬁ Q]'OE)\
K 1
< — vdxdy + —area(Q);).
/6 Q]‘QEA 2
Solving for area(();) gives
2K
area(Q;) < — [ wvdzdy
B Jo,

.
< = vdzdy.
AJg

J

Thus by the defining property of the @);’s,

/ vPdxdy
Eg

< Z/ vPdxdy
< 257 area(Q))

J
< 28 ) / vdx
j jﬂEA

< 2”“[(”)\1’1/ vdz.

Ey
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Thus the hypothesis of Lemma 12.3.1 holds with A = (2K)P~! + 2P K?_ and we
deduce that v € L"(Q, dzdy) for some r > p.

O

To apply Gehring’s inequality to the partial derivatives of quasiconformal maps,

we have to show that these partial satisfy a reverse Holder inequality. What we want

C
[ Pandy < s [ (dasa?

with a uniform C' for all squares in the plane. This was proven in the previous section.

18
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Thus we have proven the theorem of Bojarski and Gehring mentioned earlier:

THEOREM 12.3.3. If 1 < K < oo, there is a p > 2 and A, B < oo so that the
following holds. If f : C — C is K—quasiconformal and ) C C is a square, then

Pddy)V? 12 < pdiam(f(Q))
( / | folPdady) P < A( / [F-Pdndy)'™ < B=0 o)

area area

LEMMA 12.34. If f fizes 0,1, 00, then
/ ILy(2) — 1|dady < ediam(Q),
Q
where Ly = |f.| + | fz| and € = 0 as ||pf]l~« — 0.

PrROOF. Fix a square ) with sides parallel to the axes, let ¢(Q)) denote its side
length and let S}, Sa denote the two vertical sides of S Use fact that as ||u|le — 0,
f tends to the identity and

area / v — 1]|drdy)® < area(Q) /Q lv — 1)2dzdy
2
= area(Q) /Q(v -1 area(Q) /Q(U — Ddudy

1 2
= area(Q) /Q(Kjf -b- area((Q)) /Q(U — Dddy
1

1
= o0 /Q(K— 1)Jdxdy + arca(Q) /Q(Jf — 1)dzdy
2
arca(0) /Q(v—l)dxdy
area(f(Q)) area(f(Q)) —area(Q)  dist(Si,52)
S o R—tres Q)

Since f converges uniformly to the identity on @ as ||it]|.c — 0, each term in the last

— 1),

line tends to zero. O

COROLLARY 12.3.5. If Q has a piecewise C' boundary and f is quasiconformal
on 1, then

(47) flw) = L /(=) dz — l/ I dxdy.

211 Joq 2 —w T))ogz—w

PROOF. Smooth and take a limit using the LP boundedness of the the Hardy-

Littlewood maximal theorem and the Lebesgue dominated convergence theorem. [
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COROLLARY 12.3.6. If f is quasiconformal, then f maps sets of zero area to zero

area and

area(f(E)):/Ede$dy.

PROOF. Since v(E) = area(f(FE)) and v(E) = [, Jydzdy are both non-negative
Borel measures, it suffices to show that they are equal for some convenient basis of
sets, say squares with sides parallel to the coordinate axes. Let () be such a square.

We have already proved the “>” direction in Lemma 12.2.3. To prove the other
direction, we use the fact that J; € LP(Q, dzdy) for some p > 1. Define a smoothed
version f,, of f by convolving f with a smooth, non-negative bump function ¢,, of
total mass 1 and support in D(0, %) Since f is continuous on C, f, — f uniformly
on (). Since convolution is linear, the partials of f,, are the partials of f convolved
with ¢, and therefore the supremum over n of these partials is bounded by the

Hardy-Littlewood maximal function of f,, i.e.,

and similarly for f;. Since the Hardy-Littlewood maximal operator is bounded on L”
for 1 < p < o0, and f,, f; € LP for some p > 1, we see that {((f.).)}, {((fn)z)} are
dominated by an LP function and hence by an L? function on @ (since L”? C L? on
bounded sets). Thus the sequence of Jacobians {.Jy, } is dominated by an L' function

on (), so by the Lebesgue dominated convergence theorem,

/andxdy%/dexdy.
Q Q

Moreover, since f,, is smooth

/Q Jp,dxdy > area(f,(Q)),

(equality may not hold since we don’t known f,, is 1-to-1, and the integral computes
area with multiplicity) and since f,, — f uniformly, f,(Q) eventually contains any
compact subset of f(Q)) and hence

lim sup area( f,(Q)) > area(f(Q)).

n

Thus area(f(Q)) < fQ Jrdrdy, as desired. O
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LEMMA 12.3.7. Suppose {g,} € LP(R, d:vdy) for some p > 2 and

y=0

Rz
for allw € R. Then lim, ffR gndzdy = 0.

PrOOF. Fix rectangles R” C R’ C R, each compactly contained in the interior of
the next. Using the Cauchy integral formula for the constant function 1 on the curve

OR' we see that we can uniformly approximate the constant function 1 on R” by a

finite sum s(z) =

//Rgn(z)da:dy = // gn(z d:vdy+// gn(2)(1 = s(2))dzdy
_ //Hgn )(1 = s( dxder//R\R” 2)(1 = s(2))dady.

For a fixed n, the first integral can be made as close to zero as we wish by taking s
close to 1 on R”. The second integral can be made small by taking area(R\ R") — 0;
this implies the L” norm of g, on R\ R” tends to zero (hence so does its L' norm)
whereas the L? norm of s remains uniformly bounded (it is a convex combination of
L7 functions with bounded norm). Thus we can make [ r gndzdy as small a we wish

if n is large, proving the lemma. 0

LEMMA 12.3.8. If {g.} are K-quasiconformal maps that converge uniformly on

compact sets to a quasiconformal map g, then for any rectangle R.

J[ t00): = gasiy 0.
J[t60): = gidady 0

and (gn). = g. and (g,)z — g weakly.

PROOF. First consider the z-derivative. Let h, = (g,): — gs. By the Pompeiu
formula and the fact that g, — ¢ uniformly on R, we deduce that

lim // fin(2)
n—oo R Zz — W
// hpdxdy — 0,

R

dxdy =0

for any w € R. That
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follows from Lemma ??7. To prove weak conference, take any continuous f of compact
support and uniformly approximate it to within € by a function f that is constant on

finite union of rectangles. Then

/ / fhydzdy = / / (f = [)hpdzdy + / / fhydzdy.

The first integral is bounded by € [[ |h,|dzdy, which is small since ||, |1 < C||hy]|,
is uniformly bounded on a large ball containing the support of both f and f . The
second integral tends to zero since is a finite linear combination of integrals of h,
over rectangles.

The result for z-derivatives follows from the same proof applied to the complex

conjugates of g and {g,}, using the fact that (f); = f.. O

12.4. The measurable Riemann mapping theorem, Part 11

We proved early using only geometric methods that given any continuous dilata-
tion p on C with ||u|le < k < 1, there was a K = (k+1)/(k—1) quasiconformal map

f with dilatation u. We can extend this from continuous to measurable functions .

THEOREM 12.4.1. Given any measurable function p on the plane with ||p)|s =
k <1, thereis a K = (k+1)/(k —1) quasiconformal map f with dilatation p almost

everywhere.

PROOF. Given a measurable p find a sequence of continuous functions {x, } with
fn, — fo pointwise and supg |pn(2)| < k = ||ulleo < 1. Let f,, be the quasiconformal
map with dilatation pu,, normalized to fix both 0 and 1. Then since normalized,
K-quasiconformal maps form a compact family (Theorem ?7) there is a subsequence
of these maps that converges uniformly on compact sets to a K-quasiconformal map
f. This map has a dilatation py. We claim that py = p. This will follow from the

following lemma. O

LEMMA 12.4.2. Suppose {f,}, [ are all K-quasiconformal maps on the plane with
dilatations {pn}, py respectively, that f, — f uniformly on compact sets and that

tyn — [t pointwise almost everywhere. Then jiy = p almost everywhere.

PRrROOF. We restrict attention to some domain €2 with compact closure. We know

that f; = pr f. almost everywhere and we know that f, is non-zero almost everywhere,
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so it suffices to show that

fz(w) — p(w) f=(w) = 0,
almost everywhere. To prove this it suffices to show that the integral of f;(w) —
p(w) f.(w) over any rectangle R is zero (this is an application of the Lebesgue dif-
ferentiation theorem: at almost every point an integrable function is the limit of its

averages over rectangles shrinking down to that point). We re-write this function as

fz(w) = p(w) f2(w) = [fz(w) = (fa)z(w)]
H(fa)z(w) = pn(fn)=(w)]
+pn (W) (fn):(w) — p(w)(fn):(w)]

Hp(w)(fn):(w) = p(w) f.]
= I+11+III+1V.

Term II equals zero almost everywhere, so we need only show that the other three
terms tend to zero as n tends to oco.

Case I: This is Lemma 12.3.8.

Case III: We use Cauchy-Schwarz to show the integral of the third term is

bounded by
([ = mopasany 2 [ [ (8o Paon

The first integrand tends to zero pointwise and is bounded above by 2 almost every-
where, so the integrals tend to zero by the Lebesgue dominated convergence theorem.

On the other hand
([ 1)) = disan( 1, (),

by Lemma 12.2.4, and since {f,,} converges uniformly on compact sets, this remains
bounded. Thus the integral of III is bounded above by a term tending to zero times
a term that is uniformly bounded, and hence it tends to zero.

Case IV: The same lemma as in case I, but applied to f. = (f)z, and using the

fact that (f)s; = (f.), show that

J[ 5= ey 0

for every rectangle R. Now approximate y in the LY(R, dxdy) norm by a function v

that is constant on a finite collection of disjoint squares (such functions are dense in
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) and we deduce

/f/ =) ey =t [ [ (=) (=) )y < tian = = )-)

The first term is as small as we wish and the second is uniformly bounded, so the

product is as small as we wish. Thus the limit must be zero, as desired. l

This completes the proof of the measurable Riemann mapping theorem in the

general case.

12.5. The Ahlfors formula

The dependence of f on its dilatation p is non-linear (there is an explicit power
series relationship between the two in terms of certain singular integral operators,
see, e.g., [3]), but it is possible to give a linear approximation that is valid when

Ilit]| o 18 small, namely

fw) =w— = [ u@)RG w)dsdy + O(lul)

for all jw| < 1, where

1 w w—1  ww-1)
z—w z—1 2 z2(z—1)(z—w)

The goal of this section is to prove this formula. The proof is basically a manipulation

of the Pompeiu formula

flw) = L /) dz — l/ f2 dxdy

21t Joq z —w T )Jgz—w

where we use our LP estimates on f,, f; to put certain terms into the error term. We

start by showing f is close to the identity in a precise LP sense when |||l is small.

LEMMA 12.5.1. If k < 1 is small enough then there is a constant C3 = C3(k) so
that the following holds. Suppose ||p||cc < k < 1. Then

£ = Upa = (] [f2 = 1Pdzdy)"? < Csll ]| o
By

for all 2 < p < p(k).
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PRrROOF. First assume p is supported in D(0, R) and let € = || || . It is proven on
page 100 of [3] that ||F* — 1], < C||ull, < CeR?? if p < p(k). Since f* = Fr/F#(1),

Lemma 77 implies

FH

z

17 =2t = gy — L

1 1
D) T D)
c(r)
1—Ce

= |1- F = 1lpa

IN

2026 +
Ce.

IN

Now write f(z) = 1/f(1/z). We want to show
(48) 172 = llp.r < C(R)e,

when g has support in Bg. Just as above, it suffices to show ||[F¥ — 1|,z < Ce. Note
that F* is analytic on {z : |z| < 3r} where r = 1/(3R). For an analytic function f
on a ball B(xz,r) it is easy to see by the mean value property and Hélder’s inequality

that

2

1 1
<o [ 1S G oo

Thus by the maximum principle,

[ 1)~ apdsdy < Ol sup |FG) -1
|z|<r

|z|=2r

IN

C(r)/ |FH(2) — 1|Pdxdy.
r<|z|<3r
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On the other hand, changing variables from z to 1/z gives

. 2pn dxd
[ e -tpaa = [ ERE i
r<|z|<R 1/R<|z|<1/r Fr(z) |2|

/ |z2(FZ“(z) —1) 22— Fr(2)? |pdxdy
1/R<|z|<1/r

Fr(z)? Frz)? |zt
22(Fr(z) — 1 22— FH(2)?  daxdy
cof LICEINERICE T
1/R<|z|<1/r z) (2) |2|

< cm | [F2(2) — 1dady
1/R<|z|<1/r

+C(R) / |z — F*(2)[Pdzdy
1/R<|z|<1/7

< C(R)é.

Since the integral over {|z| < 3r} was dominated by a constant (depending only on
R) times this estimate, we have proven (48).

The general case now follows just as in [3]. Write f = g o h where p;, = iy inside
the unit disk and p;, = 0 outside the unit disk. Then

1z = Ulpa < (9= = 1) 0 hlhellpy + 7z = 1|p.a-

The second term is bounded by Ce by the first paragraph and the first term is

bounded using

1[(g- — 1) o hlh:[lp, = (9 — 1) o h|P|h.[Pdzdy
B1
1

<
B ey

[ 1= aplh o -2dedy
h(B1)
1
< [l wPrdady [ tdady)
L=k Jupy) By
Clearly h(B;) C {|]z| < R} for some R depending only on k. Thus using (48), the
first integral is bounded by

/ 5. — 1|*dxdy < Ce,
Br

(assuming 2p < p(k); but since p(k) — oo as k — 0 this holds for some p > 2 if k is
small enough). On the other hand

\ho |~ dady < O( [ |ha|*dedy) =27 < ||unllpr + |[1lpa < C,
B1 Bl
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since [z — 1|, < Cllunllp-

LEMMA 12.5.2. With notation as abowve,

flw) = w —% fz( YR(z, w)dzdy —% . fz,(zzl 2S(z, w)dxdy,
where R(Z,U)) = (zflw - zg)l + w771> and S(Z,U)) = 11,”;2 - 11i)z'

PRrOOF. This is where we use the Pompeiu formula. Assume |w| < 1 and apply

the formula to the unit disk to get

flz) ;o 1 / i
49 = - — ———dxd
(49) fw) = 27rz Tz—w T )Jpz—w vy
Replace z by 1/z in the boundary integral. We claim that
1 1 dz
— " _ A4B -
2mi Tﬂz)z(l—zw) + w+27rz/f (2)(1 — zw)
A+ Bw- _/ f _ f(z)dady
F(2)2(1 — ZW)
To see this, first suppose that on {|z| =1} f(z) = z". Then f(%) = 27", and

m:§<l+2w+<zw>2+..->,

27rz/fzz Zw)

— [ 2 H(A 4 2w + 2w+ )dz
27TZ T
1 . o
=—— [ 2" O 42w+ 2T e 4 )z
21t Jp

This integral is only non-zero for the term containing z~!; this corresponds to j = n,

1 1 dz n
i I s g =

and the integral is zero for n < 0. By a similar argument, if n > 2,

SO

so for n > 0,

F(3)'adz 1 —nt1 2, 2
- [ )
2m/ 1= 2w) zm'/TZ YL+ zw+ 2w+ )dz
1

= — [ 2" YT w2 4 T L .
211 T

— wn—2
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and for n < 2 the integral is zero. So the two integrals differ by a factor of w? in
general and for n = 0,1 the integral on the right can gives 1,w but the integral on
the left gives 0. Thus

1 1 dz w? dz

We now rewrite the line integral as an area integral using Pompeiu’s formula again

with the change of variable o = wz
1 f(2) 1 zdz 1 f(2) M wzwdz

2mi Jiym 11— 2w 2miw? Jor 2w —1

_ 1 / f(%)_lada
N 27riw2 a=|w| a—1

_ L 1 [f(2)'a]:dadb
—IF) + = /|| -

_ L 1 [f(2)twelswidady

— _@mlH;/Wl o

1 N 1 / f5(2)zdxdy

w e f2(2) (2w — 1)

Therefore,
1 1 2 F
G [ A+Bw+w_w_/M
2mi Jp© 27 2(1 — zw) 27 Jo F(2)2(1 — zw)
as claimed.

Since we know f(0) = 0 and f(1) = 1 we can solve for the values of A and B.
When we do this we get

1 1 W w—1
w)=w — - =z — dxd
f(w) /Wf()( + 2= Daray

T z—w z-—1 z
1 [ 2

_ _/ JiZ(Z)( we v Ydxdy.
TSt f(2)2 1 —wz 11—z

As a check, the reader can set w = 0,1 and verify that both integrands vanish in

these cases. O

LEMMA 12.5.3. There is a 0 < k <1 and a Cy < 0o so that the following holds.
Suppose that f is a quasiconformal mapping of the plane to itself which preserves H,
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fizing 0,1 and oo and the Beltrami coefficient of f is p with ||p)|ee < k. Then
1
fw)~ w2 [ u)RG w)dsdy] < Calull
R2

m
for all |w| <1, where
1 w w—1  ww-1)
R<z7w)_z—w 1T 2z -1z —w)

Proor. Consider (51). If the first integral, we use
fe=nfe = p(fe = 1) +p
The first term has L norm O(||u]|o) by Lemma ??, so using Holder’s inequality
shows that the first integral equals

1 1 w w—1
P - dxd 2
W/wamz_w 0 Y oy

1 s w(w — 1) . 5
—W/;Jwg@_nw_wgdwuwu

1
_ _/ 1(2) R(z, w)dady + ]2
T J)z|<1

where
w(w — 1)

2(z—1)(z —w)
Using the same estimates, second integral is equal to

1 1. o w?z wz
L G = ey +
|z|<1 -z

R(z,w) =

z 1—wz 1

where ji(z) = p(2)(z/2)%. If we replace z by 1/z in the second integral, the integral
over the disk transforms into the integral over its complement
1 § w?/z w/z —dxdy

/1/z<1 M

T l—w/z 1-1/z |z|*
w?

w

% )2/ )( —w oz —122 Zdedy
|z\>1

1 (z — 1) (z — w)w

E/|Z W)z =1

1 ( - 1)

;/>l e

This integrand has the same form as before which proves the lemma.
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NEEDS CHECKING AND FIXING

By Lemma 12.5.2 we can write

2

where S(z,w) = {2 — % and as before f(z) = 1/f(1/2). Using f; = pf. =

1—wz 1

w~+ u(f. — 1), the first integral equals

Lu@m@mmw+-éu@umwwm@mmw

RHq,l)

p,1|

::/MAMzwm@+OW%Jﬁ—1

_ /M@m%m@@+owww,

by Lemma 12.5.1 and the fact that R € L%, for every ¢ < 2 (with a bound depending
on ¢, but not on w for |w| <1).
The second integral is estimated by writing fz = ji + fi(f. — 1) where ji(z) =

(z/2)*1(1/z). Repeating the argument above shows the second integral is equal to

Using Lemma 7?7, we see

1 « r «
Zlele < |f(2)] < Ol

|2 = £(2)] < Cllullsol2l*,
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so we can estimate I by

22— f(2)?
I < | (1/Z)T(Z)235(z,w)dxdy|
< oum\? / 221 52, w)dady
< O|lplZCla),

if 2a —1 — 2 > —2 (recall that we may take a as close to 1 as we wish, if & is small

enough). To estimate II, note that for l + l =1, Lemma 12.5.1 implies

I = / OAC >_1)ZS(z,w)da:dy

f(2)?

y 2S(z,w)
< Cllpllsllfz = Hpll——==Il4
< Cllpllooll £z = Tlpll o I

< llZ == S (2 w)

Fix some ¢ < 2, and take k so small that o > 2¢/(2 + ¢), which implies the L? norm

is finite (with bound depending only on «, hence only of k). Thus,

fw) = w— [ Ry =2 [ a5 wdedy + Ol

™ ™

Changing variables from z to 1/z in the second integral converts the integrand to the
same form as the first (but now over {|z| > 1}). Hence,

fw) = w [ pRG.w)dady + O(ul)

as desired. 0

COROLLARY 12.5.4. If u(t) is continuous in the L> norm, then f,u(z) is a C*

curve in C.
ProOF. Think of the path v(¢) = f;,(2). The key point is the formula

[y(t) = (7(0) + 7 (0)1)] < C2,

holds on an interval [—d, §] and with a constant C' that do not depend on ¢ or z or u

(except for ||i4]|oo). Thus using the same estimate at v(¢) and time —t gives

7(0) = (v(t) =4 (t)t)| < Ct*.
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Thus adding the estimates and dividing by t gives

[7'(0) =~ () < Ct
Thus fi,(2) has a continuous derivative in ¢t when ¢ is real. When ¢ is multi-variable,

the same argument shows we have continuous partial derivatives, and this implies

differentiability by the usual calculus argument (e.g., see Rudin’s book [121]). [

12.6. Non-wandering in the Speiser class

In 1885 Dennis Sullivan proved that a rational map has no wandering domains,
a famous open problem dating back to the origins of the subject. Two sets of re-
searchers, Alex Eremenko and Misha Lyubich [49], and Lisa Goldberg and Linda
Keen [62], soon generalized Sullivan’s proof from rational functions to the Speiser

class:

THEOREM 12.6.1. If f is an entire function that has a finite singular set, then f

has no wandering domains.

In this section, we will give a proof of this result, first for polynomials and then
for the Speiser class (and with minor modifications, the proof would also cover the
original case of rational functions).

The main idea is fairly easy to state. If there were a wandering domain U for f,
then any dilatation p on U could be extended to a dilatation on the grand orbit of U so
that the corresponding quasiconformal mapping has the property that g = ho foh™!is
also entire. This gives a continuous map from dilatations on U to entire functions that
are quasiconformally conjugate to f, a finite dimensional space by Theorem 12.6.5.
By an explicit construction, we can choose a subspace of dilatations with larger
dimension on which the map must be 1-to-1 and this violates Brouwer’s invariance
of domain theorem (you can’t map an open subset of R” continuously and 1-1 into
R"!). You can avoid the use of Brouwer’s theorem by proving that the map from
dilatations to entire functions is continuously differentiable and then using the rank
theorem instead.

We say that two entire functions f, g are topologically equivalent if there are

homeomorphisms ¢, : C — C such that

Yog=foyp.
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The maps are quasiconformally conjugate if 1, ¢ can be taken to be quasiconfor-
mal homeomorphisms.

We say f and g are topologically conjugate if there is a homeomorphism
p:C — Csuch pog = foyp. and call the maps quasiconformally conjugate
if ¢ can be taken to be quasiconformal. Note that this a stronger condition than

equivalence and if f and g are conjugate then
fr=(pogop )" =gpogop
so that the dynamical behavior of f and g is essentially identical. Obviously the iden-

tity map conjugates a map f to itself. The next result says that in some situations,

this is the only possible such conjugation.

LEMMA 12.6.2. Suppose {¢:} is a family of quasiconformal maps on C so that
vi(2) + X — C is continuous each fized z as a function of t € X, X a connected
space. Suppose that ¢y, is the identity for some t, € X. Suppose that f € S has the
property that o f = foy forallt € X. Then pi(2) = z for allt € X and all
z2 € J(f), i.e., every @, is the identity when restricted to the Julia set of f.

PRrOOF. Because ¢; conjugates the action of f to itself, periodic points are mapped
to periodic points with the same period. Since there only countable many such points,
they form a discrete set and so {¢(2) : t € X} must be a single point, since X is
connected. Since one of these maps is the identity, every map must fix every periodic
point. Finally, since periodic points are dense in the Julia set (Theorem 3.4.2), and

quasiconformal maps are continuous, each map ¢; must fix every point in J(f). O

LEMMA 12.6.3. If f : D — Q C C is conformal and ¢ :  — Q) is a quasiconformal
map that extends continuously to the identity on 0, then ® = flopo f isa
quasiconformal map of the disk to itself that extends to the identity on OD.

Proor. Clearly @ : D — D is quasiconformal and hence extends continuously to
a homeomorphism of the unit circle (see Theorem 11.3.5). If the extension of ® to 0D
is not the identity, then there is an arc I C T such that IN®(I) = (. Choose a point
w € I so that f has a finite radial limit at both z and ®(z); we can do this because (1)
conformal maps have finite radial limits except on a set of zero capacity (Corollary
5.5.4), and (2) sets of zero capacity map to zero capacity under quasiconformal maps

(immediate from Pfluger’s theorem).
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Take the union of the two radial line segments [0,w] and [0, ®(w)]. Because ¢
extends as the identity to 0€2, the images of these radial segments under f have the
same endpoint on J€2 and hence their union is a a closed Jordan curve ~,,. Now, choose
a distinct point z € I with the same properties and form the closed Jordan curve ~,.
Choose z so that the intersection of 7, with 0f2 is different that the intersection of
Yo With 09; we can do this because only a set of logarithmic capacity zero on the
circle can have the same radial limit. Then -, N, = f(0) and ~, hits both sides
of v, (since z and ®(z) are in different components of T \ ([0, w] U [0, ®(w)]). See
Figure ??. This contradicts the Jordan curve theorem, and thus ® must extend to

the identity on the boundary. U
FIGURE JordanContradiction

LEMMA 12.6.4. A wandering domain for a polynomial must be simply connected.

PRrROOF. The basin of co is periodic, not wandering, so any wandering domain
must be bounded and have a bounded orbit. By the maximum principle, the iterates
of f are bounded in the interior of any closed curve in the component and hence form
a normal family inside the curve. Thus the curve does not surround any Julia points

and the component must be simply connected. O

POLYNOMIALS HAVE NO WANDERING DOMAINS. Choose a smooth, non-negative
function h on C supported in D with gradient bounded by 1 and such that A(0) > 0.
Define a family of mappings of the upper half-plane to itself by

Oy(2)z + th(z).

It is easy to check that these are quasiconformal self-maps of H if we restrict ¢ to a

small enough interval [0, €] and that @, is the identity. If ¢ > 0, then the mapping is

definitely not the identity since the cross ratio of the points —1,0, 1, oo changes.
Now choose N disjoint intervals I, = {[2k — 3,2k — 1]}} and define an N-

dimensional family of maps by t = (¢1,...,tx), and

N
Oy(2) = 2+ > teh(z — (2k — 2))txh(z — (2k — 2)).
k=1
Suppose {2 were a wandering domain for f. Since f has only finitely many critical

values, we can replace €2, if necessary, by an iterate of itself so that neither it nor any
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iterate contains a critical point. Therefore we may assume f is univalent on {2 and
on all forward orbits.

By Lemma 12.6.4 €2 is simply connected, so we can map it conformally by f to
H and define a quasiconformal map ¢; = f~! o ®, o f. This defines a dilatation ;. on
) that we extend to the grand orbit of € using the composition rule for dilatation
so that the corresponding quasiconformal map Wy given by the measurable Riemann

mapping theorem has the property that
gt:\I];IOfO\I’t,

is entire. Doing the extension backwards is always possible; extending to the forward
iterates uses the assumption that f and all its iterates are univalent on €2.

A consequence of Brouwer’s invariance of domains theorem is that any continuous
map of an open set in R” into R* for k < n there is a point z € R* whose preimage
has topological dimension > 1 and hence contains a connected set X. Choose some
s € X and consider the maps Wyo W !. These conjugate f to itself and one of them is
the identity, so by Lemma 12.6.2, they are all the identity on J(f), hence on 92 and
hence the corresponding maps ®;o®_ ! are extend to the identity on R. However, this
is manifestly false by construction; the boundary maps are not the identity unless

s = t. Therefore there a polynomial has no wandering domains. O

Next we show how the proof given above for polynomials adapts to entire functions
with finite singular sets. By Lemma 4.1.4 ) is simply connected. for Eremenko-
Lyubich functions and hence Speiser class functions.

The only non-trivial new step is to prove that the collection of entire functions
with with a given finite singular set is finite dimensional.

By Lemma 4.1.4 € is simply connected.

Let M, denote the collection of all entire functions f that are topologically equiv-
alent to g. An important result of Eremenko and Lyubich [] say that for g € S, the
collection M, of all f that are topologically equivalent to g form a finite dimensional,
complex analytic manifold. We shall just prove a part of this, showing that M, is

finite dimensional in the following sense.
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LEMMA 12.6.5. If f,g € S have the same singular values then there is an € > 0
so that the following holds. If
Yog=foep,
where 1, ¢ are (1+¢€)-quasiconformal, then g(z) = f(az+b) for some a,b € C,a # 0.

ProoF. The proof is essential an exercise about covering spaces, and we will need
the following lifting lemma that is Theorem 14.3 of Munkres’ book [102]:

THEOREM 12.6.6 (The general lifting lemma). Let p : E — B be a covering map;
let p(eg) = by. Let f 1Y — B be a continuous map with f(yo) = by. Suppose
Y is path connected and locally path connected. The map f can be lifted to a map
F:Y — E such that F(yo) = eo if and only if

fo(mi(Yim0)) C pu(mi(E, eo)).

Here m; denotes the fundamental group and f, is the map between fundamental
groups induced by the continuous map f.

In our application, we let X = C\S(f) = C\S(g) and let Y; = C\ f~*(S(f)),Y, =
C\g~*(S(g)). Choose some point zy € Y. By Lemma ?? f:Y; - X andg: Y, = X
are covering maps.

Since S(g) is a finite set, there is a positive lower bound § > 0 between any
two points in S(g). Since S(g) is bounded, there is an € > 0 so that any (1 + €)-
quasiconformal map fixing 0, 1, co moves each point of S(f) by less than 6/10. Thus
if ¢ is (1+¢€)-quasiconformal, it is isotopic to the identity via a path of quasiconformal
maps that fix each point of S(g). Thus for any closed loop v in Y, the image loop
g(v) = ¥ ~to fop(y) is homotopic to fow(y). Thus g.(m1(Yy, 20)) C fu(m1(Ys, ¢(20))).
In fact, we have equality, since m;(Y}) is isometric to m(Y}) via the homeomorphism
¢. By the general lifting lemma we get a homeomorphism h : F': Y, — Y} and this
map is locally a composition of g and a branch of f~! and hence is holomorphic.

Thus it must be conformal linear, i.e., h(z) = az + b,a # 0, as claimed. U

12.7. Dilatations with small support

If the dilatation p of a quasiconformal map f : R? — R? is small, then we expect
f to be close to conformal, hence close to linear. If the map is normalized correctly,

then we expect it to be close to the identity. There are at least two reasonable senses
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in which we can ask p to be small: that |||« is small or that {z : u(z) # 0} is
small. In this section we consider the latter possibility. To be more precise, we say a

measurable set E C R? is (¢, ¢)-thin if € > 0 and
area(E N D(z,1)) < ep(|z])

where ¢ : [0,00) — [0,7?] is a bounded, decreasing function, such that

/ o(r)rdr < oo,
0

for every n > 1. If a > 0, the function ¢(r) = exp(—ar) satisfies this condition, and
this example suffices for the applications we will make later.

Recall that a quasiconformal map f : R? — R? is often normalized in one of two
ways. For general maps, we can always post-compose with a linear conformal map
so that f(0) = 0 and f(1) = 1; we then say f is normalized to fix 0 and 1. If the
dilatation of f is supported on a bounded set, then f is conformal in a neighborhood
of oo and then we can choose R large and post-compose with a linear conformal map

so that )
|f(z) = 2 = O(m),

for |z| > R/2. We say that such an f is normalized at co. This is also called the

hydrodynamical normalization of f.

LEMMA 12.7.1. Suppose F' is K-quasiconformal with dilatation p has bounded
support and F is normalized at 0co. Let E = {z : u(z) # 0} and suppose E is (€, p)-
thin. Then for every z € R? and r > 1, diam(F(D(z,r)) = O(r), i.e., all unit are

mapped to sets of comparable or smaller size.

ProoF. By linking points by chain of unit disks, it suffices to prove this when
r = 1. Choose R > 100 so that |f(z) — z| < 1, for |z| > R/8. The result is clear if
|lw| > R/2, so we may assume |w| < R/2. Fix such a w.

Let m =log R, so R = ™, and consider the annulus A = {z:1 < |z —w| < ™}.
F(A) is a topological annulus and can be conformally mapped to Ay = {1 < |z| <
eM} for some M > 1. Post-composing F' by this conformal map does not change the
dilatation, so without loss of generality, we map assume F' maps A,, to Ay;. If we
cut A,, with a radial slit and let G = log(F'), then G maps A,, to a quadrilateral
with its vertical sides on {x = 0} and {x = M}. This quadrilateral has area 2w M.



12.7. DILATATIONS WITH SMALL SUPPORT 291

If we integrate over the radial segments in A4,,, we get

exp(m) dr
vz [T vIe) T

so integrating over all angles gives
2m  rexp(m) d drd
it < [ [ G e T < [ (G T
0 1 Am

Thus by Cauchy-Schwarz,

(27 M)? s([;wu+KHXW|—ww
< (/ Jadzdy) / Dcdmdy)

< 2rM( / DFdxdy

d:ndy)(/ |G| + |G| da:dy)
A |Gel =G5 12

since G(A,,) has area 2rM and Dg = Dy (since log is conformal). Thus

1 dxdy
M < — 1+ (Dp—1)————
T 21 Jau, +(Dr >|z—w|2
dxdy
- = [ (Dr-1
A N T
K-1 dzxdy
<
= m 27 /Am E(z)|z—w|2
= m+0(1)

where 15 denotes the indicator function of E (the function that is one on E and zero
off E) and we have used the fact that £ has finite planar area and |z — w|™' < 1 on
A, (recall w is the center of the annulus and the inner radius is at least 1.).

By Corollary 11.3.8, the boundary components of f(A) are each closed curves
that are contained in round annuli (with concentric circles) of bounded modulus
(depending on K). Thus f(A) is contained in a topological annulus with circular
boundaries 71,2 (not necessarily concentric) whose diameters are comparable to the
diameters of the boundary components of f(A). By monotonicity of modulus, this

annulus has larger modulus than f(A) ,and thus

logM > log R — O(1).

diam(~y; )
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Since |f(z) — z| <1 on {|z| = R} we know diam(72) ~ R and hence
f{lz = w| = 1}) ~ diam(y) = O(1).
This proves the lemma. U
Thus if F is as above, Bojarski’s theorem (Theorem 12.3.3) says there is a p > 2
so that the LP norm of F, is uniformly bounded on every unit radius disk. If a region

can be covered by n such disks then the LP norm is O(n'/?) with a uniform constant,

i.e.,

COROLLARY 12.7.2. If F satisfies the conditions of Lemma 12.7.1, and p =
p(K) > 2 is the value given by Theorem 12.3.3, then ||F, - 1pi.|[P = O(r?/?) uni-
formly for all z € C.

We now get to the main estimate of this section.
THEOREM 12.7.3. Suppose F : R* — R? is K-quasiconformal, and E = {z :
wu(z) # 0} is bounded (so F is conformal near co) and F is normalized so
|F(2) — 2] < M/|z],

near 0o. Assume E is (€, p)-thin. Then
65
|z] + 17

where 8 depends only on K and ¢. In particular, as e — 0, F' converges uniformly

[F(2) — 2] <

to the identity on the whole plane.

PROOF. The main idea is to use the Pompeiu formula

1 F 1 F;
(52) F(w) = —/ ﬁdz - — // ~—dxdy.
2m Jy=r 2 — W TJJpjcr 2 —W

when Q = D(0,7), r > R; we saw before that the Pompeiu formula is valid even for

non-smooth quasiconformal maps because the L? bounds on F, given by Gehring’s
lemma allow us to pass from the smooth case to the general case, i.e., Corollary
12.3.5.

Because of our assumptions on F', the first integral is

L[ EHOWED, o
/|Z: d +0(1/r).

21 Z— W
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The left-hand side of (52) and the second integral are both constant for » > R (since
the support of F; is contained in D(0, R)), so the first integral must equal w for all

r > r. Thus
—w——// dxdy—w——//
|2|<r < |z|<r

Since |Fs| = |uFz| < k|F.|, we get

k F,
Flw) —w| < © / |~ |dedy.
T g 2—w

where k = (K — 1)/(K + 1) is our upper bound for |u|.

dxdy

The estimate in the theorem already holds if |w| > R, so assume |w| < R. Let
r = max(1l,|w|/2). We will estimate the integral

|dxdy,
by cutting D(0, R) into four pieces:
={z:|z—w| <1}

A={z:1<|z—w| <r}

X =D(0,R)\ (D1 UAU D),
and showing the integral over each piece is O(e”/|w]|) for some 8 > 0 depending only
on K.

First consider D;. With p as in Corollary 12.3.3, the LP norm of F, over D, is

uniformly bounded, so using Holder’s inequality with the conjugate exponents, we

[
Dy *

Since £ N D(w, 1) has area at most ¢(|w|) < ¢(r), the L? norm is bounded above by
the case when £ N D(w, 1) is a disk of radius s ~ (ep(r))'/? centered at w . In this

case the LY norm (using polar coordinates and recalling 1 < g < 2) is

ol / e rdr] 9) = O(sC-0/) = O((ep(r)) ).

get

1eaDw,1)
dxdy = O(||—————==||,).
ldedy = O( HE2

Q=

Since ¢ tends to zero faster than any polynomial, this is = O(e%%%). This is the

w|

desired estimate with g = = — = > 0.
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Next consider the integral over A:

=
A <

|dxdy = /lE(z)|Fz\d1:dy
A

_ (/A 1E<z)qudy)1/Q(/A|Fz|pda:dy)1/p
= Of(area(E N A)Y|F, 14|,
= Ol(ere(r)) )

1
— 1/q

w

since ¢ decays faster than any power.

Finally, consider the integral over X:

[
X <

To estimate the integral, write

1
|dedy = O(— [ 1g(2)|F.|dzdy.

w w] Dy

X=Ul X, =U XNnA,=Ul Xn{z:k—1<|2| <k},
Then

/ 1u(2)|EJdedy = | / 15(2) dedy) / IFPdady)”
X Ag

Ag,

= (area(E N AN [ |F,|Pdxdy)'/?
A

— (e (k) 1(O()"
_ O(Gl/qgo(k))l/qkl+1/p)
= Ok,

again since ¢ decays faster than any power. Summing over k gives the desired esti-

mate. This proves the theorem with § = % — % > 0. 0

The proof given above shows that the conclusion of Theorem 12.7.3 still holds
if [7@(r)rdr < oo for some (large) finite n that depends on K (in particular, it
depends on the value p > 2 so that F, € L? in Bojarski’s theorem). Similarly, we
can assume less if we simply want a uniform bound on |F(w) — w|, rather than the

O(1/|z|) estimate above. We leave these generalizations to the reader.
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LEMMA 12.7.4. Suppose [ : R*? — R? is K-quasiconformal (possibly with a dilata-
tion with unbounded support) and is normalized to fix 0 and 1, and E' = {z : u(z) # 0}
is (€,¢)-thin. Then

(33) (1-C)z— |- C& < |f(2) — f(w)] < (14 CH)z —w| + C,
where C' and f only depend on k = ||u|l and ¢.

PROOF. First we note that it suffices to prove this with the additional assumption
that p has bounded support, for a general quasiconformal f is the pointwise limit of
such maps (truncate 7, apply the measurable Riemann mapping theorem and show
the truncated maps converge uniformly on compact subsets to f).

So assume p = p has bounded support, say inside the disk D(0, R). Then f is
conformal outside D(0, R), so we can post-compose by a conformal linear map L to

get a quasiconformal map
F(z)=2+0(3),
or
|F(2) = 2| < O/,
outside D(0,2R) with a constant that does not depend on F' (this follows from the
distortion theorem for conformal maps). We apply Theorem 12.7.3 to get
|[F(2) — 2| < O,

for all z with constants C, 8 that depend only on k. Note that

F(z)— F(0)
f(z) = 1)~ F(0)’
and that
[F(1) = F(0) - 1] < O,
_ F(z)—F(w), |z—w|+0()
16— = F =i = T ronn—
and this implies (53). O

These remarks imply the following technical looking result that will be helpful
when we want to construct an entire function in the Eremenko-Lyubich class that

has a wandering domain.
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LEMMA 12.7.5. Suppose F' : R? — R? is K-quasiconformal, it fizes 0 and 1, maps
R to R, and is conformal in the strip {x + iy : |y| < 1}. Let E = {z : p(z) # 0}
and suppose E is (e, @)-thin. If € is sufficiently small (depending on k and ¢), then
0< % <|f'(z)] £ C < ¢ forallx € R, where C depends on K, ¢ and € is otherwise
independent of f. If we fir K and ¢ and let ¢ — 0 then C' — 1.

PROOF. For each x € R, f is conformal on the disk D(x,1) C S, so Koebe’s

%—theorem says that
|/ (2)] =~ dist(f (x), 0f (D(x,1))).
However taking z = x and w € dD(z,1) in (53) shows that
dist(f(z),0f(D(z,1))) ~ 1.
This gives the first claim. When € is small, then (53) implies that
(1—=0)S C f(S)C (1+9),
where 0 > 0 tends to zero with € (for fixed k& and a). Thus as € — 0, f converges

uniformly to the identity on S. In particular, f’ converges uniformly to 1 on R. [J
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CHAPTER 14

Topological dimension

In the proof of Sullivan’s no wandering domains theorem, the main fact that is
needed is that if n > &, and f : R® — R*, then there is a point y in the image so
that f~'(y) contains a non-trivial continuum. The particular map in question is of
the form

() = {fuwy (z) Yoy,
where p(t) is a finite dimensional family of dilatations that varies continuously in the
L*> norm, f, is the normalized quasiconformal map given by the measurable Riemann
mapping theorem, and {z;} are a finite number of distinct points in the plane.

In Chapter 12 we developed enough of the analytic theory of quasiconformal maps
to prove that f,)(z;) is a differentiable function of ¢ and hence the desired result
about f~! follows from the rank theorem.

However, even without the analytic theory of quasiconformal maps, it is easy see
that fu4(z;) is a continuous function of ¢, and in this case the desired conclusion

follows from a purely topological result, Let I,, = [0, 1]™.

THEOREM 14.0.1. Ifn > k and f : I, — R* is continuous, then there is a point

y € f(I,) so that f~(y) contains a compact connected set with more than one point.

This result is far from obvious and is closely related to Brouwer’s “invariance
of domain” theorem that states that R" and R¥ are not homeomorphic. I will not
attempt to give a complete proof of the result here, but I will give a summary of the
proof given in the classic book “Dimension Theory” by Hurewicz and Wallman.

The book is written about separable metric spaces, although for our purposes, it
suffices to consider subsets of Euclidean space and I will make this extra assumption
to simplify the discussion.

The dimension of a set is defined inductively as follows:

(1) The empty set has dimension —1.
299
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(2) A set X has dimension < n if every point has arbitrarily small open neigh-
borhoods whose boundaries have dimension < n — 1.
(3) The set X has dimension = n if it has dimension < n but does not have
dimension < n — 1.
This says that X has dimension < n if there is a basis for the topology of X made
up of open sets whose boundaries have dimension < n — 1. We shall let Dim(X)
denote the topological dimension of X, to differentiate it from dim(X), which we
have used throughout these notes for the Hausdorff dimension of X. In the course
of this chapter we shall see that the topological dimension has several equivalent

formulations, namely, Dim(X) < n if and only if

(1) X can be written as union of n + 1 sets of dimension < 0,

(2) any n + 1 pairs of closed subsets of X can be separated by (n + 1) closed
subsets that have empty intersection,

(3) Every continuous map of X into the n-cube has a stable value (a value that is
attained by every continuous function sufficiently close to f in the supremum
norm),

(4) every continuous function from any closed subset of X to the n-sphere can
be continuously extended to all of X,

(5) X is homeomorphic to a zero (n + 1)-measure subset of R?" 1.

In this language, the theorem we want follows immediately from two results in of
[72] (throughout the chapter we shall label results with their names in [72] for the

convenience of the reader who wishes to consult the original source):

THEOREM 14.0.2 (Proposition 11.4.D). If X is compact, then X has dimension

zero iff it is totally disconnected (i.e., contains no non-trivial connected components).

THEOREM 14.0.3 (Theorem VL.7). If f : R® — R* is a closed mapping (it is
continuous and sends closed sets to closed sets), then there is an image point y so
that Dim(f~'(y)) > n — k.

The first result is fairly easy to proof from the definitions, but the second is quite
involved and uses the Brouwer fixed point, Tietze’s extension theorem and Borsuk’s
theorem on the extension of homotopies. Most of this chapter is devoted to the proof

of the second result, given these results from topology.



14.1. ZERO DIMENSIONAL SETS 301

It interesting to note that the first result can fail if X is not compact. Knaster
and Kuratowski constructed a set X C R? that is totally disconnected, but so
that adding a single point {a} makes it a connected set Y = X U {a}. Corollary
I1.3.2 of [72] states that adding a point to a set cannot change its dimension, so
Dim(X) = Dim(Y'). Proposition 11.2.D says that any zero dimensional set is totally
disconnected, so Dim(X) = Dim(Y) > 1. A much harder result (Theorem IV.3)
says that a subset of R™ has dimension n if and only if it contains an open subset,
The Knaster-Kuratowski example does not, so X is a totally disconnected set of
topological dimension 1.

Suppose C' C R is the usual middle thirds Cantor set, let £ C C be the countable
set of endpoints of intervals in R\ C and let P = C'\ E be the remaining points. Let
a = (%, %) € R? and for each x € C, let L, be the line segment connecting z to a.
For x € E, let L} be the points on L, with rational y-coordinates, and for z € P let
it denote the points on L, with irrational y-coordinate. Then X =U__~L; is the
desired set. See [81] or [133]. The point a is called an explosion point for the set
X.

This phenomenon is particularly interesting in transcendental dynamics, since
similar sets arise naturally there: Mayer has shown that the set of landing points of
dynamic rays for A\(z) s totally disconnected, but becomes connected when we add

{o0} [94], i.e., {00} is an explosion point.

14.1. Zero dimensional sets

We say that two subsets A;, Ay C X can be separated if there are disjoint open
subsets Uy, U, that contain A; and As respectively. We can then describe four prop-
erties of X:

(1) X is totally disconnected.

(2) Any two distinct points can be separated.

(3) Any point can be separated from any closed set not containing it.

(4) Any two disjoint closed sets can be separated.
For general X, (4) = (3) = (2) = (1) and (3) is the definition of X having zero
dimension. For compact X all four conditions are equivalent; for general separable
sets, (2) and (3) are equivalent, but (1), (2) and (3) are distinct conditions.
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We say that A;, A, are separated by a set B C X if the open sets Uy, Us can be

chosen to be in different connected components of X \ B.

LEMMA 14.1.1 (Proposition 11.2.E). If a space X is zero dimensional, then any

two closed sets can be separated in X.

PROOF. Suppose K, L are disjoint closed sets in X. Every p € X has an open-
closed neighborhood that is disjoint from either K or L (or maybe both) and a
countable union {U;} of these cover X. Let V; = U; \ S21_} Uy; this gives a disjoint
open cover of X and each V} is disjoint from either K or L. Taking the unions of V}’s

that hit each of these sets gives disjoint open sets separating them. U

THEOREM 14.1.2 (Theorem I1.2). If X = UX; is a countable union of closed (in

X ), zero dimensional subsets, then X is also zero dimensional.

PRrOOF. It suffices to show that any two closed subsets K, L can be separated
(contained in disjoint open sets). Since X is zero dimensional, the sets can be
separated in X; by Lemma 14.1.1, so X; can be divide into two disjoint, closed
subsets A;, By containing K N X; and L N X, respectively. Thus K U Ay, L U B are
disjoint closed sets in X and hence are contained in disjoint open subsets G4, H; of
X that have disjoint closures.

Now repeat the argument replacing K and L by G; and H;. By induction we

obtain nested sequences of open sets so that
G, CG;CGy, H;yCHjCHj.

Then UG, UH; are open, disjoint subsets of X that contain K N X; and L N X;

respectively for every j and hence contain K and L respectively. 0

COROLLARY 14.1.3. A union of two zero dimensional spaces, one of which is

closed, is zero dimensional.

This follows since if A, B are zero dimensional and B is closed, then X = A\ B is
open in AU B. But any open set in the separable metric space AU B is a countable
union of closed sets, and these sets have dimension zero, since they are subsets of A.

Thus the corollary follows from the theorem. Since points are closed, we also get:
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COROLLARY 14.1.4. Add a point to a zero dimensional set does not increase its

dimension.

LEMMA 14.1.5. Let R]" be the set of points in R™ that have exactly m rational

coordinates. Then R, has dimension zero.

PROOF. If n = m then R} is a countable union of points and hence has dimension
zero (most small spheres around any point miss a countable set). If m = 0, then every
point has small neighborhoods that are cubes whose faces have a rational coordinate,
and again we get dimension 0.

For 0 < m < n, fix a choice of m coordinates and fix m rational values and let H
be the k = n — m dimensional (in terms of linear algebra) subspace determined by
these choices. Then R™N H is a linear image of RY and hence has dimension 0, and it
is a closed subspace of R (although not closed in R™. Thus R} is a countable union

of closed, dimension zero, subspaces of itself, and hence has dimension zero. l

LEMMA 14.1.6 (Proposition 11.4.B). Suppose X is compact and dimension zero,
p € X and K C X closed. If p can be separated from each point of K, it can be

separated from K by open-closed sets.

PROOF. Fore each ¢ € K there are disjoint neighborhoods U and Vof p and g¢.
Since K is compact, a finite union of V’s cover K and the corresponding intersection

of the U’s is open and disjoint from the union. ([l

LEMMA 14.1.7 (Proposition 11.4.C). If X is compact and dimension zero, and
p € X, then the set M(p) of points that can’t be separated from p is connected.

PROOF. Each point not in M(p) has an open neighborhood disjoint from an
neighborhood of p, so X \ M(p) is open, so M(p) is closed and contains p. If M (p)
were disconnected then M(p) = K U L where K, L are open-closed in M (p) hence
closed in X. We may assume p € K. There exists open U in X so K C U and
UNL={. Then OU N M(p) = O (since it hits neither K nor L), and each point of
OU is separated from p. Since QU is closed, Lemma 14.1.6 says OU can be separated
from p by disjoint open-closed neighborhood V of OU and W = U\ V = U\ V of
p. But W is disjoint from L, so p is separated from points in L, contrary to the
definition of M (p). The contradiction shows M (p) is indeed connected. O
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COROLLARY 14.1.8. For compact sets X conditions (1)-(4) are equivalent. In

particular, compact totally disconnected sets have dimension zero.

PROOF. Assume X is totally disconnected, i.e., no connected subset contains
more than one point. Then by Lemma 14.1.7 for each p € X M (p) is connected, hence
equals p. Thus (0) implies (1). Lemma 14.1.6 gives (1) implies (2). The implication

(2) implies (3) is Lemma 14.1.1 and opposite directions are e all trivial. O

14.2. Subsets, unions and products

LEMMA 14.2.1. A subset Y of a set X of dimension n has dimension < n.

PrRoOF. We use induction and note it is trivial for n = —1. Suppose p € Y C X.
By definition, for any § > 0, there is a neighborhood U of p in X with U C B(p, )
and Dim(0U) <n—1. Let V. =UNY. Then V is a neighborhood of p in Y and
0V C OU NY and this has dimension < n — 1 by induction. O

LEMMA 14.2.2 (Proposition II1.2.A). A subset Y C X has dimension < n, if and
only if every point p € Y has arbitrarily small neighborhoods in X whose boundaries

have intersections with Y of dimension < n — 1.

PROOF. Suppose the condition holds. For any 6 > 0 choose a neighborhood
U C B(p,0) of pin X so that Dim(0UNY) <n—1. Then V. =UNhas oV C oUNY
so also has dimension < n — 1. This proves Dim(Y") < n.

Conversely, suppose Dim(Y) < n and let p € Y. For any § we can choose
a neighborhood V' C B(p,,d) of p and Dim(dV) < n — 1. Since V and Y \ V are
disjoint open subsets of Y, there is an open set W in X so that V' .C W C B(p,d) and
WnN(Y\V) =0. It follows that W NY C OV and hence Dim(WNY) <n—1. O

LEMMA 14.2.3. If A, B C X, then Dim(AU B) < 1+ Dim(A) + Dim(B). Thus

a union of n zero dimensional sets has dimension at most n — 1.

PRrROOF. We use induction on both the dimension of A and B, noting that the
cases (m,—1) and (—1,n) are all trivial. Assume it is true for the cases (m,n — 1)
and (m — 1,n) and we will deduce it for (m,n); this suffices since we can then fill in

the whole quadrant (m,n),m > 0,n > 0.
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Suppose p € AU B; we may assume p € A. Let U be a neighborhood of p in X.
By Lemma 14.2.2 there is a neighborhood V' C U of p with dim(0V N A) < m — 1.
Since 0V N B C B it also has dimension < n, so by the induction hypothesis,

Dim(0VN(AUB)) <1+ (m—1)+n=m+n,

and this proves Dim(AU B) < m +n+ 1 by Lemma 14.2.2. O

LEMMA 14.2.4. Let M" be the set of points in R™ that have at most m rational

coordinates. Then R}, has dimension < m.

PROOF. Since M = U7 R, it is a union of m + 1 sets of dimension 0. The

result follows from the final conclusion of Lemma 14.2.3. O

LEMMA 14.2.5 (Theorem II1.2, Sum Theorem). A countable union of closed sets

of dimension n has dimension < n.

PrRoOOF. We use induction. The case n = 0 is trivial and the case n = 0 was

proven as Theorem 14.1.2. We claim that the case n — 1 implies:

LEMMA 14.2.6 (A,). Any space X of dimension < n is a union of a subset of

dimension < n — 1 and a space of dimension < 0.

PRrOOF. By the definition of dimension, there is a basis of open sets whose bound-
aries have dimension < n—1 and since X is separable, this may be taken to be count-
able, {Ux}. Then by hypothesis B = UJUj, has dimension < n — 1. We claim that
Dim(X \ B) <0. (PROOF 77?77) The lemma then follows from Lemma 14.2.2. [

By induction we get a fact we will need later.

COROLLARY 14.2.7 (Theorem IIL.3). A space has dimension < n iff it can be

written as a union of n+ 1 zero dimensional spaces.

We now resume the proof of Lemma 14.2.5. Suppose X = UK where each K is

a closed set of dimension < n. Let X; = K; and
Xi = K \ UZ{ K.

Then these sets are disjoint, cover X, and has dimension < n since X, C Kj.

Moreover each X is a F,, i.e., a countable union of closed sets. This holds since
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X\ U?;llK ; is open and hence F},; thus X}, is the intersection of a closed set and a
F, and hence is F.

By Lemma 14.2.6, XM U Ny where Dim(Mj,) < n — 1 and Dim(Ny) < 0. Thus
X =MUN = (Ug M) U (U Ny). Note that My, is F,, inside M since

My=MNXp=(MU..)NX,=Mn Xy,

is the intersection of a the F, set Xy and M (which is closed in itself). Thus by the
induction hypothesis, Dim(M) = n — 1. A similar argument shows Dim (V) = 0.
Since X = M U N, we have

Dim(X) <1+ Dim(M) +Dim(N) <1+ (n—1)+0=n.

Using the same arguments as with Theorem 14.1.2 we obtain:

COROLLARY 14.2.8. The union of two sets of dimension < n, one of which is

closed, has dimension < n
COROLLARY 14.2.9. Adding a single point to a set does not increase its dimension.

LEMMA 14.2.10 (Proposition 11.2.F). If K, L are disjoint, closed subsets of X
and Y C X has dimension < 0 then there is a separating set B for K and L so that
BNnA=0.

PROOF. There are open sets U,V with disjoint closures that contain K and L
respectively. Since U N A and V N A are closed in A, they can be separated in A
using Lemma 14.1.1, since Dim(A) = 0. Thus A = Y U Z where Y, Z are disjoint
open-closed sets in A and U N A C Y. Then there is an open set W in X such that
KUY c Wand WN (LUZ) ={. Thus B = OW separated K from L and B is
disjoint from both Y and Z and hence BN A = (). O

LEMMA 14.2.11 (Proposition II1.5.B). If K, L are disjoint, closed subsets of X
and Y C X has dimension < n then there is a separating set B for K and L so that
Dim(BNA) < n—1. If we take A = X, this says that disjoint, closed sets of a

n-dimensional space X can always be separated by a (n — 1)-dimensional set.
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PROOF. We use induction. If Dim(A) = —1, then A = () and the result is obvious.
If Dim(A) = 0 then we proved this in Lemma 14.2.10. Suppose n > 0. By Lemma
14.2.6, We can write A = D U E as a union of sets of dimension < n — 1 and < 0
respectively. By the case n = 0 of the induction, there is a separating set C' for K
and L that does not intersect E/, so AN B C D has dimension < n — 1. O

LEMMA 14.2.12 (Proposition I11.5.C). Suppose X is a set of dimension < n — 1,
and suppose {C;, C:}5_; be n pairs of closed sets so that C; N Cj = 0 forj=1,...n.
Then there are n closed sets {B;} so that B; separates C; from C and N;_, B; = (.

PrOOF. By Lemma 14.2.11 C,C] can be separated by a set B; of dimension
< n —2. By Lemma 14.2.11 Cy, C}, can be separated by a set By so that Dim(B; N
By) < n — 3. Continuing in this way we get separating sets { By} whose intersection

has dimension n — (n + 1) = —1, i.e., is empty. O
THEOREM 14.2.13 (Theorem I11.4, Product Theorem). Dim(A x B) < Dim(A) +
Dim(B).

Proor. We use induction. The result is trivial if either A or B is empty, i.e., for
dimensions pairs (m,—1) or (—1,n), so we may assume it for both (m,n — 1) and
(m — 1,n) and deduce it for (m,n).

Each point of A x B has a neighborhood of the form U x V' where the boundaries

of U and V have dimensions < m — 1 and < n — 1 respectively. Since
QU xV)cUxVUaU xV,
the induction hypothesis and Theorem 14.2.5 imply
Dim(OU xV))<(m—1)+(n—1)+1=m+n—1,
which proves the result. 0

Equality holds in Theorem 14.2.13 if Dim(B) = 0, but not in general.

14.3. Dim(R") = n

The direction Dim(R") < n is a rather obvious induction since points in R*

have small neighborhoods whose boundaries are k — 1-spheres and one can show
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Dim(S;) = Dim(R¥) since dimension is unchanged by homeomorphisms and adding
a single point.

The hard part is to show Dim(R"™) > n. We showed in Lemma 14.2.12 that if
X is a set of dimension < n — 1, and {C}, Cj}}_, are n pairs of closed sets so that
C;NC; =0 for j =1,...n, then there are n closed sets {B;} so that B; separates
C; from C']/» and N7_, B; = (). We will show that R™ does not have this property, and
hence Dim(R") > n.

LEMMA 14.3.1 (Proposition IV.1.D). Let X = I, = [—,1]" C R" and let {C},C}'}
be the two components of I, N {x = (z1,...,x,) : x; = £1} (i.e., pairs of opposite
faces of the cube). If {B;} are closed subsets of I,, so that B; separates C; and C7,
then N;B; # 0. In particular, we must have Dim(I,,) > n.

This follows from the famous Brouwer fixed point theorem:
THEOREM 14.3.2. Every continuous map of I,, into itself has a fixed point.

PRrROOF OF LEMMA 14.3.1. To see how to deduce the lemma from Brouwer’s
theorem, let U, UJ-Jr be open subsets of distinct components of I, \ B; and define

v : I, = R" by setting the jth component to be
v(x) = tdist(z, B;),

with sign being chosen > 0 on the component of I, \ B; containing U;r and < 0
on the component containing U, (and arbitrarily on any other components). Then

f(x) = z+v(z) is continuous and maps I,, into itself, because if z is not in U, then
1 — z; = dist(x, C}") > dist(x, Bj) = v;(x),

so adding v(x) to z can’t make the jth coordinate larger than 1. Thus by Brouwer’s
theorem f has a fixed point y and so v(y) = 0, which means dist(y, B;) = 0 for
j = 1,...,n, Since each B; is closed, this means y € N;B;, so the latter set in

non-empty, as claimed. O

The proof of Brouwer’s theorem can be found in various places. The proof in
[72] is based on first proving that S, is not contractile to a point, basically but an
invariance of degree under homotopy argument, but reduced to a parity counting

argument for simplicial triangulations of the n-sphere.
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Now that we know that R™ has topological dimension n, we know that different
Euclidean spaces are not homeomorphic, indeed, R™ cannot be homeomorphic to any
subset of R¥ for k < n. This implies that no continuous map f : I, — R¥ can be
1-to-1 (since I,, is compact this implies f would be a homeomorphism)). Thus in the
setting of our goal, Theorem 14.0.3, we now know that there must be an image point
so that f~!(y) has more than one point. We need to improve this to a preimage of

dimension > 1.

14.4. Embedding in R?**!

A cover of a set X is s collection of open sets whose unions contains X. We say it
uses diameter 0 if every set in the collection has diameter < §. The cover has order

n is at most n + 1 elements can contain a common point.

LEMMA 14.4.1. If X is compact and Tdim(X) = 0 then X has a cover of order

1 using diameter < 6 (i.e., a pairwise disjoint cover by small elements).

PROOF. By definition, each point has a neighborhood of diameter < § and empty
boundary (hence the set is both open and closed in X) and since X is compact, a
finite number of these cover X. Replacing each open set by itself with the other

removed gives a pairwise disjoint cover with even smaller diameters. O

LEMMA 14.4.2 (Corollary to Theorem V.1). If X is compact and Dim(X) < n,

then X has open covers using arbitrarily small diameters and order < n.

Proor. By Theorem 14.2.7 X is the union of n+1 dimension zero sets X, ..., X411,
and each of these can be covered by collection of disjoint open sets using diameters
< 6. We claim the union of these n + 1 collections has order n + 1; if n + 2 of the
sets all contained the point p then be the pigeon hole principle, two come from the

same collection and they can’t both contain p since they are disjoint. 0

LEMMA 14.4.3 (Theorem V.2). If X is compact and Dim(X) < n then the set of
homeomorphisms from X into I, .1 is a dense G in the set of all continuous maps

X = Ispy1. (This is non-empty since constant maps are obviously in it.)

PROOF. We say ¢ is an e-mapping if diam(g~1(y)) < € for every y (the empty set

has diameter 0). It is easy to check that if X is compact and a continuous map g on X
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is an e-mapping for every € > 0 then g is a homeomorphism. Similarly, compactness
implies the e-mappings form an open set: if h is close enough to ¢ in the supremum
norm and ¢ is an e-mapping, then so is h. We leave this as an exercise for the reader.

So by Baire’s theorem suffices to show that e-maps are dense. Given any contin-
uous f : X — Iy, we must approximate it to within 1 > 0 in the supremum norm
by an e-map g. Choose ¢ > 0 so that |z — y| < d implies |f(x) — f(y)| < n/2. Let
{U;} be a cover of X of order n using diameters < ¢ and for each U; choose a point
Dj € Ionso so that dist(p;, f(U;)) < n/2 and the p,’s are in general position, i.e., if
we take two disjoint sets of the p;’s each with < n 4+ 1 points then the convex hulls

in /5,1 do not intersect.
For x € X let w; = dist(z, X \ U;) and define

2 wi(2)p;

9@) = S~ w)

This is well defined and continuous since w;(z) > 0 holds for at least one j for each x.
Moreover, g approximates f at x since at most n + 1 terms in the sum are non-zero,
corresponding to the at most n + 1 elements of the cover containing x. Since these
all have diameter < §, the values of f at these points differs from f(z) by at most
n/2 and hence the same is true for any weighted average.

Finally, associate to each # € X the linear space spanned by the points p; where
w;(z) > 0. If g(x) = g(y) then the convex hulls of the points p; corresponding
to x and y overlap, so the set of points themselves overlap by out general position
condition. Thus z and y are in a common U; and hence within J < € of each other,
as desired. 0

14.5. Stable values

If f: X = Y is continuous and y € f(X), we call y a stable value of f ify € g(X)
for every continuous ¢g : X — Y that is sufficiently close to f in the supremum metric.
Otherwise, we can make arbitrarily small perturbations of X that omit the value y.

In this case, y is called an unstable value of f.

LEMMA 14.5.1 (Theorem VI.1). If X has dimension < n and f : X — I, is

continuous, then f has no stable values.



14.5. STABLE VALUES 311

PROOF. No value in 0I, can be stable since we can approximate f by (1 —J)f.
If y is an interior point we may apply a homeomorphism of I, that maps y to 0 and
so assume y = 0. Fix a small § > 0 and let C}" = {z : f;(x) > 0} where f; is
the jth coordinate of f, and similarly define C; = {z : f;(z) < —d}. By Lemma
14.2.12 there are separating sets B; for these pairs so that NB; = (). Define g; = f;
on O;_UCj_,gj:OOIl Bj and
dist(x, Bj)
9:() = dist(z, CF) + di]st(x B;)’

» g » =

on U\ Cf where U is the component of I,, \ B; that contains C}". Define g; on

Uy \CJ_ analogously. Then ¢ is continuous, approximates f and never take the value

0, since the B;’s contain no common point. Thus 0 is an unstable value. ([l

We can now state and prove the converse of Lemma 14.5.1. Note that this gives
a characterization of n-dimensional sets in terms of the existence of stable values: X
has dimension 7 if and only if there is a continuous map f : X — I, that has a stable

value.

LEMMA 14.5.2 (Theorem VI.2). If X C I,, n < oo has dimension > m, then

there exists a continuous map f : X — I, with a stable value.

Proor. We will prove the contrapositive: if f has no stable values, then it is
homeomorphic to a subset of R}, and hence has dimension < m.

Consider the identity f : X — I,. If X C R}’ then clearly X has dimension
< m. If not, choose an image value y that has k < m rational values and let M be
the linear subspace of points that agree with y in these coordinates and let N be the
k-dimensional orthogonal complement. Let fy be the f followed by projection onto
N. Since y is not a stable value of fy, then for any § > 0, there is a continuous map
gy that approximates fy to within §. Letting g = (fa, gn), we get amap g : X — I,
that approximates f as closely as we wish and so that Wﬂ M, = 0. Moreover, any
map h that is close enough to g will also have this property, i.e., the approximating
maps to f form an open set in the sup-norm topology.

There are a finite number of ways of choosing m coordinates out of n and a
countable number of ways of assigning rational values to these coordinates. For each

such choice the construction above gives an open dense set of maps X — [, that
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do not take those particular values at those particular coordinates. By the Baire
category theorem, the intersection of these open dense sets is a dense G set of maps
that never takes rational values at m different coordinates. By Lemma 14.5.2 there is
a dense G of homeomorphisms X — I, and applying Baire’s theorem again gives
a homeomorphism sending X into M~ !  that has dimension < m — 1 by Lemma

14.2.4. U

LEMMA 14.5.3 (Proposition VI.1.B). Suppose f : X — I, is continuous and y
is an interior point of I,, that is unstable. Fix § > 0. Then f can be approximated
within 0 by a map g that omits the value y but agrees with f whenever it takes values

more than 6 away from y. Thus stability is a local property.

PrROOF. Without loss of generality we assume y is the origin and U = B(0, ).
Since y is unstable there is a h : X — I, that approximates f and omits the value y.
Define g = h when |f(x)| < /2, g = f when |f(z)] > 0 and

9(x) = (1 = ¢@)h(z) + o(t) f (),
otherwise where ¢ = |f(z)| and ¢ increases linearly from 0 to 1 as ¢ goes from /2 to

0. It is easy to check ¢ has the desired properties. ([l

14.6. Continuous extensions

LEMMA 14.6.1 (Theorem VI4). X has dimension < n if and only if for each
closed set K C X and each continuous mapping f : K — S,, f has a continuous
extension X — S,,.

LEMMA 14.6.1. Sufficiency: By Lemma 14.5.2, it is enough to show that that
no continuous mapping f : X — I, has stable values. A stable value can’t occur
on the boundary of I,,, so assume there is a stable interior value y, and let U be a
small ball around y. Let K = f~1(0U). This set is closed and by assumption there
isamap F : X — 5, that extends f : K — 90U = §,,. Define g by setting g = f on
f71U) and g = F otherwise. Then ¢ approximates f uniformly and never equals v,
so y is not a stable value of f.

Necessity: Suppose X has dimension < n, K C X is closed and f : K — §,, is
continuous. With loss of generality we may assume f maps into 0I, ., instead. By

the Tietze extension theorem, f can be extended to a map F' : X — [,,;. Lemma
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14.5.1 implies I’ has no stable values, so in particular, origin in not stable, so we
can approximate F' by a map G that never vanishes and agrees with F' for values on
01l,.1. Hence G can be composed with radial projection to give a continuous map
onto 01, that extends f. O

In the next proof we will need

THEOREM 14.6.2 (Tietze Extension Theorem). If K is a closed subset if a space
X and f : K — Iy is continuous, then f can be extended to a continuous F : X — 1.

Clearly I; can be replaced by I, by extending the coordinates separately. Also
since S,, is homeomorphic to d1,,, 1, the Tietze theorem implies that amap f : K — 5,
can be extended to an open neighborhood of K, by replacing S,, by 01,11, extending
to I,41, restricting to the open subset where F' avoids the origin and composing by

radial projection back onto 01,.

LEMMA 14.6.3 (Corollary to Theorem VI.4). Suppose K is a closed subset of
X. If Dim(X \ K) < n, then every continuous map f : K — S, has a continuous

extension to X.

LEMMA 14.6.3. Suppose f : K — S, is continuous. Using Tietze’s extension
theorem as before, f has a continuous extension F' to an open neighborhood U of K.
Choose an open V with K C V C V C U and note that the restriction maps V \ K
to S,. Thus by the necessity part of Lemma 14.6.1, this map can be extended to a
continuous map G of X \ K — S, and since this agrees with F' on V| setting G = f

on K gives a continuous extension of f to all of X. U

Next we need Borsuk’s theorem; as with Brouwer’s and Tietze’s theorem we take

this result as given.

THEOREM 14.6.4 (Borsuk’s theorem, Theorem VI.5). Suppose K is closed subset
of X and f,g : KtoS, are homotopic. If there is an extension of f to X, then then

there is an extension of g and the extensions are homotopic.

We say f,g: X — S, are homotopic if there is a continuous map F : X x [0, 1] —
Sy, so that F(z,0) = f(x) and F(z,1) = g(z).
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LEMMA 14.6.5 (Proposition VI.3.B). Suppose f,g: X — S, are continuous and

disagree on a set'Y of dimension < n — 1. Then f and g are homotopic.

PROOF. Y is open. Define a closed set Z C X x [0,1] by
Z = (X x {0 U (X x {1}U(X\Y)x (0,1).

Define the homotopy F by F(z,t) = f(z) = g(x) for x ¢ Y, F(z,0) = f(z),
F(z,1) = g(z). The complement of Z is the product Y x (0, 1) which has dimension
< n by the product theorem Theorem 14.2.13. By Lemma 14.6.3 we can extend F
to all of X x [0, 1], proving f and ¢ are homotopic. O

LEMMA 14.6.6 (Proposition VI.3.C). Suppose X is the union of two closed sub-
spaces K, L and F : K — S,, an G : L — S,, are continuous and they agree on K N L

except possibly on a set of dimension <n — 1. Then F can be extended to all of X.

PROOF. The mappings are homotopic by Lemma 14.6.5, so it follows from Bor-
suk’s theorem that F' extends from K N L to a function H on L. Taking F on K and
H on L gives the extension to X. U]

LEMMA 14.6.7 (Proposition VI.3.F). Suppose K C X is closed and {V)\} is a
collection of open sets that cover X and whose boundaries all have dimension < n—1.
If f : K — S, can be extended continuously to each V), then it can be extended

continuously to all of X.

LEMMA 14.6.7. Since X is separable we may assume {V)} is a countable collec-
tion {V;}. Assume we have already extended f to Fj on Xy = KUV, U--- UV} and
set Vi, = (KU Vi) \ (Vi U---UVg). By hypothesis f has a continuous extension to

both these sets and these extensions can only disagree in
(YeN Zp) \ K Cc U 0V,
which has dimension < n —1 by Lemma 14.2.5. Hence we may apply Lemma 14.6.6.
U
14.7. Preimages with large dimension

We can now obtain the goal of this chapter.



14.7. PREIMAGES WITH LARGE DIMENSION 315

LEMMA 14.7.1 (Proposition VI.3.G). Suppose a set X is a union of sets K, of
dimension < m and each K, has the property that any open neighborhood U of K
contains an open neighborhood V' of K, whose boundary has dimension < m — 1.

Then X has dimension < m.

LEMMA 14.7.1. Suppose K is compact and f : K — S, is continuous. By
Lemma 14.6.3, f can be extended to K U K, and hence to an open neighborhood U)
of KUK (by the Tietze extension theorem each coordinate function can be extended
to some f; since it is real-valued and then we restrict to an open neighborhood where
> f7 > 0). The Tietze theorem is Theorem VI3 of [72], and can be found in other
texts, such as Munkres’ book [102].

By hypothesis, each U, contains a sub-neighborhood V) whose boundary has
dimension < m — 1 and hence f extends to K UV, C U,. By Lemma 14.6.7, f
extends to all of X, and by Lemma 14.6.1 this proves Lemma 14.7.1 U

Theorem 14.0.3 clearly follows from

LEMMA 14.7.2. Suppose X has dimension n, Y has dimension k and f: X —Y
has the property that Dim(f~'(y)) < m for ally € Y. Thenn <k + m.

PRroOF. To prove this, we use induction on k, keeping m fixed. If & = —1, the
set Y is empty and the result is trivially true. Next we assume the result for k£ — 1
and deduce it for k.

Consider the family of all preimages {K,} = {f'(y)} for y € f(X). This is a
decomposition of X into disjoint compact sets of dimension < m. We claim that these
sets satisfy the hypotheses of Lemma 14.7.1. To see this, take any neighborhood U
of K, and let C = f(I,, \ U. This a ball neighborhood V" of y that is disjoint from
C and has boundary of dimension & — 1. Then f~!(V) is an open neighborhood of
K, inside U and its boundary has dimension < k — 1 + m by induction on k. Thus
Lemma 14.7.1 can be applied to deduce Lemma 14.7.2. O

This completes our “topological” proof of Sullivan’s theorem.






APPENDIX A

Background material

A.1. Hausdorff dimension

Given any set K in a metric space we define the a-dimensional Hausdorff content

ML) = inf{Y U]},

where {U;} is a countable cover of K by any sets and |F| denotes the diameter of a
set E.
The Hausdorff dimension of K is defined to be

dim(K) = inf{a : Ho (K) = 0}.

This is equivalent to the original [?], (reprinted in English translation in [45]) defi-
nition, using Hausdorff measure, see Proposition A.1.3.

More generally we define

H(K) = inf{) _|U;|*: K C UU,, |Ui| < e},

where each U; is now required to have diameter less than e. The a-dimensional

Hausdorff measure of K is defined as

HO(K) = lim HO (K.

e—0
This is an outer measure; an outer measure on a nonempty set X is a function p*
from the family of subsets of X to [0, co] that satisfies

o u(0) =0,

o u*(A) < p*(B)if AC B,

o (U5 Ay) <370 i (A)).
The a-dimensional Hausdorff measure is even a Borel measure in R? if o < d (proved

below).
317
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THEOREM A.1.1. Let p be a metric outer measure. Then all Borel sets are p-

measurable.

For a proof see [?].
The construction of Hausdorff measure can be made a little more general by
considering a positive, increasing function ¢ on [0, 00) with ¢(0) = 0. This is called

a gauge function and we may associate to it the Hausdorff content
HZ(K) = inf{d_ @(|U:])},

and H?(K), as well as H?(K) = lim._,o H?(K) just as before. The case ¢(t) = t“ is
just the case considered above. We will not use other gauge functions in the first few

chapters, but they are important in many applications.

LEMMA A.1.2. If H*(K) < oo then HP(K) = 0 for any 3 > a.

Proor. It follows from the definition of H< that
HI(K) < P IH(K),
which gives the desired result as ¢ — 0. U

Thus if we think of H*(K) as a function of «, the graph of H*(K) versus a shows
that there is a critical value of o where H*(K) jumps from oo to 0. This critical
value is equal to the Hausdorff dimension of the set. Note that H% (K) = 0 if and
only if H*(K') = 0. This gives us the following proposition.

PRroOPOSITION A.1.3.
dim(K) = inf{a : H*(K) = 0}.
Upper bounds for Hausdorff dimension are computed using explicit covering of

the set. Lower bounds are given by constructing measures supported on the set. The

simplest version of this idea is:

LEMMA A.1.4 (Mass Distribution Principle). If E supports a strictly positive

Borel measure p which satisfies
w(B(x,r)) < Cr*,

for some constant 0 < C' < oo and for every ball B(x,r), then H*(E) > HL(E) >
w(E)/C. In particular, dim(F) > a.
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Proor. Let {U;} be a cover of E. For {r;}, where r; > |U;|, we look at the

following cover: choose z; in each U;, and take open balls B(z;,r;). By assumption,
n(Us) < p(B(wi, i) < Cri®.
We deduce that u(U;) < C|U|?, i
4¢3

Z|U| >Z“ >

Thus H*(E) > HL(E) > u( )/C. O

A more refined version of the mass distribution principle is

LeEmMMA A.1.5 (Billingsley’s lemma). Let A C [0, 1] be Borel and let i be a finite
Borel measure on [0,1]. Suppose u(A) > 0. If
1 1.
oy < limint 128#Un(2)
n—oo  log |l ()]
forall x € A, then oy < dim(A) < 5.

< fi,

For a proof see [?]. Billingsley’s lemma has a further refinement by Rogers and
Taylor which we will not discuss here (see []).

The following result often makes Frostman’s lemma easier to apply by allowing
us to only check the measure estimate on certain sets coming from an iterative con-

struction, instead of all disks.

LEMMA A.1.6. Suppose E = N E, where Ey D Ey D Es.... Suppose each
E, = UyE* is a union of closed sets {EX} and that there is a C < oo so that
diam(EF) > C’dlam(Ele) if B2, C EF and so that at most C sets of diameter
> r can hit any disk of mdws r. If there is a measure p on E so that u(E?) <
Mdiam(E?)* for all elements of {El}, then p is a Frostman measure with the same

exponent o, i.e., u(D(z,r)) < Mor® for some My that depends only on C and M, .

ProOOF. Without loss of generality we may assume D = D(z,r) has diameter
smaller than the diameter of E. Let D be elements of {E¥} that are maximal with
respect to inclusion in D(z,7) (a set is included if it is in D and is not contained in
any other element contained in D). Every set in D has diameter at most 2r and is
therefore contained in an element of £ = U,, U E,’j with diameter at least 2r and at

most 2CT and that hits D (we can pass to a sequence of larger sets multiplying the
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diameter by at most C' each time). By assumption there are at most C' such sets.

Thus p(D) is less than the mass of at most C' sets in our collection, each with mass

at most M;(2Cr)*. Hence pu(D(z,r) < CM(2C)* - r®, as desired. O

Suppose U € U C V are Jordan domains and we are given a finite number of
Jordan domains {V};} with closures contained in U and a collection F of conformal
maps fy : Vi — V. Let Uy, = fi'(U) C Vi. Let E; = UyUy, and in general
Ery1 = Upf, '(Ex) C Ey. Define E = NyEj,. We call E a Cantor repeller for the
iterated function system {U, V F}.

LEMMA A.1.7. There is a constant M, depending only on U and V (but not on
F) so that if
Zdiam(Uk)o‘ > Mdiam(U)“,
k

then dim(E) > a.

PROOF. We want to show that lemma ?? applies to the sets { Ej} defined above.
Note that each component of Fj, is surrounded by an annulus that is a conformal
image of V'\ U, and hence has a modulus that is independent of & and of the particular
component. This implies that any two component that both have diameter > r are
separated by distance 2 r. Thus the number of different such components that can
hit the same set of diameter < r is uniformly bounded. By the distortion theorems
for conformal maps, |f;| is comparable to diam(U)/diam(Us) on all of Uy with a
constant that only depends on U and V' (in fact, it only depends on the modulus of
the annulus V' \ U). Thus if {W;}} are the components of E,,; contained in some

component W of E,,, we have
diam(W;) > %diam(W) : (?;ZHI;I—((I{J];,

for some C depending only on U and V. Hence

k i di
T ()
;dlam(Wj) > diam(W)*C diam (U )

> diam(W)*C™*M
> diam (W),

This is the second condition in Lemma A.1.6.
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Finally, we define a measure on R by setting inductively setting
diamW;*
pWy) = - h(W).
> diam(W;)
Clearly p(U) < Cdiam(U) for some finite constant C', and then we argue by induction,
diamW;*
N(Wj) < k ) y o
>_j—1 diam (W)
diam(W)®
S, diam (1)
< CdiamW;® - 1.

Cdiam(W)*

= CdiamW;®

Thus Lemma A.1.6 applies and so the set E has Hausdorff dimension at least . [J

A.2. Minkowski dimension

Suppose K is a bounded set in R? (or a totally bounded set in any metric space)
and let N (K, €) be the minimal number of open balls of diameter € needed to cover
K. We define the upper Minkowski dimension as

Mdim(K') = lim sup log N(K. ¢)
e—0 log1/e
and the lower Minkowsk: dimension

log N(K
Mdim(K) = lim inf log N, )
=0 log1/e

If the two values agree, the common value is simply called the Minkowski dimension
of K and denoted by Mdim(K'). When the Minkowski dimension of a set K exists,

—Mdim(K)+o(1) as e — 0

the number of balls of diameter € needed to cover K grows like €
. Minkowski dimension is sometimes called the box counting dimension.

In the definitions of Mdim(K) and Mdim(K) it is equivalent to replace N (K, e¢)
by Np(K,e) where the covering sets of diameter < e are not required to be balls.
This is because N(K,2¢) < Np(K,e) < N(K,¢). Also, for a bounded A, Mdim(A) =
Mdim(A) and Mdim(A) = Mdim(A), where A denotes the closure of A. We leave the
proofs to the reader. The Minkowski dimension has several drawbacks. For example,
it need not exist for a general set (see Example 7?7 and Exercise 77).

EXERCISE: Show that {0} U{1,3,3,...} has Minkowski dimension 1.

EXERCISE: Construct a compact subset of [0.1] that has different upper and

lower Minkowski dimensions.
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The following relationship between Minkowski and Hausdorff dimension is clear
(54) dim(K) < Mdim(K) < Mdim(K).

Indeed, if B; = B(x;,€/2) are N(K, ¢) balls of radius €/2 and centers in z; that cover
K, then consider the sum
N(Ke)
Se= Y |Bi|* = N(K,e)e* = e,
i=1
where R, = loligii’;). For a > liminf._,o R, = Mdim(K) we have inf.~q .S, = 0. Strict
inequalities in (54) are possible.

Also, for By C Fy C ..., it is possible that

Mdim(U, E,,) # lim Mdim(E,)

n—oo
and the Minkowski dimension of a countable set can be non-zero (see Example ?7).
Thus the Minkowski dimension of a countable union of sets is not necessarily the
supremum of the individual dimensions. We shall see in the next section how to
“fix” this by defining packing dimension. First we give some alternate methods for
computing the upper Minkowski dimension.

For any compact set K C R? we can define an exponent of convergence

(55) k= k(K)=inf{a: Z Q¢ < oo},

Qew
where the sum is taken over all cubes in some Whitney decomposition W of 2 = K*¢
that are within distance 1 of K (we have to drop the “far away” cubes or the series
might never converge). It is easy to check that x is independent of the choice of

Whitney decomposition (see Exercise 77).

LEMMA A.2.1. For any compact set K, k < Mdim(K). If K also has zero

Lebesgue measure then k = Mdim(K).

PROOF. Let D = Mdim(K). We start with the easy assertion, x < D. Choose
¢ > 0 and for for each n € N, let Q,, be a covering of K by O(2"(P+9)) dyadic cubes of
side length 27". Let W denote the dyadic Whitney cubes that are within distance 1
of K and let W,, C W be the cubes with side ¢(Q)) = 27". For each Q € W,, choose
a point z € K with dist(z,Q) < 3|Q| and let S(z,Q) € Q, be a cube containing
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x. Since |S(z, Q)| = |Q| and dist(Q, S(x,Q)) < 3|Q|, each S € Q, can only be

associated to a uniformly bounded number of @)’s in W,,. Hence
#(W,) = 0(2"P*9),

and thus

Z |Qj’D+2€ _ O(Z #(Wn)an(DJrQe))
n=0

QeWw
- o>z
n=0
< 09,

which proves k < D + 2¢. Taking € — 0 gives K < D.
Next we assume K has zero Lebesgue measure and will prove k > D. Let € > 0.
We have

N(K, 2—n) > 2n(D—e)

Y

for infinitely many n, so suppose n is a value where this occurs and let S = {Si} be a
covering of K with dyadic cubes of side 27". Let U,, be cubes in the dyadic Whitney
decomposition of 2 = K¢ with side lengths < 27". For each Sy € S let U, C U,, be
the subcollection of cubes that intersect Si.. Because of the nesting property of dyadic
cubes, every dyadic Whitney cube intersecting the interior of some Sy is contained

in that Si. Since the volume of K is zero, this gives
|S|? = Z QI
Qeunk
(The right side d%/? times the Lebesgue measure of Sy \ K, and the left side is d%/?
times the measure of S; these are equal by assumption.) Since —d+ D — 2¢ < 0, we
get

dolRIPTE = > Qe

Qeunk Qeunk

|Sk|—d+D—2e Z |Q|d

Qeunk

v

— |Sk’D72e
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Hence, when we sum over the entire Whitney decomposition,

STlQPE = > Y P

QeUy SLES QEUL

Z Z |Sk|D—26

SLES
> N(K, 2fn) X an(D72e)

— 2TLE'

Taking n — oo, shows k > D — 2¢ and taking € — 0 gives K < D. U

A.3. Packing dimension

Tricot [137] introduced packing dimension, which is dual to Hausdorff dimension
in several senses and comes with an associated measure.
For any increasing function ¢: [0,00) — R such that ¢(0) = 0 and any set E in

a metric space, define first the packing pre-measure (in gauge ¢) by
D?(E) = li iam B,
Pe(E) i <supzlgo(d1am ])) :
J:
where the supremum is over all collections of disjoint closed balls { B;}52, with centers

in E and diameters diam(B;) < e. This pre-measure is finitely sub-additive, but not

countably sub-additive, see Exercise ?7. Then define the packing measure in gauge

@:

(56) PY(E) :inf{iﬁ“’(&) . EC GE}

It is easy to check that P¥ is a metric outer measure, hence all Borel sets are P¥-
measurable, see Theorem A.1.1 in Chapter 1. When o(t) = ¢/ we write PY for P¥
(P? is called #-dimensional packing measure).

Finally, define the packing dimension of E:
(57) Pdim(E) = inf {6 : P*(E) = 0}.
We always have

(58) dim(E) < Pdim(F) < Mdim(FE).
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The setK = {0} U{1,3,4,%,...} is of packing dimension 0, since the packing

dimension of any countable set is 0. Thus
dim(K) = 0 = Pdim(K) < 1/2 = Mdim(K).

(See Example ?? in Chapter ?77.)
Packing measures are studied in detail in Taylor and Tricot [135] and in Saint-

Raymond and Tricot [123]; here we only mention the general properties we need.

PRrROPOSITION A.3.1. The packing dimension of any set A in a metric space may

be expressed in terms of upper Minkowski dimensions:

J=1

(59) Pdim(A) = inf {sup Mdim(A4;): A C U Aj} :
j=1
where the infimum is over all countable covers of A.

(See Tricot [137], Proposition 2, or Falconer [50], Proposition 3.8.)
For the proof see [?].
LEMMA A.3.2. Let A be a separable metric space.

(i) If A is complete and if every non-empty open set V in A satisfies Mdim(V') >
a, then Pdim(A) > a.

(ii) If Pdim(A) > «, then there is a closed nonempty subset A of A, such that
Pdim(ﬁﬂ V) > a for any open set V' which intersects A.

COROLLARY A.3.3. [Tricot [137|, Falconer [50]] Let K be a compact set in a

metric space which satisfies
Mdim(K NV) = Mdim(K)
for any open set V' which intersects K. Then
Pdim(K) = Mdim(K).
A gauge function ¢ is called doubling if

. ©(27)
o0 o(2)

< 00



326 A. BACKGROUND MATERIAL

THEOREM A.3.4. Assume {fi,..., fi} are contracting self bi-Lipschitz maps of a

complete metric space, i.e.
e;d(x,y) < d(fi(x), f;(y)) < rjd(x,y)
for all 1 < 57 < /¢ and any x,y, where
0<e <rj <1

Denote by K the compact attractor satisfying (77). Then
(i) Pdim(K) = Mdim(K).

(ii) For any doubling gauge function ¢ such that K is o-finite for P¥ we have
P?(K) < oc.

A.4. The Riemann-Hurwitz formula

The Riemann-Hurwitz formula gives a relation between the Euler characteristic of
two Riemann surfaces and the number of critical points of holomorphic map between
them. We will only deal with the case of plane domains, where the connectivity c
(the number of boundary components) replaces the Euler characteristic g (for planar

domains g =2 — n).

THEOREM A.4.1 (Riemann-Hurwitz formula for planar domains). Let f : V —
W be a k-sheeted, proper, holomorphic map between finitely connected domains on

the Riemann sphere and suppose [ has r critical points. Then conn(V) — 2 =

k(conn(W) —2) +r.

Proor. We follow the proof given by Norbert Steinmetz in [].

First suppose f has no critical points and W is simply connected. Then f is a
covering map, so V must be simply connected as well, so &k = 1. Thus the formula
holds in this case.

Next suppose that f still has no critical points, but conn(W) = n > 2. We use
induction on n, the case n = 1, having been proven above. Take a cross-cut v of W
(i.e., a Jordan arc in W with endpoints on 9W') that connects different components of
OW. Then W* = W\ v is still connected, but conn(W*) = conn(W)—1=n—1. The

inverse images of v are k cross-cuts of V' and cut V' into some number of connected
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subdomains Vi,...,V, and f is k; sheeted covering V; — W* where 3, k; = k. By

induction, the Riemann-Hurwitz formula is true for maps onto W*, so
conn(V;) —2=k;((n — 1) —2) 4+ 0,

and summing over j gives
a
> (conn(V;) = 2) = k(n — 3) = k(n — 2) — k.
j=1

Thus we need to show
q

(60) > (conn(V;) - 2) = conn(V) — 2 — k.
j=1

To prove this, we use induction by removing cross-cuts from V' one at a time. When
no cross-cuts have been removed, (60) is trivial. If the cross-cut has endpoints on the
same boundary component, then it does not divide the domain and the connectivity
is lowered by one; thus both sides in (60) are lowered by 1 and equality is maintained.
If the cross-cut connected points on the same boundary component, then some sub-
domain of connectivity m is divided into two subdomains whose connectivities add
to m + 1. Thus each side in (60) again decreases by 1 and equality is maintained.
This completes the proof of the Riemann-Hurwitz formula in the case when there are
no critical points.

If f has r critical points (with multiplicity) and s critical values, let W* be the
domain obtained by removing the critical values from W and let V* = f~1(W*) (we
remove the critical points plus any other points mapping to critical values). Then
f:V* — W+ is proper, holomorphic and has no critical points, so the previous case
applies to show

= conn(V"*) — 2 = k(conn(W*) — 2).
Suppose f has r distinct critical points; the orders at these points must sum to k
Suppose the jth critical value w; has k; distinct preimages with multiplicities p;;,

t=1,...,k;. Since w; has k preimages counted with multiplicity,
ij,i =k,
i

while

D iy —1)=r

i’j
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since there are r critical points counted with multiplicity. So the number of distinct

preimages of the s critical points is

D ki=Y 1= i+ 1=pia)=> O pia) = (pa—1)=sk—r.
k Jst Jst J J Jst

Thus

conn(V)—2 = conn(V*) —sk+r—2 = k(conn(W*)—2) —sk—r = k(conn(W)—2)+r,

which completes the proof of the Riemann-Hurwitz formula in the general case. [

A.5. Approximation theorems

Given a compact set £ C C, the “holes” of E are the bounded complementary

components of E. F does not separate the plane iff there are no holes.

THEOREM A.5.1 (Runge’s Theorem). If K C C does not separate the plane and
f 1s holomorphic on a neighborhood U of K, then f can be uniformly approrimated

on K by holomorphic polynomials.

PROOF. Surround K by a piecewise smooth curve vin U (e.g., set € = dist(K,9U)/10
and cover K by e-boxes and take the boundary of the unbounded complementary

component). Then use the Cauchy integral formula to write

f(z) = %/j(iu)zdw

For any € > 0 we can find a finite set of points {w,} on 7 so that

1 [ f(w) 1 f(w;)
|%/Ww—zdw_%;wj—jz|<€’

for all z € K. Thus (w)
1 Z f ’lUj

gives an approximation of f by rational functions with poles off k.

Next we use a “pole-pushing” argument to show that each pole can be uniformly
approximated on K by a polynomials. Choose a disk D, large enough to contain K
and choose one of the n poles w = w; as above. Fix € > 0 Connect w w; to 0D, by a
piecewise linear path and choose a finite collection of points w = zg, 21, ...z, € 0D,

so that D(z,2|zx — zk-1]) N K = 0. Then any rational function r,_; with poles
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only at zp_; has a Laurent expansion at z; that converges on K and by truncating
this series, r,_; can be approximated to within 27%¢/n by a rational function with
poles only at z;. When we reach r, we can approximate r, by its Taylor series in
D, to obtain a polynomial approximation to (w — 2)~! that is within €/n. Summing
over all the simple poles on v and letting ¢ — 0 we obtain a uniform polynomial

approximation to f on K. O

Suppose E is a closed set that does not separated the plane. F is called an
Arakelian set if the holes of £ U D form a bounded set for every closed disk in C.
This can also be stated by saying that E is locally connected at oco.

THEOREM A.5.2 (Arakelian). If E is an Arakelian set and f is holomorphic on
a neighborhood of E, then for any € > 0 there is an entire function g such that

sup | £(2) — g(2)] < e.
zeF

Proor. We follow the proof of Rosay and Rudin [119].

Choose nested closed disks {Dy}5° centered at the orgin and filling the plane so
that %Dkﬂ contains D, and Hy, the closure of the union of holes of £ U Dy. Let E,
be the £F'U D, U H;,. Note that E}, has no holes.

Set hg = f and assume by induction that we have a holomorphic function hy_q
on neighborhood U of Ej_;. Choose a differentiable function 1 such that v» =1 on
%Dkﬂ C Dy UH and ¥ = 0 off Dy 1.

Since Ej_; has no holes, neither does Fj_1 N Dgyq, so Runge’s theorem gives a

polynomial P so that both
[yt = P| < g2 e,

on Ekfl N Dk+1 and

L = Pl <2t

|2 = wl

for all z € C. The latter holds because Oy = 1), + iy is zero off Dy4q and |z —
w|™! has a uniformly bounded integral over Dy, independent of where the pole is.
Because the integrands are bounded, the same inequality holds if Ej_; is replaced by

a sufficiently small open neighborhood V' C U of Ej_;. Thus

- l B d:cdy
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is holomorphic off V, 7 is bounded by 27%~'e everywhere and
Or = (hj_1 — P)o.
Set
hi, =P + (1 = )by + 1,
in VU %Dkﬂ. Then, since 9P =0 on C and Ohy_q =0 on V,
Ohy, = POy — hy_101) — Or = 0,

so hy is holomorphic on V. Since v is constant on %Dk+17 0 = 0 there, and hence
r is holomorphic there. Since h;, = r + P, it is also holomorphic on %Dkﬂ.

Thus hy is holomorphic on %Dkﬂ UV, an open neighborhood of Ej and
|hk — hk_1| = |<P — hk)@/J + Tl < 27 ke

on Fjy_1. Since U, E), = C, this implies that h; converges uniformly on compact sets

to an entire function g that satisfies the theorem. O

We can improve Runge’s theorem by getting the same conclusion from a weak

hypothesis:

THEOREM A.5.3 (Mergelyan’s Theorem). If K C C does not separate the plane
and f is continuous on K and holomorphic on the interior of K, then f can be

uniformly approzimated on K by holomorphic polynomials.

Proor. By Runge’s it suffices to prove that f can be approximated by a holo-
morphic function on some neighborhood of K. First extend f to be continuous on
compact set E containing K in its interior. We also denote the extension by f.
The extension is uniformly continuous on F so given any 4, there is any € so that
|z — w| < 10e implies |f(z) — f(w)| < §. Convolve f with a smooth, positive bump
function A of total mass 1, supported in an e disk and with all first partial bounded
by O(1/epsilon). Call the result F'. By the mean value property F' = f at the points
U of the interior of K that are more than distance € from the boundary. Furthermore,
|0F(2)| = O(8/¢) everywhere (note that OF = O(F — F(z)) = (0h) * (f — f(20))
which is less than ¢ on the support of h).

Cover K \ U by boxes from an e-grid. For each such box @);, 4Q; \ K contain a of

diameter € and the Riemann map 1; from the complement of this arc to the interior
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of D satisfies
[V;(2)] >a >0,z €Q,
[95(2)] < be/dist(z,Q;), 2 € C\ 8@,
for constants a, b that independent of Q).
Let ¢(j) be a partition of unity with respect to the doubles of the e-boxes and set

He) = Y il [ = (e i

satisfies 9H = F on the union of the boxes and

[H(2)] < ZO(b3(

¢ 3. 0 nsilon) =
1+dist(z,Qj)3a € /epszlon) 0(9),

Since the sum (1 + |z|)~3 over a square lattice is finite. Thus O(F — H) = 0 so
F — H is holomorphic and |f — H| < |f — F| + |F — H| = O(9) is small. This proves
Mergelyan’s theorem. O

If Runge’s theorem is replaced by in the previous proof of Arakelian’s theorem,

we get:

THEOREM A.5.4. If E is an Arakelian set and f is continuous on E and holo-

morphic on the interior of E, then for any € > 0 there is an entire function g such
that

sup | f(2) —g(2)] <e
z€FE

We can easily strengthen this to

COROLLARY A.5.5. If E is an Arakelian set with empty interior and f is contin-
wous on E and holomorphic on the interior of E, then for any continuous, positive

function €(t) on [0,00) there is an entire function F such that

f(2) = F(2)] < e(lz])
forall z € E.

ProoF. Apply the second version of Arakelian’s theorem to deduce that there is
an entire function g so that Rg(z) < loge(|z|) for z € E and an entire function h so
that |h — fe™9| < 1. Then F = heY is entire and

[F' = f = [he? = fl = €] - |h — fe™| < [e?] < e(|z]).
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A.6. Logarithmic capacity is a capacity

The title of the section sounds a little odd, but the point is to show that loga-
rithmic capacity as defined in Section ?7 satisfies certain properties. A capacity is
a set function f that satisfies

(1) E C F implies f(F) < f(F),
(2) f(E)=sup{f(K): K C E, Kcompact}.
(3) If By C Ey C ..., then f*(UrEy) = lim f*(Ey),
where
fY(F)=inf{f(U): E C U, Uopen}.
It is clear from the definition that logarithmic capacity satisfies the first two condi-

tions, so we now have to prove the third.
THEOREM A.6.1. If By C E5 C ..., then cap*(U,Ey) = lim cap*(Ey),

Our proof closely follows that given in Section III1.3 of Carleson’s book [40]. As

there, we give a series of preliminary results before giving the proof of the theorem.

LEMMA A.6.2. IfU, <1, then for any € > 0 there is an open set U with cap(U) <

€ such that U, is continuous off U,

Proor. Consider

1
U(2) :/ log dxdy.
: |lw—2z]<0 ’Z - w|

Since U, is bounded, U, 3 converges to zero pointwise, and so by Egorov’s theorem,
for any 6 > 0 there is a compact set K with p(K) > ||u]| — 6 on which it converges
uniformly to zero. Let u; be the restriction of p to this set K and let po = p — py.
Let Uy = Uy, and Uy = U,,. Note that U; is continuous.
Let
Sy = {2: Un(2) > %}.
Since potentials are lower semi-continuous, this is an open set and by definition

cap*(S,) = cap(S,). If ois an admissible measure for S, then

1
5> [ Undps = [ Uado > Lol



A.6. LOGARITHMIC CAPACITY IS A CAPACITY 333

and so cap(.S,) < nd.

Choose a sequence 6,, so that sum,nén < € and set S = U, S,, to be the union of
the corresponding sets defined above. Then outside S,,, U, is the sum of a continuous
function and a function bounded by 1/n. Hence it is continuous outside S. By

sub-additivity (Lemma ?7) cap(S) < ¢, so the lemma is proven. O

LEMMA A.6.3. If p, — p weak™®, and U, = U, then
higg)lf Un(2) =U,(2),
except on a set of outer capacity zero.
Proor. We already know that liminf, .. U,(2) > U,(z) by Lemma ??, so it
suffices to prove the other direction. By the previous lemma there is an open set

S with small capacity € so that U, is continuous off S Consider pairs of rational

numbers p < ¢ and set
Frpg=12:Uu(2) <p<q<U,(2)}
Note that these set are closed and

Up.ge@ Ur MnskFnpg
contains the exception set for the lemma. Thus by sub-additivity of outer capacity
(Lemma 34), it suffices to prove

Erpq = Nnselz 1 Uu(z) <p < q < Un(2)}

has outer capacity zero.

Since this set is closed, it suffices to prove this for capacity. If this set had positive
capacity, there would be non-zero measure o supported in it that had a continuous
potential bounded by 1. Thus

0= lim/Ugd(,u — ly) = lim/(Uu —Uy)do > (¢ —p)l|lo]| >0,

which is a contradiction and proves the lemma. O

LEMMA A.6.4. For any open set S there is a measure . so that

(1) U, =1 on S except for a set of zero outer capacity,
(2) U, <1,
(3) [lpll = cap(5).
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ProoF. Write S as a nested union of compact sets Fy C F, C ..., let u, be the
equilibrium measure on F,, let U,, be its potential function and assume {, } converges
weak™ to a measure p. Fix § > 0 and note that E, = {z € F, : U,(2) < 1 — 4}
is a closed set of capacity zero. By the subadditivity of outer capacity (Lemma ?7?)
U, = 1 everywhere on F, except a set of outer capacity zero. Lemma A.6.3 and

subadditivity then imply each of the desired properties. O

PROOF OF THEOREM A.6.1. Suppose F1 C F3 C ... and = UE,. Let V,, be
open sets containing F, with corresponding measure p,, given by Lemma A.6.4 so
that

. 1
liall = cap (V) < cap* (Bu) + .

Passing to subsequence if necessary we can assume pu, — u weak®, and by Lemma
A.6.3 U, =1 on E except possibly on a set S of outer capacity zero. Let V., = {z :
U, >1—¢}. Then V, contains E \ S, so

cap™(E) < cap(E \ S) + cap™(S) <1e2*(V) < ||u]]/(1 —¢€) < liincap*(En)/(l —€).

Taking ¢ — 0 proves then result and shows that logarithmic capacity is, indeed, a

capacity. 0

A.7. Analytic and Borel sets

In this section we prove that every analytic set is capacitable (due to Choquet 77
for Newtonian capacities and to Kishi ?? in general), following the presentation in
Carleson’s book [40]. We start by recalling the relevant definitions.

The Borel sets are the smallest o-algebra containing the open sets. By a o-
algebra we mean a collection of sets that is closed under complements and countable

unions. Since

NA, = (UA;)S,
a o-algebra is also closed under countable intersections. The Borel sets are also
divided into subcollections denoted X9, TI? indexed by countable ordinals .. These
classes are defined inductively the the conditions

(1) 39 are the open sets,

(2) II? are the complements of sets in 32,
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(3) E € XY iff it is a countable union of sets in IT) for a collection of ordinals

oy that are strictly less than a.

Details can be found in Kekchris’ book [77]. The main point for us is that any
collection of sets that contains the open sets and the closed sets and that is closed
under countable unions and intersections must contain the Borel sets, even if the
collection itself is not a o-algebra. The analytic sets form such a collection.

A set A is called analytic, if it can be written as
A= Ul’lAll7

where the union is over n € N¥, the (uncountable) collection of sequences of natural

numbers n = {ny, ny,... }, and
Ap =4, NAunn...,

where {A,, . .} is a countable collection of closed sets indexed by finite strings of
natural numbers.

Clearly the analytic sets contain any closed set E since we can simply take
A, . .n, = E for every index set.

The analytic sets are closed under countable unions because if
Eyp = Un AL,
then we can define a new collection of closed sets by

— AT
Am,---nk - Ang

)
so that

UnAn = Up U AX = UL B,
is analytic.

To see that the analytic sets are closed under countable intersections, suppose we

are given analytic sets
Ek - UnAfp
and define a new collection of closed sets as follows. Divide the natural numbers into

countable many disjoint sequences N = U, Uy, sf and choose a sequence of naturals

numbers {¢;} that takes every value infinitely often. This choice allows us to merge
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countably many sequences {néC } into a single sequence by
t
n; =mns,,
5

where j is the number of times the value t; has occurred in the string tq,..., %,
including .

Using this merge operation on sequences we can define an analytic set
E = UpApi.

For each fixed infinite string n, x € A, if and only if it is in every set of the form
Af;]fn§ This occurs if and only if there are sequences {n;} so that z is in every
set An,. Thus E' = N Ej.

Thus the analytic sets contain the closed sets, are closed under countable unions
(hence contain all open sets) and are closed under countable intersections. By our
remarks above, then must contain all Borel sets. Analytic sets are also called Suslin
sets. Analytic sets can be characterized as the continuous images of Borel sets and
Suslin found an error in an argument of Lebesgue purporting to show projections
of Borel sets are Borel; it turns out that there are analytic sets that are not Borel.
Moreover, the complements of analytic sets need not be analytic; it is a famous
theorem of Suslin [| that if an analytic set has an analytic complement, then it is a
Borel set. Thus the analytic sets do not form a o-algebra.

Recall that a capacity is a set function f that satisfies

(1) £ C Fimplies f(E) < f(F),
(2) f(E)=sup)f(K): K C E, Kcompact}.
(3) If Ey C Ey C ..., then f*(UyEy) = lim f*(E}),

and that a set F is called capacitable iff
f(E) = f"(F)=inf{f(U): E C U Uopen}.

We showed in Section 77, that logarithmic capacity is a capacity in this sense and
we showed in Section 77 that all closed sets are capacitable for logarithmic capacity.

Now we generalize that result from closed to all analytic sets (hence all Borel sets).

THEOREM A.7.1. If all closed sets are capacitable, then all analytic sets are ca-

pacitable.
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Proor. We will not use any particular properties of logarithmic capacity except
for the properties of a general capacity listed above.

Suppose F is analytic. Then it can be written as
E = UnAq,
as described above. We can write this union as a countable union
E = U Ey = Uy Uniy <k An,
where n; denotes the first element of n. By property (3) in the definition of capacity,

J(Ex) 7 [ (E).

Fix € > 0 and choose k; so that

fr(51) > [1(E) —€/2,

where S; = Ej,.
Now repeat the argument with F replaced by Ej,. We can find a ky so that

SQ - Un:nl <ki,na<ko An>

satisfies Sy C 57 and f*(s2) > f*(S1) — ¢/4. Continuing by induction we define
analytic sets S; D Sy D ... so that f*(S,) > f*(E) — € for all n.
We claim that N,S, C E. This is a little tricky since it need not be true that

each closed set S, is in E. To prove the claim define

Fm = Un1<k1,...nm<kmAn1,...nm-

This is a finite union of closed sets, so is closed and hence contains the closure of
S,. Let F = nN,,F,,. It suffices to show F C E. If x € F, then for every m there

is an A,, ., that contains x. Since each index lies in a finite set, there is at least

-----

one index in each position that occurs infinitely often, and thus there is a sequence
{ni1,na,...} so that x € A,, C E, proving the claim.
Thus,

F(Sn) > f5(Sp) = f(E) —e.

If U is an open set containing S = NS, then U contains S, if n is large enough. Thus

FU) = f1(Sa) = [1(E) e
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Taking the infimum over all such U’s proves

[(8) = [1(E) —e

Since S is closed, it is capacitable, and hence

fE) = () = ["(S) = ["(E) — e
Taking ¢ — 0 proves the theorem. U

A.8. Boundary continuity of conformal maps and capacity

Given a compact set £ C T we will now define the associated “sawtooth” region
Wg and a 2-quasiconformal map between Wg and D which keeps E fixed pointwise.
Suppose {I,} are the connected components of T \ E and for each n let 7,,(6) be the
circular arc in I with the same endpoints as I,, and which makes angle 6 with I,, (so
Y2 (0) = I, and 7, (7/2) is the hyperbolic geodesic with the same endpoints as I,).
Let C,,(0) be the region bounded by I,, and 7, (), and let Wg(0) =D\ U,C,(0).

FIGURE 1. The sawtooth domain Wg

Let Wg = Wg(n/8) (and let W C D* be its reflection across T). We can map
D to Wg by a 2-quasiconformal map f as follows. First let f be the identity on
Wg(r/2). Then map U, = C,(7/2) \ C,(w/4) (which is a crescent of angle 7/4) to
Vi = Cn(m/2)\ C,(37/8) (which is a crescent of angle 7/8) as follows: map U, to the
cone {z: 0 < arg(z) < m/4} by a Mébius transformation, then to {z : 0 < arg(z) <
7/8} by halving the angle and then to V,, by another Mébius transformation. Finally,
map C,(7/4) to C,,(37/8) \ Cy.(7/8) by a Mébius transformation. See Figure 2. It is
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easy to check these maps can be chosen to match up along the common boundaries

and hence define a 2-quasiconformal map.

@
FI1GURE 2. Mapping the disk to Wg

If f:D— Qand0<r <1, then define
ds(r) = sup{[f(2) = f(w)] : [2] = |w| = r and |z —w| <1 —r}.

If 0N is bounded in the plane, then it is easy to see this goes to zero as r " 1, since
otherwise any neighborhood of 02 would contain infinitely many disjoint disks of a

fixed, positive size.

LEMMA A.8.1. Suppose f : D — Q C S?% is conformal. Then for any € > 0 there
is a compact set E C T with cap(T \ E) < € such that f is continuous on Wp.

ProoF. By applying a square root and a Mdbius transformation, we may assume
that 0f) is bounded in the plane. Given r < 1 let

E(e,r) ={x € T:|f(sx) — f(tz)| > € for some r < s <t < 1}
and note that by Lemmas 7?7 and 5.5.3
@B(E(e, ) < exp(—é/Cafr)).

Moreover, this set is open since f is continuous at the points sz and tx. So if we take
€, = 27", and use the relationship between cap and cap we can choose r, so close
to 1 that cap(E,) = cap(E(e,,rn)) < €27™. If we define E = T \ U,>1 E,,, then E is
closed and T\ E has capacity < e by subadditivity .

To show f is continuous at every x € Wg, we want to show that |z — y| small
implies |f(z) — f(y)| is small. We only have to consider points x € OWgr N T. First
suppose y € OWg NT. Choose the maximal n so that s = |z —y| < 1 —r,. Then
x,y & E,, so

[f(2) = fF)l < [f(2) = f(s2)| + |f(sz) = fsy)| + |f(sy) — f(W)l-
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The first and last terms on the right are < ¢,_; by the definition of E. The middle
term is at most ds(1 — s) (which tends to 0 as s — 0). Thus |f(z) — f(y)| is small if
|z — y| is.

Now suppose z € OWrNT, y € OWg \ T. From the definition of W it is easy to
see there is a point w € OWg N T such that |w —y| < 2(1 — |y|) < 2|z — y|. For the
point w we know by the argument above that |f(z) — f(w)]| is small. On the other
hand, if t = 1 — |y|, then

[f(y) = fw)] < |f(y) = fRw)] + [f(tw) — fw)].

The first term is bounded by Cdy(1 —t) and the second is small since w ¢ E,,. Thus
|f(z) — f(y)| is small depending only on |z — y|. Hence f is continuous on Wg. [

A.9. Borel sets are analytic

A Polish space is a topological space that can be equipped with a metric that

makes it complete and separable.

If Y is Polish, then a subset £ C Y is called analytic if there exists a Polish
space X and a continuous map f: X — Y such that F = f(X).

Analytic sets are also called Souslin sets in honor of Mikhail Yakovlevich Souslin.
The analytic subsets if Y are often denoted by A(Y) or ©}(Y). In any uncountable
Polish space there exist analytic sets which are not Borel sets, see e.g., Proposi-
tion 13.2.5 in [?] or Theorem 14.2 in [?]. By definition, if g: Y — Z is a continuous
mapping between Polish spaces and E C Y is analytic, then g(F) is also analytic.
In other words, continuous images of analytic sets are themselves analytic, whereas
it is known that continuous images of Borel sets may fail to be Borel sets. This fact
is the main reason why it can be useful to work with analytic sets instead of Borel
sets. The next couple of lemmas prepare for the proof that every Borel set in a Polish

space is analytic.

We first show that analytic sets have a nice representation in terms of sequences.
Let N*° be the space of all infinite sequences of nonnegative integers equipped with
the metric given by d((a,), (b,)) = €™, where m = max{n > 0: a5, = by for all

1 < k < n} (this space also sometimes denoted NY).



A.9. BOREL SETS ARE ANALYTIC 341

LEMMA A.9.1. For every Polish space X there exists a continuous mapping f: N —
x such that X = f(N>). Moreover, for all (b,) € N*°, the sequence of diameters of

the sets f({(an): a, = by, for 1 <n < m}) is converging to zero, as m T oo.

PROOF. Given a Polish space x we construct a continuous and surjective map-
ping f: N*° — X. Fix a metric p making X complete and separable. By separa-
bility, we can cover x by a countable collection of closed balls B(j),7 € N of radius
one. We continue the construction inductively. Given closed sets X(ay,...,ax),
for (ay,...,a) € N¥, we write X (ai,...,a;) as the union of countably many non-
empty closed sets X(ai,...,ax,j),7 € N of diameter at most 27%; we can do this
by covering X (ay,...,a;) by countable many closed balls of diameter < 2% with
centers in X(ay,...,a;) and then intersecting these balls with X (ay,...,ax). Given
(an) € N*° the set (,—; X (a1, ..., a;) has diameter zero, hence contains at most one
point. By construction all the sets are non-empty and nested, so if we choose a point
x € X(aq,...,a) it is easy to see this forms a Cauchy sequence and by completeness
it converges to some point x . Since each X (ay,...,a;) is closed it must contain x
and hence (),—, X(a1,...,a) contains z. Define f((a,)) = =.

By construction, if (b,) € N> the set f({(a,): a, = b, for 1 < n < m}) has
diameter at most 273 — 0, which implies continuity of f. Finally, by the covering
property of the sets, every point = € X is contained in a sequence of sets B(ay, . . ., ax),
k € N, for some infinite sequence (ay) which implies, using the nested property, that
f((an)) = x and hence f(N") = X, as required. O

LEmMMA A92. If E C X is analytic, then there exists a continuous mapping
f:N*® —= X such that E = f(N*°). Moreover, for any sequence (k,) € N>,

ﬂf({(an): an < ky for 1 <n<m}) = f({(an): an < ky, for alln > 1}).

Proor. If E C X is analytic, there exists a Polish space Y and ¢;: ¥ — X

continuous with ¢;(Y) = E. From Lemma A.9.1 we have a continuous mapping
g2: N> — Y such that Y = go(N*). Letting f = g10go: N — X gives f(N*) = E.

Fix a sequence of positive integers ki, ko, . .. and note that the inclusion D in the

displayed equality holds trivially. If x is a point in the set on the left hand side, then



342 A. BACKGROUND MATERIAL

there exist a/’ with a7 < k, for 1 < n < m such that o(z, f((al: n >1))) < L.

We successively pick integers aq, as, ... with the property that, for every n, the inte-
ger a,, occurs infinitely often in the collection {a: a" = aq,...,a" ; = ay—1}. Then
there exists m; T oo such that a7 = ay,...,a"™ = a; and hence (an’:m >1) con-

verges, as j — 00, to (a,). Since f is continuous, o(z, f((an’: n > 1))) converges to
o(z, f((a,))) and by construction also to zero, whence x = f((a,)). This implies the

x is contained in the set on the right hand side in the displayed equation. U

Our next task is to show that every Borel set is analytic. We will use several
times the simple fact that the finite or countable product of Polish spaces is Polish,

which we leave for the reader to verify.

LEMMA A.9.3. Open and closed subsets of a Polish space are Polish, hence ana-
lytic.

PrRoOOF. Let X be Polish and ¢ a metric making X a complete and separable
metric space. If C' C X is closed then the metric p makes C' complete and separable,
hence C' is a Polish space. If O C X is open, let Y = {(z,y): y = 1/po(x,0°)} C
X xR. Then Y is a closed subset of the Polish space X x R and hence itself a Polish
space. As Y and O are homeomorphic, O is Polish. 0

LEMMA A.9.4. Let £y, Fs,... C X be analytic sets. Then
(1) U E; is an analytic set;
i=1
(2) ﬂ E; is an analytic set.
i=1

PRrROOF. For every analytic set F; C X there exists a continuous f;: N* — X such
that f;(N*) = E;. Then f: N*° — X given by f((an)) = fa,((an+1)) is continuous
and satisfies f(N*°) = (J;2, E;, as required to show (a).

Now look at continuous mappings f;: X; — X with f;(X;) = E;. Define a
continuous mapping g: [[2, X; — X by g(z1,22,...) = (fi(z1), fa(x2),...). The
diagonal A C X* is closed, and so is g7'(A), by continuity of ¢g. In particular, Y =
g '(A) is a Polish space and it is easy to see that f1(Y) =2, E;, proving (b). O

LEMMA A.9.5. If X is Polish, then every Borel set E C X s analytic.
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PRrOOF. The collection {S C X : S and S° are analytic} of sets contains the open
sets by Lemma A.9.3 and is closed under countable unions by Lemma A.9.4. As it is
obviously closed under taking the complement it must contain the Borel sets, which,

by definition, is the smallest collection of sets with these properties. 0

A.10. Choquet capacitability

The main step in the extension of Frostman’s Lemma to Borel sets is a technical

device called the Choquet Capacitability Theorem, which we now introduce.
Let X be a Polish space. A set function ¥ defined on all subsets of X is called a
Choquet capacity if
(a) U(E)) < U(E,) whenever Ey C FEy;
(b) U(E)= inf W(O) forall £ C X;

ODFopen
(c) for all increasing sequences {E,: n € N} of sets in X

qf( U Bn) = lim W(E,).
n=1

Given ¥ we can define a set function ¥, on all sets £ C X by

U, (E)= sup VY(F).

FC Ecompact

A set E is called capacitable if V(E) = U, (F).

THEOREM A.10.1 (Choquet Capacitability Theorem). If ¥ is a Choquet capacity

on a compact metric space X, then all analytic subsets of X are capacitable.

PROOF. Let F = f(N*>) C X be analytic. We define sets

S* = f({(an): a1 < k}).

The sequence of sets S*, k > 1, is increasing and their union is £. Hence, by (c),

given € > 0 we can find k; € N such that S; := S* satisfies
U(S)) > U(E) — %
Having found Si,...,S5,-1 and ky,..., k,,_1 we continue the sequence by defining

m

S* = F({(an): ai < k; fori <m—1, an <k}),
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and as the sequence of sets S¥ k> 1, is increasing and their union is S, _; we find
km € N with U(S,,) > U(S,,-1) — €27™. We conclude that

U(S,) >V (E)—e¢ for all m € N.

Denoting by S, the closure of S,, we now define a compact set

m=1
By Lemma A.9.2 S is a subset of E. Now take an arbitrary open set O O S. Then
there exists m such that O O S,, and hence ¥(0) > ¥(S,,) > V(E) — . Using
property (b) infer that W(S) > W(E) — € and, as € > 0 was arbitrary, V,(E) > U(E).
As VU, (F) < U(FE) holds trivially, we get that F is capacitable. O

We now look at the boundary 0T of a tree. Recall from Lemma ?? that 07 is a
compact metric space. For any edge e we denote by T'(e) C T the set of rays passing
through e. Then T'(e) is a closed ball of diameter 271°/ (where |e| is tree distance to
the root vertex of the endpoint of e further from the root) and also an open ball of
diameter r, for o-lel < p < 9 lel+L, Moreover, all closed balls in 9T are of this form.
If £ C OT then a set II of edges is called a cut-set of F if every ray in F contains at
least one edge of II or, equivalently, if the collection T'(¢), e € II, is a covering of E.
Recall from Definition 4.5 that the a-Hausdorff content of a set £ C 97T is defined as

HE(E) =inf { Yo |Ei|*: By, Es, ... is a covering of E}
= inf { >eer 27 T is a cut-set of E},

where the last equality follows from the fact that every closed set in T is contained

in a closed ball of the same diameter.

LEMMA A.10.2. The set function W on 0T given by V(E) = HL (E) is a Choquet

capacity.

PROOF. Property (a) holds trivially. For (b) note that given E and ¢ > 0 there
exists a cut-set II such that the collection of sets T'(e), e € II, is a covering of E
with U(E) > 3 ;27 —e. As O = .. T(e) is an open set containing E and
U(0) < 3,y 270 we infer that W(0) < U(E) + ¢, from which (b) follows. We
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now prove (c). Suppose By C Ey C ... and let E =J | E,. Fix ¢ > 0 and choose
cut-sets II,, of F,, such that

—ale €
(61) > 2 < U(B) + oy

e€ll,

For each positive integer m we will prove that
(62) > 2 <y(E,) +e
ecllU---Ull,,
Taking the limit as m — oo gives
U(E) < 27kl < lim W(E,) +e.
P o TS v
Taking € — 0 gives U(F) < lim,, o V(F,,). Since the opposite inequality is obvious,
we see that (62) implies (c).

For every ray £ € E we let e(§) be the edge of smallest order in £ N, II,,. Note
that IT = {e(§): £ € E} is a cut-set of £ and no pair of edges e, ey € II lie on the
same ray. Fix a positive integer m and let Q! C FE,, be the set of rays in E,, that pass
through some edge in IINII;. Let I be the set of edges in II,, that intersect a ray
in Q! . Then IT! is a cut-set for Q! and hence for Q! N E;, and hence IT} U (T \ I)
is a cut-set for ;. From our choice of II; in (61) and the fact that W(F,) is a lower
bound for any cut-set sum for F; we get

—ale| < €< —ale| , €
eezﬂzl i = 4 een,lnuz(nl\n) i " 4
Now subtract the contribution from edges in II; \ IT on both sides, to get

—Qje —oje €
Z 9-alel < 22 H+Z'

eclINly eelll,

Now iterate this construction. Suppose 1 < n < m and II} ;... TI" are given. Set
I, =1L, \ (I U.. . UIL,) and let Q! be the set of rays in E,, that pass through
some edge in IINITY ;. Let It be the set of edges in II,,, that intersect a ray in Q.
Then, as above, IT%: is a cut-set for Q"' N E,, 11, and hence 175 U(IL,,41 \ (IINIT; )

is a cut-set for £, ;. Using (61) and subtracting equal terms as before gives

m

PORESTID SESRD gt

eellNIly | ecII%t n=1
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OIERES B0 DE R IED OERLET ELTCRESS

ecIIN(IT1U---UIl,y) n=1 e€cll?, e€ll,,
This is (62) and completes the proof. O

The following is immediate from Lemma A.10.2.

COROLLARY A.10.3. If an analytic set E C T has H*(E) > 0, then there exists
a compact set A C E with H*(A) > 0.

PRrOOF. Recall that by Proposition ?? Hausdorff content and Hausdorff measure
vanish simultaneously. Hence, if F is analytic and H*(E) > 0, then U(E) > 0.
Lemma A.10.2 implies that there exists a compact set A C E with U(A) > 0, and
therefore H*(A) > 0. O

All that remains to be done now is to transfer this result from the boundary of a

suitable tree to Euclidean space.

THEOREM A.10.4. Let E C R? be a Borel set and assume H*(E) > 0. Then
there exists a closed set A C E with H*(A) > 0.

PRrROOF. We find a hypercube Q C R? of unit sidelength such that H*(ENQ) > 0,
and a continuous mapping ®: 9" — @Q from the boundary of the 2%-ary tree T to
@, mapping closed balls T'(e) onto compact dyadic subcubes of sidelength 27|, The
a-Hausdorff measure of images and inverse images under ® changes by no more than
a constant factor. Indeed, for every B C 0T, we have |®(B)| < v/d|B|. Conversely,
every set B C @ of diameter 27 lies in the interior of the union of no more than
3¢ compact dyadic cubes of sidelength 27, whence the edges corresponding to these
dyadic cubes form a cut-set of ®~1(B). Therefore, H*(ENQ) > 0 implies H*(®~(EN
Q)) > 0. As @} (ENQ) is a Borel set and hence analytic we can use Corollary A.10.3
to find a compact subset A with H*(A) > 0. Now ®(A) C ENQ is a compact subset
of E and H*(P(A)) > 0, as required. O

Given a Borel set £ C R? with H*(E) > 0 we can now pick a closed set A C F
with H*(A) > 0, apply Frostman’s lemma to A and obtain a probability measure on
A (and, by extension, on E) such that u(D) < C|D|* for all Borel sets D C R?%. The
proof of Theorem A.10.4 also holds for Borel sets E with Hausdorff measure H?(FE) >

0 taken with respect to a gauge function ¢.
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We have adapted the proof of Theorem A.10.4 from [?]. For a brief account
of Polish spaces and analytic sets see [?] For a more comprehensive treatment of
analytic sets and the general area of descriptive set theory, see the book of [?]. There
are several variants of Choquet’s Capacitability Theorem, see, for example, [?] for
an alternative treatment and for other applications of the result, e.g., the infimum of

the hitting times of Brownian motion in a Borel set define a stopping time.

A.11. Wiman-Valiron theory via power series

In this and the following section we outline an alternate method for proving the
existence of escaping (and of fast points). This was the method originally used
by Eremenko, although in the text we have presented more recent proofs due to
Dominguez (Theorem 1.7.1) and to Bergweiler, Rippon and Stallard (Theorem 6.5.2).
The later is a generalization of the Wiman-Valiron method to functions defined on
tracts; here we discuss the original case of entire functions, with the proof based on
power series.

If f is entire, then is has a Taylor series expansion

f(z) = Z U Zn.
n=0

Since the radius of convergence is oo, the coefficients satisfy
lim |a,|"™ = 0.
n—oo

Thus for any fixed r, |a,|r™ — 0 and hence the supremum
p(r) = p(r, f) = sup |an|r",

is attained. We let N(r) = N(r, f) denote the largest index n where the maximum is
taken. This is an increasing step function and is right continuous at the jump points.
Note that the jumps are > 1 when the maximum of |a,|r" is attained at several
different indices. N(r) is called the central index of f at r. (From now on we will fix
f and simply write M (r), u(r), N(r) unless we need to stress the dependence on the

function f.)

LEMMA A.11.1. p(r) < M(r).
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PROOF. By rescaling we may assume r = 1, u(r) = 1 and ay = 1 where N =
N(1). Then g(z) = f(z) — 2" is perpendicular to 2z in L? of the unit circle, so

_ N7V e NFY oV je — NFNds — 2.
O_/|z12 g(z)ds—/|212 f(z) — 2Nds /lez f(z)ds —2

This implies le|=1 |flds > 27 and hence |f| > 1 somewhere on the unit circle. Thus
M(1) > u(1), as desired. O

One of the remarkable consequences of Wiman-Valiron theory is that this inequal-
ity can be reversed in a certain sense. There are several ways to make this precise;

one says that for any § > 0, we have

M(r) < p(r)(log u(r))**(log log pu(r))'*,

for all » > 0 except a set of finite logarithmic measure. See Theorem 6 of [65].
However, we will not pursue this particular line of reasoning. Our goal is to use
the Wiman-Valiron method to show that near a point where f attains a circular

maximum, i.e., near a point z such that

[F(2)] = M([=l, f),

f behaves like the power function w™(*). Before making and proving a precise

statement, we will deal with a number of more technical details.

As noted above, the sequence {|a,|r"} attains a maximum value at n = N = N(r).
By definition, moving to the left or right of NV gives smaller terms, but we would like
these terms to decay quickly to zero as we move away from N. An ideal estimate

would be
|an|r™ < p(r) exp(—Dk?),
where n = N + k and ¢ > 0, but this is too much to ask for. However, the estimate

is true if we replace the constant b by a function of N + |k| that tends slowly to zero.
The reader by take b(t) = t='7% in the proof below.

LEMMA A.11.2. If f(2) = > anz™ is an entire function, and b(x) is a positive,
strictly decreasing, integrable function on [0,00). Then there is a set E of finite

logarithmic measure and a constant K > 0 so that for r € [1,00) \ E

aulr™ < ) exp(—gb(max(N,m)) - (N — n)?).
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PrROOF. Let
rn = ro(f) = inf{r: N(r) > n}.

Note that 7, increases to infinity with n and that for each n there is an r € [ry,, ;41
such that

|anlry < lan|r™ = lana[r™ < agg |y
Thus
|ant1] _ " :1
|| ol oy’
SO
1 < |1 o 1
S T () I
Thus
(63) n _ 31 G2 On  _ 1 .
ap Qg an—1 Tory - Tn—1
Set B(t) = fot b(s)ds. This is an increasing, concave down function that ap-

proaches as finite limit as ¢ — oco. For integers n > 0 define

oy, = exp(— /OnB(t)dt), o = exp(B(n)).

Note that the a’s decrease to zero, and the p’s increase to a finite limit. Since b is

strictly decreasing, B is increasing but concave down, so

n+1
log ppy1 =log B(n+1) > / B(t)dt = —log Ani1 > B(n) = log pn,
n Oé'n
and hence
log n > —log p, > log anH,
n—1 Ay,
or equivalently,
O<po<%<p1<ﬂ....
aq (0%)
Using a telescoping product, this implies for n > N,
(64) f:”ngi... 1 <ﬂ: n ...aN+1< ! ._.LSIO%*”

Pn PN+l QN Qg N  Pn-1 PN
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If m < n, the definitions above and integration by parts give

n

S = es(= [ [B(0) = Bm)an
— ew(= [ - poyir)
< exp(— mn(n—t)b(n)dt)
< exp(— () —m)?)

Thus for general n and m,
n 1

= exp(—Sb(max(m, n)) - (n —m)?).

Om
To finish the proof we must show that if N = N(r), then for all n € N,

n O'n n— O n—
(65) janlr™ < p(r) - —pi ™ = lan|r™ - —= i
an an
holds for all r outside some exceptional set E of finite logarithmic measure.
First let us estimate the set of r’s we must throw away when n < N. In this case,

we have a,, > ax and so (65) follows from
NPXT—N

|an|r™ < lan|r ,

or equivalently

r r
66 an|(—)" < lan|(—)V.
(66) ()" < fan|(2)

This holds by definition if N(r/py) = N(r), i.e., v € pnIn = (pnTN, pNTN11) fOr
some N. The complement of this union of intervals has finite logarithmic measure
by Lemma 6.3.1.

Next we estimate the set we must omit due to indices n > N. In this case, (66)
follows from
lan|(rpn)" _ anply
lan|(rpn)N T anpy

since (64) implies the right hand side is < 1. We cancel the py’s and rewrite this as

(67)

(68) Mr” < law] r

o™ ay
or

(69) cnr™ < eyt



A.11. WIMAN-VALIRON THEORY VIA POWER SERIES 351

where we set ¢, = |a,|/a,. Suppose for the moment that F'(2) = " c,2" is entire, so
that the central index of F' makes sense. Then (66) holds as long as N(r, f) = N(r, F).
(67) implies this is true if r € (R,pn, Rny1pn), and hence the exception set of r’s is

the union of complementary intervals

Un(Rnpn—ly Rn—l—lpn—}—l) )

which has finite logarithmic measure by Lemma 6.3.1.
Finally, we have to prove that the {c,} are the Taylor coefficients of an entire
function, i.e., that

lim cl/” = 0.

Combining (63) and (64) gives
a_” 1/n Qg P1° " Pn l/n
(an) (Ck(] - Tn )

and this tends to zero since the p,’s are bounded above and the r,’s tend to oco. [J

Now that we have the pointwise estimate, we show that the sum of terms far from
the central index is small. This is somewhat involved, but is really just a matter of

breaking an infinite sum into pieces and estimating each piece separately.

LEMMA A.11.3. Suppose f is a transcendental entire function, r > 0, and N =

N(r, f). Assume b has been chosen to be positive, decreasing, integrable and satisfy

! and b'(t) = O(b(t)/t).

If v>1 and

1
bvb N)[log b( N>|J’

|logp/r| <2/k and o < (y—1)/2 , then

L AN )

In—N|>k lan|p

uniformly as r — oo outside a set of finite logarithmic measure.

PROOF. One difficulty with the desired estimate is that our pointwise estimates
of the terms on the left hand side from Lemma A.11.2 involve the central index of
p, whereas the right hand side only involves the central index of r. This would be

fine if N(r) = N(p), but will be a problem if the central index changes rapidly near
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r, so our first step will be to exclude the set of finite logarithmic measure where this
happens.

The basic strategy is to choose an 1 > 0 and cut the sum into pieces

o=+ >+ >+ Y = [+ IT+1IT+1V,

In—N|>k  n>14n)N n<(1-p)N  N+k<n<(l4m)N  (1-n)N<n<N—k
and prove
I,I1I = O(N7?),
for any 5 > 0 and
11,1V = O(b(N(r))™7).

Given any € > 0 our assumptions on b imply that there is an 0 < 7 < 1 so that

b((1+n)t) = (1 = €)b(?).
Fix € so that 0 < (1 — €)%y and choose 7 so the inequality above is true. Next choose
a < n/2, and set A = exp(N~®) and M = N(Ar, f). By Lemma ?7? N < M <
(1 + a)N, outside a set of finite logarithmic measure. Assume that we exclude this
set, as well as the exceptional set for Lemma A.11.2. Since M is the central index
for Ar, we have

anl(Ar)" < Jan|(Ar)™

for every n. Using the fact that N and M are central indices for r and Ar we get

lanlp™  _ laal(Ap)"  laa|r g Py
lan|p™ an|(Ap)N an|r™ r
r

First assume that n > (14 n)N. Since M < (14 )N < (1 +1n/2)N, we have
n—M>n—(14+n/2)N >nn/2

hence
AM= < A2 = exp(—%nn]\/a).
Also,
(B < exp((n — M)2/k).
Hence
|anlp"

1
< exp(—=nmnN~"*+2n/k).
|CLN|PN ( 277 /)
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Our definition of k and assumptions on b imply

O(v/b(N)[log b(N)[) = O((Nlog N)~1/?)) = o(N "),

since a < 77/2 < 1. Thus

if r is large enough (and hence n is large). Thus by the geometric sum formula

R AP I

n>(14+n)N lalp n>(14+n)N
exp(—gn(1 +n)N'"%)
1 —exp(—nN—2/3)

_ 0<%Naexp<—nfv1—a/3>>

= O )

-~ o)
~ Oy

for any 5 > 0.
Next assume n < (1 —7)N and repeat the argument above, replacing Ar by r/A.
Since M > (1 —a)N > (1 —n/2)N, we have

M—-n>(1-n/2)N—n> Nn/2

and hence

1
An—M > A—'r]N/2 _ eXp(—a’f]Nl_(l).

We get

|an|p" Lo Loi-
< ——nN""*4+2N/k) < ——nN—¢
¥ S exp(—37 +2N/k) < exp(=gnN),

using the definition of k as before. Now we are summing < N terms of the same size,

SO

an|p 1 a
Z 2] ~ < Nexp(—gan )
= O(N7")

for any 8 > 0.
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Finally we consider (1 —n)N <n < N —kand N+ k <n < (1+n)N. Recall
that b((1 4+ n)N) > (1 — €)b(N) and p = re* where t < 2/k. Lemma A.11.2 implies

that for N — p| < nn (except for a set of finite logarithmic measure),

ol _ ey
lan|p™ = lan|(ret)V
< e
< %etm
< eXp(—%b(N +nN)p® + t[p|)
< exp(t|p| — %(1 — €)b(N)p?)

< exp(|p|(t — blp|))

where b = (1 — €)b(N). Recall that 1/k = O(y/b(N)/|logb(N)]) = o(V/b), so

2
t = = o(b/Vb) = o(bk) < eblp],
S = VD) = olok) < dlp
if r is large enough. Thus
|an|p"
< exp(—(1 —e€)bkp
axl e

and thus by the geometric formula

Z Janl " Zexp (1 —€)bp*/2)

k<|p|<nN jan|p™

= 0(% exp(—bk?/2))

_ o% exp(—5 (1~ 7b(N)b(N) | logb(N)])

= O(b(N)™ exp(— (1 = €)?] logb(V)]))
= O(b(N)™")
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Most of the hard work is finished now. All that remains is a simple lemma about
polynomials and then we can state and prove the main consequence of the Wiman-

Valiron method that we will need for dynamics.

LEMMA A.11.4. Suppose P is polynomial of degree m and |P| < M on D,. Then
|P'(2)| < eMn|z|™ 1r—™.
Moreover, if |P(z)| = M, then
1 3
LIPE) < [Pw)] < SP(:))
for |lw — z| < r/8m.
PROOF. Since P(z)/2™ is holomorphic on I, with a removable singularity at oo,
the maximum principle implies p(Z) < M|z|™. The Cauchy estimate on a circle of

radius ¢ = |z|/m around z gives

1
IP'(2)] < 2% max |P(2)] < 22 Mr—m]2]™(1 + =)™ < emMr—™|z|™1,
|Z| |lw—z|=t |Z| m

If |z] =7 and |z — w| < r/8m, then on the line segment between z and w we have

1 AmM
Pl < Myp—™ 1 _— \ym—1 <
P < emMrm(r(1+ <) <
SO
dmM 1 1
IP(z) = P(w) < |2 - w| = < M = |P(2)],
which implies the desired estimate. 0

THEOREM A.11.5. Suppose f is entire, r >0, N = N(r, f), |z| =r, and |f(2)| =
M(r, f). Suppose that b and k satisfy the conditions of Lemma A.11.3. Then there

is a set E of finite logarithmic measure so that for r ¢ E,
f(w) = FE(E)N(L+00) +o(1).

whenever |z —w| < 0|z|/k and r / co.

PRrROOF. Taking 0 =4 in Lemma A.11.3 we get

N+k

f(z) = Zanz" = Z anzn + o(|ay]|z[Vb(N)Y),
n=0 N—k
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for all large r outside a set of finite logarithmic measure. Using Lemma A.11.1 and
our assumption b(N) = O(1/N),
N+k
F(2) =Y anza +ol|an[z[NN ™) = 2N FP(2) + o(M(|2], f)N Y,
N—k

where P is a polynomial of degree < 2k. On the circle of radius r,
rVHP(2)| = |£(2) = oMUINTH < |f(2)] + o(M(r, £)) = (1 + o(1)) M(r, ).
Fix an € > 0 and set M = (1 + €)r* "V N(r, f). Then if r is large enough, we have

|P| < M on the circle of radius . Suppose z is the point on this circle where |f|

attains its maximum, m(r, ). Then

PP = | (2)] = o(M(r, f)) = (1= o(1))M(r, f),

SO

€
My > (1 — 3e) M,
14e€ 0> ( €)M,

if r is large enough (and not in E) and e is small enough. Thus by Lemma A.11.4

|P(2)] = (1 —o(1)M, >

1 3
SIP()] < |Pw)] < 5IP(),

for |z — w| < (1 — 3€)r/16k. For these same w, we have for p = |w|

w N fw) = wFP(w) + o(lay|N™%)
= w*P(w) +o(r N u(r, N~
= w P(w) 4 o(r N M(r, )N
= w "P(w) +o(r "MN~*)
= w " P(w) +o(p *MN~*)
= w"P(w) +o(p™*P(2))

In the last line we replaced r* by p¥. This is justified since |r — p| < 7 and hence

(1= pr<(F <t

which is uniformly bounded above and below. Hence
fw) = w" " P(w) + o(p™ ~*|P(2))).
Setting w = z gives

fz) = 2"7FP(2) + o(r"TFP(2))
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or

f(2)
2N=kP(2)

—_

(14 0o(1)),
and multiplying equations gives

Fw) = (R4 ol 2D + (1)

o Ever L o lPa) = P(2)

= JE(E)H1+ Ok — wl) +o(1)

)(1+0(1)

w

) = )AL+ 00) +o(1)).

z

A.12. Extremal length, symmetry and Koebe’s i-theorem

Here we given another proof of Koebe’ theorem using extremal length.

If v is a path in the plane let 4 be its reflection across the real line and let
7T = (yNH) U~yNL, where H, L. denote the upper and lower half-planes. If T is a
path family in the plane then T = {§:y € '} and I'" = {4+ : y € T'}.

FIGURE 3. The curves v and v*

LEMMA A12.1. IfT' =T then M(T') = 2M(T™).
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PrROOF. We start by proving M(T') < 2M(I'"). Given a metric p, define o(z) =
max(p(z), p(2)). Then for any v € T,

/+7+0d5 2/ pds > inf/pds.
yF ~el oy

Thus if p admissible for I'", then ¢ is admissible for I Thus, since max(a, b)? < a®+b%,

M) < /a2da:dy < /pZ(z)dxdy+/p2(2)dxdy < 2/p2(z)dxdy.
Taking the infimum over admissible p’s for I't makes the right hand side equal to
2M(T'"), proving the claim.
For the other direction, given p define o(z) = p(2) + p(2) for z € H and o0 = 0 if
z € [hp. Then

/7 ods = /7 0lz) + pl)ds
= /me(z)ds+/me(z)dsjt/Mp(Z)+/mp(2)d8
= Lp@M&+Lp@MS

> 2inf ho/pds.
" gl
Thus if p is admissible for I, o is admissible for I'". Hence, since (a+b)? < 2(a*+b?),

MITH) < t/k%aydxdy

= 1 [0+ o)y
<3 / d:cdy—i—/Hp Z)dxdy
— %/ﬁmw.

Taking the infimum over all admissible p’s for I' gives %M (I') on the right hand side,

proving the lemma. O

LEMMA A.12.2. Let D* = {z : |z| > 1} and Qy = D*\ [R, 00) for some R > 1.
Let Q = D*\ K, where K is a closed, unbounded, connected set in D* which contains
the point {R}. Let 'y, denote the path families in these domains with separate the
two boundary components. Then M(Ty) < M(T).
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PrRoOOF. We use the symmetry principle we just proved. The family I'y is clearly
symmetric (i.e., I'=T, so M(I'") = M(I). The family I' may not be symmetric,
but we can replace it by a larger family that is. Let ['g be the collection of rectifiable
curves in D*\ { R} which have zero winding number around { R}, but non-zero winding
number around 0. Clearly I' C I'g and 'y is symmetric soM (I') > M (T'g) = 2M (T'},).
Thus all we have to do is show M(I'}) = M(T¢). We will actually show I'f; = T'¢.

Since I'y C I'g is obvious, we need only show FE cTy.

FIGURE 4. The annulus on top has smaller modulus than any other
annulus formed by connecting R to oo.

Suppose v € I'g. Since v has non-zero winding around 0 it must cross both the
negative and positive real axes. If it never crossed (0, R) then the winding around 0
and R would be the same, which false, so v must cross(0, R) as well. Choose points
z_ € yN(—00,0) and z; € yN (0, R). These points divide 7 into two subarcs y; and
v2.Then 4 = ~F U~y But if we reflect v, into the lower half-plane and join it to ;"

it forms a closed curve 7o that is in [y and g = *. Thus y* € ['§, as desired. [

Let Qer = {2z : |2]| > €} \ [R,00). Thus Q; p is the domain considered in the

previous lemma. We can estimate the moduli of these domains using the Koebe map
z

=1

which conformal maps the unit disk to R? \ [{, 00) and satisfies £(0) = 0, ¥/(0) = 1.

Then k:*l(ﬁzz) maps {2 g conformally to an annular domain in the disk whose outer

=2—-2224323 42 +525— ...,

boundary is the unit circle and whose inner boundary is trapped between the circle
of radius;5(1 + O(5). Thus the modulus of Q. g is 27 log *& + O(%).
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LEMMA A.12.3. Suppose z,w € D and K is a compact connected set in D which
contains both these points. Let I' be the path family that separates K and T. Then
the modulus of this family is maximized when K is the hyperbolic geodesic between z
and w in which case the modulus is 27 log %(z, w) + O(p(z,w)), where p denotes the

hyperbolic distance.

PrROOF. By conformal invariance we may use a Mobius transformation to move z
to Oand w onto the positive axis. Applying an inversion, the path family is mapped
to one as in Lemma A.12.2, showing that the radial line from z to w maximizes the

modulus. The estimate of the modulus follows from our previous remarks. O

We now give an elegant second proof of the Koebe }l—theorem due to Mateljevic
92].

THEOREM A.12.4 (The Koebe % Theorem). Suppose f is holomorphic, 1-1 on D
and f(0) =0, f/(0) = 1. ThenD(0,3) C f(D).

PROOF. Recall that the modulus of a doubly connected domain is the modulus
of the path family that separates the two boundary components (and is equal to the
extremal distance between the boundary components). Let R = dist(0,0f(D)). Let

A, ={z: e < |z| <r} and note that by conformal invariance
1
2 lOg E = M(Ae,l) = M(f(Agl)

Let ¢ = minp,— |f(2)|.Since f'(0) =1, § = ¢ + O(€®). Note that f(D)\ D(0,4) D
f(Ac1), so
By Lemma A.12.2

M)\ D0,2)) < M(Q) = 2rlog = +0(2),

Putting these together gives
4R ) 1
2rlog — 4+ O(=) > 27w log —
rlog = +O0(3) 2 2rlog .,

or
log4R — log(e + O(€?)) + O(}%) > —loge.
Taking ¢ — 0 shows log4R > 0, or R > i. O
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A.13. The product formula

LEMMA A.13.1 (Jensen’s’ formula). If f is holomorphic on a neighborhood of D,

non-zero on 0D and {z} are its zeros in D listed according to multiplicity, then
0)] = [ [zl sup [ f(2)I-
. )

Proor. If f(0) = 0, there is nothing to do, so assume otherwise. Let

B(z) =[] =,

1—Zzz
. k

be the finite Blaschke product with the same zeros as f. Then g = f/B has no zeros
and |f| = |g| on D. So by the maximum principle,

[F(O)] = [g(0)] - |B(0)] < max|g(2) H!Zkl max | f(2) H!Zkl

We often use this in the following form after taking logarithms

(70) log | £(0)] —Zlog]zk|+suplog\f]

THEOREM A.13.2 (Hadamard product formula). Let f be an entire function of
order o and let a = |« be the greatest integer less or equal to «. Let {z} be the

zeros of f listed according to multiplicity. Then

f(z) = exp(g(2))z H(l__ epo; ; )

where g is a polynomial of degree at most a. The product converges uniformly on

compact subsets of C and

n(r) =#{k: |z| <r}=o(n"")},

for every € > 0. Conversely, if {zx} is a sequence that satisfies (71) then the product

converges uniformly on compact sets to an entire function of order at most a.
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ProoF. Using Jensen’s formula and the fact that f is order «, for R > 1 we get

eR
n(R) = n(R)/ dt

r U

eR
< / n(t)ﬂ
0 t

B /eR 1 dt
o =l t
= —Rn(R) —log|f(0)] + log ‘Hgg\f!

— O(Ra+6),

for every € > 0. Thus for 8 > a + ¢,

Z |Zk|_18 < i Z 9—ib < iQ(j—l—l)(a—i—e)?—jﬁ

|2k |>1 J=1 27 <z <27+ J=1

converges and hence, taking 8 = 1, the product
z
P(z)=2z" 1——
@==T0- 2

converges on compact sets to an entire function with the same zeros (counted with
multiplicities) as f. Thus f/P is a non-vanishing entire function and hence is of the
form €9 for some entire g. We claim that ef is also order a. This requires a lower
bound on | P|; because of the zeros, such a bound can’t hold everywhere, but we will
show that it holds on “most” circles centered at the origin.

Fix R >0and let A= {z: R < |z| <2R}. Factor

P(z) = Pi(2)Py(2)P3(2),

with zeros in {|z| < R}, {R < |2| < 4R} and {|z| > 4R} respectively.
If z € Aand |z < R then |z — 2| > |z so |P1| > 1 on A. Similarly, z € A, then

z

|2k

(<02 Y | < O(RR™1) < O(R*)

2| >4R &

log [Py(z)] < > log|l—

|2 |>4R
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Finally, for |P,| we give an average, rather than uniform bound:

2R 1 (2R
R/ logmax\Pg\dr < = Z log |1 — ’\dr

R R<|zp|<2R

< Z / log |1 — —\dr
R<\z |<2R ¢l
] R/ |zl
< X [ togi-taa
R<|z|<2R ¥ 21/ 2]
1 2
< — OR“™)-1R- (/ log |1 — t|dt)
R 1/4
_ O(RCH_B)
Thus there is some r € [R, 2R] where max,—, |1/P| = O(R*™. Combined with our

previous estimates, this shows €Y is order at most a.

Let g = u + iv be its real and imaginary parts. Since |e?| = Ry, u is a harmonic
function so that |u(z)] = O(]z|*™ and hence |Vu(z)| = O(|z|*T*"1. Since |Vu| =
V|, we deduce that |Vu(z)| = O(|z|*T*"!) and integrating along radial segments
gives |v(z)| = O(|z]*T¢). Thus |g(z)] = O(]z]**° and the usual Cauchy estimates
show ¢ is a polynomial of order at most a = |«]. Since we assumed « < 1, g must

be constant. ]
COROLLARY A.13.3. If f is an entire function with order of growth < 1 then
z
=C7" 1——
[To-5)
k
where {z} are the zeros of f, counted with multiplicity.

EXERCISE: Prove the product formula for the general case @ > 0. The only
new observation is that > % =17 (i)j are the first a terms of the Taylor expansion of

log1 — 5 and hence

2k

z 1,z z
| log(1 — Z) + ]21 E(Z_k)j = O(]—1).
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A.14. Beurling’s cos pm theorem

LEMMA A.14.1. Suppose u is subharmonic on H,., u < 0 on OH,. and for all e > 0,

u(z) < €|z| when |z| = r, for some sequence r,, /* co. Then u <0 on H,.
The following is a Phragmén-Lindelof type theorem that we will use later.

THEOREM A.14.2 (Beurling’s Theorem). Suppose f is holomorphic in H, and
continuous on its closure. Suppose o < p < 1 and |f(iy)| < ¢(|ly|) where ¢ is

unbounded and

1
lim sup 0g 4(r) = 0.
r—00 rP
Assume that for every € > 0, and |f(z)| = o(exp(—¢|z])) on a sequence of circles
{|z| = rn} tending to co. Then
1
M(r, f) < M’
cos pm /2

on some sequence 1, — OQ.

PRrROOF. Choose a = a(e) so that
log ¢(r) < erf cos pm/2 + a(e),
holds for all  with equality at some r = r(¢). Note that r(e) — oo as € \, 0 and that

a(e) > 0 when € is large enough.
Let F(z) = f(z) exp(—ez” — a) where z” is the branch that is positive on RT and

a will be chosen below. Then

log |F(iy)| < log|f(iy)| + R(—€z’ —a)
< log|o(ly]) —a — ey’ cos pr/2
S 07

on the imaginary axis and by assumption
log |[F(2)| <log|f(2)] < C +er/2),

on an infinite set of radii tending to oo, and hence |F| < 1 on H, by Lemma A.14.1.
For r = r(e), we have
M(r, f) < er’ 4+ a(e),
and
log ¢(r) = erf cos pm /2 + a(e),
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logd(r) > (M(r, f) — a(e)) cos pr/2 + a(e) = M (r, f) cos pr/2 + a(€)(1 — cos pm/2).

Since a(€) > 0 and p < 1, the final term is positive and we get the desired inequality.
O

Suppose f is an entire function with order of growth < 1 with product expansion
., z
fz)=c 1] -=),
K %k
and define a new function
. z
g(z) == [[a+ =)
5 | 2]
Since |zx| = O(R'™¢) for some ¢ > 0, we see that this product converges uniformly

on compact sets and that g has the same order as f. Moreover, for r > 0,

m(r,g) = |g(=r)| <m(r, f) < M(r, f) < g(r) = M(r,g).
Thus various questions about m(r, f) and M(r, f) for general functions of order < 1

can be answered by looking at the special case when the zeros all lie on the negative

real axis. One result where this works is:

THEOREM A.14.3. If f has growth at most order 1/2, minimal type, then

limsup m(r, f) = oc.
r—00

PRrROOF. By our remarks above, it suffices to prove this when f attains its mini-
mum modulus on the negative real axis, i.e., |f(2)] > f(—|z|) for all z. If m(r, f) is
bounded by M for all r, then f is bounded by M on the negative real axis, so

Replace g(z) by g(2?)

Apply Beurling’s theorem O

REMARK: Wiman proved in [142] that for any € and any non-vanishing entire
function f
m(r) > M(r)= ",
for some sequence of 7’s tending to co. He conjectured this was true in general and
this was verified by Beurling [25] in the special case |f(r)] = m(r) (i.e., the minimal

values are attained along R™), but was disproved by Hayman in general [64]. Later
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we will show how to construct an entire functions so that m(r, f) < M(r, f)=¢ for

every C and r large enough.
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